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Conventions

The Lorentz metric is g, = diag(+ — ——).
The totally antisymmetric tensor €,,,, satisfies €g123 = +1.

We use a chiral basis for the Dirac matrices
0 __ 0 ]]. O O'
7= 1 0 —ot 0
1

0
v* = iy0yly?y = (0 ]1)

where the Pauli matrices are

0 1 0 —i 1 0
1 _ 2 3 _
"‘(1 o) "‘(i 0> ‘7_<01

The quantum of electric charge is e = v/4wa > 0. T’ll write the charge of

the electron as eQ) with Q) = —1.

Compared to Peskin & Schroeder we’ve flipped the signs of the gauge

couplings (e — —e, g — —g) in all vertices and covariant derivatives. So
for example in QED the covariant derivative is D, = 0, + ieQA, and
the electron — photon vertex is —ie@v*. (This is a matter of convention
because only e? is observable. Our convention agrees with Quigg and is

standard in non-relativistic quantum mechanics.)

vii






Useful formulas

Propagators: —-— scalar
—-m
i(f+m) .
—— spin-1/2
0 —m? pin-1/
2 massless vector
— ) 2
UGy — ki k2”/ m’) massive vector
k*—m
Vertex factors: ¢* theory appendix
spinor and scalar QED  appendix
QCD chapter
standard model appendix

Spin sums: Z u(p, Na(p,\) =p+m

A spin-1/2
Z (P, No(p,A) =p—m
Z her" =~ massless vector (QED only)
. kok
Z € Z = Y + ﬁ massive vector

In QCD in general one should only sum over physical
gluon polarizations: see p. 113.

Trace formulas:

Tr (odd # v’s) =0 Tr ((odd # v’s)7°) =0
Tr(l) = Tr(v°) =0

Tr (y#y ) = 4gM” Tr (y#9"9°) =0

Tr (Y29%977°) = 4 (9% g7 — g°7g™ + g*°¢%7)  Tr (v*9P779°7°) = 4ie®P

ix



X Useful formulas

Decay rate 1 — 2 + 3:

In the center of mass frame

p| 2
= B mp)
Here p is the spatial momentum of either outgoing particle and m is the
mass of the decaying particle. If the final state has identical particles,
divide the result by 2.

Cross section 1 +2 — 3 + 4:

The center of mass differential cross section is

do - 1 |P3| 2
<dﬂ>m = s |py| M)

where s = (p1 + p2)? and |p1], |p3| are the magnitudes of the spatial

3-momenta. This expression is valid whether or not there are identical
particles in the final state. However in computing a total cross section
one should only integrate over inequivalent final configurations.



Particle properties

Leptons, quarks and gauge bosons:

particle charge mass lifetime / width principal decays
Ve, Vpy Vr 0 0 stable -
Leptons e -1 0.511 Mev stable -
W -1 106 Mev | 2.2 x 107 sec e ety
T -1 1780 Mev | 2.9 x 1073 sec | 77, WUy, € Uelr
u 2/3 3 MeV - -
c 2/3 1.3 GeV - -
Quarks t 2/3 172 GeV - -
d -1/3 5 MeV - -
s -1/3 100 MeV - -
b -1/3 4.2 GeV — -
photon 0 0 stable -
Gauge bosons W+ +1 80.4 GeV 2.1 GeV W+ — 0ty ud, c5
7 0 91.2 GeV 2.5 GeV 0=, v, qq
gluon 0 0 - -

xi




xii Particle properties

Pseudoscalar mesons (spin-0, odd parity):

meson quark content charge mass lifetime principal decays
i ud, du +1 | 140 MeV | 2.6 x 1078 sec ™ — uty,
70 (uti — dd)/\/2 0 135 MeV | 8.4 x 10717 sec vy
K+ us, st +1 | 494 MeV | 1.2 x 1078 sec K+t — pty,, ntad
K% KV | ds, sd 0 498 MeV - -
K¢ K9 K mix to " " 9.0 x 10~ gec ata—, 70x0
K9 form K9, K? " " 51 x 1078 sec | meFrve, ntpFuy,, nrm
n (uti + dd — 2s5)/\/6 0 548 MeV | 5.1 x 10719 sec | vy, 77070, atn— 70
n (uti + dd + s3)//3 0 958 MeV | 3.4 x 1072t sec | 7wFmn, 7%, ply
i K+ K
isospin multiplets: 70 < 1% > < K- > n n
—
strangeness: 0 1 -1 0 0
Vector mesons (spin-1):
meson quark content charge mass width principal decays
P ud, (vt — dd)/v/?2, du | +1,0, -1 775 MeV | 150 MeV g
K* u3, ds, sd, st +1,0,0,-1| 892 MeV | 51 MeV Kn
w (uti + dd)/v/2 0 783 MeV | 8.5 MeV atr—n0
) 55 0 1019 MeV | 43 MeV | KTK—, KYK$
' ' ‘ ' Pz Kt K0
isospin multiplets: p K40 K w P
o
strangeness: 0 -1 0



Spin-1/2 baryons:

Particle properties

xiii

baryon | quark content | charge mass lifetime principal decays
P uud +1 938.3 MeV stable —
n udd 0 939.6 MeV 886 sec pe Ve
A uds 0 1116 MeV | 2.6 x 10719 sec pr—, na
»t UUS +1 1189 MeV | 8.0 x 107! sec pr?, nat
»0 uds 0 1193 MeV | 7.4 x 1072° sec Ay
) dds -1 1197 MeV | 1.5 x 10719 sec nmw-
g0 uss 0 1315 MeV | 2.9 x 10710 sec Ar®
g dss -1 1322 MeV | 1.6 x 10710 sec Am~
nt
p =0
isospin multiplets: < ) A »0 < — )
n _ =
b
strangeness: 0 -1 -2
Spin-3/2 baryons:
baryon quark content charge mass width / lifetime | principal decays
A wuu, wud, udd, ddd | +2, +1, 0, -1 | 1232 MeV 118 MeV P, N
»* uus, uds, dds +1,0, -1 1387 MeV 39 MeV Am, X
=* uss, dss 0, -1 1535 MeV 10 MeV =T
O 585 -1 1672 MeV | 8.2 x 107! sec AK—, 207~
ATT 3
AT ¥ E*O
isospin multiplets: A0 »*0 ( v ) Q-
. =
A- by
strangeness: 0 -1 -2 -3

The particle data book denotes strongly-decaying particles by giving their
approximate mass in parenthesis, e.g. the ¥* baryon is known as the 3(1385).
The values listed for K*, ¥* =* are for the state with charge —1.
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The particle zoo

The observed interactions can be classified as strong, electromagnetic, weak
and gravitational. Here are some typical decay processes:

strong: AY — pr~ lifetime 6 x 10~2* sec
0 — mtn~ 4 x 107 sec

electromag: X0 — A~y 7 x 10720 sec
70 — vy 8 x 10717 sec

weak: T — WU, 2.6 x 1078 sec
n — pe Ve 15 minutes

The extremely short lifetime of the A indicates that the decay is due to the
strong force. Electromagnetic decays are generally slower, and weak decays
are slower still. Gravity is so weak that it has no influence on observed
particle physics (and will hardly be mentioned for the rest of this course).

The observed particles can be classified into

e hadrons: particles that interact strongly (as well as via the electromag-
netic and weak forces). Hadrons can either carry integer spin (‘mesons’)
or half-integer spin (‘baryons’). Literally hundreds of hadrons have been
detected: the mesons include 7, K, 1, p,... and the baryons include p, n,
AYOAL L.

e charged leptons: these are spin-1/2 particles that interact via the electro-
magnetic and weak forces. Only three are known: e, u, 7.

e neutral leptons (also known as neutrinos): spin-1/2 particles that only
feel the weak force. Again only three are known: v, v, vr.

e gauge bosons: spin-1 particles that carry the various forces (gluons for the

Physics 85200
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2 The particle zoo

strong force, the photon for electromagnetism, W+ and Z for the weak
force).

All interactions have to respect some familiar conservation laws, such as
conservation of charge, energy, momentum and angular momentum. In ad-
dition there are some conservation laws that aren’t so familiar. For example,
consider the process

p—etnl.

This process respects conservation of charge and angular momentum, and
there is plenty of energy available for the decay, but it has never been ob-
served. In fact as far as anyone knows the proton is stable (the lower bound
on the proton lifetime is 103! years). How to understand this? Introduce a
conserved additive quantum number, the ‘baryon number’ B, with B = 41
for baryons, B = —1 for antibaryons, and B = 0 for everyone else. Then
the proton (as the lightest baryon) is guaranteed to be absolutely stable.

There’s a similar law of conservation of lepton number L. In fact, in the
lepton sector, one can make a stronger statement. The muon is observed to
decay weakly, via

B e el
However the seemingly allowed decay
poo—e

has never been observed, even though it respects all the conservation laws
we’ve talked about so far. To rationalize this we introduce separate conser-
vation laws for electron number, muon number and tau number L., L,, L;.
These are defined in the obvious way, for instance

L.=+1 fore™ and v,

L.=—-1 foret and 7,

L, =0 for everyone else
Note that the observed decay u~ — e” v, indeed respects all these con-
servation laws.

So far all the conservation laws we’ve introduced are exact (at least, no
violation has ever been observed). But now for a puzzle. Consider the decay

Kt — atqn0 observed with =~ 20% branching ratio

The initial and final states are all strongly-interacting (hadronic), so you
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might expect that this is a strong decay. However the lifetime of the K+
is 1078 sec, characteristic of a weak decay. To understand this Gell-Mann
and Nishijima proposed to introduce another additive conserved quantum
number, called S for ‘strangeness.” One assigns some rather peculiar values,
for example S = 0 for p and 7, S = 1 for K+ and K% S = —1 for A
and X, S = —2 for Z. Strangeness is conserved by the strong force and
by electromagnetism, but can be violated by weak interactions. The decay
Kt — 770 violates strangeness by one unit, so it must be a weak decay. If
this seems too cheap I should mention that strangeness explains more than
just kaon decays. For example it also explains why

A — pr™

is a weak process (lifetime 2.6 x 10710 sec).

Now for another puzzle: there are some surprising degeneracies in the
hadron spectrum. For example the proton and neutron are almost degener-
ate, my, = 938.3MeV while m,, = 939.6 MeV. Similarly my+ = 1189 MeV
while myo = 1193 MeV and my- = 1197 MeV. Another example is m + =
140 MeV and m o = 135MeV. (7t and 7~ have exactly the same mass
since they’re a particle / antiparticle pair.)

Back in 1932 Heisenberg proposed that we should regard the proton and
neutron as two different states of a single particle, the “nucleon.”

=y ) m=(1)

This is very similar to the way we represent a spin-up electron and spin-
down electron as being two different states of a single particle. Pushing
this analogy further, Heisenberg proposed that the strong interactions are
invariant under “isospin rotations” — the analog of invariance under ordinary
rotations for ordinary angular momentum. Putting this mathematically, we
postulate some isospin generators I; that obey the same algebra as angular
momentum, and that commute with the strong Hamiltonian.

[IZ',I]'] = i€ijka [Iinstrong] =0 ’i,j,k’ S {1,2,3}

We can group particles into isospin multiplets, for example the nucleon

doublet
D
n

has total isospin I = 1/2, while the ¥’s and 7’s are grouped into isotriplets



4 The particle zoo

with I = 1:
>+t T
»0 70
3 T

Note that isospin is definitely not a symmetry of electromagnetism, since
we’re grouping together particles with different charges. It’s also not a
symmetry of the weak interactions, since for example the weak decay of the
pion 7~ — p~ 7, violates isospin. Rather the claim is that if we could “turn
oft” the electromagnetic and weak interactions then isospin would be an
exact symmetry and the proton and neutron would be indistinguishable[f]
(For ordinary angular momentum, this would be like having a Hamiltonian
that can be separated into a dominant rotationally-invariant piece plus a
small non-invariant perturbation. If you like, the weak and electromagnetic
interactions pick out a preferred direction in isospin space.)

At this point isospin might just seem like a convenient book-keeping de-
vice for grouping particles with similar masses. But you can test isospin in
a number of non-trivial ways. One of the classic examples is pion — pro-
ton scattering. At center of mass energies around 1200 MeV scattering is
dominated by the formation of an intermediate A resonance.

7tp — ATT — anything
7m°p — AT — anything
7~ p — A — anything

The pion has I = 1, the proton has I = 1/2, and the A has I = 3/2.
Now recall the Clebsch-Gordon coefficients for adding angular momentum
(J=1)® (J =1/2) to get (J = 3/2).

notation: [J, M) =3 Cntina| J1,ma) | J2, ma)

’3/2?3/2> - |1a 1> ’1/2a 1/2>

13/2,1/2) = \1f 1,1) [1/2,—1/2) + \/5\1,0> 11/2,1/2)

13/2,-1/2) = \[u 0)[1/2,—1/2) + \[\1 ~1)[1/2,1/2)

13/2,—-3/2) = |1,—1)[1/2, —1/2)

1t As we’ll see isospin is also violated by quark masses. To the extent that one regards quark
masses as a part of the strong interactions, one should say that even Hstrong has a small
isospin-violating component.
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From this we can conclude that the amplitudes stand in the ratio

_ 2 1
<7T+p|Hstrong‘A++> : <7Top‘Hstrong’A+> : <7T p|Hstrong‘AO> =1: g : g
This is either obvious (if you don’t think about it too much), or a special
case of the Wigner-Eckart theoreml[j] Anyhow you're supposed to prove it

on the homework.

Since we don’t care what the A decays to, and since decay rates go like
the | - |? of the matrix element (Fermi’s golden rule), we conclude that near
1200 MeV the cross sections should satisfy

2 1
orntp—=X) 0@ —-X):o(xp—X)=1: 3°3
This fits the data quite well. See the plots on the next page.

The conservation laws we’ve discussed in this chapter are summarized in

the following table.

conservation law strong EM weak
energy F v v v
charge Q v v v
baryon # B v v v
lepton #’s Le, L, L v v v
strangeness S v v X
isospin [ v X X

References

The basic forces, particles and conservation laws are discussed in the intro-
ductory chapters of Griffiths and Halzen & Martin. Isospin is discussed in
section 4.5 of Griffiths.

1 For the general formalism see Sakurai, Modern Quantum Mechanics p. 239.
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39. Plots of cross sections and related quantities 010001-13

Cross section (mb)

+

4 5 6 7 8 910 20 30 40 50 60
Center of mass energy (GeV)

Cross section (mb)

10

Laboratory beam momentum (GeV/c)

Figure 39.14: Total and elastic cross sections for 75p and n+d (total only) collisions as a function of laboratory beam momentum and total
center-of-mass energy. Corresponding computer-readable data files may be found at http://pdg.1bl.gov/xsect/contents.html (Courtesy of

the COMPAS Group, IHEP, Protvino, Russia, August 2001.)
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Exercises

Decays of the spin—3/2 baryons

The spin-3/2 baryons in the “baryon decuplet” (A, ¥*, E* Q)
are all unstable. The A, ¥* and Z* decay strongly, with a lifetime
~ 10723 sec. The €, however, decays weakly (lifetime ~ 10719 sec).
To see why this is, consider the following decays:

At — pr®
YT AT
PO Sl
0

—ck— —_——
= — o T

0O —-= KV
O — AK™

SEA AN R B S

(i) For each of these decays, which (if any) of the conservation laws
we discussed are violated? You should check F,Q, B, S, I.

(ii) Based on this information, which (if any) interaction is respon-
sible for these decays?

Decays of the spin—1/2 baryons

Most of the spin—1/2 baryons in the “baryon octet” (nucleon, A,
Y, E) decay weakly to another spin—1/2 baryon plus a pion. The
two exceptions are the XV (which decays electromagnetically) and
the neutron (which decays weakly to pe~7.). To see why this is,
consider the following decays:

= — AK™

[1]

1.
2 — An™
3. X — An~
4. X7 —>nm
5. %0 = Ay
6. A— nr'

7. n—pr

8. n—pe U,
(i) For each of these decays, which (if any) of the conservation laws

we discussed are violated? You should check E,Q, B, L, S, I.
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The particle zoo

(ii) Based on this information, which (if any) interaction is respon-
sible for these decays? You can assume a photon indicates an
electromagnetic process, while a neutrino indicates a weak pro-
cess.

Meson decays

Consider the following decays:
T —e g
=y
K~ -7 n°
K™ —u v,
n—"

1 — 70r0x0

0

No e W=

p —T T

(i) For each of these decays, which (if any) of the conservation laws
we discussed are violated? You should check E,Q, B, L, S, I.

(ii) Based on this information, which interaction is responsible for
these decays? You can assume a photon indicates an electromag-
netic process, while a neutrino indicates a weak process.

(iii) Look up the lifetimes of these particles. Do they fit with your
expectations?

Isospin and the A resonance

Suppose the strong interaction Hamiltonian is invariant under an
SU(2) isospin symmetry, [Hstrong,I] = 0. By inserting suitable
isospin raising and lowering operators I = Iy + ily show that (up
to possible phases)

1 1
% <A++ ’Hstrong |7T+p> = E

Decay of the =
The =Z* baryon decays primarily to = + . For a neutral =* there
are two possible decays:

<A+|Hstr0ng‘770p> = <AO|Hstrong|7T_p> .

*

Use isospin to predict the branching ratios.
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Al =1/2 rule
The A baryon decays weakly to a nucleon plus a pion. The Hamil-
tonian responsible for the decay is

H = %Gpuvu(l —4")d 5y,(1 — 4°)u + c.c.
This operator changes the strangeness by +1 and the z component
of isospin by F1/2. It can be decomposed H = Hg/y + Hj /5 into
pieces which carry total isospin 3/2 and 1/2, since ay*(1 — +°)d
transforms as |1, —1) and §y,(1 —v°)u transforms as |1/2,1/2). The
(theoretically somewhat mysterious) “Al = 1/2 rule” states that the
I =1/2 part of the Hamiltonian dominates.

(i) Use the AI = 1/2 rule to relate the matrix elements (p7~|H|A)
and (n 7V H|A).
(ii) Predict the corresponding branching ratios for A — pr~ and

A — nr0.

The PDG gives the branching ratios A — pr~ = 63.9% and A —
nm¥ = 35.8%.



2
Flavor SU(3) and the eightfold way

Last time we encountered a zoo of conservation laws, some of them only
approximate. In particular baryon number was exactly conserved, while
strangeness was conserved by the strong and electromagnetic interactions,
and isospin was only conserved by the strong force. Our goal for the next few
weeks is to find some order in this madness. Since the strong interactions
seem to be the most symmetric, we're going to concentrate on them. Ulti-
mately we're going to combine B, S and I and understand them as arising

from a symmetry of the strong interactions.

At this point, it’s not clear how to get started. One idea, which several
people explored, is to extend SU(2) isospin symmetry to a larger symmetry
— that is, to group different isospin multiplets together. However if you list
the mesons with odd parity, zero spin, and masses less than 1 GeV

+ .0

nt, T 135 to 140 MeV
K+ KO KO 494 to 498 MeV
n 548 MeV
n 958 MeV

it’s not at all obvious how (or whether) these particles should be grouped
together. Somehow this didn’t stop Gell-Mann, who in 1961 proposed that
SU(2) isospin symmetry should be extended to an SU(3) flavor symmetry.

2.1 Tensor methods for SU(N) representations

SU(2) is familiar from angular momentum, but before we can go any further
we need to know something about SU(3) and its representations. It turns

N).

out that we might as well do the general case of SU(

10

Physics 85200
January 6, 2014



2.1 Tensor methods for SU(N) representations 11

First some definitions; if you need more of an introduction to group theory
see section 4.1 of Cheng & Li. SU(N) is the group of N x N unitary matrices
with unit determinant,

vut =1, detU =1.

We're interested in representations of SU(N). This just means we want a
vector space V' and a rule that associates to every U € SU(N) a linear oper-
ator D(U) that acts on V. The key property that makes it a representation
is that the multiplication rule is respected,

D(U,)D(Uz) = D(U1Us)
(on the left I'm multiplying the linear operators D(U;) and D(Uz), on the
right I'm multiplying the two unitary matrices U; and Us).

One representation of SU(N) is almost obvious from the definition: just
set D(U) = U. That is, let U itself act on an N-component vector z.

z— Uz

This is known as the fundamental or N-dimensional representation of SU(N).

Another representation is not quite so obvious: set D(U) = U*. That is,
let the complex conjugate matrix U* act on an N-component vector.

z — Uz

In this case we need to check that the multiplication law is respected; for-
tunately

D(U1)D(Uz) = UiU; = (U1Up)* = D(U,U3) .
This is known as the antifundamental or conjugate representation of SU(N).
It’s often denoted N.

At this point it’s convenient to introduce some index notation. We’ll write
the fundamental representation as acting on a vector with an upstairs index,

2t = U2

where U'; = (ij element of U). We’ll write the conjugate representation as
acting on a vector with a downstairs index,

Zi — Ui]Zj

where U7 = (ij element of U*). We take complex conjugation to exchange
upstairs and downstairs indices.

Given any number of fundamental and conjugate representations we can
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multiply them together (take a tensor product, in mathematical language).
For example something like 2;37 2* would transform under SU(N) according
to

ziy 28— UUT U, 2™ 2

Such a tensor product representation is in general reducible. This just means
that the linear operators D(U) can be simultaneously block-diagonalized, for

all U € SU(N).

We're interested in breaking the tensor product up into its irreducible
pieces. To accomplish this we can make use of the following SU (V)-invariant

tensors:
5ij Kronecker delta
€iyemin totally antisymmetric Levi-Civita
€N another totally antisymmetric Levi-Civita

Index positions are very important here: for example §;; with both indices
downstairs is not an invariant tensor. It’s straightforward to check that
these tensors are invariant; it’s mostly a matter of unraveling the notation.
For example

8 — UL U = UL UFR = UL(U) ), = U (UDF, = (UUT) = 6
One can also check
ein Uilj1 . UiNjNEjl"-jN — det U 1N — ¢irin
with a similar argument for €;,...;, .

Decomposing tensor products is useful in its own right, but it also provides
a way to make irreducible representations of SU(N). The procedure for
making irreducible representations is

1. Start with some number of fundamental and antifundamental represen-
tations: say m fundamentals and n antifundamentals.

2. Take their tensor product.

3. Use the invariant tensors to break the tensor product up into its irre-
ducible pieces.

The claim (which I won’t try to prove) is that by repeating this procedure
for all values of m and n, one obtains all of the irreducible representations

of SU(N)[

1 Life isn’t so simple for other groups.
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2.2 SU(2) representations

To get oriented let’s see how this works for SU(2). All the familiar results
about angular momentum can be obtained using these tensor methods.

First of all, what are the irreducible representations of SU(2)? Let’s
start with a general tensor T;;;;;;” Suppose we’ve already classified all
representations with fewer than & = m + n indices; we want to identify the
new irreducible representations that appear at rank k. First note that by
contracting with € we can move all indices upstairs; for example starting

with an antifundamental z; we can construct
i, .
€7 z;

which transforms as a fundamental. So we might as well just look at tensors
with upstairs indices: 7% . We can break T up into two pieces, which are
either symmetric or antisymmetric under exchange of i1 with is:
T7,1~~’Lk I TZl'LQ“'Zk- + TZQZl"‘Zk + = T’L11,2~-’Lk _ T’LQ’L1--~’Lk .

L )+ )
The antisymmetric piece can be written as €12 times a tensor of lower rank
(with k& — 2 indices). So let’s ignore the antisymmetric piece, and just keep
the piece which is symmetric on i1 < i9. If you repeat this symmetrization
/ antisymmetrization process on all pairs of indices you’ll end up with a
tensor S" % that is symmetric under exchange of any pair of indices. At

this point the procedure stops: there’s no way to further decompose S using
the invariant tensors.

So we've learned that SU(2) representations are labeled by an integer
k=0,1,2,...; in the k* representation a totally symmetric tensor with %
indices transforms according to

11l L T . Qi1dk
S = UMy U™,

To figure out the dimension of the representation (meaning the dimension of
the vector space) we need to count the number of independent components
of such a tensor. This is easy, the independent components are

Glwl gll2 gle122 g2

so the dimension of the representation is k + 1.

In fact we have just recovered all the usual representations of angular
momentum. To make this more apparent we need to change terminology a
bit: we define the spin by j = k/2, and call S% %2 the spin-j representation.



14 Flavor SU(3) and the eightfold way

The dimension of the representation has the familiar form, dim(j) = 25+ 1.
Some examples:

representation tensor name dimension spin
k=20 trivial 1 j=0
k=1 2t fundamental 2 j=1/2
k=2 S%  symmetric tensor 3 j=1

All the usual results about angular momentum can be reproduced in ten-
sor language. For example, consider addition of angular momentum. With
two spin-1/2 particles the total angular momentum is either zero or one. To
see this in tensor language one just multiplies two fundamental representa-
tions and then decomposes into irreducible pieces:

PRI % (z'w’ + ZTw') + % (2w’ — Zw')

The first term is symmetric so it transforms in the spin one representation.
The second term is antisymmetric so it’s proportional to € and hence has
spin zero.

2.3 SU(3) representations

Now let’s see how things work for SU(3). Following the same procedure,
we start with an arbitrary tensor T;;}; First let’s work on the upstairs
indices. Decompose

1192 tm __ : ’ : . .
e = (piece that’s symmetric on i1 < i2)

+(piece that’s antisymmetric on i; < ig).

The antisymmetric piece can be written as

iliszi3i4“-im

€ kjja--jn

in terms of a tensor 17" with lower rank (two fewer upstairs indices but one
more downstairs index). So we can forget about the piece that’s antisymmet-
ric on i1 < i2. Repeating this procedure for all upstairs index pairs, we end
up with a tensor that’s totally symmetric on the upstairs indices. Following
a similar procedure with the help of €;;;, we can further restrict attention to
tensors that are symmetric under exchange of any two downstairs indices.



2.8 SU(3) representations 15

For SU(3) there’s one further decomposition we can make. We can write

Giizrim }5?1 Ghizim | Giviaeim

Jijerin T g7 a1 Kj2egn Jij2-in
where S is traceless on it’s first indices, ’kf;;:::;’" = 0. Throwing out the
n

trace part, and repeating this procedure on all upstairs / downstairs index
pairs, we see that SU(3) irreps act on tensors T} 2™ that are

e symmetric under exchange of any two upstairs indices
e symmetric under exchange of any two downstairs indices

e traceless, meaning if you contract any upstairs index with any downstairs
index you get zero

This is known as the ( TZ ) representation of SU(3). Some examples:

representation tensor name dimension notation

( 8 > trivial 1 1
1 .

( 0 ) z" fundamental 3 3
0 . 5
1 2 conjugate 3 3
2 i .

( 0 > S symmetric tensor 6 6
1 i ..
1 T} adjoint 8 8
0 . -
9 Sij symmetric tensor 6 6
3 ik .
0 S symmetric tensor 10 10

Using these methods we can reduce product representations (the SU(3)
analog of adding angular momentum). For example, to reduce the product
3 ® 3 we can write

Zu? = (zzwj + zjwl) + §e”kvk

N | =
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ly™m . In terms of representations this means

where v = €pm 2
33=6®03.

As another example, consider 3 ® 3.
Zw; = zw]—gjzwk —I—gjzwk
= 3®3=8d1
Finally, let’s do 6 ® 3.
g 1/ .. o o 2 1 . . 1 5. .
Sk = = (S’”zk + Skt 4 S’“z]) B R A L
3 3 3 3

1

1 .. 1 ...
— 75@1@ ity o ljk
370 T3l Ty

J _lik
3 Tie

where Sk = §iizk 4 (cyclic perms) is in the < g >, and TZZ = €1n 92"
is in the < i > That is, we’ve found that

63=1038.

If you want to keep going, it makes sense to develop some machinery to
automate these calculations — but fortunately, this is all we’ll need.

2.4 The eightfold way

Finally, some physics. Gell-Mann and Ne’eman proposed that the strong
interactions have an SU(3) symmetry, and that all light hadrons should be
grouped into SU(3) multiplets. As we’ve seen, all SU(3) multiplets can be
built up starting from the 3 and 3. So at least as a mnemonic it’s convenient
to think in terms of elementary quarks and antiquarks

u

q=1\ d in 3
s
U

g=1| d in 3
S

Here I'm embedding the SU(2) isospin symmetry inside SU(3) via

(g ?)eSU(3).
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I'm also going to be associating one unit of strangeness with s[f] That is, in
terms of isospin / strangeness the 3 of SU(3) decomposes as

3:20@1_1.

(On the left hand side we have an SU(3) representation, on the right hand
side I'm labeling SU(2) representations by their dimension and putting
strangeness in the subscript.) The idea here is that (although they’re both
exact symmetries of the strong force) isospin is a better approximate sym-
metry than SU(3)gayvor, SO isospin multiplets will be more nearly degenerate
in mass than SU(3) multiplets.

All mesons are supposed to be quark — antiquark states. In terms of SU(3)
representations we have 3 ® 3 = 8 @ 1, so mesons should be grouped into
octets (hence the name “eightfold way”) and singlets. Further decomposing
in terms of isospin and strangeness

(2001-1)®(209141) = (2®2);®2192 101y =300 1p®2102 1D 1g
That is, we should get

+, 7r0, T

an isospin triplet with strangeness = 0 s
an isospin doublet with strangeness = +1 K+, K°
an isospin doublet with strangeness = -1 K9, K~

two singlets with strangeness = 0 n, '

Not bad!

The baryons are supposed to be 3-quark states. In terms of SU(3) repre-
sentations we have 3®3®3 = (6®3)®3 = 1098H8® 1 so we get decuplets,
octets and singlets. As an example, let’s decompose the decuplet in terms
of isospin and strangeness. Recall that the 10 is a symmetric 3-index tensor
SO

[(20 S 1—1) @ (20 D 1_1) S (20 @ 1—1>]symmetrized
= (2 ®2® 2)symmetrized,0 ® (2 ® 2)symmetrized, P 22013
=40P3_1D2 2P1_3

(It’s very convenient to think about the symmetrized SU(2) products in
tensor language.) That is, we should get

t When strangeness was first introduced people didn’t know about quarks. They gave the K+
strangeness -1, but it turns out the K+ contains an 5 quark. Sorry about that.
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isospin 3/2 with strangeness = 0 A+t AT A0 A~

isospin 1 with strangeness = -1 PIRaD YUND Jea
isospin 1/2 with strangeness = -2 =0, =%~
isospin 0 with strangeness = -3 Q-

One can’t help but be impressed.

2.5 Symmetry breaking by quark masses

Having argued that hadrons should be grouped into SU (3) multiplets, we’d
now like to understand the SU(3) breaking effects that give rise to the
(rather large) mass splittings observed within each multiplet. It might seem
hopeless to understand SU(3) breaking at this point, since we've argued
that so many things (electromagnetism, weak interactions) violate SU(3).
But fortunately there are some SU(3) breaking effects — namely quark mass
terms — which are easy to understand and are often the dominant source of
SU(3) breaking.

The idea is to take quarks seriously as elementary particles, and to intro-
duce a collection of Dirac spinor fields to describe them.

Here v is a 3-component vector in flavor space; each entry in v is a 4-
component Dirac spinor. Although we don’t know the full Lagrangian for
the strong interactions, we’d certainly expect it to include kinetic terms for
the quarks.

‘Cstrong = ‘Ckinetic —+ - Ekinetic = @Z_)nyru‘aud)
The quark kinetic terms are invariant under SU(3) transformations ¢ —

Ut. We're going to assume that all terms in Lgrong have this symmetry.

Now let’s consider some possible SU(3) breaking terms. One fairly obvious
possibility is to introduce mass terms for the quarks/[

ﬁSU(3)—breaking = Lass + -

t In the old days people took the strong interactions to be exactly SU(3) invariant, as we did
above. They regarded mass terms as separate SU (3)-breaking terms in the Lagrangian. These
days one tends to think of quark masses as part of the strong interactions, and regard Lmass
as an SU(3)-violating part of the strong interactions.
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B m, O 0
ﬁmass = _wa M = 0 my 0
0 0 mg

These mass terms are, in general, not SU(3)-invariant. Rather the pattern
of SU(3) breaking depends on the quark masses. The discussion is a bit
simpler if we include the symmetry of multiplying ¢ by an overall phase,
that is, if we consider ¢y — U with U € U(3).

o my, =mg=ms = U(3)is a valid symmetry
e my, =mg#ms = U(3) broken to U(2) x U(1)

e my, mg, mg all distinct = U(3) broken to U(1)?

In the first case we’d have a flavor SU(3) symmetry plus an additional
U(1) corresponding to baryon number. In the second (most physical) case
we’d have an isospin SU(2) symmetry acting on (Z) plus two additional
U(1)’s which correspond to (linear combinations of) baryon number and
strangeness. In the third case we’d have three U(1) symmetries correspond-

ing to upness, downness and strangeness.

One can say this in a slightly fancier way: the SU(3) breaking pattern is
determined by the eigenvalues of the quark mass matrix. To see this suppose
we started with a general mass matrix M that isn’t necessarily diagonal. M
has to be Hermitian for the Lagrangian to be real, so we can write

my 0 0
M=U 0 mg O Ut My < Mg < My
0 0 ms

for some U € SU(3). Then an SU(3) transformation of the quark fields
Y — Ut will leave Lgirong invariant and will bring the quark mass matrix to
a diagonal form. But having chosen to diagonalize the mass matrix in this
way, one is no longer free to make SU(3) transformations with off-diagonal
entries unless some of the eigenvalues of M happen to coincide.

In the real world isospin SU(2) is a much better symmetry than flavor
SU(3). It’s tempting to try to understand this as a consequence of having
my, &~ mg < ms. How well does this work? Let’s look at the spin-3/2 baryon
decuplet. Recall that this has the isospin / strangeness decomposition
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ATH = wuu

3 AT = uud
I=3 §=0 A® = udd
A~ =ddd

Y = wus

I=1 S§=-1 ¥*0 = uds
¥*T =dds

1 =0 = uss
=3 §=-2 (E*—dss)
I=0 S=-3 (Q_zsss)

Denoting

mo = (common mass arising from strong interactions)

My = Mg = My d
we’d predict

ma = mo + 3My. 4
My« = Mo + 2My g + M
Mzx = Mo + My, + 2M
mqo = mg + 3mg
Although we can’t calculate mg, there is a prediction we can make: mass

splittings between successive rows in the table should roughly equal, given
by ms — my q. Indeed

mys+ — ma = 155 MeV
mz== — My = 148 MeV
mq — m=+ = 137 MeV

(equal to within roughly +5 %). This suggests that most SU(3) breaking is
indeed due to the strange quark mass/[

One comment: you might think you could incorporate the charm quark
into this scheme by extending Gell-Mann’s SU(3) to an SU(4) flavor sym-
metry. In principle this is possible, but in practice it’s not useful: the charm

1t Note that the mass splittings originate from the traceless part of the mass matrix, which
transforms in the 8 of SU(3). To be fair, any term in the Hamiltonian that transforms like

-1 0 0
( 0 -1 0 € 8 will give rise to the observed pattern of mass splittings, so really what
0 0 2

we’ve shown is that quark masses are a natural source for such a term.
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quark mass is so large that it can’t be treated as a small perturbation of the
strong interactions.

2.6 Multiplet mixing

At this point you might think that SU(3) completely accounts for the spec-
trum of hadrons. To partially dispel this notion let’s look at the light vector
(spin-1) mesons, which come in an isotriplet (pT, p°, p~), two isodoublets
(K*t, K*0), (K*°, K*~) and two isosinglets w, ¢.

At first sight everything is fine. We’d expect to find the SU(3) quantum
numbers 3 ® 3 = 8 @ 1, or in terms of isospin and strangeness 39 ® 21 ®
2161y ® 1. It’s tempting to assign the flavor wavefunctions

1 _
)0+, pO, p- = ud, (dd - uﬁ), —du

V2
K*t, K*0 = ys, ds
K K*~ =sd, —su

w (ut + dd — 2s5) (2.1)

1

V6
¢ = \}g(uﬂ—l-dcz—l- 53)

Here we’re identifying the w with the I = 0 state in the octet and taking

¢ to be an SU(3) singlet. Given our model for SU(3) breaking by quark

masses we’d expect

my & Mg + 2y g

Mg = Mg + My g + Ms
2

mw%m8+§~2mu,d+§'2ms

1
m¢%m1+7-2mu7d+§-2ms

3

Here mg (m;) is the contribution to the octet (singlet) mass arising from
strong interactions. We’ve used the fact that according to the w, for
example, spends 1/3 of its time as a u@ or dd pair and the other 2/3 as
an ss pair. It follows from these equations that m, = %mK* — %mp, but
this prediction doesn’t fit the data: m,, = 783 MeV while %mK* — %mp =
931 MeV.

Rather than give up on SU(3), Sakurai pointed out that — due to SU(3)
breaking — states in the octet and singlet can mix. In particular we should
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allow for mixing between the two isosinglet states (isospin is a good enough
symmetry that multiplets with different isospins don’t seem to mix):

(-2 =) ()

Here 6 is a mixing angle which relates the mass eigenstates |w), |¢) to the
states with definite SU(3) quantum numbers introduced above:

— 1 — 7\ =
B = —e(lun) + ldd) ~21s3)
1) = o (jua) + |dd) + |s3))

V3
The mass we calculated above can be identified with the expectation value of
the Hamiltonian in the octet state, (8| H|8) = 931 MeV. On the other hand
(8|H|8) = (cos O{w| — sin 8{¢|) H (cos O|w) — sin §|@)) = my, cos?  + m sin? 6.
This allows us to calculate the mixing angle

=0.79

sinf =

(8|HI8) — my, \/ 931 MeV — 783 MeV
~ V1019 MeV — 783 MeV

Mg — My,

which fixes the flavor wavefunctions

W) = 0.999——(|ud) + |dd)) — 0.04|s5)

1
V2
0.999]55) + 0.04

[ (lua) + |dd)) .

1
V2
The w has very little strange quark content, while ¢ is almost pure s5. When

combined with the OZI ruldf] this explains why the ¢ decays predominantly
to strange particles, unlike the w which decays primarily to pions:

¢ — KtK—, K'KO 83% branching ratio

w— mtr a0 89% branching ratio

It also explains why the ¢ lives longer than the w, even though there’s more
phase space available for its decay:

¢ lifetime 1.5 x 10722 sec
w lifetime 0.8 x 1072 sec

I hope this illustrates some of the limitations of flavor SU(3). Along these
lines it’s worth mentioning that the spectrum of light scalar (as opposed to

t see Cheng & Li p. 121
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pseudoscalar) mesons is quite poorly understood, both theoretically and
experimentally. One recent attempt at clarification is hep-ph/0204205.

References

Cheng & Li is pretty good. For an introduction to group theory see section
4.1. Tensor methods are developed in section 4.3 and applied to the hadron
spectrum in section 4.4. For a more elementary discussion see sections 5.8

and 5.9 of Griffiths. Symmetry breaking by quark masses is discussed by

Cheng & Li on p. 119; w /¢ mixing is on p. 120. For a classic treatment of

the whole subject see Sidney Coleman, Aspects of symmetry, chapter 1.

2.1

2.2

Exercises

Casimir operator for SU(2)

A symmetric tensor with n indices provides a representation of
SU(2) with spin s = n/2. In this representation the SU(2) genera-
tors can be taken to be

1 1
Ji=50i®l@ - @l+-+le--alessn

where o; are the Pauli matrices. (There are n terms in this expres-
sion; in the k" term the Pauli matrices act on the k' index of the
tensor.) The SU(2) Casimir operator is J? = . J;J;. Show that
J? has the expected eigenvalue in this representation.

Flavor wavefunctions for the baryon octet
The baryon octet can be represented as a 3-index tensor B7F =

1
T'€'% where T% is traceless. For example, in a basisu = | 0 |,
0
0 0 0 0 1
d= 1 |,s=1]0 , the matrix = 0 0 0O | gives the
0 1 0 00

flavor wavefunction of a proton u(ud — du). Work out the flavor
wavefunctions of the remaining members of the baryon octet. The
hard part is getting the X% and A right; you’ll need to take linear
combinations which have the right isospin.
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2.5

Flavor SU(3) and the eightfold way

Combining flavor 4 spin wavefunctions for the baryon octet

You might object to the octet wavefunctions worked out in prob-
lem on the grounds that they don’t respect Fermi statistics. For
spin-1/2 baryons we can represent the spin of the baryon using a
vector v* a = 1,2 which transforms in the 2 of the SU(2) angular
momentum group.

(i) Write down a 3-index tensor that gives the spin wavefunction for
the (spin-1/2) quarks that make up the baryon. (v® is the analog
of T% in problem I'm asking you to find the analog of B¥.)

(ii) Show how to combine your flavor and spin wavefunctions to
make a state that is totally symmetric under exchange of any two
quarks. It has to be totally symmetric so that, when combined
with a totally antisymmetric color wavefunction, we get something
that respects Fermi statistics.

(iii) Suppose the quarks have no orbital angular momentum (as is
usually the case in the ground state). Can you make an octet of
baryons with spin 3/27

Mass splittings in the baryon octet
In class we discussed a model for SU(3) breaking based on non-
degenerate quark masses. Use this model to predict
ms + mpy
2
where my is the nucleon mass. To what accuracy are these relations
actually satisfied?

ma~ my ~

Electromagnetic decays of the ¥*

The up and down quarks have different electric charges, so electro-
magnetic interactions violate the isospin SU(2) subgroup of SU(3).
However the down and strange quarks have identical electric charges.
This means that electromagnetism respects a different SU(2) sub-
group of SU(3), sometimes called U-spin, that acts on the quarks

as
u u
10
d | — < 0 U ) d
S S
Use this to show that the electromagnetic decay ¥X*~ — X7« is
forbidden but that ¥*T — Xt is allowed.
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Quark properties

3.1 Quark properties
Quarks must have some unusual properties, if you take them seriously as
elementary particles.

First, isolated quarks have never been observed. To patch this up we’ll
simply postulate ‘quark confinement’: the idea that quarks are always per-
manently bound inside mesons or baryons.

Second, quarks must have unusual (fractional!) electric charges.

AT ~ wuu = w=2/3
AT ~ddd = Qa=-1/3
Q7 ~ sss = Qs =-1/3

There’s nothing wrong with fractional charges, of course — it’s just that
they’re a little unexpected.

Third, quarks are presumably spin-1/2 Dirac fermions. To see this note
that baryons have half-integer spins and are supposed to be ggq bound states.
The simplest possibility is to imagine that the quarks themselves carry spin
1/2. Then by adding the spin angular momenta of the quarks we can make

1 1
mesons with spins §®§ =160
b ith spi 1®1®1 3@1@1
S - R=-QR=—==D=6 =
aryons with spin 5®8585=59595

You can make hadrons with even larger spins if you give the quarks some
orbital angular momentum.

At this point there’s a puzzle with Fermi statistics. Consider the combined

25
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flavor and spin wavefunction for a A™* baryon with spin s, = 3/2.
IATT with s, =3/2) =|ul,uT,ul)

The state is symmetric under exchange of any two quarks, in violation of
Fermi statistics.

To rescue the quark model Nambu proposed that quarks carry an ad-
ditional ‘color’ quantum number, associated with a new SU(3) symmetry
group denoted SU(3)color- This is in addition to the flavor and spin labels
we’ve already talked about. That is, a basis of quark states can be labeled
by |flavor, color, spin). Here the flavor label runs over the values u, d, s and
provides a representation of the 3 of SU(3)fayor- The color label runs over
the values r, g, b and provides a representation of the 3 of SU(3)¢olor. Finally
the spin label runs over the values T, | and provides a representation of the
2 of the SU(2) angular momentum group. One sometimes says that quarks
are in the (3,3, 2) representation of the SU(3)favor X SU(3)color X SU(2)spin
symmetry group/f]

Strangely enough, color has never been observed directly in the lab. What
I mean by this is that (for example) hadrons can be grouped into multiplets
that are in non-trivial representations of SU(3)gayvor. But there are no de-
generacies in the hadron spectrum associated with SU(3)color: all observed
particles are color singlets. We'll elevate this observation to the status of
a principle, and postulate that all hadrons are invariant under SU(3)color
transformations. This implies quark confinement: since quarks are in the 3
of SU(3)color they can’t appear in isolation. What’s nice is that we can make
color-singlet mesons and baryons. Denoting quark color by a 3-component
vector z% we can make

color-singlet baryon wavefunctions eabe

color-singlet meson wavefunctions 0%

So why introduce color at all? It provides a way to restore Fermi statistics.
For example, for the AT baryon, the color wavefunction is totally antisym-
metric. So when we combine it with the totally symmetric flavor and spin
wavefunction given above we get a state that respects Fermi statistics.

t It gets confusing, but try to keep in mind that SU(3)gavor and SU(3)color are completely
separate symmetries that have nothing to do with one another.
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3.2 Evidence for quarks

This may be starting to seem very contrived. But in fact there’s very con-
crete evidence that quarks carry the spin, charge and color quantum numbers
we’ve assigned.

3.2.1 Quark spin

Perhaps the most direct evidence that quarks carry spin 1/2 comes from
the process ete™ — two jets. This can be viewed as a two-step process:
an electromagnetic interaction ete™ — ¢g, followed by strong interactions
which convert the ¢ and ¢ into jets of (color-singlet) hadrons.

jet
7z
e q

q
N
>

Assuming the quark and antiquark don’t interact significantly in the final
state, each jet carries the full momentum of its parent quark or antiquark.
Thus by measuring the angular distribution of jets you can directly deter-
mine the angular distribution of ¢ pairs produced in the process eTe™ — ¢q.
For spin-1/2 quarks this is governed by the differential cross sectio

do  Q2Qze!
Q)  64n2s
Here we’re working in the center of mass frame and neglecting the electron

and quark masses. (). is the electron charge and (), is the quark charge,
both measured in units of e = v/4ma, while s = (p; + p2)? is the square of

(1+ cos?6) . (3.1)

the total center-of-mass energy and 6 is the c.m. scattering angle (measured
with respect to the beam direction).

As you’ll show in problem [4.1] this angular distribution is characteristic of
having spin-1/2 particles in the final state. The data indicates that quarks
indeed carry spin 1/2: Hanson et. al., Phys. Rev. Lett. 35 (1975) 16009.

1 For example see Peskin & Schroeder section 5.1. We’ll discuss this in detail in the next chapter.
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3.2.2 Quark charge

One can measure (ratios of) quark charges using the so-called Drell-Yan
process

7t deuteron — pt T anything .

Recall that 7+ ~ ud and 7~ ~ di, while the deuteron (if you think of it
as a proton plus neutron) has quark content uuuddd. We can regard the
Drell-Yan process as an elementary electromagnetic interaction qq — pu*pu~
together with lots of strong interactions. In cartoon form the interactions
are

At high energies the electromagnetic process has a center-of-mass cross
section

Q2Q% e
- 127s

that follows from integrating over angles. You might worry that the
whole process is dominated by strong interactions. What saves us is the fact
that the deuteron is an isospin singlet[f] This means that — since isospin is a
symmetry of the strong interactions — strong interactions can’t distinguish
between the initial states 77D and 7~ D. They only contribute an overall
factor to the two cross sections, which cancels out when we take the ratio.
Thus we can predict

o(xtD -t X) QF _ (-1/3)° 1

o(r D —ptpX) Q2 (2/32 47

This fits the data (actually taken with an isoscalar 12C' target) pretty well.
See Hogan et. al., Phys. Rev. Lett. 42 (1979) 948.

t It’s a proton-neutron bound state with no orbital angular momentum, isospin I = 0, and
regular spin J = 1.
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From Hogan et. al., PRL 42 (1979) 948
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3.2.3 Quark color

A particularly elegant piece of evidence for quark color comes from the decay
70 — ~7, as you'll see in problem But for now a nice quantity to study
is the cross-section ratio

o(ete™ — hadrons)

R:

oefe” — ptpu™)

The initial step in the reaction e™e™ — hadrons is the purely electrodynamic
process ete™ — ¢, followed by strong interactions that turn the ¢ and ¢
into a collection of hadrons. This “hadronization” takes place with unit
probability, so we don’t need to worry about it, and we have
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R= 2 et T 2
e . q M
- +

Here we’ve taken the phase space in the numerator and denominator to
be the same, which is valid for quark and muon masses that are negligible
compared to E.y,. The diagrams in the numerator and denominator are es-
sentially identical, except that in the numerator the diagram is proportional
to Qe(q while in the denominator it’s proportional to Q.Q,. Thus

_ § : 2
R = Qquark
quarks

where the sum is over quarks with mass < y/s/2. If we have enough energy
to produce strange quarks we’d expect

R= 3{ (2/3)2 4+ (—=1/3)2+(~1/3)2 | = 2
~—— T,_/ ~——
up own strange

where the factor of 3 arises from the sum over quark colors. For E., between
roughly 1.5GeV and 3 GeV the data shows that R is indeed close to 2.
However at larger energies R increases. This is evidence for heavy flavors of
quarks.

charm  m,=13GeV Q.=2/3
bottom mp =4.2GeV Q= —-1/3
top my =172GeV Q= 2/3

Above the bottom threshold (but below the top) we’d predict
R=3[(2/3) + (~1/3)* + (=13 + (2/3) + (=1/3)*| = 11/3

in pretty good agreement with the data.

References

Evidence for the existence of quarks is given in chapter 1 of Quigg, under
the heading “why we believe in quarks.”
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010001-6  39. Plots of cross sections and related quantities

o and R in ete~ Collisions
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Figure 39.6, Figure 39.7:  World data on the total cross section of ete™ — hadrons and the ratio R = o(eTe™ — hadrons)/o(ete™ — ptpu~,
QED simple pole). The curves are an educative guide. The solid curves are the 3-loop pQCD predictions for o(e*e™ — hadrons) and the
R ratio, respectively [see our Review on Quantum chromodynamics, Eq. (9.12)] or, for more details, K.G. Chetyrkin et al., Nucl. Phys.
B586, 56 (2000), Egs. (1)-(3)). Breit-Wigner parameterizations of .J/1, ¥(2S5), and 7' (nS),n = 1..4 are also shown. Note: The experimental
shapes of these resonances are dominated by the machine energy spread and are not shown. The dashed curves are the naive quark parton
model predictions for ¢ and R. The full list of references, as well as the details of R ratio extraction from the original data, can be
found in O.V. Zenin et al., hep-ph/0110176 (to be published in J. Phys. G). Corresponding computer-readable data files are available
at http://wwwppds.ihep.su/~zenin o/contents_plots.html. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups,
November 2001.)
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3.1

Quark properties

Exercises

Decays of the W and 7
The W™ boson decays to a “weak doublet” pair of fermions, mean-

ing either e~ v, u~v,, 77 Ur, Ud, s, or in principle 2b.

(i) Suppose the amplitude for W~ decay is the same for all fermion
pairs. Only kinematically allowed decays are possible, but aside
from that you can neglect differences in phase space due to fermion
masses. Predict the branching ratios for the decays

W™ —e 1
W~ —pu v,
W= —-7170;
W~ — hadrons

(ii) The 7~ lepton decays by 7= — W~v,, followed by W~ decay.

Predict the branching ratios for the decays
T —UVUre Ug
T DU Uy,
7~ — v; hadrons

(iii) How did you do, compared to the particle data book? What
would happen if you didn’t take color into account?
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To be concrete let me focus on the process ete™ — putpu™.

e’ \pf p1+ p2 p3/( H

ngedt p\*u"

1 4

Evaluating this diagram is a straightforward exercise in Feynmanology, as
reviewed in appendix [A] The amplitude is

—iM = v(p2)(—ieQ@y")u(p1) u(ps)(—ie@y")v(pa)

—iG
(p1 + p2)?
where () = —1 for the electron and muon. In the center of mass frame the
corresponding differential cross section is

do et s —4m? 4m? 4m? 4(m2 +m?)
-5 = 1+ (1—-—9)1—- —E)cos?4+ —=——F | .
dQ  64n%s \| s —4m? * s I s ) cos™6 + s

Here s = (p1 + p2)? is the square of the total center-of-mass energy and 6
is the c.m. scattering angle (measured with respect to the beam direction).
This result is clearly something of a mess, however note that things simplify
quite a bit in the high-energy (or equivalently massless) limit /s > me, m,.
In this limit we have

do et

E:m(l+cos29) .

33
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One of our main goals in this section is to understand the origin of this
simplification.

4.1 Chiral spinors

T’ll start with some facts about Dirac spinors. Recall that a Dirac spinor
¥p is a 4-component object. Under a Lorentz transform

bp — e IOI+EK) Y (4.1)

Here we're performing a rotation through an angle \9[ about the direction
9, and we’re boosting with rapidity ]qﬁ\ in the direction ¢ The rotation
generators J and boost generators K are given in terms of Pauli matrices

by
J= ( 5(/)2 532 ) K= < _igﬂ z‘&o/2 >

Here I'm working the the “chiral basis” where the Dirac matrices take the

T\ 1 oo T 60

What’s nice about the chiral basis is that the Lorentz generators are block-
diagonal. This makes it manifest that Dirac spinors are a reducible repre-
sentation of the Lorentz group. The irreducible pieces of ¥p are obtained

by decomposing
_( YL )
YD ( on

into left- and right-handed “chiral spinors” ¥y, ¥g.

form

In the chiral basis
-1 0
v =iyl = ( 0 1 ) :
We can use this to define projection operators
1—19° 1 0 1++° 0 0
Pr="— _<0 0) Pr=—"%5"=10 1

which pick out the left- and right-handed pieces of a Dirac spinor.

PL?,Z)D:(wOL) PR¢D2<£R>-
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To see why this decomposition is useful, let’s express the QED Lagrangian
in terms of chiral spinors.

- 1 ,
Lqep = ¢ (iv'Dy —m) ¢ — ZFWF“

Here D,, = 0, + 1eQA, is the covariant derivative. In the chiral basis we
have

= (vl h

(0
(o ]1) —m iDy+iD - & (m)
1 0 ZDO—255 —m wR

(v} iDy—iD-5  —m_ )(m)
L R —m ’iD()‘FiD'E ¢R
— it} (Do~ D) gu + il (Do+ D) v —m (v} vn +whor)

The important thing to note is that the mass term couples 91, to ¥r. But
in the massless limit 17, and ¢ behave as two independent fields. They're
both coupled to the electromagnetic field, of course, through the interaction
Hamiltonian

Hine = —Line = €Q [ (Ao — A - &)r + k(Ao + A - F)yr| . (4.2)

Note that there are no ¥ 11 grA couplings in the Hamiltonian. This will lead
to simplifications in high-energy scattering amplitudes.

To see the physical interpretation of these chiral spinors recall the plane
wave solutions to the Dirac equation worked out in Peskin & Schroeder.
We're interested in describing states with definite

helicity = component of spin along direction of motion.

To describe these states let p be a unit vector in the direction of motion.
Start by finding the (orthonormal) eigenvectors of the operator p - :

(h-3) =& [P =P =1.

Then you can construct Dirac spinors describing states with definite helic-
ity

+ It may seem counterintuitive that vy is constructed from £~, and vy from &+. To under-
stand this you can either go through some intellectual contortions with hole theory, or more
straightforwardly you can read it off from the angular momentum operator of a quantized Dirac
field.
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E — +
VE-Ipl¢ ) right-handed particle (helicity +7/2)

( VE+pl&F
( VE+pl¢ > left-handed particle (helicity —/2)

VE—1Ipl§”

VE+Iple > right-handed antiparticle (helicity +54/2)

—VE—Ip[&”

+
vr(p) = ( v \/ﬁl‘opﬁ et ) left-handed antiparticle (helicity —#/2)

These spinors are kind of messy. But in the massless limit £ — |p| and
things simplify a lot:

pure Yr

pure

)
¢ ) pure 1
)

_\/ﬁng) pure ¥R

Thus in the massless limit

1r,  describes a left-handed particle and its right-handed antiparticle
¥gr describes a right-handed particle and its left-handed antiparticle

WARNING: when people talk about left- or right-handed particles they’re
referring to helicity = component of spin along the direction of motion.
When people talk about left- or right-handed spinors they're referring to
chirality = behavior under Lorentz transforms. In general these are very
different notions although, as we’ve seen, they get tied together in the mass-
less limit.
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4.2 Helicity amplitudes

Let’s look more closely at the high-energy behavior of eTe™ — utp~. At
high energies the electron and muon masses can be neglected, which makes
it useful to work in terms of chiral spinors. The interaction Hamiltonian
looks like two copies of , one for the electron and one for the muon.
‘Hint only couples two spinors of the same chirality to the gauge field, so out
of the 16 possible scattering amplitudes between states of definite helicity
only four are non-zero:

+ - +, - + - +, - + - + - + - +,—
€L€r 7 HLHR €L€r = MRHL €Rrer — MpHpR €Rer = MRpHp

Here I'm denoting the helicity of the particles with subscripts L, R. For
example, both ej{ and e, sit inside a right-handed spinor. Ditto for ,uz and
- In general this is known as “helicity conservation at high energies” (see
Halzen & Martin section 6.6).

Let’s study the particular spin-polarized process e}jeg — ,uj-: Hp-

The amplitude is

SiM = m(m)(—z’e@vﬂ)umpn@i%a3<p3><—ier”>vL<p4> .

At this point it’s convenient to fix the kinematics (spatial momenta indicated
by large arrows, spins indicated by small arrows)
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e+
L
\9
2 | 1 R

I
//p?’

p

Then for the incoming e*e™ we have (I'm only interested in the angular
dependence, so I'm not going to worry about normalizing the spinors)

pl:(E7O7O7E) pQZ(Evovoa_E)
0 0
0 0
ur(pr) = | vr(p2) = |
0 1

Then the ‘electron current’ part of the diagram is

v (p2)(—ieQy")ur(p1)

~ oo ( g)( (10) (%) )uRm)
= vﬂm)( <g i); <_gi fl) )’LLR(pl)

= (0,1,i,0) (4.3)

To get the ‘muon current’ part of the diagram, first consider scattering at
6 = 0, for which

p3:(E70707E) p4:<E70707_E)
0 0
0 0
UR(pg) - 1 UL(p4) - 0
0 1

= ug(p3)(—ieQy")vL(pa)
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~ uL(p?,)( (01) (4 &) )mw
— (0,1,—4,0)

To get the result for general 6 we just need to rotate this 4-vector through
an angle 6 about (say) the y-axis:

ur(ps)(—ie@Qy")vr(ps) ~ (0,cos @, —i,sinf).
The helicity amplitude goes like the dot product of the two currents:
M(efen — pipg) ~(0,1,i,0) - (0,cos0,—i,sinf) = —(1 + cosb).

This result is a beautifully simple example of quantum measurement at
work. The electron current describes an initial state with one unit of angular
momentum polarized in the +z direction |J = 1, J, = 1). To verify this
statement, just look at how the 4-vector transforms under a rotation
about the z axis. The (complex conjugate of the) muon current describes
a final state which also has one unit of angular momentum, but polarized
in the direction of the outgoing muon: |J = 1, J,- = 1). The angular
dependence of the amplitude is given by the inner product of these two
angular momentum eigenstates[f| As a reality check, note that the amplitude
vanishes when 6 = 7 (the amplitude for an eigenstate with J, = +1 to be
found in a state with J, = —1 vanishes).

The other helicity amplitudes go through in pretty much the same way.
The only difference is that for a process like LR — RL it’s scattering at
6 = 0 that’s prohibited; this shows up as a (1 — cosf) dependence. Finally,
the cross sections go like [M|?, so

do ) ( do ) 9
— == ~ (1+cosf)
(dQ LR—LR ds RL—RL

do ) ( do ) 9
v == ~ (1 —cosb)
(dQ LR—RL ds RL—LR

Summing over final polarizations and averaging over initial polarizations

gives
d
<G> ~ 1+ cos?6.
dQ unpolarized

Although spin-averaged amplitudes are usually easier to compute, especially
for finite fermion masses, it’s often easier to interpret helicity amplitudes.

1 This sort of analysis is quite general. See appendix
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References

Plane wave solutions to the Dirac equation are worked out in Peskin &
Schroeder: for the classical theory see p. 48, for the (slightly confusing)
quantum interpretation see p. 61, for a summary of the results see appendix
A.2. Chiral spinors (also known as Weyl spinors) are discussed in section
3.2 of Peskin & Schroeder, while helicity amplitudes are covered in section
5.2.

Exercises

4.1 Quark spin and jet production
Two-jet production in e*e™ collisions can be understood as a tree-
level QED-like process ete™ — v — ¢g followed by hadronization
of the quark and antiquark. Assuming the quark and antiquark
don’t interact significantly, each jet carries the full momentum of its
parent quark or antiquark. The distribution of jets with respect to
the scattering angle 6 carries information about the spin of a quark.
References: there’s some discussion in Cheng & Li p. 215-216, and
for a nice picture see p. 9 in Quigg.

(i) Suppose the quark is a spin-1/2 Dirac fermion with charge @ and
mass M. What is the center of mass differential cross section for
the process eTe™ — ¢¢? You should average over initial spins and
sum over final spins, also you should keep track of the dependence
on both the electron and quark masses.

(ii) Now suppose the quark is a spinless particle that can be modeled
as a complex scalar field with charge Q and mass M. Re-evaluate
the center of mass differential cross-section for ete™ — ¢g. You
should average over the initial ete™ spins. The Feynman rules are
in appendix [A]

(iii) In the high-energy limit the electron and quark masses are neg-
ligible and the angular distribution simplifies. For spin-1/2 quarks
there’s a nice explanation for the angular distribution at high ener-
gies: we talked about it in class, or see Peskin & Schroeder sect. 5.2
or Halzen & Martin sect. 6.6. What’s the analogous explanation
for the high energy angular distribution of spinless quarks?

(iv) In ete™ collisions at E.p, = 7.4 GeV the jet-axis angular dis-
tribution was found to be proportional to 1 + (0.78 4+ 0.12) cos? §
[Phys. Rev. Lett. 35, 1609 (1975)]. What’s the spin of a quark?
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Spontaneous symmetry breaking

5.1 Symmetries and conservation laws

When discussing symmetries it’s convenient to use the language of La-
grangian mechanics. The prototype example I'll have in mind is a scalar
field ¢(t,x) with potential energy V(¢). The action is

1
Sl = [ d'sL(6.00) L= 30,00% - V(o)
Classical trajectories correspond to stationary points of the action.

vary ¢ — ¢+ 0¢

. lassical .
55 = 0 to first order in 66 & ¢ is a classical trajectory

With suitable boundary conditions on §¢ this variational principle is equiv-
alent to the Euler-Lagrange equations

or_ oL _
"9(0u0) 09
To see this one computes

5SS = / dz (ggégé—k ((% ¢)53u¢>
,u

[ (o0 + 50,5 )

oL oL
4 oL
/d o (8(;5 O 8(8M¢)> + surface terms

With suitable boundary conditions we can drop the surface terms, in which

case 65 vanishes for any ¢ iff the Euler-Lagrange equations are satisfied.
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Now let’s discuss continuous internal symmetries, which are transforma-
tions of the fields that

e depend on one or more continuous parameters,

e are “internal,” in the sense that the transformation can depend on ¢ but
not on 0,9,

e are “symmetries,” in the sense that they leave the Lagrangian invariant.

That is, we consider continuous transformations of the fields

p(z) — ¢'(x) = ¢'(6(x)) (5.1)
such that
L(p,0¢) = L(¢',0¢).

The notation in means that the new value of the field at the point
x only depends on the old value of the field at the point = — it doesn’t
depend on the old value of the field at any other point. Equivalently the
transformation can depend on ¢ but not on 9,,¢.

One consequence of this definition is that if ¢(x) satisfies the equations of
motion, then so does ¢'(z). In other words a symmetry maps one solution
to the equations of motion into another solution[f]

Another consequence is Noether’s theorem, that symmetries imply con-
servation laws. Given an infinitesimal internal symmetry transformation
¢ — ¢+ d¢ the current

. oL
gt = méqﬁ (5.2)

is conserved. That is, the equations of motion for ¢ imply that 9,,j# = 0.

Proof: Suppose ¢ satisfies the equations of motion, and consider an in-
finitesimal internal symmetry transformation ¢ — ¢ + d¢. Let’s compute
0L in two ways. On the one hand £ = 0 by the definition of an internal
symmetry. On the other hand

oL oL
5L =250+ 2= 50,0
@ -
9¢ 9(0,0)
t Proof: the Lagrangian is invariant so S[¢] = S[¢']. Varying with respect to ¢(z) the chain rule
gives 5:2(5@ = fy 5¢6’?y) %ﬁb((;f)). Assuming the Jacobian % is non-singular we have % =0 iff

S _
557 =0
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If we use the Euler-Lagrange equations this becomes

oL oL
% 50,6)°° " 50,9)

= O (agf«m 5)

Comparing the two expressions for 6L we see that j* = 8((37&6)(% is con-

oL =

50,6

served: the equations of motion for ¢ imply d,7# = 0. Q.E.D.

This shows that symmetries = conservation laws. It works the other way
as well: given a conservation law obtained using Noether’s theorem, you can
reconstruct the symmetry it came from. This is best expressed in Hamil-
tonian language. Given a conserved current j* one has the corresponding
conserved charge

Q= /d3a:j0(t,x) <% =0sotis arbitrary>

Q is the generator of the symmetry in the sense that

i[Q, o(t, x)] = 6o (t,%) .
(This is a quantum commutator, but if you like Poisson brackets you can
write a corresponding expression in the classical theory.)
Proof: recall that the canonical momentum

oL
9(0o9)

m =

obeys the equal-time commutator

i[n(t,x),0(t,y)] = 8 (x —y)

and note that Q = [d3z j° = [ d3z m¢ satisfies

iQ.o(t,x)] = i / dy [n(t, y)56(t,y), S(t,%)

— / By[r(t,y), $(t, %)) 56 (t, y)
= do(t,x).

It’s important for this argument that d¢(t,x) commutes with ¢(¢,x). This
is valid for internal symmetries, since d¢(z) only depends on ¢(x) and ¢(x)
commutes with itself.
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5.1.1 Flavor symmetries of the quark model

As an example, consider the quark model we introduced in section In
terms of a collection of Dirac spinor fields

u
v=| d

S

we guessed that the strong interaction Lagrangian looked like
['strong = 7/7}1-7#8”1/] + -

The quark kinetic terms are invariant under U (3) transformations ¢p — U1.
If we assume this symmetry extends to all of Lgong, We can derive the
corresponding conserved currents. Setting U = e~**T" where the generators

T* are a basis of 3 x 3 Hermitian matrices we have]

infinitesimal transformation d¢ = —iA\*T%)
aRﬁstrorll%g _ &i’y“ aRﬁstfor]l:ig -0
(Ou) 9(Ou)

= jFC =opyPT%)  conserved

Here I'm using the fermionic version of Noether’s theorem, worked out in
problem In the last line I stripped off the infinitesimal parameters \°.
As promised, this approach unifies several conservation laws introduced in

chapter

U(3) generator conservation law
1 00
010 quark number ( = B/3)
0 01
00 O
00 O strangeness
00 -1
o' 0 isospin
0 0 P
traceless flavor SU(3)

1 There is a subtle point here - what if there were terms involving 9,4 or (9“1/_1 hidden in the - - -
terms in Lstrong? Such terms would modify the currents, but fortunately dimensional analysis
tells you that any such terms can be neglected at low energies.
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5.2 Spontaneous symmetry breaking (classical)

It might seem that we’ve exhausted our discussion of symmetries and their
consequences. But there’s a somewhat surprising phenomenon that can oc-
cur in quantum field theory: the ground state of a quantum field doesn’t
have to be unique. This opens up a new possibility: given some degen-
erate vacua, a symmetry transformation ¢ — ¢’ can leave the Lagrangian
invariant but may act non-trivially on the space of vacua.

This phenomenon is known as spontaneous symmetry breaking. Rather
than give a general discussion, I’'ll go through a few examples that illustrate
how it works. In this section the analysis will be mostly classical. In the next
section we’ll explore the consequences of spontaneous symmetry breaking in
the quantum theory.

5.2.1 Breaking a discrete symmetry
As a first example, consider a real scalar field with a ¢* self-interaction.
1 1 1
E:* a,u —*22—*A4
S0u00"6 = Sp29* = 100
The potential energy of the field V(¢) = 1 pu2¢? + i)\qb‘l. Assuming p? > 0

2
the potential looks like

V(phi)

In this case there is a unique ground state at ¢ = 0. The Lagrangian is
invariant under a Zo symmetry that takes ¢ — —¢. This symmetry has the
usual consequence: in the quantum theory an n particle state has parity
(—1)™ under the symmetry, so the number of ¢ quanta is conserved mod 2.
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Now let’s consider the same theory but with u? < 0. Then the potential
looks like

V(phi )

Now there are two degenerate ground states located at ¢ = ++/—pu2/\. Note
that the Zy symmetry exchanges the two ground states. Taking p? to be
negative might bother you — does it mean the mass is imaginary? In a way
it does: standard perturbation theory is an expansion about the unstable
point ¢ = 0, and the imaginary mass reflects the instability.

To see the physical consequences of having p? < 0 it’s best to expand the
action about one of the degenerate minima. Just to be definite let’s expand
about the minimum on the right, and set

d=do+p b=/

Here p is a new field with the property that it vanishes in the appropriate
ground state. Rewriting the action in terms of p

1 1 1
L= 50upd"p =5 (¢o + p) - 1 (@0 + p)*

Expanding this in powers of p there’s a constant term (the value of V' at
its minimum) that we can ignore. The term linear in p vanishes since we're
expanding about a minimum. We're left with

1 1
L= 50up0"p+ ip* = v/ =p2Ap” = L Ao (5.3)

The curious thing is that, if I just handed you this Lagrangian without
telling you where it came from, you’d say that this is a theory of a real
scalar field with

e a positive (mass)? given by m?) =22 >0
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e cubic and quartic self-couplings described by an interaction Hamiltonian
Hing = (—p2N\)Y2p3 + Ip?
e 10 sign of a Zy symmetry!

A few comments are in order.

(i)

A low-energy observer can only see small fluctuations about one of the
degenerate minima. To such an observer the underlying Zs symmetry
is not manifest, since it relates small fluctuations about one minimum
to small fluctuations about the other minimum.

The underlying symmetry is still valid, even if u? < 0, and it does
have consequences at low energies. In particular the coefficient of
the cubic term in the potential energy for p is not an independent
coupling constant — it’s fixed in terms of A and mf). So a low-energy
observer who made very precise measurements of p — p scattering
could deduce the existence of the other vacuum.

A more straightforward way to discover the other vacuum is to work
at high enough energies that the field can go over the barrier from
one vacuum to the other.

Although it’s classically forbidden, in the quantum theory can’t the
field tunnel through the barrier to reach the other vacuum, even
at low energies? The answer is no because, as you’ll show on the
homework, the tunneling probability vanishes for a quantum field in
infinite spatial volume.

This last point is rather significant. In ordinary quantum mechanics states

that are related by a symmetry can mix, and it’s frequently the case that the
ground state is unique and invariant under all symmetries[f] But tunneling
between different vacua is forbidden in quantum field theory in the infinite
volume limit. This is what makes spontaneous symmetry breaking possible.

5.2.2 Breaking a continuous symmetry

Now let’s consider a theory with a continuous symmetry. As a simple ex-

ample, let’s take a two-component real scalar field d_; with

1 %o 1 ges 1 -
_ 1t Caur Lo Ly
L 5 @ -0t SH |9 4)\|gz5| .

1 For example the ground state of a particle in a double-well potential is unique, a symmetric
combination of states localized in either well (Sakurai, Modern quantum mechanics, p. 256).
Likewise the ground state of a rigid rotator has no angular momentum. This is not to say that
in quantum mechanics the ground state is always unique. For example the ground state of a
deuterium nucleus has total angular momentum J = 1.
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This theory has an SO(2) symmetry

1 [ cos # —sinf o1
105 sinf cosf P2
Noether’s theorem gives the corresponding conserved current

Ju = 020,01 — $10,¢2 .

First let’s consider x? > 0. In this case there are no surprises. The poten-
tial has a unique minimum at 5 = 0. The symmetry leaves the ground state
invariant. The symmetry is manifest in the spectrum of small fluctuations
(the particle spectrum): in particular

¢1 and ¢2 have the same mass. (5.4)

The conserved charge is also easy to interpret. For spatially homogeneous
fields it’s essentially the angular momentum you’d assign a particle rolling

—,

in the potential V' (¢). Alternatively, if you work in terms of a complex field
® = %@)1 +1i¢2), then the conserved charge is the net number of ® quanta.

Now let’s consider 2 < 0. In this case there’s a circle of degenerate
minima located at |¢| = \/—p2/A. Under the SO(2) symmetry these vacua
get rotated into each other. To see what’s going on let’s introduce fields
that are adapted to the symmetry, and set

gz_g:(acos@,o*sin@ c>0, O=0+27
In terms of o and # the symmetry acts by
o invariant, 6 — 6 + const.

and we have
1 1 1 1. 4
L= 5(%08“0 + 5028u98“0 - §u202 — Z)\U

When g2 < 0 the minimum of the potential is at 0 = /—pu2/\. To take
this into account we shift

o=\ —/A+p
and find that (up to an additive constant)
1
a0t
1 P

+%(—u2/x\)%98"9 + (=2 /N 00,0010 + %PQ@W@W

|
L= S0updp+ptp? = (PN~
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The first line is, aside from the restriction p > 0, just the theory we en-
countered previously in : it describes a real scalar field with cubic and
quartic self-couplings. The second line describes a scalar field 6 that has
some peculiar-looking couplings to p but no mass term. (If you want you
can redefine 6 to give it a canonical kinetic term.) If I didn’t tell you where
this Lagrangian came from you’d say that this is a theory with

e two scalar fields, one massive and the other massless
e cubic and quartic interactions between the fields
e 1o sign of any SO(2) symmetry!

Although there are some parallels with discrete symmetry breaking, there
are also important differences. The main difference is that in the continuous
case a massless scalar field 8 appears in the spectrum. It’s easy to understand
why it has to be there. The underlying SO(2) symmetry acts by shifting
0 — 0 + const. The Lagrangian must be invariant under such a shift, which
rules out any possible mass term for 6.

One can make a stronger statement. The shift symmetry tells you that
the potential energy is independent of 6. So the symmetry forbids, not just
a mass term, but any kind of non-derivative interaction for 6. The usual
terminology is that, once all other fields are set equal to their vacuum values,
0 parametrizes a flat direction in field space.

It’s worth saying this again. We have a family of degenerate ground
states labeled by the value of 8. A low-energy observer could, in a localized
region, hope to study a small fluctuation about one of these vacua. Unlike
in the discrete case, a small fluctuation about one vacuum can reach some
of the other “nearby” vacua. This is illustrated in Fig. [5.1 The energy
density of such a fluctuation can be made arbitrarily small — even if the
amplitude of the fluctuation is held fixed — just by making the wavelength
of the fluctuation larger. This property, that the energy density goes to zero
as the wavelength goes to infinity, manifests itself through the presence of a
massless scalar field. These massless fields are known as Goldstone bosons.

Incidentally, suppose we were at such low energies that we couldn’t create
any p particles. Then we’d describe the dynamics just in terms of a (rescaled)
Goldstone field § = \/—p? /A 6 that takes values on a circle.

1 ~ - U
£ =50,00"0 0~ 0+ 2r(—p?/\)"/?

The circle should be thought of as the space of vacua of the theory. This is
known as a low-energy effective action for the Goldstone boson.
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Fig. 5.1. A fluctuation in the model of section The field qg(x,y,z =0) is
drawn as an arrow in the xy plane. Top figure: one of the degenerate vacuum
states. Bottom figure: a low-energy fluctuation, in which the field in a certain
region is slightly rotated. The energy density of such a fluctuation goes to zero as
the wavelength increases.

5.2.3 Partially breaking a continuous symmetry

As a final example, let’s consider the dynamics of a three-component real
scalar field ¢ with the by now familiar-looking Lagrangian

1 = v 1 oms 1. -
I Cau gy =2 2 - 4
£ = 50u6- 06— SuPldl? — TAI.
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This theory has an SO(3) symmetry
¢ — R$ R e SO(3).

For 42 > 0 there’s a unique vacuum at gg = 0 and the SO(3) symmetry is
unbroken. For 2 < 0 spontaneous symmetry breaking occurs.

When the symmetry is broken we have a collection of ground states char-

acterized by
6] = =12/

That is, the space of vacua is a two-dimensional sphere S? C R3. The
symmetry group acts on the sphere by rotations.

To proceed, let’s first choose a vacuum to expand around. Without loss of
generality we’ll expand around the vacuum at the north pole of the sphere,
namely the point

gg = (07 0, _IUQ/A) .

Now let’s see how our vacuum state behaves under symmetry transforma-
tions. Rotations in the 13 and 23 planes act non-trivially on our ground
state. They move it to a different point on the sphere, thereby generating
a two-dimensional space of flat directions. Corresponding to this we expect
to find two massless Goldstone bosons in the spectrum. Rotations in the
12 plane, however, leave our choice of vacuum invariant. They form an
unbroken SO(2) subgroup of the underlying SO(3) symmetry.

To make this a bit more concrete it’s convenient to parametrize fields near
the north pole of the sphere in terms of three real scalar fields o, z, y defined
by

gi_;za(x,;% \/1—x2—y2) : (5.5)

The field ¢ parametrizes radial fluctuations in the fields, while z and y
parametrize points on a unit two-sphere. As in our previous examples one
can set 0 = \/—p?/A + p and find that p has a mass mf) = —2u%. The
fields z and y are Goldstone bosons. Substituting into the Lagrangian
and setting p = 0 one is left with the low-energy effective action for the
Goldstone bosons

r— 1 —p? 1 9, 2t O 3 5 o o
“ 2\ ) 1_x2_y2< 20" 240,y y—(20,y—yOz ) (z0My—y a:)).

Note that the Goldstone bosons (‘;) transform as a doublet of the unbroken
SO(2) symmetry.
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5.2.4 Symmetry breaking in general

Many aspects of symmetry breaking are determined purely by group theory.
Consider a theory with a symmetry group G. Suppose we’ve found a ground
state where the fields (there could be more than one) take on a value I'll
denote ¢g. The theory might not have a unique ground state. If we act
on ¢g with some g € G we must get another state with exactly the same
energy. This means g¢g is also a ground state. Barring miracles we’d expect
to obtain the entire space of vacua in this way:

M = (space of vacua) = {g¢o : g € G}

Now it’s possible that some (or all) elements of G leave the vacuum ¢g
invariant. That is, there could be a subgroup H C G such that

hoo = oo Vh € H.

In this case H survives as an unbroken symmetry group. One says that G
is spontaneously broken to H.

This leads to a nice representation of the space of vacua. If g1 = goh for
some h € H then g; and gs have exactly the same effect on ¢g: g109 = ga2¢g.
This means that M is actually a quotient space, M = G/H, where the
notation just means we’ve imposed an equivalence relation:

G/H = G/{g1 ~ g2 if g1 = goh for some h € H} .

This also leads to a nice geometrical picture of the Goldstone bosons: they
are simply fields ¢! which parametrize M. One can be quite explicit about
the general form of the action for the Goldstone fields. If you think of the
space of vacua as a manifold M with coordinates ¢! and metric G7;(¢), the
low-energy effective action is

S = / d*z %G; 1(9)0, 0 0" e .

Actions of this form are known as “non-linear o-models.”[j] At the classical
level, to find the metric Gy one can proceed as we did in our SO(2) exam-
ple: rewrite the underlying Lagrangian in terms of Goldstone fields which
parametrize the space of vacua (the analogs of #) together with fields that
parametrize “radial directions” (the analogs of p). Setting the radial fields
equal to their vacuum values, one is left with a non-linear o-model for the
1 Obscure terminology, referring to the fact that the Goldstone fields take values in a curved

space. If the space of vacua is embedded in a larger linear space, say M C R™, then the action
for the fields that parametrize the embedding space R™ is known as a linear o-model.
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Goldstone fields, and one can read off the metric from the actionfj] Finally,
the number of Goldstone bosons is equal to the number of broken symmetry
generators, or equivalently the dimension of the quotient space:

# Goldstones = dim M = dim G — dim H .

5.3 Spontaneous symmetry breaking (quantum)

Now let’s see more directly how spontaneous symmetry breaking plays out
in the quantum theory. First we need to decide: what will signal sponta-
neous symmetry breaking? To this end let’s assume we have a collection of
degenerate ground states related by a symmetry. Let me denote two of these
ground states |0), |0'). The symmetry is spontaneously broken if |0) # |0/).

Instead of applying this criterion directly, it’s often more convenient to
search for a field ¢ whose vacuum expectation value transforms under the
symmetry:

(0[¢[0) # (0'$]0") .

This implies |0) # |0’), so it implies spontaneous symmetry breaking as
defined above. Such expectation values are known as “order parameters.”

Now let’s specialize to continuous symmetries. In this case we have a
conserved current j#(¢,x), and we can construct a unitary operator

U(}\) _ e—ifd3x A(x)50(t,x)

which implements a position-dependent symmetry transformation parametrized
by A(x). For infinitesimal A, the change in the ground state |0) is

510) = —z’/dgx A0 (8, %)]0)

The condition for spontaneous symmetry breaking is that ¢|0) does not
vanish, even as A approaches a constant/[f]

Claim: for each broken symmetry there is a massless Goldstone boson in
the spectrum.

Let’s give an intuitive proof of this fact. The symmetry takes us from

l—y2

*y 5 ) is the metric on a unit
Ty 11—z

1 For instance, in our SO(3) example, ﬁ (

two-sphere.

1 Formally as A(x) approaches a constant we have §|0) = —iAQ|0), where Q = [d3z ;0 is the
generator of the symmetry. So the condition for spontaneous symmetry breaking is Q|0) # 0.
However one should be careful about discussing @ for a spontaneously broken symmetry: see
Burgess and Moore, exercise 8.2 or Ryder, Quantum field theory p. 300.
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one choice of vacuum state to another, at no cost in energy. Therefore a
small, long-wavelength fluctuation in our choice of vacuum will cost very
little energy. We can write down a state corresponding to a fluctuating
choice of vacuum quite explicitly: it’s just the state

U(A)[0)
produced by acting on |0) with the unitary operator U(A). Setting A =

e’PX where p is a 3-vector that determines the spatial wavelength of the

fluctuation, to first order the change in the ground state is

510) = |p) = —i/d?’x eP*30(t, x)|0) .
The state we’ve defined satisfies two properties:

1. It represents an excitation with spatial 3-momentum p.
2. The energy of the excitation vanishes as p — 0.

This shows that |p) describes a massless particle. We identify it as the state
representing a single Goldstone boson with 3-momentum p. To establish
the above properties, note that

1. Under a spatial translation x — x + a the state |p) transforms the way a
momentum eigenstate should: acting with a spatial translation operator
Ty we get

Tulp) = / B P01, x + a)|0) = ¢ P2p).

2. We argued above that [0) and U(X)|0) ~ |0) + 6|0) become degenerate
in energy as the wavelength of the fluctuation increases. This means that
for large wavelength 6|0) has the same energy as |0) itself. So the energy
associated with the excitation |p) must vanish as p — 0]

This argument shows that the broken symmetry currents create Goldstone
bosons from the vacuumJff] This can be expressed in the Lorentz-invariant
form

(r(p)|j*()]0) = ifpte?™

where |7(p)) is an on-shell one-Goldstone-boson state with 4-momentum p
and f is a fudge factor to normalize the state[§] Note that current conser-

t What would happen if we tried to carry out this construction with an unbroken symmetry
generator, i.e. one that satisfies Q|0) = 07

1 For a rigorous proof of this see Weinberg, Quantum theory of fields, vol. II p. 169 — 173.

& For reasons you’ll see in problem for pions the fudge factor f is known as the pion decay
constant. It has the numerical value fr = 93 MeV.
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vation 0, j" = 0 implies that p? = 0, i.e. massless Goldstone bosons. More
generally, if we had multiple broken symmetry generators Q% we’d have

(% (p)| " (2)]0) = i f*pte™ (5.6)

i.e. one Goldstone boson for each broken symmetry generator.

Finally, we can see the loophole in the usual argument that symmetries
= degeneracies in the spectrum. Let Q% be a symmetry generator and
let ¢; be a collection of fields that form a representation of the symmetry:
i[Qa, @Z] = Daij¢j. Then

iQ"$;]0) = i[Q", ¢4]|0) + i4;Q"|0) = D $;]0) + i;Q"|0) .

The first term is standard: by itself it says particle states form a represen-
tation of the symmetry group. But when the symmetry is spontaneously
broken the second term is non-zero.

References

Symmetries and and spontaneous symmetry breaking are discussed in Cheng
& Li sections 5.1 and 5.3. There’s some nice discussion in Quigg sections
2.3, 5.1, 5.2. Peskin & Schroeder discuss symmetries in section 2.2 and
spontaneous symmetry breaking in section 11.1.

Exercises

5.1 Noether’s theorem for fermions

Consider a general Lagrangian L(v,0,1)) for a fermionic field 1.
To incorporate Fermi statistics ¢ should be treated as an anticom-
muting or Grassmann-valued number. Recall that Grassmann num-
bers behave like ordinary numbers except that multiplication anti-
commutes: if a and b are two Grassmann numbers then ab = —ba.
One can define differentiation in the obvious way; if @ and b are
independent Grassmann variables then

aa_(?b_l 8a_8b_0

da  Ob ob  da
The derivative operators themselves are anticommuting quantities.
When differentiating products of Grassmann variables we need to
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5.2

Spontaneous symmetry breaking

be careful about ordering. For example we can define a derivative
operator that acts from the left, satisfying

or da b
—(ab)=—b—a—=0
dal (ab) da’ “da ’
or one that acts from the right, satisfying
of b da

(i) Show that the Euler-Lagrange equations which make the action
for ¢ stationary are
ofL ofL
A R~ gyR — 0
9 (9ut)) W
(ii) Suppose the Lagrangian is invariant under an infinitesimal trans-
formation v — 1 + d. Show that the current

oL
. .
DA

is conserved. You should treat d as a Grassmann number.

Symmetry breaking in finite volume?
Consider the quantum mechanics of a particle moving in a double
well potential, described by the Lagrangian
L oo 1 5,

1
inma'c —imwm —Em)\a:‘l.

We're taking the parameter w? to be negative.

(i) Expand the Lagrangian to quadratic order about the two minima
of the potential, and write down approximate (harmonic oscillator)
ground state wavefunctions

Uy (x) = (zl+)
U (z) = (z|-)

describing unit-normalized states |+) and |—) localized in the right
and left wells, respectively. How do your wavefunctions behave as
m — 007

(ii) Use the WKB approximation to estimate the tunneling ampli-
tude (—|+). You can make approximations which are valid for
large m (equivalently small \).
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Now consider a real scalar field with Lagrangian density (u? < 0)
1 1 1
L= -0,00"p — =p2p* — o™

The ¢ — —¢ symmetry is supposed to be spontaneously broken, with
two degenerate ground states |+) and |—). But can’t the field tunnel
from one minimum to the other? To see what’s happening consider
the same theory but in a finite spatial volume. For simplicity let’s
work in a spatial box of volume V with periodic boundary conditions,
so that we can expand the field in spatial Fourier modes

St %) =Y d(t)e™™  doi(t) = di(t).
k

Here k = 27n/V'/3 with n € Z3.

(iii) Expand the field theory Lagrangian L = [ d3z L to quadratic
order about the classical vacua. Express your answer in terms of
the Fourier coefficients ¢y (¢) and their time derivatives.

(iv) Use the Lagrangian worked out in part (iii) to write down ap-
proximate ground state wavefunctions

U (Pk) describing |+)
U_(pk) describing |—)

How do your wavefunctions behave in the limit V' — oco?

(v) If you neglect the coupling between different Fourier modes —
something which should be valid at small A — then the Lagrangian
for the constant mode ¢x—¢ should look familiar. Use your quan-
tum mechanics results to estimate the tunneling amplitude (—|+)
between the two (unit normalized) ground states. How does your
result behave as V' — 007

(vi) How do matrix elements of any finite number of field opera-
tors between the left and right vacua (—|¢(t1,%x1) - - ¢(tn, Xn)|+)
behave as V' — o00?

Moral of the story: spontaneous symmetry breaking is a phenomenon
associated with the thermodynamic (V' — oo) limit. For a nice
discussion of this see Weinberg QFT vol. II sect. 19.1.
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5.4

Spontaneous symmetry breaking

O(N) linear o-model

Consider the Lagrangian
1 1 1
_ 1t COtd — Z 121012 — Salol4

Here ¢ is a vector containing N scalar fields. Note that £ is invariant
under rotations ¢ — R¢ where R € SO(N).

(i) Find the conserved currents associated with this symmetry.

(ii) When p? < 0 the SO(N) symmetry is spontaneously broken. In
this case identify

e the space of vacua
e the unbroken symmetry group

e the spectrum of particle masses

O(4) linear o-model

Specialize to N = 4 and define ¥ = ¢41 + Zi:l 10T, Where Ty
are Pauli matrices.

(i) Show that det ¥ = |¢|? and ¥* = 1 YX7s.
(ii) Rewrite £ in terms of X.

(iii) In place of SO(4) transformations on ¢ we now have SU(2), x
SU(2) g transformations on Y. These transformations act by ¥ —
LY.R' where L, R € SU(2). Show that these transformations leave
det 3 invariant and preserve the property X* = 19379.

(iv) Show that one can set ¥ = cU where o0 > 0 and U € SU(2).

(v) Rewrite the Lagrangian in terms of o and U. Take pu? < 0 so
the SU(2)r, x SU(2)r symmetry is spontaneously broken and, in
terms of the fields ¢ and U, identify

e the space of vacua
e the unbroken symmetry group

e the spectrum of particle masses

(vi) Write down the low energy effective action for the Goldstone
bosons.
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5.5 SU(N) nonlinear o-model
Consider the Lagrangian £ = %f2 Tr (8MUT8“U) where f is a
constant with units of (mass)? and U € SU(N). The Lagrangian is
invariant under U — LUR' where L, R € SU(N). Identify

e the space of vacua
e the unbroken symmetry group

e the spectrum of particle masses



6
Chiral symmetry breaking

Now we're ready to see how some of these ideas of symmetries and symmetry
breaking are realized by the strong interactions. But first, some terminology.
If one can decompose

L=Ly+ L

where Ly is invariant under a symmetry and £ is non-invariant but can
be treated as a perturbation, then one has “explicit symmetry breaking”
by a term in the Lagrangian. This is to be contrasted with “spontaneous
symmetry breaking,” where the Lagrangian is invariant but the ground state
is not. Incidentally, one can have both spontaneous and explicit symmetry
breaking, if £q by itself breaks the symmetry spontaneously while £; breaks
it explicitly.

Let’s return to the quark model of section [3.1] For the time being we’ll
ignore quark masses. With three flavors of quarks assembled into

v=| d

S
we guessed that the strong interaction Lagrangian looked like
Estrong = 'QZ_}Z'YMauw + -

As discussed in section the quark kinetic terms have an SU(3) sym-
metry ¢ — Ut. Assuming this symmetry extends to all of Lgirong the
corresponding conserved currents are

= Ty

where the generators T% are 3 x 3 traceless Hermitian matrices.
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In fact the quark kinetic terms have a larger symmetry group. To make
this manifest we need to decompose the Dirac spinors u, d, s into their left-
and right-handed chiral components. The calculation is identical to what
we did for QED in section The result is

Estrong = &Liryua/ﬂpL + @Ri'yuauwR +oe

Here

1 1

vr=501-7")  and  yp= (14770

are 4-component spinors, although only two of their components are non-
zero, and

v = ()’ VR = (Yr)H.

This chiral decomposition makes it clear that the quark kinetic terms
actually have an SU(3)r x SU(3)r symmetry that acts independently on
the left- and right-handed chiral components|[

Y, — Ly, YR — Ryp L,R < SU(3) (6.1)

It’s easy to work out the corresponding conserved currents; they’re just what
we had above except they only involve one of the chiral components:

. - = 1

I =T = 9y T S (1= )
, - . 1
JR" = VR T YR = YT S (1 +77)¢

It’s often convenient to work in terms of the “vector” and “axial-vector”
combinations

gt =art iR = ey Ty
Jh = =i+ IR = oy T
The question is what to make of this larger symmetry group. As we’ve

seen the vector current corresponds to Gell-Mann’s flavor SU(3). But what
about the axial current?

The simplest possibility would be for SU(3)4 to be explicitly broken by
Lstrong: after all we’ve only been looking at the quark kinetic termsm I can’t

t The full symmetry is U(3)r X U(3)g. As we’ve seen the extra vector-like U(1) corresponds to
conservation of baryon number. The fate of the extra axial U(1) is a fascinating story we’ll
return to in section

1 Picky, picky: the symmetry group is really SU(3)r x SU(3)g. The linear combination R — L
that appears in the axial current doesn’t generate a group, since two axial charges commute to
give a vector charge. I’ll call the axial symmetries SU(3) 4 anyways.
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say anything against this possibility, except that we might as well assume
SU(3) 4 is a valid symmetry and see where that assumption leads.

Another possibility is for SU(3) 4 to be a manifest symmetry of the particle
spectrum. We can rule this out right away. The axial charges

Q= [ iy

are odd under parity (see Peskin & Schroeder p. 65), so they change the
parity of any state they act on. If SU(3)4 were a manifest symmetry there
would have to be scalar (as opposed to pseudoscalar) particles with the same
mass as the pions.

So we're left with the idea that SU(3) 4 is a valid symmetry of the strong
interaction Lagrangian, but is spontaneously broken by a choice of ground
state. What order parameter could signal symmetry breaking? It’s a bit
subtle, but suppose the fermion bilinear 11 acquires an expectation value:

<OWH;‘O> - u3]lﬂavor ® Il-spin .

Here p is a constant with dimensions of mass, and 1 represents the identity
matrix either in flavor or spinor space. In terms of the chiral components
Y1, Yr this is equivalent to

_ 1
(VrYR) = 1 Lgayor @ S ") spin

- 1
(WrYL) = 1 Laavor @ 5 (1+7°)gpin (6.2)
(Yrvr) = (YrYRr) =0.
What’s nice is that this expectation value

e is invariant under Lorentz transformations (check!)
e is invariant under SU(3)y transformations ¢y, — Uy, g — Uthg
e completely breaks the SU(3)4 symmetry

That is, in one needs to set . = R in order to preserve the expecta-
tion value . So the claim is that strong-coupling effects in QCD cause
qq pairs to condense out of the trivial (perturbative) vacuum; the “chiral
condensate” is supposed to be generated dynamically by the strong
interactions/]

In fact, the expectation value can be a bit more general. Whenever a
continuous symmetry is spontaneously broken there should be a manifold

1 People often characterize the strength of the chiral condensate by the spinor trace of (6.2),
namely (@u) = (dd) = (3s) = —4u® where the — sign arises from Fermi statistics.
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of inequivalent vacua. We can find this space of vacua just by applying
SU(3)r, x SU(3)g transformations to the vev (6.2]). The result is

(Yripg) = M3U®%(1—’y5) (Yribr) = MSUT®%(1+’75) (o) = (YrYR) =0

where U = LR' is an SU(3) matrix. In terms of Dirac spinors this can be
rewritten as

0[]0y = ple N T (6.3)

where U = e"T*. If our conjecture is right, the space of vacua of QCD is

labeled by an SU(3) matrix U. We'd expect to have dim SU(3) = 8 massless
Goldstone bosons that can be described by a field U(t, x). If we're at very
low energies then the dynamics of QCD reduces to an effective theory of the
Goldstone bosons. What could the action be? As we’ll discuss in more detail
in the next chapter, there’s a unique candidate with at most two derivatives:
the non-linear o-model action from the last homework!

Lo = i 2Ty <8NUT 8“U>

This action provides a complete description of the low-energy dynamics of
QCD with three massless quarks.

In the real world various effects — in particular quark mass terms — ex-
plicitly break chiral symmetry. To get an idea of the consequences, current
estimates are that the chiral condensate is characterized by u ~ 160 MeV.
This is large compared to the light quark masses

My ~ 3 MeV mg ~ 5MeV ms ~ 100 MeV
but small compared to the heavy quark masses
me ~ 1.3 GeV my ~ 4.2 GeV my ~ 172 GeV .

For the light quarks the explicit breaking can be treated as a small perturba-
tion of the chiral condensate, so the strong interactions have an approximate
SU(3)r, x SU(3) g symmetry. The explicit breaking turns out to give a small
mass to the would-be Goldstone bosons that arise from spontaneous SU(3) 4
breaking. Thus in the real world we expect to find eight anomalously light
scalar particles which we can identify with =, K, . This explains why the
octet mesons are so light — they’re approximate Goldstone bosons! This
also explains Gell-Mann’s flavor SU(3) symmetry and shows why there is
no useful larger flavor symmetryl[j]

t In this discussion we assumed that p sets the relevant energy scale. To justify SU(3)a as
an approximate symmetry, it would really be more appropriate to compare the octet meson
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Chiral symmetry breaking

References

Chiral symmetry breaking is discussed in Cheng & Li sections 5.4 and 5.5,
but using a rather old-fashioned algebraic approach. Peskin & Schroeder

discuss chiral symmetry breaking on pages 667 — 670.

6.1

6.2

Exercises

Vacuum alignment in the c-model

Suppose we add an explicit symmetry-breaking perturbation to
our O(4) linear o-model Lagrangian of problem

1 1 1
_ Ak T2 012 4 .
L= 50,0 0"6— Su?lo* = JAl' +a-o

Here ;2 < 0 and a is a constant vector; for simplicity you can take it
to point in the ¢4 direction. What is the unbroken symmetry group?
Identify the (unique) vacuum state and expand about it by setting

S = (f+p)em

Here f is a constant and p and 7 are fields with (p) = (m) = 0.
Identify the spectrum of particle masses.

Vacuum alignment in QCD

Strong interactions are supposed to generate a non-zero expecta-
tion value that spontaneously breaks SU(3)r, x SU(3)r — SU(3)y.
The space of vacua can be parametrized by a unitary matrix U =
eT* that characterizes the expectation value

(W) = e T

Here p is a constant with dimensions of mass. The low energy effec-
tive Lagrangian for the resulting Goldstone bosons is

L= iﬂTr(&MUTa"U)

where f is another constant with dimensions of mass.

(i) Consider adding a quark mass term Lyass = —% M1 to the un-
derlying strong interaction Lagrangian. Argue that for small quark

masses, which measure the strength of SU(3)4 breaking, to the scale of chiral perturbation
theory discussed on p. 80.
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masses the explicit breaking due to the mass term can be taken
into account by modifying the effective Lagrangian to read

%fQTr(auUTa‘LU) + 2 Te(M(U + UT)).

(ii) Identify the ground state of the resulting theory. Compute the
matrix of would-be Goldstone boson masses by expanding the ac-
tion to quadratic order in the fields 7%, where 7% is defined by
U = e™T/f with Tr TOT" = 259,

(iii) Use your results to predict the n mass in terms of mfri, mio,

m%(i, mi(o, m%o. How does your prediction compare to the data?
You can ignore small isospin breaking effects and set m, = my.
g p g
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Effective field theory and renormalization Physics 85200
January 6, 2014

7.1 Effective field theory

In a couple places — deriving SU(3) symmetry currents of the quark model,
writing down effective actions for Goldstone bosons — we’ve given arguments
involving dimensional analysis and the notion of an approximate low-energy
description. I'd like to discuss these ideas a little more explicitly. I’ll proceed
by way of two examples.

7.1.1 Exzample I: ¢*>x theory

Let me start with the following Lagrangian for two scalar fields.

L s (7.1)

1 1 1 1
L= S0,00"¢ — 5m%? + 5 0ux0"x — §M2X2 -5

Here g is a coupling with dimensions of mass. We’ll be interested in m < M
with ¢ and M comparable in magnitude. To be concrete let’s study ¢-¢
scattering. The Feynman rules are

66
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L
® [0) ¢ propagator W
L
X —=-======- X X propagator p2 _Z 2
¢
_________ X % vertex —ig
o

g g g
=M=
s — M?2 +t—M2 +u—M2
Here s = (p1 +p2)%, t = (p1 — p3)?, u = (p1 — p4)? are the usual Mandelstam
variables.

Suppose a low-energy observer sets out to study ¢-¢ scattering at a center-
of-mass energy £ = /s < M. Such an observer can’t directly detect
x particles. To understand what such an observer does see, let’s expand
the scattering amplitude in inverse powers of M (recall that we're counting
g=0O(M)):

32 G*(s+t+u) gA(s®+t2+u?)

M:—W— M4 - M6 + - (72)
N——
O(M°) O(1/M?) o(1/M*)

How would our low-energy observer interpret this expansion?

At leading order the scattering amplitude is simply —3¢?/M?2. A low-
energy observer would interpret this as coming from an elementary ¢* in-
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teraction — that is, in terms of an “effective Lagrangian”

1 1 1
_ 1 wy  Lo2,2  Lyg
L4=50,00"0 — sm6* — 1AG".
L4 is known as a dimension-4 effective Lagrangian since it includes operators
with (mass) dimension up to 4. This reproduces the leading term in the ¢-¢
scattering amplitude provided A\ = —3¢?/M?2. However note that according
to a low-energy observer the value of A just has to be taken from experiment.

More precise experiments could measure the first two terms in the expan-
sion of the amplitude. These terms can be reproduced by the dimension-6
effective Lagrangian

Lo = 504006 — P — 1 A0H — NGO
To reproduce up to O(1/M?), one has to set A = —3¢?/M? and X =
g%/ M*.

In this way one can construct a sequence of ever-more-accurate (but ever-
more-complicated) effective Lagrangians L4, Lg, Ls, ... that reproduce the
first 1, 2, 3,... terms in the expansion of the scattering amplitude. In fact, in
this simple theory, one can write down an “all-orders” effective Lagrangian
for ¢ that exactly reproduces all scattering amplitudes that only have ex-
ternal ¢ particles:

2 1

SFNYE 2. (7.3)

Loo = §8M¢8“¢ —3m o” + 39 ¢
Here you can regard the peculiar-looking 1/(C0+ M?) as defined by the series

1 1 O [?

O+a2 M2 Mt st

But note that this whole effective field theory approach breaks down for
scattering at energies E ~ M, when x particles can be produced.

Moral of the story: think of ¢ as describing observable physics at an
energy scale F, while x describes some unknown high-energy physics at the
scale M. You might think that y has no effect when ' < M, but as we’ve
seen, this just isn’t true. Rather high-energy physics leaves an imprint on
low-energy phenomena, in a way that can be organized as an expansion in
E/M. The leading behavior for E < M is captured by conventional A¢*
theory!
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7.1.2 Example II: ¢*Y* theory

As our next example consider

1 1 1 1 1
L= 20,00"¢ — -m*¢® + 20, x0"x — = M>*x* — - \¢*\*?
B 90" ¢ 2m »° + 9 X0 X 9 X 1 (%
We’ll continue to take m < M. So the only real change is that we now
have a 4-point ¢?x? interaction; corresponding to this the coupling \ is

dimensionless. The vertex is

¢ X
-~ —iA

(0] X

As before we’ll be interested in ¢-¢ scattering at energies £ < M. Given
our previous example, at leading order we’d expect this to be described in
terms of a dimension-4 effective Lagrangian

1

1 1
I w242 0
L 2(%(/58 10) 2m 10) m

)\eff¢4

with some effective 4-point coupling A¢g. Also we might expect that since
Aeff is dimensionless it can only depend on the dimensionless quantities in
the problem, namely the underlying coupling and ratio of masses: Aeg =
Aeﬂf(/\v m/M) :

This argument turns out to be a bit too quick. To see what’s actually
going on let’s do two computations, one in the effective theory and one in the
underlying theory, and match the results. In the effective theory at leading
order ¢-¢ scattering is given by

= —iM = —ide

Here, just for simplicity, I've set the external momenta to zero[f] On the other
hand, in the underlying theory, the leading contribution to ¢-¢ scattering
comes from

1t This means we aren’t studying a physical scattering process. If this bothers you just imagine

embedding this process inside a larger diagram. Alternatively, you can carry out the slightly
more involved matching of on-shell scattering amplitudes.
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o dY% i\
= —iM=3. o (i) /(%)4 (k;?_MZ)

(the factor of three comes from the three diagrams, the factor of 1/2 is a
symmetry factor — see Peskin & Schroeder p. 93). The two amplitudes agree

provided
3N [ dYk 1
Aeft = 4712 22
2 (2m)4 (k2 — M?)

The integral is, umm, divergent. We’ll fix this shortly by putting in a
cutoff, but for now let’s just push on. The standard technique for doing
loop integrals is to “Wick rotate” to Euclidean space. Define a Euclidean
momentum

ki = (—ik"; k)
which satisfies
kE = 0 kiokl, = —(K9)* + [k|? = —k* = —gu k'K .

By rotating the kO contour of integration 90° counterclockwise in the com-
plex plandf] we can replace

/ dk® — dkozi/ dk?,
—00 —1300 —00

3)\2/ d* kg 1
2 (2m)* (k% + M?2)? "

to obtain

)\eff:_

The integrand is spherically symmetric so we can replace d*kp — 272 k:%dk: o
where 272 is the “area” of a unit 3-sphere. So finally

N5 /°° k3 dkp
T7 762 Jo (k2 + M2

+ The integrand vanishes rapidly enough at large k° to make this rotation possible. Also one has
to mind the i€e’s. See Peskin & Schroeder p. 193.
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To make sense of this we need some kind of cutoff, which you can think of
as an ad-hoc, short-distance modification to the theory. A simple way to
introduce a cutoff is to restrict |kg| < A. We're left with

)\eff =

3N [N kpdkp 3N AP+ M A2
1672 /0 (K2 + M2)2 ~  32q2 | %7 M2 A2+ M

(7.4)

Moral of the story: you need a cutoff A to make sense of a quantum

field theory. Low-energy physics can be described by an effective ¢* theory

with a coupling Aeg. The value of Aeg depends on the cutoff through the

dimensionless ratio A/M.

7.1.3 Effective field theory generalities

The conventional wisdom on effective field theories:

e By “integrating out”[{] short-distance, high-energy degrees of freedom one
can obtain an effective Lagrangian for the low energy degrees of freedom.

e The (all-orders) effective Lagrangian should contain all possible terms that
are compatible with the symmetries of the underlying Lagrangian (even
if those symmetries are spontaneously broken!). For example, in ¢?y
theory, the effective Lagrangian respects the ¢ — —¢ symmetry of
the underlying theory.

e The effective Lagrangian has to be respect dimensional analysis. How-
ever, in doing dimensional analysis, don’t forget about the cutoff scale
A of the underlying theory. For example, in ¢?x? theory, the effective
dimensionless coupling depends on the ratio A/M.

As an example of the power of this sort of reasoning, let’s ask: what theory
describes the massless Goldstone bosons associated with chiral symmetry
breaking? The Goldstones can be described by a field

Uz) =™ T e SU(3).

Terms in Leg with no derivatives are ruled out (remember U parametrizes
the space of vacua, so the potential energy can’t depend on U). Terms with
one derivative aren’t Lorentz invariant. There’s only one term with two
derivatives that respects the symmetry U — LURT, so up to two derivatives

1t The term comes from path integrals, where one does the functional integral over x first.
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the effective action is
1
Lor=1/"Tx (auUTa#U) . (7.5)

The coupling f has units of energyl[f] You can write down terms in the ef-
fective Lagrangian with more derivatives. But when you expand in powers
of the Goldstone fields m® such terms only contribute at dimension 6 and
higher. So the low energy interactions of the Goldstone bosons, involving
operators up to dimension 4, are completely fixed in terms of one undeter-
mined parameter f.

As a further example of the power of effective field theory reasoning,
recall the O(4) linear o-model from the homework. This theory had an
SO(4) = SU(2) x SU(2) symmetry group which spontaneously broke to
an SU(2) subgroup. Let’s compare this to the behavior of QCD with two
flavors of massless quarks. With two flavors QCD has an SU(2), x SU(2)r
chiral symmetry that presumably spontaneously breaks to an SU(2) isospin
subgroup. The symmetry breaking patterns are the same, so the low-energy
dynamics of the Goldstone bosons are the same. This means that, from the
point of view of a low energy observer, QCD with two flavors of massless
quarks cannot be distinguished from an O(4) linear o-model. Of course, to
a high energy observer, the two theories could not be more different.

7.2 Renormalization

It’s best to think of all quantum field theories as effective field theories. In
particular one should always have a cutoff scale A in mind. It’s important
to recognize that this cutoff could arise in two different ways.

(i) As a reflection of new short-distance physics (such as new types of
particles or new types of interactions) that kick in at the scale A.
In this case the cutoff is physical, in the sense that the theoretical
framework really changes at the scale A.
(ii) As a matter of convenience. It’s very useful to focus on a certain
energy scale — say set by the c.m. energy of a given scattering process
— and ignore what’s going on at much larger energy scales. To do
this it’s useful to put in a cutoff, even though it’s not necessary in
the sense that nothing special happens at the scale A.
t For pions, where U = e™*9*/f is an SU(2) matrix, the coupling is denoted fr. It’s known

as the pion decay constant for reasons you’ll see in problem @ Warning: the value for fr is
convention-dependent. With the normalizations we are using fr = 93 MeV.
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Now that we have a cutoff in mind, an important question arises: how
does the cutoff enter into physical quantities? This leads to the subject of
renormalization. I'll illustrate it by way of a few examples.

7.2.1 Renormalization in ¢* theory

Suppose we have ¢* theory with a cutoff A on the Euclidean loop momentum.
1 1 1
_ 1 w12, Ly
L= 30u0000 = gmie" = 5A?
restrict |kg| < A

At face value we now have a three-dimensional space of theories labeled
by the mass m, the value of the coupling A and the value of the cutoff
A. However some of these theories are equivalent as far as any low-energy
observer can tell. We'd like to identify these families of equivalent theories.
To find a particular family think of the parameters in our Lagrangian as
depending on the value of the cutoff: m = m(A), A = A(A). The functions
m(A), A(A) are determined by changing the cutoff and requiring that low-
energy physics stays the same. For a preview of the results see figure 7.1

To see how this works, suppose somebody decides to study ¢* theory with
a cutoff A.

1
R

1 1
i w242
L 28qu58 10} 2qu5 1

restrict |kg| < A

Someone else comes along and writes down an effective theory with a smaller
cutoff, A’ = A — §A. Denoting this theory with primes

1 1 1
A raw o/ =12 12— /14
L= 50,0019 — m%¢% — X
restrict |kp| < A/

These theories will be equivalent at low energies provided we relate the
parameters in an appropriate way. To relate m and m’ we require that the
¢ and ¢’ propagators have the same behavior at low energy: you’ll see this
on the homework, so I won’t go into details here. To relate A and \ we
require that low-energy scattering amplitudes agree.

With this motivation let’s study ¢-¢ scattering at zero momentum. At
tree level in the primed theory we have
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= —iM = —iX

In the unprimed theory let’s decompose ¢ = ¢’ + x, where the Euclidean
loop momenta of these fields are restricted so that

¢ includes all Fourier modes with |kg| < A
¢ includes all modes with |kg| < A’
x only has modes with A’ < |kg| < A (7.6)

We get some complicated-looking interactions
1 1
Ling = = A0" = = A (6 + 407X + 60X + 46" + x*)

corresponding to vertices

’ ’ AN ’
’ ’ N ’
’ ’ N ’
’ ’ N ’
’ ’ N ’
’ ’ \’(/
,,,,, PR S
N N AN
N N . N
N N . N
N N .
N N .
N N .

Here a solid line represents a ¢’ particle, while a dashed line represents a y
particle; the Feynman rules for all these interactions are the same: just —i\.

In the primed theory we did a tree-level calculation. In the unprimed
theory this corresponds to a calculation where we have no ¢’ loops but
arbitrary numbers of x loops:

Sl Le” \‘ ,'

+ diagrams with more y loops

)

(we're neglecting diagrams such as that get absorbed into the

relationship between m and m’). I'll stop at a single x loop. We encountered
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these diagrams in our ¢?y? example, so we can write down the answer
immediately.

—iM = —iX+

3i\2 /A d*kp 1
2 Ja (2m)* (K% + m?)?

Note that the range of x momenta is restricted according to ([7.6)).

Our two effective field theories will agree provided M’ = M or equiva-
lently

N =\

3\2 /A d*kp 1
2 Ja 2m)* (kf +m?)?
Just to simplify things let’s assume A > m so that
b [
167T2 / k‘E '
If we take A = A — A’ to be infinitesimal we get

dX 3)\2 SA
A— ﬁ&\—)\— o2 A
Thus we’ve obtained a differential equation that determines the cutoff de-
pendence of the coupling.
d\ 32 1 3

A _ S S .
dh T 16n2A . A(h) | Tem2 08f T comst

N =

It’s convenient to specify the constant of integration by choosing an arbitrary
energy scale p and writing

L _ 1 3 A
AA) T A()  16n2 P

(7.7)

Here p is the “renormalization scale” and A(u) is the one-loop “running
coupling” or “renormalized coupling”.

Buzzwords: for each value of A\(u) we’ve found a family of effective field
theories, related by “renormalization group flow,” whose physical conse-
quences at low energies are the same. Each family makes up a curve or
“renormalization group trajectory” in the (A, A) plane. This is illustrated
in figure The scale dependence of the coupling is controlled by the
“B-function”

dA 32

B = dlog A ~ 1672

+ O3
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A(A)

0T I I I 1
1.0e-20 1.0e-10 1 1.0e+10 1.0e+20

A/p

Fig. 7.1. One-loop running coupling versus scale for A(x) = 0.5, 1.0, 1.5, 2.0, 3.0.
Each curve represents a single renormalization group trajectory. Note that the
horizontal axis is on a log scale.

The solution to this differential equation, given in , is absolutely fun-
damental: it tells you how the coupling has to be changed in order to com-
pensate for a change in cutoff. Equivalently, if you regard A and the bare
coupling A(A) as fixed, it tells you how the renormalized coupling has to be
changed if you shift your renormalization scale pu.

According to the bare coupling vanishes as A — 0. As A increases
the degrees of freedom at the cutoff scale become more and more strongly
coupled. In fact, if you take (|7.7) seriously, the bare coupling diverges at A =
e ‘u6167r2/3/\(u)‘

once the theory becomes strongly coupled. But we can reach an interesting

Of course our perturbative analysis isn’t trustworthy
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conclusion: something has to happen before the scale Apax. At the very
least perturbation theory has to break downlj|

7.2.2 Renormalization in QED

As a second example let’s look at renormalization in QED. We’ll concentrate
on the so-called “field strength renormalization” of the electromagnetic field,
since this turns out to be responsible for the running of electric charge.

Consider QED with a cutoff A on the Euclidean loop momentum.

1 _
L= —ZSFWFW + ) [in" (0, + 1eQAL) — m] Y
restrict |kp| < A

Here we've generalized the QED Lagrangian slightly, by introducing an ar-
bitrary normalization constant £ in front of the Maxwell kinetic term. If we
lower the cutoff a bit, to A’ = A — A, we’d write down a new theoryiﬂ

1 _
L= —Zg’FWF’“’ + 1 [iv*(Op + i€’ QAL) — m]
restrict |kg| < A/

The two theories will agree provided we relate £ and & appropriately. We’ll
neglect the differences between e, m and ¢/, m’ since it turns out they don’t
matter for our purposes. Likewise we’ll neglect the possibility of putting a
normalization constant in front of the Dirac kinetic term.

To fix the relation between £ and & we require that the photon propaga-
tors computed in the two theories agree at low energy. Rather than match
propagators directly, it’s a bit simpler to use

dg
"= ¢(N) =€) — A
g =e(N) =€) - 3
Plugging this into the primed Lagrangian and comparing the two theories,
the primed Lagrangian has an extra term

Ldg Ld¢
4dA 2 dA

which corresponds to a two-photon vertex

ONEy P = == ZX 60" (g, 000" = 8,0,) A”

1 Something more dramatic probably has to happen. It’s likely that one can’t make sense of the
theory when A gets too large. See Weinberg, QFT vol. II p. 137.

t I've gotten lazy and haven’t bothered putting primes on the fields in £’; it should be clear from
the context what range of Euclidean momenta is allowed.
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dg
RVAVAS AVAVE i CON (guk? = k)

In the unprimed theory, on the other hand, the photon propagator receives
corrections from the vacuum polarization diagram studied in appendix [C]
In order for the two theories to agree we must have

In equations this means

dg 2x(1 — x)

1 d4q
i—0A (g k® — kyky) = —4e2Q? (g k> — kK, / dm/
an O (k= k) = SACQ k™= ) A | i 1)

where the electron loop momentum is restricted to A" < |gg| < A. Note
that the projection operators gka — kyuk, cancel. Let’s do the matching
at k? = 0, and for simplicity let’s neglect the electron mass relative to the
cutoff. Then Wick rotating we get

1 A ;g4
4 oA = —462Q2/ dx2x(1 —x) / idqp 1
0

"dA , (2m)T 4f
=1/3 = i0A/87%A
or
% o €2Q2
dA ~  6m2A°

This means the normalization of the Maxwell kinetic term depends on the
cutoff. To see the physical significance of this fact it’s useful to rescale the
gauge field A, — LAM. The rescaled gauge field has a canonical kinetic
term. However from the form of the covariant derivative D,, = 0,, + ieQA,
we see that the physical electric charge — the quantity that shows up in the
vertex for emitting a canonically-normalized photon — is given by epnys =



7.2 Renormalization 79

e/v/€. This evolves with scale according t
d , d e ede e @

~e S =
dAPRYS T gA ¢ £2dA~ 6m2A

Introducing an arbitrary renormalization scale u, we can write the solution

to this differential equation as

1 1 Q?. A

- 2 log o
e?)hys (A) e?)hys (:u) 67r2 lu

Qualitatively the behavior of QED is pretty similar to ¢* theory. Neglecting

the electron mass the physical electric charge goes to zero at long distances,

while at short distances QED becomes more and more strongly coupled.

In the one-loop approximation the physical electric charge blows up when
2/,2 2

A=Ay = ueGW /onys (W@

7.2.3 Comments on renormalization

The sort of analysis we have done is very powerful. The renormalization
group packages the way in which the cutoff can enter in physical quantities.
By reorganizing perturbation theory as an expansion in powers of the renor-
malized coupling A(u) rather than the bare coupling A\(A) one can express
scattering amplitudes in terms of finite measurable quantities. (“Finite” in
the sense that A(u) is independent of the cutoff, and “measurable” in the
sense that A(u) can be extracted from experimental input — say the cross
section for ¢ — ¢ scattering measured at some energy scale.)

That’s how renormalization was first introduced: as a tool for handling
divergent Feynman diagrams. But renormalization is not merely a technique
for understanding cutoff dependence. The relationship between A(u) and
A(A) is non-linear. This means renormalization mixes different orders in
perturbation theory. By choosing u appropriately one can “improve” the
reorganized perturbation theory (that is, make the leading term as dominant
as possible). You’ll see examples of this on the homework.

Finally let me comment on the relation between Wilson’s approach to
renormalization as described here and the more conventional field theory
approach. In the conventional approach one always has the A — oo limit in
mind. The Lagrangian at the scale A is referred to as the “bare Lagrangian,”
+ We’re assuming the parameter e doesn’t depend on A. To establish this one has to do some

further analysis: Peskin and Schroeder p. 334 or Ramond p. 256. Alternatively one can bypass
this issue by working with external static charges as in problem



80 Effective field theory and renormalization

while the Lagrangian at the scale p is the “renormalized Lagrangian.” One
builds up the difference between L£(A) and L(u) order-by-order in pertur-
bation theory, by adding “counterterms” to the renormalized Lagrangian.
In doing this one holds the renormalized couplings A\(u) fixed by imposing
“renormalization conditions” on scattering amplitudes.
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7.1 m — 7 scattering
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If you take the pion effective Lagrangian
1
L= ZfT?Tr(auUTaHU) + 23 Te(M(U + UT))

and expand it to fourth order in the pion fields you find interaction
terms that describe low-energy m — 7 scattering. Conventions: U =
e'™"7*/Ix is an SU(2) matrix where o are Pauli matrices and f,; =
93MeV. I'm working in a Cartesian basis where a = 1,2,3. For
simplicity I'll set m, = my so that isospin is an exact symmetry.
The resulting 4-pion vertex is (sorry)

k k
3 4 d 1
\ / _37]02 |:5ab50d<(k1 + k‘g) . (k‘g =+ k‘4) —2k1 - kg — 2]€3 kg — mi)
+5ac5bd<(k1 + k‘g) . (kz + k4) — 2kq - kg — 2ko - ky — m%)
RN o
kq kz +5ad6bc<(k1 +ky) - (ko + k) — 2k - ky — 2k - k3 — mi)]

Note that all momenta are directed inwards in the vertex.

(i) Compute the scattering amplitude for 7¢(ky) 7w°(ko) — 7¢(k3) 7%(ky).
Here a,b, ¢, d are isospin labels and ki, ko, k3, k4 are external mo-
menta.

(ii) Since we have two pions the initial state could have total isospin
I =0,1,2. Extract the scattering amplitude in the various isospin
channels by putting in initial isospin wavefunctions proportional
to

I=0:4§% I =1: (antisymmetric)® I =2: (symmetric traceless)?

(iii) Evaluate the amplitudes in the various channels “at threshold”
(meaning in the limit where the pions have vanishing spatial mo-
mentum).

(iv) Threshold scattering amplitudes are usually expressed in terms
of “scattering lengths” defined (for s-wave scattering) by a =
-M/ 327Tm7r For I = 0, 2 the experimental values and statistical
errors are (Brookhaven E865 collaboration, arXiv:hep-ex,/0301040)

ar—o = (0.216 £0.013)m,; ' ar—p = (—0.0454 +0.0031)m_*

How well did you do?

1 This is in the convention where the sum of Feynman diagrams gives —iM. For a complete
discussion of pion scattering see section VI-4 in Donoghue et. al., Dynamics of the standard
model.

b
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7.2 Mass renormalization in ¢* theory
Let’s study renormalization of the mass parameter in ¢* theory.
As in the notes we consider
1 1 1
_ = w22 4
L= 3000070 = Gmie” = Ao
with a cutoff on the Euclidean loop momentum A, and

1 1 1
r_ Il 12 02 1 yT 14
L= 300000 = gmigT = [ Xo
with a cutoff A’ = A — 6A. The idea is to match the tree-level
propagator in the primed theory to the corresponding quantity in

the unprimed theory, namely the sum of diagrams

+ = +

(i) In the primed theory the propagator is

i
2 —m2’
Set m’?2 = m? 4+ ém? where dm? = —%%26/\. Expand the propa-
gator to first order in JA.

(ii) Match your answer to the corresponding calculation in the un-
primed theory. You can stop at a single x loop, and for simplicity
you can assume m < A. You should obtain a trivial differential
equation for the mass parameter and solve it to find m?(A).

7.3 Renormalization and scattering

(i) Write down the one-loop four-point scattering amplitude in %)«b‘*
theory, coming from the diagrams

To regulate the diagrams you should Wick rotate to Euclidean
space and put a cutoff on the magnitude of the Euclidean mo-

mentum: k2

Fuclidean < A?. You should keep the external momenta,
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non-zero, however you don’t need to work at evaluating any loop
integrals.

(ii) It’s useful to reorganize perturbation theory as an expansion in
the renormalized coupling A\(u), defined by

1 1 3 A

= — log — .
AN T M) 1672 B g

Rewrite your scattering amplitude as an expansion in powers of
A(i) up to O(A(1)?).

(iii) You can “improve” perturbation theory by choosing u in order
to make the O(A\(11)?) terms in your scattering amplitude as small
as possible. Suppose you were interested in soft scattering, s ~ t ~

u =~ 0. What value of y should you use? Alternatively, suppose
you were interested in the “deep Euclidean” regime where s,t,u
are large and negative (meaning s ~ t ~ u < —m?). Now what
value of u should you use? (Here s,t, u are the usual Mandelstam
variables. The values I'm suggesting do not satisfy the mass-shell
condition s+t 4+ u = 4m?; if this bothers you imagine embedding
the four-point amplitude inside a larger diagram.)

Moral of the story: it’s best to work in terms of a renormalized
coupling evaluated at the energy scale relevant to the process you're
considering.

7.4 Renormalized Coulomb potential
Consider coupling the electromagnetic field to a conserved external
current J#(z). The Lagrangian is

1
L=~ FuF" — JA".

The Feynman rules for this theory are

_Zgy
SAVAVAVAR: kZN

AVAVAVE R

where J,(k) = [ d*z e®*®.J,(x). These rules are set up so the sum of
connected Feynman diagrams gives —i f d*z Hipe where Hiyg is the
energy density due to interactions.
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(i) Introduce two point charges 1, Q2 at positions x1, X2 by setting
JO(z) = eQ10°(x — x1) + eQ20°(x — x3)
J'=0 i=1,2.3

We’re measuring the charges in units of e = v/4wra. Compute the
interaction energy by evaluating the diagram

IS VAVAVAVA 17

You should integrate over the photon momentum. Do you recover
the usual Coulomb potential?

(ii) The photon propagator receives corrections from a virtual e™ —
e~ loop via the diagram

As shown in appendix [C] this diagram equals

! d 2 (1 —
—4¢? (g k? — kyuhy) / dx / 1 wl-2)
0 2m)* (@2 + k221 — z) — m?2)

(7.8)

Here m is the electron mass and A is a cutoff on the Euclidean loop

las|<A

momentum. Note that we haven’t included photon propagators on
the external lines in . Use this result to write an expression for
the tree-level plus one-loop potential between two static charges.
There’s no need to evaluate any integrals at this stage.

(iii) Use your result in part (ii) to derive the running coupling con-
stant as follows. Set the electron mass to zero for simplicity. Con-
sider changing the value of the cutoff, A — A — §A. Allow the
electric charge to depend on A, e? — €2(A), and show that up
to order e* the tree plus one-loop potential between two widely
separated charges is independent of A provided

@ _ o
dA  6m2A
or equivalently

1 1 1 A

= ——log—.
2N~ () 62 B
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Here p is an arbitrary renormalization scale. Hints: for widely sep-
arated charges the typical photon momentum k is negligible com-
pared to the cutoff A. Also since the external current is conserved,
k,J*(k) = 0, you can drop corrections to the photon propagator
proportional to k*.

(iv) Similar to problem suppose you were interested in the
potential between two unit charges separated by a distance r.
You can still set the electron mass to zero. Working in terms
of the renormalized coupling the tree diagram gives a potential
e?(u)/4mr. How should you choose the renormalization scale to
make the loop corrections to this as small as possible? Hint: think
about which photon momentum makes the dominant contribution
to the potential.

(v) Re-do part (iii), but keeping track of the electron mass. It’s
convenient to set the renormalization scale p to zero, that is, to
solve for €2(A) in terms of €2(0). Expand your answer to find how
e?(A) behaves for A > m and for A < m. Make a qualitative
sketch of e?(A).

Moral of the story: matching the potential between widely separated
charges provides a way to obtain the physical running coupling in
QED. As always, you should choose u to reflect the important energy
scale in the problem. Finally the electron mass cuts off the running
of the coupling, which is why we’re used to thinking of e as a fixed
constant!
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A typical weak process is pion decay 7~ — pu~ .

d M
-

u v,

L H
Another typical process is muon decay pt — etvev,.
e+
+

u Ve

Vi

This is closely related to ‘inverse muon decay,” or scattering v e~ — p~ ve.

Vu W

The amplitudes for muon and inverse muon decay are related by crossing

86
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symmetry. What’s nice about IMD is that it’s experimentally accessible
(you can make v, beams by letting pions decay in-flight).

We’d like to write an effective Lagrangian which can describe these sorts
of weak interactions at low energies. Unfortunately the general principles
of effective field theory don’t get us very far. For example, to describe
muon or inverse muon decay, they’d tell us to write down the most general
Lorentz-invariant coupling of four spinor fields x, v, €, v. (the names of the
particles stand for the corresponding Dirac fields). The problem is there are
many such couplings. Fortunately Fermi (in 1934!) proposed a much more
predictive theory which, with some parity-violating modifications, turned
out to be right.

With no further ado, the effective Lagrangian which describes muon or
inverse muon decay is

1
Ly = ——=Gp[py*(1 — Y)W Deva(l —y5)e+c.c.] (8.1)
V2
ce. = (1= )peva(l —7")ve
Here Fermi’s constant Gp = 1.2 x 107°GeV 2. A very similar-looking
interaction describes pion decay, namely
1
V2

The only difference in structure between £, and Lo is that the Cabibbo
angle 8¢ = 13° reflects quark mixing, a subject we’ll say more about later.

Lo = Grcosfc [/176“(1 — 75)”# e (1l —~°)d + c.c.]

One can write down similar 4-Fermi interactions for other weak processes.
A crucial feature of all these Lagrangians is thatf]

’weak interactions only couple to left-handed chiral spinors ‘ (8.2)

To see this recall that Py, = %(1 —7°) is a left-handed projection operator.
In terms of ¢, = Pry, v = (¢¥r)"°

L = —2\/5 Gp [ﬂL"yal/uL Ve LYa€L + C.C.]

which makes it clear that only left-handed spinors enter. This is often re-
ferred to as the “V — A” structure of weak interactions (for “vector minus
axial vector”).

Observational evidence for V' — A comes from the decay 7= — p~,. The
pion is spinless. In the center of mass frame the muon and antineutrino

1 more precisely this holds for “charged current” weak interactions. We’ll get to weak neutral
currents later.
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come out back-to-back, with no orbital angular momentum along their di-
rection of motion. So just from conservation of angular momentum there are
two possible final state polarizations: both particles right-handed (positive
helicity) or both particles left-handed (negative helicity).

- o Vu N o— = positive helicity (observed)
o Vu H e— negative helicity (not observed)

It’s found experimentally that only right-handed muons and antineutrinos
are produced. This seemingly minor fact has far-reaching consequences.

(i) Momentum is a vector and angular momentum is a pseudovector, so
the two final states pictured above are exchanged by parity (plus a
180° spatial rotation). The fact that only one final state is observed
means that weak interactions violate parity, and in fact violate it
maximally.

(ii) For a massless particle such as an antineutrino helicity and chirality
are related. A right-handed antineutrino sits inside a left-handed
chiral spinor, as required to participate in weak interactions according
to .

(iii) Wait a minute, you say, what about the muon? If the muon were
massless then a right-handed muon would sit in a right-handed chi-
ral spinor and shouldn’t participate in weak interactions. It’s the
non-zero muon mass that breaks the connection between helicity and
chirality and allows the muon to come out with the “wrong” polar-
ization.

(iv) This leads to an interesting prediction: in the limit of vanishing muon
mass the decay 7~ — p~ v, is forbidden. Of course we can’t change
the muon mass. But we can compare the rates for 7~ — 77, and
m~ — e~ . The branching ratios are

BR.(nm = p 7))~ 1
BR.(n17 — e ) =123 x 107"

Pions prefer to decay to muons, even though phase space favors elec-
trons as a decay product!
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Having given some evidence for the form of the weak interaction La-
grangian let’s calculate the amplitude for inverse muon decay.

LM = —\%Gw@gm(l — ) ulpr) W(pa)va(l — ) ulps) (8.3)

S M = 26T (G + mur® (1= 2P (1477

Tt (el = 77) @ +me) (1 +77)75)

The electron and muon masses drop out since the trace of an odd number
of Dirac matrices vanishes. Also the chiral projection operators can be
combined to give

7 IMP = 263D (B (149707 Tr (Bivathy(1 +97)75)

You just have to grind through the remaining traces; for details see Quigg
p. 90. The result is quite simple,

D IMPP=128GEp1 - paps - pa (8.4)

spins

Dividing by two to average over the electron spin gives (|M|?) = 64G% p; -
P2 p3-pa (the v,’s are polarized so we don’t need to average over their spin).
At high energies we can neglect the electron and muon masses and take

Ao (MP) Ghs
dQ Cm_ 64m2s  4r?

B G%s

™

= O

The cross section grows linearly with s. This is hardly surprising: the
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coupling G has units of (energy)~2 so on dimensional grounds the cross
section must go like G% times something with units of (energy)?.

Although seemingly innocuous, this sort of power-law growth of a cross-
section is unacceptable. A good way to make this statement precise is to
study scattering of states with definite total angular momenta. That is, in
place of the scattering angle 6, we’ll specify the total angular momentum J.
As discussed in appendix [B] the partial wave decomposition of a scattering
amplitude igj]

1
=i

Here we’re working in the center of mass frame, with energy E and angular

£(9) > (27 +1) Py(cos 6) (fSs(E)]i) - (8.5)
J=0

momentum J. Pj is a Legendre polynomial and 6 is the center of mass
scattering angle. |i) and |f) are the initial and final states, normalized
to (i|i) = (f|f) = 1. S;(FE) is the S-matrix in the sector with energy E
and angular momentum J. This amplitude is related to the center-of-mass

differential cross section by
do
— =[f(0)%.
(5) =

The partial wave decomposition of the cross section is then

o= [aie)? =TS 1+ v|isiEn|

J=0

where we used [ dQ Py(cos6) Py (cosf) = %5”/. This expresses the total
cross section as a sum over partial waves, o = > ;o7 where

47

S

(27 +1) (715, (E) )|

aJ

The S-matrix is unitary, so |f) and S;(F)|i) are both unit vectors, and their
inner product must satisfy |(f|Ss(E)|i)| < 1. This gives an upper bound on
the partial wave cross sections, namely

4
o7 < T2 +1).
s
This result is actually quite general: as discussed in appendix [B] it holds for

high-energy scattering of states with arbitrary helicities.

1 This formula is valid for inelastic scattering at high energies, with initial particles that are
either spinless or have identical helicities, and final particles that are either spinless or have
identical helicities. The general decomposition is given in appendix@
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To apply this to inverse muon decay we first need the cross section for
polarized scattering v,pe; — pyver. That’s easy, we just multiply our
spin-averaged cross section by 2 to undo the average over electron spins.
To find the partial wave decomposition note that the IMD cross section is
independent of 6, so only the J = 0 partial wave contributes in and
unitarity requires
_ 2G%s A

g

™ S
This bound is saturated when

Vs = (272 /G2 = 610 GeV .

What should we make of this? In principle there are three options for
restoring unitarity.

(i) It could be that perturbation theory breaks down and strong-coupling
effects become important at this energy scale, which would just mean
our tree-level estimate for the cross section is invalid.

(ii) It could be that additional terms in the Lagrangian (operators with
dimension 8, 10, ...) are important at this energy scale and need to
be taken into account.

(iii) It could be there are new degrees of freedom that become important
at this energy scale. With a bit of luck, the whole theory might
remain weakly coupled even at high energies.

It’s hard to say anything definite about the first two possibilities. Fortu-
nately it’s possibility #3 that turns out to be realized.

References

4-Fermi theory is discussed in section 6.1 of Quigg. There’s a brief treatment
in Cheng & Li section 11.1. The partial wave decomposition of a helicity
amplitude is given in appendix [B] It’s also mentioned by Quigg on p. 95 and
by Cheng & Li on p. 343.

Exercises
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8.1 Inverse muon decay
Consider the following 4-Fermi coupling.

Gr _ _
L= Tl M gv — 947 v venn(1 = 7°)e + hc.

Here gy and g4 are two coupling constants (‘vector’ and ‘axial-
vector’), which can be complex in general. The standard model
values are gy = g4 = 1 in which case only left-handed particles (and
their right-handed antiparticles) participate in weak interactions.

(i) Compute (|M|?) for the ‘inverse muon decay’ reactions
vuLe — W Ve
VyR€ — I Ve

The v, is polarized (either left-handed or right-handed), but you
should sum over the spins of all the other particles and divide by
2 to average over the electron spin. The easiest way to compute
a spin-polarized amplitude for a massless particle is probably to
insert chiral projection operators %(1 ++5) in front of the v, field,
as in Peskin and Schroeder p. 142.

(ii) Suppose the incoming v, beam contains a fraction ny of left-
handed neutrinos and np of right-handed neutrinos (np+ngr = 1).
What is the center-of-mass differential cross section for v,e” —
1~ ve? You can neglect the electron mass but should keep track of
the muon mass. Express your answer in terms of § and A where
0 is the angle between the outgoing muon and the beam direction
and

_ 2Re(gvgy)
lgv I+ lgal*”

See Fig. 3 in Mishra et. al., Phys. Rev. Lett. 63 (1989) 132.

8.2 Pion decay

(i) Derive the Noether currents j7“, ji“ associated with the SU(2), x
SU(2)r symmetry

i i
bbr =~ Mo SR =~ Mo "Ur

of the strong interactions with two flavors of massless quarks. We’ll
mostly be interested in the vector and axial-vector linear combi-
nations ji;* = jI* + ji", h* = =31+ iR
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(ii) Repeat part (i) for the SU(2) non-linear o-model
1
L= T (auUtomv)
where the symmetry is
7: a __a Z a a
5U = —5)\110‘ U+ U§)‘RU .
You only need to work out the symmetry currents to first order in
the pion fields 7, where U = ™"/ fwm
(iii) The weak interaction responsible for the decay 7= — p~ 7, is

1
Eweak = _ﬁ

Here 0o =~ 13° is the ‘Cabibbo angle.” Suppose we can identify
the symmetry currents worked out in parts (i) and (ii). Use this
to rewrite Lyeak in terms of the fields u, v, 7, again working to
first order in the pion fields.

(iv) If I did it right this leads to a vertex

G cosOc iy (1 — ’ys)yu iyx(1 —~°)d + h.c.

M
T Gr cosOc fz " (1 — ¥°)py

Vu

Calculate the pion lifetime in terms of G, Oc, fr, mx, m,. Given
fr =93 MeV, what’s the pion lifetime? How did you do compared
to the observed value 2.6 x 10~8 sec?
(v) The decay 7~ — e~ 7, only differs by replacing p — e, v, — ve.
Predict the branching ratio
N(n~ — e v)
L(n= — p= o)

How well did you do?

1 Given your expression for the currents in terms of the pion fields, the relation (7%(p) \jfib(z)|0> =
ifﬁ6‘”’1}"61'1”"r given in li follows.
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8.3 Unitarity violation in quantum gravity
Consider two distinct types of massless scalar particles A and B
which only interact gravitationally. The Feynman rules are

p
scalar propagator #
k
e
ap W yd graviton propagator 11622GN (g‘wgﬂé + gadgm - gaﬁgvé)
W
ap scalar — graviton vertex % (paplﬁ + pgp’a —Gap P p')

Here Gy = 6.7 x 10739 GeV~2 is Newton’s constant and o =
diag(+———) is the Minkowski metric. The vertices and propagators
are the same whether the scalar particle is of type A or type B.

(i) Compute the tree-level amplitude and center-of-mass differential
cross section for the process AA — BB.
(ii) The partial-wave expansion of the scattering amplitude is

£(0) > (21 + 1) P(cos ) Si(E)
=0

1
/s
where P, is a Legendre polynomial. This is related to the center-
of-mass differential cross section by

(%) -1or.

Compute the partial-wave S-matrix elements S;(F). For which
values of [ are they non-zero?

(iii) At what center-of-mass energy is the unitarity bound |S;(E)| <
1 violated?



9

Intermediate vector bosons Physics 85200
January 6, 2014

9.1 Intermediate vector bosons

We'd like to regard the 4-Fermi theory of weak interactions as an effective
low-energy approximation to some more fundamental theory in which — at
an energy of order 1/v/GF — new degrees of freedom become important and
cure the problems of 4-Fermi theory.

A good example to keep in mind is the ¢?y theory discussed in chapter
where exchange of a massive y particle between ¢ quanta gave rise to
an effective ¢? interaction at low energies. For further inspiration recall the
QED amplitude for y~e™ — p~ e~ elastic scattering.

RN p4/' e~
y

—ighV

mmm)(—i@(»?%)u(m)

The amplitude is built from two vector currents connected by a photon
propagator. We saw this diagram “on its side,” when we calculated the
QED cross section for ete™ — ™~ and obtained the well-behaved result

do et 9
— =—1 g) .
(dQ)e+e—>u+,LL 647'('25 ( +cos )

95

—iM = u(p3)(—ieQ,)u(p1)
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This suggests that to describe inverse muon decay v,e~ — = v, we should
pull apart the 4-Fermi vertex and write the IMD amplitude as

M = ) (=5 1) o) D 1)) (5 T (17°) )
9.1)

In this expression g is the weak coupling constant; the factors of 1/ 2v/2 are
included to match the conventions of the standard model. The two “charged
weak currents” are assumed to have a V' — A form in which only left-handed
chiral spinors enter. Finally D#”(k) is the propagator for a new degree of
freedom: an intermediate vector boson W+,

To reproduce the successes of 4-Fermi theory the W+ must have some
unusual properties.

(i) It must be massive, with my = O(1/v/GFr), so that at energies
< my we recover the point-like interaction of 4-Fermi theory.
(ii) It must carry £1 unit of electric charge, so that electric charge is
conserved at each vertex in the IMD diagram.
(iii) It must have spin 1 so that it can couple to the Lorentz vector index
on the V' — A currents.

9.2 Massive vector fields

At this point we need to develop the field theory of a free (non-interacting)
massive vector particle. This material can be found in Mandl & Shaw chap-
ter 11.

Let’s begin with a vector field W, which we’ll take to be complex since
we want to describe charged particles. The field strength of W, is defined
in the usual way, G, = 0,W, — 9,W,. The Lagrangian is

1 * v *
— -G, G 4 miy WiWH

.C:ZW
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Aside from the mass term this looks a lot like a (complex version of) elec-
tromagnetism. The equations of motion from varying the action are

OuGH +mE WY =0.

Acting on this with 0, implies 0,W#* = 0. Then 0,G* = 0,(O'W" —
O'WH) =OWY" and the equations of motion can be summarized as
(D + m%v) WH=0 a set of decoupled massive wave equations. ..
o WHt =0 ...obeying a “Lorentz gauge” condition
(When myy # 0 this theory does not have a gauge symmetry. The “Lorentz
gauge” condition is an equation of motion, not a gauge choice.)

There are three independent polarization vectors that satisfy the Lorentz
condition -k = 0 with k? = m%/v For a W-boson moving in the +z direction

with
k' = (w,0,0, k) w=/k%+mZ,

a convenient basis of polarization vectors is

et = %(0, 1,41,0) two transverse polarizations
e = ﬁ(kz, 0,0,w) longitudinal polarization

The transverse polarizations have helicity £1, while the longitudinal polar-
ization has helicity 0. These obey the orthogonality / completeness relations

o g . ko k.
E €, €t = -5 E €€ = —gu + 5
m
1 i w

To get the W-boson propagator we first integrate by parts to rewrite the
Lagrangian as

L=W;0"W, O = (O + miy)g"” — 0"0”

Following a general rule the vector boson propagator is ¢ times the inverse of
the operator that appears in the quadratic part of the Lagrangian: D, =
i((’)*l) uv- To compute the inverse we go to momentum space,

OF, (k) = (— k2 + m¥,)0", + kPk, .

Note that, regarded as a 4 x 4 matrix, @ has eigenvalue —k? + m%,[, when
it acts on any vector orthogonal to k, and eigenvalue m%v when it acts on k
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itself. Then with the help of some projection operators

1 kHE 1 kME
O_l #V _ 6'“1/ o v 14
( ) —k2 +m¥, ( k2 > m2, k2
_ 1 no_ kik, N (—k2 + m2,) k1K,
—k2 +mi, k2 mé, k?
_ 1 P kHk,
—k2 +m¥, mé,
and the propagator is
. k.
1 — (G — m”g”)
D/“/(k) - ZOMV (k) = k2 mIQ/V

9.3 Inverse muon decay revisited

Now that we know the W propagator, the amplitude for inverse muon decay
is

kuky
—Guv + 7:;‘2/‘/

2 _ 2
k myy

2
M = %Q(Ps)Vu(l —¥")u(p1) u(pa)y” (1 —7")u(p2) -

Here k = p; — p3. First let’s consider the low energy behavior. At small k
the factor in the middle from the W propagator reduces to g,/ m%v and the
amplitude becomes

2

M = o ti(ps )y (1= 1 Jup)u(pa)yu(1 = ulp2) — (9:2)
myy
This reproduces our old 4-Fermi amplitude (8.3|) provided we identify
Gr = g*/4vV2miy . (9.3)

Now let’s see what happens at high energies. We can regard the amplitude
as a sum of two terms, M = My + Moy, where M comes from the g, part
of the W propagator and My comes from the kuk’u/ml%v part of the W
propagator. Let’s look at M first.

2

M, 5 )ﬂ(p:a)v“(l — 7)u(p1)t(pa) yu (1 — 7°)u(p2)

—m?2
= e O (= Pl =l

This is our old 4-Fermi amplitude (8.3) times a factor —m3,/(k* — m%,).
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The extra factor goes to one at small k and suppresses the amplitude at
large k. So far, so good. However the other contribution to the amplitude

1S
2

Me 8m%v<kg2 oy 1) B (1 =7 yulpr)a(pa) 1~ 7)u(p2)

At first glance this doesn’t look suppressed at large k, but here we get lucky:
it’s not only suppressed at large k, it’s negligible compared to M. To see
this note that

u(ps)f(1 —7")u(pr) = a(ps)(1+~°)pyulp1) — u(ps)ps(1 —7°)u(p1)
= —muu(ps)(1 —~°)u(p1)

where in the second step we used the Dirac equation for the external line
factors

#rupr) =0 u(ps)py = ulps)my

(the neutrino is massless!). Likewise we have

a(pa)#(1 =" )ulpz) = —met(pa)(1 +7")u(p2)

which means that

2
g memy, _

Ma = (k2 — m2,) md, a(p3)(1 —v*)u(p1)a(ps)(1 +~°)u(pa) -

So My is not only suppressed at large k, it’s down by a factor mem,,/ m%,V
compared to Mj.

To summarize, up to corrections of order mem,,/ m%/v, the amplitude for
inverse muon decay is (4 — Fermi) x (—m,/(k* — m},)). Neglecting the
electron and muon masses, the cross section is

di _ G%mf‘,‘/s _ G%m%vs
dQ  4Am?(k? —m,)?  Ar?(ssin?(0/2) + m,)?

Fixed-angle scattering falls off like 1/s. This is a huge improvement over
the 4-Fermi cross section, and it’s almost compatible with unitaritylf]

9.4 Problems with intermediate vector bosons

So, have we succeeded in constructing a well-behaved theory of the weak
interactions? Unfortunately the answer is no. Despite the nice features

t Scattering near § = 0 isn’t suppressed at large s, which in principle causes unitarity violations
at incredibly large energies.
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that intermediate vector bosons bring to the IMD amplitude, the theory
has other problems. A classic example is eTe”™ — WTW ™, which in IVB
theory is given by

i — #3) <_ ig

. _ g 5 5 * U *
—iM=0 ———~, (1 — (1 — u(pa)et €
0 (—5 5= %)) TEEB (- ) e o)
When you work out the amplitude in detail (Quigg p. 102) you find that the
cross section grows linearly with s:

do B G%s sin? 6

dQ 12872

The cross section for producing transversely-polarized W’s is well-behaved;
it’s longitudinally-polarized W’s that cause trouble. Another way of seeing
the difficulty with [IVB theory is to note that the W propagator has bad high-
energy behavior; it isn’t suppressed at large k which leads to divergences in
loops.

At this point the situation might seem a little hopeless; we’ve fixed inverse
muon decay at the price of introducing problems somewhere else. Clearly
we need a systematic procedure for constructing theories of spin-1 particles
that are compatible with unitarity. Fortunately, such a procedure exists:
theories based on local gauge symmetry turn out to have good high-energy
behavior. More precisely, they’re free from the sort of power-law growth
in cross-sections that we encountered above[f] We’ll start constructing such
theories in the next chapter.

9.5 Neutral currents

There’s one more ingredient I want to mention before we go on. We’ve spent
a lot of time on inverse muon decay, v e~ — p” V.

1 For more discussion of this point see Peskin & Schroeder, last paragraph of section 21.2.
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But what about elastic scattering v,e™ — v,e” 7 Based on what we've said
so far we’d expect this to be a second-order process, a box diagram involving
exchange of a pair of W’s.

If this is right then at energies much below myy elastic scattering should
be very suppressed (see below for an estimate). But in fact the low-energy
cross sections for IMD and elastic scattering seem to have the same energy
dependence and are roughly comparable in magnitude: measurements by
the CHARM II collaboration give[]

Oelastic __ 0.09
OIMD

Similar behavior is seen in neutrino — nucleon scattering, where one find]

_ 0(vuN — vjanything)

0.31.

" o(v,N — p~anything) -
This means we need to postulate the existence of an electrically neutral IVB,
the Z°, which can mediate these sorts of processes at tree level.

t Phys. Lett. B335 (1994) 246. The prefactor is (g%, + 9124 + gvga)/3 where g, = —0.035 and

ga = —0.503.
1 CDHS collaboration, Z. Phys. C45 (1990) 361.
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Vu e

Let’s return to estimate the suppression factor associated with the box
diagram for elastic scattering. First let’s neglect the k,k, / m‘z/v terms in the
W propagator. This gives an amplitude that, for small external momenta,
is schematically of the form

d*k 1

M~ gtayt (1 — 7" ua 1—5u/ :
g 2 ( Y ) 7#( Y ) (271’)4 kg(kg _mIQ/V)Q

The (Euclidean) loop integral gives (recall d*kp = —id*k, k% = —k?)

/ d*kp 1 1

(2m)* K2 (k% +m¥,)2  16m2mE,

So compared to the amplitude for inverse muon decay (9.2)), which is schemat-
ically of the form g% uy"(1 —v*)u vy, (1 —v*)u/m%,, we'd expect the elastic
scattering amplitude to be suppressed by a factor ~ ¢g?/16m7%. The cross
section should then be suppressed by ~ (g2/167%)? ~ 1077, where we've
used the value of the weak coupling constant discussed in chapter [I2] The
kuk,/ m%/v terms that we neglected make a similar contribution, provided
one cuts off the loop integral at k:% ~ m%v

This calculation illustrates a general feature, that a factor ¢?/16m2 is
usually associated with each additional loop in a Feynman diagram. The
factor of g% can be understood from the topology of the diagram, while the
numerical factor 1/1672 results from doing a typical loop integral

References

Intermediate vector bosons are discussed in section 6.2 of Quigg. They’re
also mentioned briefly in section 11.1 of Cheng & Li. For a nice field theory
treatment of IVB’s see chapter 11 of Mandl & Shaw, Quantum field theory.

1 A more careful procedure is to add an elementary 4-Fermi interaction to the theory and absorb
these divergences by renormalizing the 4-Fermi coupling. This behavior is typical of non-
renormalizeable theories and illustrates the difficulties with loops in IVB theory.

4
i For example, working in Euclidean space, another typical loop integral is f(gT])D‘k p% =

A27r2p3dp 1 1 A2
f# 2m3 pI = T6x2 log mE
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Exercises

Unitarity and ABvy theory
Recall the calculation of AB — 1)1 scattering in the ABC4%) theory

of problem [A]
A P

B I
Suppose C' has a very large mass. Then a low-energy observer would
interpret this scattering in terms of an elementary quartic vertex
with Feynman rule

A U]
iG

B g
This rule defines AB1 theory — the “low energy effective theory” for
the underlying ABC4.

(i) Compute the amplitude for AB — 1) scattering in AB1) theory.
There’s no need to average over spins at this stage.

(ii) Match your result to the low-energy behavior of the same am-
plitude calculated in ABC1) theory. Use this to fix the value of
the coupling G in terms of g1, go and mc.

(iii) Find the differential cross-section for AB — trtr in the low
energy effective theory, where both outgoing particles are right-
handed (positive helicity). How does the cross section behave at
high energies? Which partial waves contribute? At what energy
is unitarity violated?

(iv) In the underlying ABC1) theory, how does the same cross sec-
tion behave at high energies? Is it compatible with unitarity?
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QED and QCD

10.1 Gauge-invariant Lagrangians

After all these preliminaries we're finally ready to write down a Lagrangian
which describes the electromagnetic and strong interactions of quarks. For
the electromagnetic interaction it’s easy: we introduce a collection of Dirac
spinor fields

Q; i =u,d,s for three flavors of quarks

and couple them to electromagnetism in the standard way, via a Lagrangian
L = gi |iy" (0 e A L F, F*
QED = ZQi [2’7 ( bt eQi u) — Mg |q; — Z uv (101)
i

Here F},, = 0,A,—0,A, is the Maxwell field strength and the various quarks
have charges
2 1

Qu:* Qd:Qs:_g

in units of e = V4mao.

There’s a formal way of motivating this Lagrangian, which has the ad-
vantage of directly generalizing to the strong interactions. Start with three
free quarks, described by

Lfree = Ekinetic + Emass

ﬁkinetic = QVY'M@/LQ ﬁmass = _QMQ

U m, O 0
s 0 0 mg
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Liinetic has a U(3) flavor symmetry @ — U(Q which is generically broken to
U(1)3 by Lmass. Let’s focus on the particular transformation Q — e~**TQ
where « is an angle that parametrizes the transformation and

2/3 0 0
T=| 0 -1/3 0
0o 0 -1/3

T is a Hermitian matrix. It’s one of the generators of the unbroken U(1)? C
U(3) flavor symmetry.

Suppose we want to promote this global symmetry to a local invariance,
a — a(z). We can do this by “gauging” the symmetry, namely replacing
the ordinary derivative 0, with a covariant derivative D, = 0, + ieA,T.
This replacement turns the free Lagrangian into

Egauged = Q (iIY'u/D,u - M) Q .
This interacting Lagrangian has a local gauge invariance
Qz) — e @TQ(z) A, — A, + 8,0

To see this it’s useful to note that D,Q transforms covariantly under gauge
transformations (meaning in the same way as @ itself): that is D,Q —

e*iw(x)TDMQ. Although this theory is perfectly gauge invariant, it lacks
kinetic terms for the gauge fields. We can remedy this by adding the (gauge-

invariant) Maxwell Lagrangian.
1
Laxwell = _ZF;WFMV F/,u/ = 8“141/ - 81/14# (102)

This takes us back to the QED Lagrangian . One says that we have
constructed this theory by “gauging a U(1) subgroup of the global symmetry
group.”

How should we describe strong interactions of quarks? Inspired by elec-
tromagnetism, let’s identify a global symmetry and gauge it. What global
symmetry should we use? Recall that quarks come in three colors, so that
each quark flavor is really a collection of three Dirac spinors.

qi,red
qi = qi,green
qi,blue

Focusing for the moment on a single quark flavor, this means the free quark
Lagrangian has an SU(3)color Symmetry. That is,

Lfree =q (Z.'Y'uau - m) q
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is invariant under ¢ — Uq where U € SU(3). This symmetry is the basis for
our theory of strong interactions (QCD, for “quantum chromodynamics”).

Let’s gauge SU(3)color, following the procedure we used for electromag-
netism. We're after a local color symmetry

g(a) — e 9" g ()
where we’ve introduced a coupling constant g and a set of eight 3 x 3 traceless
Hermitian matrices T — the generators of SU(3)color- A gauge-invariant
Lagrangian is
Egauged =q (Z"YMDM - m) q
where the covariant derivative
Dy, = 0, +igB;T"

involves a collection of eight color gauge fields Bjj. This Lagrangian is in-
variant under

g(x) = Ux)g(z)  U(z) =e 90"

provided the gauge fields transform according to
i
Bu() = U@ Bu(@)U' () + 2 (000U

Here B,(z) = Bj(z)T* is a traceless Hermitian matrix-valued field. To
verify the invariance one should first show that under a gauge transformation
D,,q transforms covariantly, D,q — UD,q.

To get a complete theory we need to add some gauge-invariant kinetic
terms for the fields B,. It’s not so obvious how to do this. The correct
Lagrangian turns out to be

1
EYanngills = _iTr (GMVG'LLU)
where the field strength associated with B, is
Guw = 0B, — 0,B, +ig[B,, B,]

(the last term is a matrix commutator). This generalizes the Maxwell La-
grangian ((10.2)) to a non-abelian gauge group. Under a gauge transformation
you can check that G, transforms covariantly in the adjoint representation:
Guw —UGLU T, This transformation might seem surprising — in electrody-
namics we’re used to the field strength being gauge invariant — but combined
with the cyclic property of the trace it suffices to make the Yang-Mills La-
grangian gauge invariant.



10.1 Gauge-invariant Lagrangians 107

Going back to three flavors, the strong and electromagnetic interactions of
the u, d, s quarks are described by the following SU(3) x U(1) gauge theory.

_ 1 1
L= Qi (9 + ieA T +igBiT*) = M|Q = L Fuu F* — ST (GpuG™)

Here the U(1) generator of electromagnetism is

2/3 0 0
T = 0 -1/3 0 ® Leolor
0 0 _1/3 flavor

while the SU(3) color generators are really

T = ]l-ﬂavor ® c%br
and the mass matrix is

m, O 0

M = 0 mq 0 X ]]-color .
0 0 s flavor

As we discussed in chapter[6] the free quark kinetic terms actually have an
SU(3)r, x SU(3) g global flavor symmetry that acts on the chiral components
of Q.

QL - (Lﬂavor ® ]]-color) QL QR - (Rﬂavor ® ]]-color) QR L7 R e SU(3)

A very nice observation: if we neglect the quark masses and electromag-
netic couplings, and take the gauge fields to be invariant, then the entire
Lagrangian is invariant under this symmetry. This is just what we needed
for our ideas about spontaneous chiral symmetry breaking by the strong
interactions to make sense!

The Feynman rules are straightforward, at least at tree level[j] One con-
ventionally normalizes Tr(T*T°) = £6%° and sets T® = $A% the Gell-Mann
matrices A* are the SU(3) analogs of the Pauli matrices. The Feynman rules
are

1 Additional rules are needed to handle gluon loop diagrams.
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p
g ——— B quark propagator M 0ij0ap
pT—m
k
m /\/\/\/ v photon propagator %
k
ua /m\ vb gluon propagator —292“” Oab
iB
m quark — photon vertex —ieT;;6057"
i a
iB
ua quark — gluon vertex —igéijTgﬁ'y“
i o

Here i, j = u, d, s are quark flavor labels, a, 6 = r, g, b are quark color labels,
a=1,...,8is a gluon color label, and w is a Lorentz vector index denoting
the photon or gluon polarization. Additional gluon 3-point and 4-point
couplings arise from the cubic and quartic terms in the Yang-Mills action.

ve —gf% g2 (P — Qv + G (g — 7)x + gur(r — p)u}
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aa 5 d
—ig? [f abe fC4 (G935 — Gas9y)
"‘facefbde (ga,@gvé - gaég'y,@)
+fad€fbce (gaﬁg&y - gavgéﬁ)

Bb ve

The SU(3) structure constants are defined by [T, T%] = if®°T*; they're
given explicitly in Quigg, p. 197. In the 4-gluon vertex «, (3,7, denote
Lorentz vector indices — I hope that makes the structure of the vertex clearer.

10.2 Running couplings

Given these Feynman rules it’s straightforward (at least in principle) to
do perturbative QCD calculations. For example, taking both photon and
gluon exchange into account, at lowest order the quark — quark scattering
amplitude is (time runs upwards)

M W + crossed diagrams

You'll see these diagrams on the homework.

The most interesting thing one can compute in perturbation theory is
the running coupling. It can be extracted from the behavior of scattering
amplitudes. Recall that in ¢* theory at one loop we studied the diagrams

Evaluating these diagrams with a UV cutoff A, in section we found the
running coupling
1 1 3 A

= - log — .
MA) T M) 1672 B
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The coupling goes to zero in the infrared, and diverges in the UV at a scale

Aoy = M6167r2/3)\(,u,)‘

The analogous calculation in QED is to study e~ — e~ scattering at one
loop, from the diagrams

There are other one-loop diagrams that contribute to the scattering process,
but the renormalization of electric charge arises solely from the “vacuum
polarization” diagram drawn abovelj] As we saw in section[7.2.2]and problem
this leads to the running coupling

1 1 1 A

=—— — ——log—.
EA) () 62 P

Qualitatively, this is pretty similar to ¢* theory: the coupling goes to zero

in the infrared, and diverges at Amax = pe®™ /€ (1)

In QCD quark — quark scattering arises from the diagrams

S e

Several one-loop diagrams contribute to the running coupling; not all are
shown. Summing them up leads to

1 1 UNe—2N; A
= og —.
g*(A)  g*(w) 24m? 1t

Here N, is the number of quark colors (three, in the real world) and Ny is
the number of quark flavors (three if you count the light quarks, six if you
include ¢,b,t). A few comments:

1 This is not to say there’s not a lot of interesting physics in the other diagrams. A detailed
discussion can be found in Sakurai, Advanced quantum mechanics, section 4-7.
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e In deriving the S-functions we neglected quark masses, so really Ny counts
the number of quarks with m < A. As in problem quarks with m > A
don’t contribute to the running.

e To recover the QED result from QCD one should set N. = 0 (to get rid of
the extra non-abelian interactions), Ny = 1 (since a single Dirac fermion
runs around the electron bubble), and g2 = 2e? (compare the quark —
gluon vertex for a U(1) gauge group, where our normalizations require
T = 1//2, to the quark — photon vertex).

The crucial point is that the coefficient of the logarithm on the right hand
side is positive. This means the behavior of the QCD coupling is opposite
to QED or ¢* theory: the coupling goes to zero at short distances, and
increases in the infrared. If you take the one-loop running seriously the
renormalized coupling g?(u) diverges when

p=Agoep = A67247r2/(11N.372Nf)92(A) '
This is known as the QCD scale. The notation Agcp is standard, but as
you can see it’s not the same as the UV cutoff scale A.

The idea is that we can take the continuum limit by sending A — oo
and g?(A) — 0 while keeping Agcp fixed. In this limit we should think of
Agcp as the unique (dimensionful!) quantity which characterizes the strong
interactions. For example you can express the running coupling in terms of
AQC D-

sty = £ o
47 (11Nc—2Nf) log(u/AQCD)

The particle data group (2002 version) gives the value Agcp = 216’:32 MeV.

To summarize our basic picture of QCD:

o It’s weakly coupled at short distances. In this regime perturbation theory
can be trusted. For example gluon exchange gives rise to a short-distance
Coulomb-like potential between quarks.

e It’s strongly coupled at long distances. In this regime non-perturbative
effects take over and give rise to phenomena such as quark confinement
and spontaneous chiral symmetry breaking. In principle quantities that
appear in the pion effective Lagrangian such as f and p can be calculated
in terms of Agcp.
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9. Quantum chromodynamics 17

required, for example, to facilitate the extraction of CKM elements from measurements
of charm and bottom decay rates. See Ref. 169 for a recent review.

01

O- | IIIIIII| | IIIIIII|

2
1 10 10
u GeV

Figure 9.2: Summary of the values of ag(u) at the values of p where they are
measured. The lines show the central values and the +1¢ limits of our average.
The figure clearly shows the decrease in ag(u) with increasing pu. The data are,
in increasing order of u, 7 width, 7 decays, deep inelastic scattering, ete™ event
shapes at 22 GeV from the JADE data, shapes at TRISTAN at 58 GeV, Z width,
and ete™ event shapes at 135 and 189 GeV.
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The basic material in this chapter is covered nicely in Quigg, chapter 4 and
sections 8.1 — 8.3. Griffiths chapter 9 does some tree-level calculations in
QCD. A more complete treatment can be found in Peskin & Schroeder:
sections 15.1 and 15.2 work out the Yang-Mills action, section 16.1 gives the
Feynman rules, and section 16.5 does the running coupling.

GLUON LOOPS. Additional Feynman rules are required to compute gluon
loop diagrams. The additional rules ensure that unphysical gluon polariza-
tions do not contribute in loops. The details are worked out in Peskin &
Schroeder section 16.2.

PHOTON AND GLUON POLARIZATION SUMS. The completeness relation we

have been using to perform photon polarization sums, Z R

= —Guv,
implicitly requires a sum over four linearly independent polarlzatlon vectors
(the two physical polarizations of a photon plus two unphysical polariza-
tions). Such a sum can be used in QED: thanks to a cancellation discussed
in Peskin & Schroeder p. 159, the unphysical polarizations do not contribute
to scattering amplitudes. However the analogous cancellation does not al-
ways hold in QCD, so for gluons one should only sum over physical polariza-
tions. The appropriate completeness relation is in Cheng & Li p. 271. The
issue with gluon polarization sums is closely related to the additional rules
for gluon loops, as nicely explained by Aitchison and Hey Gauge theories in
particle physics (second edition, 1989) section 15.1.

PARTONS. The rules we have developed are adequate to describe the in-
teractions of quarks and gluons. However to study scattering off a physical
hadron one needs to work in terms of its constituent “partons.” The neces-
sary machinery is developed in Peskin & Schroeder chapter 17.

Exercises

10.1  Tree-level ¢¢ interaction potential

(i) Compute the tree-level g — ¢g scattering amplitude arising from
the one-photon and one-gluon exchange diagrams

N - AT

(time runs upwards). Just write down the amplitude — you don’t
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need to average over spins. We're assuming the quarks have dis-
tinct flavors so there’s no diagram in which the ¢g annihilate to
an intermediate photon or gluon.

(ii) The one-photon-exchange diagram generates the usual Coulomb
potential Vqep(r) = aQ1Q2/r. Comparing the normalization of
the two diagrams, what is the analogous QCD potential Vocop(r)?

(iii) Evaluate the QCD interaction potential when the ¢g are in a
color singlet state.

10.2  Three jet production

The process ete™ — 3 jets can be thought of as a two-step process,
+

eTe” — ~* followed by v* — qgg where v* is an off-shell photon.

(i) At leading order the diagrams for v* — ¢gg give

Compute (|M+_454|?). You should average over the photon spin

and sum over the spins, colors, and quark flavors in the final state.
A few tips:

e You should allow the photon to be off-shell, ¢*> # 0. However
for simplicity you can take the other particles to be massless,
k? = 0.

e You can sum over the photon and gluon spins using]f]

*
E €60 = —Guv -

polarizations

e To average over the photon spin you should divide your result
by 3 for the three possible polarizations of a massive vector.

e You can sum over colors using Tr A2\b = 2§90

1 You can’t always perform gluon spin sums in such a simple way. See p. 113.
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e You should express your answer in terms of the kinematic vari-
ables

2k; - q

@
In the center of mass frame z; is twice the energy fraction carried
by particle i, x; = 2F;/ E¢yy. Note that z1 + x9 + 23 = 2.

Ty =

(ii) Compute the spin-averaged |amplitude|? for ete™ — * from
ot
_Z'_/\/le+€7_w* — V*

e

(iii) The spin-averaged |amplitude|? for the whole process is

1

(M) = ((MeremeP) - A (Mo —gzql*)

where the 1/¢* in the middle is from the intermediate photon
propagator [j] Plug this into the cross-section formula
do 1 9
dridrs 2567T3<’M| )
and find the differential cross-section for 3-jet events. You should
reproduce Peskin & Schroeder (17.18).

1 For a justification of this formula, including the factor of 3 for averaging over photon spins, see
Peskin & Schroeder p. 261.



11
Gauge symmetry breaking

The only well-behaved theories of spin—1 particles are thought to be gauge
theories. So we’d like to fit our IVB theory of weak interactions into the
gauge theory framework. In trying to do this, there are a couple of obstacles.

e The Lagrangian for free W-bosons is

1
— 5 GG+ iy W W Guv = Wy, — ,W,, .

L=
However the mass term explicitly breaks the only real candidate for a
gauge symmetry, namely invariance under W,, — W, + d .

e We know that W-bosons are charged, and should therefore couple to the
photon.

This sounds like the sort of gauge boson self-interactions one has in non-
abelian gauge theory. So it seems reasonable to look for an SU(2) (say)
Yang-Mills theory of weak interactions. To match IVB theory we expect
to find vertices
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\Y} \Y)
e H

e u

This suggests that we should group leptons and neutrinos into doublets
under the gauge group[f]

(%)

But it seems silly to group leptons and neutrinos in this way: they’re “ob-
viously” not related by any type of symmetry, let alone gauge symmetry
(they have different masses, charges, ...).

< IZ‘ > SU(2) doublets

To write a gauge theory for the weak interactions we need a way of disguis-
ing the underlying gauge symmetry — the Lagrangian should be invariant,
but the symmetry shouldn’t be manifest in the particle spectrum. We're
going to spontaneously break gauge invariance!

11.1 Abelian Higgs model

To illustrate the basic consequences of spontaneously breaking gauge invari-
ance, let’s return to the model we used in chapter [5| to study spontaneous
breaking of a continuous global symmetry.

L

1, - I 1, -
- L 2 2 A 4

= 0ug"0"6 — 126" — N¢"0)°
In the first line we're working in terms of a real two component field gi_; =
( i; ) , in the second line we introduced the complex combination ¢ = % (p1+
i¢). Let’s gauge the global U(1) symmetry ¢ — ¢?¢. Following the usual

procedure we define a covariant derivative D,¢ = 0,¢ + ieA,¢. Replacing
Oy — D, and adding a Maxwell term gives a Lagrangian

1

L =Dy D¢ — 129" ¢ = \(670)* — [ Fu P

1 This discussion is just to illustrate the idea; when we get to the standard model we’ll see that
the actual gauge structure is somewhat different. Also the choice of SU(2) is just for simplicity
— we could use a larger group and put more, possibly undiscovered, particles into the multiplets.
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which is invariant under gauge transformations

¢ — e @) g A, — A+ 0.

If 42> > 0 we have the usual situation: a massless photon coupled to a
complex scalar field with quartic self-interactions. What happens for p? < 07
In this case the potential has a circle of degenerate minima, located at

P*p = —p? /2, phase of ¢ arbitrary .
Clearly something interesting is going to happen, because these vacua aren’t
really distinct: they’re related by gauge transformations!

To see what’s going on let’s take a pedestrian approach, and expand about
one of the minima. Without loss of generality we choose the minimum where
¢ is real and positive, and set ¢ = %(Qbo +p)e’?. Here p and 6 are real scalar

fields and ¢ = \/—p?/A. Then
1

1 . -
o9 = ﬁaupew + \ﬁ(qbo + p)eio,0

ieA, ¢ = \}i(ﬁbo + p)eieA,
1 .
Dyt = 5 (up + (00 + p)(048 + cAw))

and the Lagrangian becomes

1 1
L= S0up0"p+ (00 + )2 (9,0 + eA,) (0"0 + e AF)

1 1 1
_5/1'2((;50 + p)2 - 1)‘(¢0 + P)4 - ZF/U/F#V

This looks awfully complicated. To get a handle on what’s going on let’s
expand to quadratic order in the fields, since we can identify the spectrum
of particle masses by studying small oscillations about the minimum.

1 1 1 5
L= 50upd"p+ 5(;53(8“9 +eAp) (010 + eA") = T F P

+ const. + pu?p? + cubic, quartic interaction terms (11.1)

The field p has a familiar mass, m% = —2u%. The field 0 looks massless.
That’s no surprise, since we’d expect 6 to be the Goldstone boson associated
with spontaneously breaking the U(1) symmetry. Expanding the terms in
parenthesis it looks like there’s a mass term for A,, but it also looks like
there are A,0"0 cross-terms which give rise to mixing between A, and 6.

In terms of diagrams there’s a vertex
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o ——\/ N\ A

To understand what’s going on, recall the gauge symmetry
¢ — e Ay — A+ 9.
In terms of p and # this becomes
p invariant 0 — 0 —ea Ay — A+ 0.

Let’s choose a(z) = 16(z). In this so-called unitary gauge we have 6 = 0.

The Lagrangian in unitary gauge is just given by setting 6 = 0 in (L1.1).
Dropping a constant

1 1 1
Lunitary = 9 P p + wp? - ZFm/FW + §€2¢%AuAM
+ cubic, quartic interaction terms. (11.2)

We ended up with a massive scalar field p coupled to a massive vector field
A, and the would-be Goldstone boson 6 has disappeared! This is known as
the Higgs mechanism. We can read off the masses

— 2 2 _ 2,2
my, = —2p my = e ¢q .

It’s interesting to count the degrees of freedom in the two phases,

w? > 0: two real scalars
massless photon (two polarizations)

u? < 0: one real scalar
massive photon (three polarizations)

In both cases there are a total of four degrees of freedom. A few comments:

e Due to the photon mass term, the Lagrangian is not manifestly
gauge invariant. But that’s perfectly okay because Lynitary is written in a
particular gauge.

e Spontaneously broken gauge theories are renormalizable. This is hard to
see in unitary gauge. It can be shown by working in a different class of
gauges known as R¢ gauges. See Peskin & Schroeder section 21.1.

e A related claim is that spontaneously broken gauge theories have well-
behaved scattering amplitudes. In the abelian Higgs model a scattering
process like ¢p¢p — AA should be compatible with unitarity. This will be
discussed in the context of the standard model in section [[4.1l
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Gauge symmetry breaking

e In a very precise way one can identify the extra longitudinal polarization
of the vector boson in the Higgs phase with the “eaten” Goldstone boson.
See Peskin & Schroeder section 21.2.

e We've spontaneously broken an abelian gauge symmetry. The Higgs mech-

anism has a straightforward generalization to Yang-Mills theory, which

we’ll see when we construct the standard model.

References

The abelian Higgs model is discussed in Quigg section 5.3.

11.1

Exercises

Superconductivity

Consider the abelian Higgs model at low energies, where we can
ignore radial fluctuations in the Higgs field. In unitary gauge we set
¢ = ¢o/v/2 and the Lagrangian reduces to
1
4
This is the free massive vector field discussed in section[3.2l It turns
out to describe superconductivity.

1
L=—-F,F" + 562¢(2)AMA#.

(i) Compare the vector field equations of motion to Maxwell’s equa-
tions 0, ' = j¥ and express the current j# in terms of A*. This
is known as the London equation.

(ii) Consider the following ansatz for a static solution to the equa-
tions of motion.

At = (V,A) V(t,x)=0  A(t,x) =ae &%

Here a and k are constant vectors. Show that this ansatz satisfies
the equations of motion provided |k|> = e?¢3 and a -k = 0.

(iii) Compute the electric and magnetic fields, and the current and
charge densities, associated with this solution. (Recall E = —VV —
OA,B=V xA, = (paj))

Comments: this exercise shows that spontaneously breaking an abelian
gauge symmetry gives rise to superconductivity. Your solution illus-
trates the Meissner effect, that magnetic fields decay exponentially
in a superconductor. The current also decays exponentially, showing
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that currents in a superconductor are carried near the surface. Fi-
nally the resistance vanishes since we have a current with no electric
field! (Recall Ohm’s law J = oE where ¢ is the conductivity.)
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The standard model Physics 85200
January 6, 2014

So far we’'ve been taking a quasi-historical approach to the subject, con-
structing theories from the bottom up. Now we're going to switch to a
top-down approach and derive the standard model from a set of postulates.
We'll first discuss the electroweak interactions of a single generation of lep-
tons, then treat the electroweak interactions of a single generation of quarks.
Finally we’ll put it all together in a 3-generation standard model.

12.1 Electroweak interactions of leptons
12.1.1 The Lagrangian

The first order of business is to postulate a gauge group. To accommodate
W+, W=, Z,~ we need a group with four generators. We’ll take the gauge
group to be

SU(Q)L X U(l)y .
SU(2), is only going to couple to left-handed spinors (hence the subscript
L), while U(1)y is a “hypercharge” U(1) gauge symmetry that should not

be confused with the gauge group of electromagnetism. We’ll see how elec-
tromagnetism emerges later on.

Next we need to postulate the matter content. At this point we’ll focus on
a single generation of leptons (the electron and the electron neutrino). We’ll
treat the left- and right-handed parts of the fields separately, and assign
them the SU(2);, x U(1)y quantum numbers

L = < v > SU(2)r, doublet with hypercharge ¥ = —1
L

R=ep SU(2)r, singlet with hypercharge Y = —2

122



12.1 Electroweak interactions of leptons 123
Just to clarify the notation, this means the SU(2);, generators T} are

Ta _ o%/2 when acting on L
S when acting on R

while the hypercharge generator acts according to
YL=-L YR =-2R.

Furthermore ey is a right-handed Dirac spinor (that is, a Dirac spinor that
is only non-zero in its bottom two components), while v;, and ey, are left-
handed Dirac spinors. Note that the left- and right-handed spinors are
assigned different U(1)y as well as SU(2); quantum numbers. Also note
that we haven’t introduced a right-handed neutrino vg.

We need a mechanism for spontaneously breaking SU(2),xU(1)y down to
the U(1) gauge group of electromagnetism. The minimal way to accomplish
this is to introduce a Higgs doublet

+
o= ( ZO ) SU(2)r, doublet with hypercharge ¥ = +1.
Here ¢ and ¢° are complex scalar fields; as we’ll see the superscripts in-
dicate their electric charges. The standard model is defined as the most
general renormalizable theory with these gauge symmetries and this matter
content [f]

It’s straightforward to write down the standard model Lagrangian; it’s
the most general Lagrangian with operators up to dimension four. It’s a
sum of four terms,

ESM = EDirac + ﬁYanngills + ﬁHiggs + ﬁYukawa .
LDirac contains gauge-invariant kinetic terms for the fermions,
Lpirac = Liv"D,L + Riv"D,R
. y y
7. g g . g
= Lint (8“ + EW;}O'G + 2BMY) L + Riy* (@L + 2BHY) R.

In the second line we’ve written out the covariant derivatives explicitly.
W are the SU (2)1, gauge fields, with generators T} and coupling constant
g. Also B, is the hypercharge gauge field, with generator ¥ and coupling

constant ¢’ /2[f]

1 There’s no real reason to insist on renormalizability, and we will explore what happens when
you add higher-dimension operators to the standard model Lagrangian. Also it might be worth
pointing out something we didn’t postulate, namely lepton number conservation. As we’ll see,
lepton number is conserved due to an “accidental symmetry.”

1 The peculiar normalization of g’ is chosen for later convenience.
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Lyang—Mills contains the gauge kinetic terms,

1 1
£Yang—MiHs = _iTr (W,uZ/W“V) - ZB,LWBMV

where
W = g Wio" = 0, W, — 0, W, + ig[ W, W,
is the SU(2), field strength, built from the gauge fields W, = %Wl‘jaa, and
B, =0,B, - 0,B,

is the U(1)y field strength.

Liggs includes gauge-covariant kinetic terms plus a potential for ¢.
['Higgs = DM¢TDH¢ + /~L2¢T¢ - A(¢T¢)2

Here D,¢ = 0,0 + %’Wﬁaaqb + %Bung. We'll assume that p? > 0 so that
¢ acquires a vev.

There’s one more term we can write down. Note that ¢'L is an SU(2)y
singlet with hypercharge Y = —1 — 1 = —2, while R is an SU(2) singlet
with hypercharge Y = +2. So we can write an invariant

['Yukawa = _)\ERQZ)TL + c.c.
= —A\(R¢'L + LoR)

Here ). is the electron Yukawa coupling (not to be confused with the Higgs
self-coupling \). If necessary we can redefine L and R by independent phases
R — e”R, L — ¢"®L to make ). real and positive.

12.1.2 Mass spectrum and interactions

The model we’ve written down has an obvious phenomenological difficulty:
the electron and all three W bosons seem to be massless[f] Remarkably, the
problem is cured by symmetry breaking. The Higgs potential is minimized
when ¢f¢p = p2/2X. Under an SU(2); x U(1)y gauge transformation we
have

!
¢ — e—zga“(z)Tge—z%a(x)Y(b ]

1 Glashow, 1961: “It is a stumbling block we must overlook.” I would have given up, he got the
Nobel prize.
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As far as the Higgs is concerned this is a U(2) transformation which can be
used to put the expectation value into the standard form

ool = (5 ) (12.1)

where the Higgs vev v = /u?2/X. Now, what’s the symmetry breaking
pattern? We need to check which generators annihilate the vacuum:

0= (1) ()= (F)
ro=(23) (o2a) (4
- (22 () ()

v =0 =( 5 ) #0

It might look like the gauge group is completely broken, but in fact there’s
one linear combination of generators which leaves the vacuum invariant,
namely Q) = Tg + %Y.

acingon 6. @=50"+ 560 = g ¢ )
= Q{#) =0

@ generates an unbroken U(1) subgroup of SU(2); x U(1l)y, which we’ll
identify with the gauge group of electromagnetism. That is, we’ll identify
the eigenvalue of ) with electric charge.

To see that this makes sense, let’s see how ) acts on our fields. We just
have to keep in mind that T} = %0'3 when acting on a left-handed doublet,

while Tg = 0 when acting on a singlet.

acting on L: Q = %034—%(—1) = < 00 > matches L = ( Z >
L

0 -1
actingon R Q=0+ 1(-2)=-1 matches R = ep
. 1.3, 1 10 ¢t
acting on ¢: Q= 50° + 5(+1) = 00 matches ¢ = o
L

A few comments are in order.
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(i) We got the expected electric charges for our fermions. This is no
miracle: the hypercharge assignments were chosen to make this work.

(ii) A gauge-invariant statement is that there is a negatively-charged left-
handed spinor in the spectrum. Of course we identify this spinor with
er,. However the fact that e; appears in the bottom component of a
doublet is connected to our gauge choice . If we made a different
gauge choice we’d have to change notation, as setting L = (Z) ;, would
no longer be appropriate.

What about the spectrum of masses? As usual, we expand about our

choice of vacuum (12.1)), setting]j]

0
¢:<;§<U+H<x>>)'

Here H(x) is a real scalar field, the physical Higgs field. When we plug this
into the Yukawa Lagrangian we find

Lyukawa = —Ae(RO'L+ LoR)
i v o 0
= -\ eR<O \}5(U+H>)(ei)+(m eL)<12(1)+H))€R]
Ae

= (v+ H)(érer + €LeRr)

V2

Ae
= ——(v+ H)ee.

V2

In the last line we assembled ey, and eg into a single Dirac spinor e. This
gives the electron (but not the neutrino!) a mass,

e
A

as well as a Yukawa coupling to the Higgs field:

Me

1 This is no loss of generality, as writing ¢ in this way defines our choice of gauge for the broken
symmetry generators. It’s the standard model analog of the unitary gauge we adopted in

section @
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Next we look at the Higgs Lagrangian,
Litiggs = D D6 + 17610 — A(¢79)?

where

0 ig w3 Wi —iw;? 0
D = 0 h M H H
ué ”(ji(erH))Jrz(WjHWj -w3 ) Z5(v+ H)

ig’B 0
TPl L+ m

L -
V2 OuH + % (QIBM - QWS)

This means that

) + (terms quadratic in fields)

1 Lo ol apir2(2 4 L2 3)2 2772
Liiges = 58M1T{8’ULI—1— gg v ‘Wu — zWM| + gv (g’BM —gWu) —u'H
+(interaction terms) .
Defining the linear combinations
1
+ 1 2
w = ﬁ (WN + ZWN)
'B, — W3
ZM — g 22 g I
92 +g/2
A — 9B, + g/W/:j’
® 92 _|_g/2

we have

1 1 1
Litiggs = 50uHO"H—p H*+19°0° W, WH 42 (g +9™)v* 2,2 +interactions

and we read off the masses

my = 2u°
1

my = 19202 (12.2)
1

my = (" g%’

m4 = 0

We have a massless photon (as required by the unbroken electromagnetic
U(1)), plus a massive Higgs scalar and a collection of massive intermediate
vector bosons! Expanding Lyiges beyond quadratic order, one finds a slew
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of interactions between the Higgs scalar and W and Z bosons; the Feynman
rules are given in appendix

At this point it’s convenient to introduce some standard notation. In place
of the SU(2);, x U(1)y gauge couplings g, ¢’ we’ll often work in terms of the
electromagnetic coupling e and the weak mixing angle 6y, 0 < Oy < /2,
defined by

/

99
Vi +g?

cos Oy = g/ VF T 57
sinfw = ¢'/\/ g% + g

I also like introducing the Z coupling, defined by

9z = Vg +9?.

In terms of these quantities note that

e =

A, = cosbwB,+sin OWWEL’ (12.3)
Z, — sin Oy By, + cos Oy W,

while the Z mass is
1
2 L a9
Mz =39z -

Now let’s consider the Yang-Mills part of the action. Expanding in powers
of the fields

1 1
Lyang—Mills = —§T1" (W WH) — 1BWBW
= W B, B

1 a a rva 174 a 1 14 14
= =7 (0uW — 0, W) ("W — 0"WH) — 2 (8,8, — 0,B,) (9" B” — 0" B")

+ (interaction terms)

The quadratic terms have an SO(4) symmetry acting on (W/}, Wﬁ, ij’, By).
So the SO(2) rotation which mixes WS with B, just gives canonical
kinetic terms for the fields Wf,ZM,AM. (We implicitly assumed this was
the case when we read off the masses ) Expanding beyond quadratic
order one finds a slew of gauge boson self-couplings: see appendix [E] for the
Feynman rules.
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Finally we consider the Dirac part of the action,

LDirac = Liv* [ 0 Z'—gwaa LQ/BYL Riv* (0 i—g,BYR
Dirac = L7y “+2 “04—2 u + Ly #+2 L .

This gives the fermions canonical kinetic terms, plus couplings to the gauge

bosons
. 1
EDirac = g]zawg - 59 ]}%B
where the SU(2)r, and hypercharge currents are
- 1
Y = Ly*T°L with T = 50’“
g% = LY"YL+ Ry"YR

In terms of W+ = % (VV1 F ZWQ) this gives the charged-current couplings

‘CDlrac = *g]L W;} - gjL Wi
—2 (G W+ G -y
V2 p p
= — L (Iyto LW + Lyto " LW,))

V2
g _
AR

where in the third line o™ = (8 (1)), o” = (? 8). These are exactly the cou-

plings that appeared in our old IVB amplitude (9.1)! Finally the couplings
to 7y, Z are given by

—)eW,5 + ey (1= )wW),)

1
R n3
E%lrae = _g]L W3 - 59 ]X‘U;B

1 . . 1 ,
= (g coS GWJL — 59 smGWjY) Zy, — <g sin ijfg + ig/ cos HW]§) A,
= —gz |cos”Owj; — 5 sin Ow Jy ZM—(Z(]L +§JY)AM

It’s convenient to eliminate the hypercharge current jY in favor of the elec-
tromagnetic current jQ, using the definition JQ = i I 54 3 jy. This leads
to

z u3 . .
L =—gz (]5 — sin? ijg) Z, — eng”.

As advertised, the photon indeed couples to the vector-likdf] electromagnetic
current with coupling constant e. Something like this was guaranteed to

1 meaning the left- and right-handed part of the electron have the same electric charge
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happen — the massless gauge field A, must couple to the unbroken generator
Q. One can write out the couplings a bit more explicitly in terms of a sum
over fermions v;, i = v, e:

7Z n 7 1 3
Lhie = —e2_ V" Qubidu =97 ) v <2<1 = 7°)TE; — sin® ewczi) ViZy

_ 1 _
= —e) V' QitiAu — 59z Z bi (cvin™ — cay™y°) iZy
7 (2
where the vector and axial-vector couplings for each fermion are defined by
cV:Tg—QsiHQHWQ cA:Tg.

Here T g is the eigenvalue of %03 acting on the left-handed part of the field
and ( is the electric charge of the field. So for example the electron has

1 1

Cye = —5—28111291/[/(—1):—54—28111291/[/
1

CAe = _5

while the neutrino has

1
Cvy = CAy = )

The Feynman rules from Lpirac can be found in appendix [E]

12.1.3 Standard model parameters

Let’s look at the parameters which appear in the standard model. With one
generation of leptons there are only five parameters:

e Two gauge couplings g, ¢’ (or equivalently the electric charge e = gg’/+/g* + g’
and the weak mixing angle tan 6y = ¢'/g).

e Two parameters in the Higgs potential u, A (or equivalently the Higgs
mass my = v/2u and Higgs vev v = \/u2/)\).
e The electron Yukawa coupling A\, (or equivalently the electron mass m, =

Aev/V/2).
What do we know about the values of these parameters?

e The electric charge is known, of course: e?/4m = 1/137.
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e The weak mixing angle is determined by the ratio of the W and Z masses,

g2 :1_m%V:1_ 80.4 GeV 2:0223
g2+ g2 m?, 91.2GeV o

sin? Oy = 1—cos? Oy = 1—

e To get the Higgs vev recall our old determination (9.3)) of the Fermi con-
stant in IVB theory,

g° 1

- 4\/§m12/v - V202

1
= v=— " =27VN117x 1075 GeV2)"1/2 = 246 GeV .

(\/iGF)l/2

It’s kind of remarkable that the muon lifetime directly measures the Higgs

Gr

vev.

e The electron mass determines the Yukawa coupling

V2m. /2 x 0.511 MeV 6
= =3x107".
v 246 GeV

One of the mysteries of the standard model is why the electron Yukawa

Ae =

is so small.

e The Higgs mass is the one parameter which has not been measured. As-
suming the minimal standard model Higgs exists we only have limits on
its mass. There’s a lower limit

mpy > 114.4 GeV at 95% confidence
from a direct search at LEP[f] and an upper limit
mpyg < 219 GeV at 95% confidence

from a global fit to electroweak observables/f]

12.2 Electroweak interactions of quarks

To describe the electroweak interactions of a single generation of quarks
the main challenge is to give a mass to the up quark. This is easier than
one might have thought. We introduce left- and right-handed up and down
quarks and assign them the SU(2)r, x U(1)y quantum numbers

t hep-ex/0306033
1 hep-ex/0511027 p. 133. Also see table 10.2, but beware the large error bars.
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Q= < “ ) SU(2), doublet with hypercharge Y = 1/3
L

UR SU(2), singlet with hypercharge Y = 4/3
dr SU(2)r, singlet with hypercharge Y = —2/3

The hypercharges are chosen so that Q) = Tg + %Y gives the quarks the
correct electric charges. To break electroweak symmetry we have the Higgs
doublet ¢ with hypercharge +1. But we can also define

¢ = e’
where € = (_01 (1) ). Note that ¢ is an SU(2)1, doublet with hypercharge —1
This lets us build some invariants

¢dr SU(2)p doublet with Y =1/3 = Q¢dr invariant
dur SU(2)r doublet with ¥ = 1/3 = Qdup invariant

(There is no analog of the second invariant in the lepton sector, just be-
cause we didn’t introduce a right-handed neutrino.) The general Yukawa
Lagrangian is

Lyukawa = —XaQddr — \uQdup + c.c.

Here Ay, Ay are independent Yukawa couplings for the up and down quarks.
Plugging in the Higgs vev this becomes

- 0 - +(v+H)
Lyvukawa = —Xg( ur d dr — My (T, d V2 + c.c.
Yuk a( g L)(\}i(U—FH)) R ((ur L)( 0 >UR c.c
1

- - 1
= M+ H)(drdr + drdp) — —=My
\/id( )(drdr + drdr) 7
1 - 1
= —MNv+ H)dd — —=M,(v+ H)uu

In the last line we assembled the chiral components uy,ur and dy,dgr into
Dirac spinors u and d. We read off the masses

(v+ H)(upugr + tgur)

Aut _ A

My = —= mg = .
“T V2 NG

There’s also a Yukawa coupling to the Higgs; the Feynman rule is in ap-
pendix [E] In a way we’re fortunate here — the hypercharge assignments are
such that the same Higgs doublet which gives a mass to the electron can
also be used to give a mass to the up and down quarks.

t In SU(2) index notation ¢~)Z = eij¢j = €W ((bj)*. The hypercharge changes sign due to the
complex conjugation.



12.8 Multiple generations 133
12.3 Multiple generations

Now let’s write the standard model with three generations of quarks and
leptons. It’s basically a matter of sprinkling generation indices 7,5 = 1,2,3
on our quark and lepton fields. Including color for completeness, the gauge
quantum numbers are

SU(3)C X SU(2)L X U(l)y

field quantum numbers
left-handed leptons L; = ( :“: ) (1,2,-1)
right-handed leptons eg; " (1,1,-2)
left-handed quarks @Q; = ( Z“ ) (3,2,1/3)
right-handed up-type quarksL;m- (3,1,4/3)
right-handed down-type quarks dg; (3,1,—2/3)

The standard model Lagrangian is written in appendix [E] The main new
wrinkle is that the Yukawa couplings get promoted to 3 x 3 complex matrices
AE. AL AU

150 P g Py

Lyukawa = —AfLider; — A%’Qi(bdﬁ’,j - A%QNEURJ‘ +c.c.
= —LA°e — QApd — QA du + c.c.

In the second line we adopted matrix notation and suppressed the generation
indices as well as the subscripts R on the right-handed fields.

We’d like to diagonalize the fermion mass matrices. To do this we use
the fact that a general complex matrix can be diagonalized by a bi-unitary
transformation,

A=UL\U},

where Up, and Ug are unitary and A is a diagonal matrix with entries that
are real and non-negative[f] Then

Lyukawa = —LUFAUR e — QUINUR ¢d — QUENUR Gu + c.c.
Now let’s redefine our fermion fields
L—USL

t Proof: ATA is Hermitian with non-negative eigenvalues, so ATA = UR/\2U1T2 for some unitary
T
matrix Ug and some diagonal, real, non-negative matrix A. Then ATA = (AU;%) ()\U;[z) =

A= UL)\U}L2 for some unitary Uyp,.
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e — Uge

(v uf 0
o= ()= (' 0y )
d— Uld

u— Upu

Note that we’re transforming the up-type and down-type components of @
differently. Keeping in mind that with our gauge choice only one component
of the Higgs doublet is non-zero, this transformation makes the Yukawa
Lagrangian flavor-diagonal.

Lyukawa — _I_/)\eﬁi)e — deqbd — Q)\u(;;’u + c.c.

So in terms of these redefined fermions we have diagonal mass matrices and
flavor-diagonal couplings to the Higgs. What happens to the rest of the
standard model Lagrangian? The transformation doesn’t affect the Higgs
or Yang-Mills sectors, of course. And the Dirac Lagrangian

Lpirac = Lin* DL + €' Dye + Qin'D,Q + win*Dyu + diy*Dyd

is invariant when L, e, u,d are multiplied by unitary matrices, so terms in-
volving those fields aren’t affected. The only terms in Lpj . that are affected
involve ). Writing out the SU(2)[, part of the covariant derivative explicitly

cod Qi’Y“DuQ

ustoo

ig w3 (Wi —iWhHUuptug

2 (W/} + iWi)UgTUi‘ —Wj‘

So in fact the only place the transformation shows up is in the quark — quark

— W#* couplings.

coms = I ay dp )y ( / u

Dirac > ( ) (Wi +iWHUiiuy 0
_ 9 g 5\ + 9 3 Sy —1t
= ——ay"(1 —y)W,Vd - —=dy"(1 =)W, Vu
2\/57( IV, 2\/§7( IV,

Here V = UETUg is the CKM matrix. It’s a 3 x 3 unitary matrix that
governs intergenerational mixing in charged-current weak interactions[f] The
Feynman rules are

1 One of the peculiar things about the standard model is that — for no particularly good reason
— the weak neutral current is flavor-diagonal.

) + ZgBuY} 0

0 (W, —iWHUptug > ( ur,

Up
0

dr,

0
UL

)

)a
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u.
| -
. |
w — syt (1=7°) Vi
dj
d
| -
woo =g (1=9°) (V)
u

This leads to flavor-changing processes such as the decay K= — p~ 1,

— W —

u — u
K- W

s v

where the s — uW ™ vertex is proportional to V.

One last thing — how many parameters appear in the CKM matrix? As
a 3 X 3 unitary matrix it has nine real parameters, which you should think
of as six complex phases on top of the three real angles that characterize
a 3 x 3 orthogonal matrix. However not all nine parameters are physical.
We are still free to redefine the phases of our quark fields, u; — eiu;,
d; — €'?id; since this preserves the fact that we’ve diagonalized the Yukawa
couplings. Under this transformation V;; — e‘i(ei_¢j)1/ij. In this way we
can remove five complex phases from the CKM matrix (the overall quark
phase corresponding to baryon number conservation leaves the CKM matrix
invariant). So we're left with three angles and 6 — 5 = 1 complex phase.
The three angles characterize the strength of intergenerational mixing by the
weak interactions, while the complex phase is responsible for CP violation.

12.4 Some sample calculations

We'll conclude by discussing a few calculations in the standard model: decay
of the Z, ete™ annihilation near the Z pole, Higgs production and decay.
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12.4.1 Decay of the Z

The Z decays to a fermion — antifermion pair, via the tree-level diagram

P1

p, >
The amplitude is easy to write down.

—iM = u(py) <—ig2zv“ <cv - CA75)> v(p2)eu

Summing over the spins in the final state, and neglecting all fermion masses
for simplicity, we have

1 *
S IMP = Zg3Tr (v (ev — caV By (ev — car®)h) eucy
final spins
1 N
= EQ%TY (V#"h (¢ +ch+ QCVCA'Y5)) €uty

We now average over Z polarizations, using > €,€;, = —gu + 7‘;—22”, and

evaluate the Dirac traces, using
Tr (’}/M’Y)\’YV’YU) —4 (g,u)\gua . g,ulfg)\a +gpagAu>
Tr (’y“v)‘7”7075) — 4Z~€u>\ua

Traces involving v° drop out since they’re antisymmetric on ;¢ and v. We're
left with

L v _ g v kuk
(M) = 505(ch + Q) 4Whpl — ¢"'pr-p2 + PiPE) <—gu,, + :ﬂ;)
Z
! 2k - p1k - pa
— gl ) (e L

where we used k2 = mQZ In the rest frame of the Z we have

_ _ (M2 0 M2 _ (™2 . ™2
k=mz,0,0,00  pi=(%20072)  p=(5500-"7F)
2
m
= k'Plzk'p2=p1'P2=7Z
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and the amplitude is simply

1
(M%) = 597 (cb +ca) m7 .

w

The partial width for the decay Z — ff is then

|p’ <‘ ‘2>

1
L'y 7= MP?) = Zazmz(é + ¢4)
s 87rm22 3

where we’ve introduced the Z analog of the fine structure constant ay =
2
% = 1/91. Summing over fermions we find the total width of the Z

1
[z = gazmz ; (Vs +¢hy)

— 0.334GeV [3 % 0.50 + 3% 0.251 + 6 x 0.287 + 9 x 0.370}
—_——— ——— —_——— ———

Ve Uy Vr epnT uc dsb

where the contributions of the various fermions are indicated (don’t forget
to sum over quark colors!). This gives a total width I'y = 2.44 GeV, not
bad compared to the observed value ', = 2.50 GeV. The “invisible width”
of the Z can be inferred quite accurately, since (as we’ll discuss) the total
width shows up in the cross section for ete~ — hadrons near the Z pole.
In the standard model the invisible width comes from decays to neutrinos
which escape the detector. Knowing the invisible width allows us to count
the number of neutrino species IV, which couple to the Z and have masses
less than myz /2. The particle data group gives N, = 2.92 £+ 0.07.
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Annihilation Cross Section Near M
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Figure 39.9: Data from the ALEPH, DELPHI, L3, and OPAL
Collaborations for the cross section in eTe™ annihilation into
hadronic final states as a function of c.m. energy near the Z. LEP

2V's -
RN & ALEPH

3v's /
v
4 v's\/ \ DELPHI detectors obtained data at the same energies; some of the points
!/ ®L3 are obscured by overlap. The curves show the predictions of the
® OPAL

Standard Model with three species (solid curve) and four species
(dashed curve) of light neutrinos. The asymmetry of the curves is
produced by initial-state radiation. References:

ALEPH: D. Decamp et al., Z. Phys. C53, 1 (1992).
DELPHLI: P. Abreu et al., Nucl. Phys. B367, 511 (1992).
L3: B. Adeva et al., Z. Phys. C51, 179 (1991).

OPAL: G. Alexander et al., Z. Phys. C52, 175 (1991).
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12.4.2 ete™ annihilation near the Z pole

At energies near my the process ete™ — ff is dominated by the formation
of an intermediate Z resonance.

. P, Py
NN , 3
T

The amplitude for this process is

. kuk
~i (o = )

2 _ 2
k my,

M= otpn) (e — eac ) ) ut)

u(ps3) <_ng2(6va” - CAf'YV'Y5)) v(pa)

For simplicity let’s neglect the external fermion masses. Then, just as in our
calculation of inverse muon decay in section the k,k,/m% term in the
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Z propagator can be neglected. To see this note that k = p1 + p2 = p3 + p4
and use the Dirac equation for the external lines. This leaves

;2

= Ty 0(p) (ever” —eacty Yulpr) (ps) v ru—ca sy Volpa)
(k* —m37)

It’s convenient to work in terms of chiral spinors. Suppose all the spinors

appearing in our amplitude are right-handed. Recalling the connection be-

tween chirality and helicity for massless fermions, this means the amplitude

for polarized scattering ezeé — frfr is

2
. Y _ _
—iMt o = WZTnQZ)(CVe_CAe)(CVf_CAf>'UL(p2>7MUR(p1)UR(pB)’YuUL(p4)
where the subscripts L, R indicate particle helicities. Using the explicit form

of the spinors given in section [4.1] we have

oz (p2)v"ur(p1) Ur(ps)yuor(ps) = —k*(1 + cos0)

where 6 is the center of mass scattering angle. (We worked out this angular
dependence in section |4.2] Here we’re keeping track of the normalization as
well.) This means

474
2 o g7k 9 ) ,
|M‘e{e§—>fRfL B 16(k2—_m22)2(cve —cae)(evy —carp) (14 cosf)”.

At this point we need to take the finite lifetime of the Z into account.
As usual in quantum mechanics we can regard the width of an unstable
state as an imaginary contribution to its energy, so we can take the width
of the Z into account by replacing myz — myz — il'z/2. This modifies the Z
propagator,

1 1 1
— ~
k?—m?%  k®2—(mz—ilz/2)?  kZ—m%+imzTy

where we assumed the width was small compared to the mass. With this
modification

4 k4
M2 = 2
crer—frfL 16 ((k? —m%)2 + m%I'%

) (CVe—CAe)2(CVf—CAf)2(1—|—COS 9)2 .
Now we can work at resonance and set k2 = m2Z to find

2 B L 2
‘M’efefz—’fﬁtﬁ - 16T% (cve —cae) (cvy —caf)”(1 4 cosb)”.
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2
Plugging this into g—g = gﬁ‘%

section for polarized scattering at the Z pole.

and integrating over angles gives the cross

2
dras,

o ;= ——2(c —cA)Q(c —c )2
erep—fRSL 31‘\22 Ve € Vf Af
The other polarized cross sections are almost identical, one just gets + signs
depending on the spinor chiralities.

2
drar,

2 2

Tefen—foin — @(CW —cae) (cvy +cay)
4ﬂa% 9 )

Ochier—infu = g3, (Ve T cae) (evy = cay)
4ﬂa%

2 2
Oeter—fLfrn = @(Cve +cae) (cvy + cay)

Averaging over initial spins and summing over final spins, the unpolarized
cross section is

2
_ Amay

0 = 72(63/6 + Cie)(cg/f + 6124]”) .
372

Now we can compute the cross section for eTe™ — hadrons by summing
over f =wu,c,d,s,b. Using our result for the Z width we’d estimate

o(ete”™ — hadrons) = 1.1 x 1074 GeV ™2 = 43 nb
which isn’t bad compared to the PDG value op,q = 41.5nb. We can also

estimate the cross section ratio

o(eTe” — hadrons)

olete” — ptpu~)

Recalling that the QED cross section is o(ete™ — utp~) = 4wa?/3s we'd
estimate that near the Z pole

— O;Zmz (cPe + cie) Z (c%/f + cif) ~ 3510
Z f=u,c,d,s,b

which again is pretty close to the observed value (see the plot in chapter |3)).

12.4.3 Higgs production and decay

Finally, a few words on Higgs production and decay. At an eTe™ collider
the simplest production mechanism
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is negligible due to the small electron Yukawa coupling. The dominant
production mechanism is ete™ — Z* — ZH via the diagram

At a hadron collider the main production mechanism is “gluon fusion,” in
which two gluons make a Higgs via a quark loop.

The biggest contribution comes from a loop of top quarks: the enhancement
of the diagram due to the large top Yukawa coupling turns out to win over
the suppression due to the large top mass.

For a light Higgs (meaning mpy < 140 GeV) the most important decay is
H — bb; the b quark is favored since it has the largest Yukawa coupling.

o
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For a heavy Higgs (meaning my > 140 GeV) the decays H — WTW ™~ and
H — ZZ become possible and turn out to be the dominant decay modes.

w’ z

w z

(If mpg < 2my or my < 2my one of the vector bosons is off-shell.) The
nature of the Higgs depends on its mass. A light Higgs is a quite narrow
resonance, but the Higgs width increases rapidly above the W™W ™ thresh-
old.

What might we hope to see at the LHC? For a light Higgs the dominant
bb decay mode is obscured by QCD backgrounds and one has to look for
rare decays. A leading candidate is H — <~ which can occur through
a top quark triangle (similar to the gluon fusion diagrams drawn above)
or through a W loop. Somewhat counter-intuitively it’s easier to find a
heavy Higgs. If my > 2my there are clean signals available, most notably
H—Z7Z — ptpptu.

References

There’s a nice development of the standard model in Quigg, section 6.3 for
leptons and section 7.1 for quarks. Cheng & Li covers the standard model
in section 11.2 and treats quark mixing in section 11.3. Higgs physics and
electroweak symmetry breaking is reviewed in S. Dawson, Introduction to
electroweak symmetry breaking, hep-ph/9901280 and in L. Reina, TASI 200/
lecture notes on Higgs boson physics, hep-ph/0512377. The standard model
is summarized in appendix [E] of these notes.
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From Reina, p. 35:
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FIG. 9: SM Higgs decay branching ratios as a function of Mp. The blue curves represent tree-level
decays into electroweak gauge bosons, the red curves tree level decays into quarks and leptons, the

green curves one-loop decays. From Ref. [6].
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FIG. 10: SM Higgs total decay width as a function of My. From Ref. [6].
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12.1

12.2

The standard model

Exercises

W decay
The W~ can decay to a weak doublet pair of fermions via the
diagram

Use this to compute the total width of the W. How did you do
compared to the observed value 2.085 + 0.042 GeV? A few hints:

e aside from the top quark, it’s okay to neglect fermion masses
e see if you can write your answer in terms of o and sin? 6y, where
at the scale my these quantities have the values

a=1/128 (not 1/137!)
sin? Oy = 0.231

e when summing over quarks in the final state, it helps to remember
that the CKM matrix is unitary, (VVT);; = 6;;

Polarization asymmetry at the Z pole
SLAC studied e"e™ — ff at the Z pole with a polarized e~ beam.
The polarization asymmetry is defined by

Ay = Oleen = I —oleger = £1)
olepe, — If) +oleger — f1)

where the subscripts indicate the helicity of the particles. For sim-

plicity you can neglect the mass of the electron, but you should keep
my # 0.
(i) Write down the amplitude for the basic process

+
€ f
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Exercises 145
(ii) Write down the amplitude when the incoming electron is polar-
ized, either left-handed 7y5u(p1) = —u(p;) or right-handed v°u(p;) =

+u(p1).

(iii) Compute Arp in terms of sin?fy,. You can do this without
using any trace theorems!

(iv) The observed asymmetry in e~ e™ — hadrons is App = 0.1514+
0.002. How well did you do?

Forward-backward asymmetries at the Z pole
Consider unpolarized scattering ete™ — ff near the Z pole. The
diagram is

The forward-backward asymmetry AQB is defined in terms of the
cross sections for forward and backward scattering by

! d
oF = 277/ d(cos @) (J)
0 W) v pf

0 do
oB = 27r/ d(cos 6 <>
—1 ( ) dQ €+€7—>f]?

Al = E" 9B
FB —
OoF +0p

Here 6 is the scattering angle measured in the center of mass frame
between the outgoing fermion f and the incoming positron beam.

(i) Write down the differential cross sections for the polarized pro-
cesses

erer — fLfr

efer — frRIL

eper — fufr

eher — frRIL
You can neglect the masses of the external particles. Also you
don’t need to keep track of any overall normalizations that would
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end up cancelling out of A{;B. Hint: rather than use trace the-
orems, you should use results from our discussion of polarized
scattering eTe”™ — T~ in QED.

(ii) Compute A?B for f =e,pu,7,b,c,s. How well did you do, com-
pared to the particle data book? (See table 10.4 in the section
“Electroweak model and constraints on new physics,” where Aé, B

is denoted Ag?g) )

124 ete” - ZH
Compute the cross section for ete™ — ZH from the diagram

et z

e H

For simplicity you can neglect the electron mass. You should find

2)\1/2 A\ -+ 12m2
o= "% (A 5 mg/s) (1 + (1 — 4 sin? QW)Q)
125(1 —m7/s)

where

- 1_m2Z+m%I 2_4’m22m%[
s s2
125 H— ff,WtW—, ZZ

(i) Compute the partial width for the decay H — ff from the dia-
gram

For leptons you should find
2
i m 3/2
T(H — f]) = —4— (m3 — 4m?)"

87Tm§{v

while for quarks the color sum enhances the width by a factor of
three.
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(i) Compute the partial widths for the decays H — WTW ™~ and
H — ZZ from the diagrams

+

w Z

The Feynman rules are in appendix [E] You should find

3
-y — _MH _ 12 (1 3
'H—-W"™W™) 1602 (1—rw) (1 rw + 4TW>
[(H — Z2) iy (=) V2 (1 =1y + 202
— = — — —
32m2 2 "z Yz

where ry = 4m¥, /m? and rz = 4m%/m%.

(iii) Show that a heavy Higgs particle will decay predominantly to
longitudinally-polarized vector bosons. That is, show that for
large mp the total width of the Higgs is dominated by H —
WZF W, and H — ZpZy. You can base your considerations on
the diagrams in parts (i) and (ii).

126 H —gg

The Higgs can decay to a pair of gluons. The leading contribution
comes from a top quark loop.

For mp < m; this process can be captured by a low-energy effective

vb
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Lagrangian with an interaction term
1
Lint = §AHT1" (G G"). (12.4)

Here A is a coupling constant, H is the Higgs field, and G, is the
gluon field strength. The corresponding interaction vertex is

pa

—i A5 (ky - kogh — kVEL)

(i) Write down the amplitude for the two triangle diagrams. No
need to evaluate traces or loop integrals at this stage.
(ii) Set ¢ = 0 so that k; = —ka = k and show that

,,,,,,, _|_ e — -
\/iamt

Here )\; is the top quark Yukawa coupling and m; is the top quark
mass. Is there a simple reason you’d expect such a relation to
hold?

(iii) Use the results from appendix [C| to show that the vacuum po-
larization diagram is equal to

2 5 eub 9 / d*p 1 1 A
——g° 0" (gM ke —EkPEY — +O(k%).
39 (9 ) (2m)* (p? — m?)2 (p? — M2)2 ()

Here we’re doing a Taylor series expansion in the external momen-
tum k, and M is a Pauli-Villars regulator mass. (Alternatively you
could work with a momentum cutoff A and send A — oc.) Use
this to compute the amplitude for H — gg at ¢ = 0. Match to
the amplitude you get from the effective field theory vertex and
determine the coupling A.

(iv) Use the effective Lagrangian to compute the partial width for

the decay H — gg. You should work on-shell, with ¢% = m%{



FExercises 149

Express your answer in terms of «y, the Higgs mass myr, and the
Higgs vev v.

A few comments: the effective Lagrangian can also be used
to describe the “gluon fusion” process gg — H which is the main
mechanism for producing the Higgs boson at a hadron collider. Note
that the width we’ve obtained is independent of the top mass. In
fact the calculation is valid in the limit m; — oo. This violates the
decoupling of heavy particles mentioned at the end of problem [C:2]
The reason is that large m; indeed suppresses the loop, but large A;
enhances the vertex, and these competing effects leave a finite result
in the limit m; ~ \; — oo.
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Symmetries have played a crucial role in our construction of the standard
model. So far by a symmetry we’ve meant a transformation of the fields
that leaves the Lagrangian invariant. This was our definition of a symme-
try in chapter Although perfectly sensible in classical field theory, this
definition misses a key aspect of the quantum theory, namely that quan-
tum field theory requires both a Lagrangian and a cutoff procedure to be
well-defined. It could be that symmetries of the Lagrangian are violated
by the cutoff procedure. Sometimes such violations are inevitable, in which
case the symmetry is said to be anomalous. The prototype for this sort of
phenomenon is the “chiral anomaly:” the breakdown of gauge invariance in
chiral spinor electrodynamics.

13.1 The chiral anomaly

Consider a free massless chiral fermion, either right- or left-handed. We
will describe it using a Dirac spinor 3 with either the top two or bottom
two components of ¢ vanishing. The free Lagrangian £ = &iv“@mﬁ has an
obvious U(1) symmetry 1) — e~ ‘). The corresponding Noether current
j* = 9y is classically conserved; one can easily check that the Dirac
equation @ = 0 implies 9,,j* = 0. Following the standard procedure you
might think we can gauge this symmetry, introducing a vector field 4, and
a covariant derivative to obtain a theory

L =iy (0, +ieQA,) Y (13.1)
which is invariant under position-dependent gauge transformations
P — e eQ(2)y, Ay — A+ 0,0
As usual, Q is the charge of the field measured in units of e = v/4ma.

150
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It might seem we’ve described one of the simplest gauge theories imag-
inable — massless chiral spinor electrodynamics. The classical Lagrangian
is certainly gauge invariant. But as we’ll show, gauge invariance is
spoiled by radiative corrections at the one loop level. This phenomenon is
variously known as the chiral, triangle, or ABJ anomaly, after its discoverers
Adler, Bell and Jackiwl[j]

Before discussing the breakdown of gauge invariance, it’s important to
realize that we’re going to use the vector field in two different ways.

(i) We might regard A,, as a classical background field. In this case the
vector field has no dynamics of its own; rather it’s value is prescribed
externally to the system by some agent. We can then use A, to probe
the behavior of the system. For example, we can obtain the current
j* = 1py"1) by varying the action with respect to the vector field.

. 1 45

(ii) We might try to promote A, to a dynamical field, adding a Maxwell

(13.2)

term to the action and giving it a life (or at least, equations of motion)
of its own.

Given the breakdown of gauge invariance, the second possibility cannot be
realized.

13.1.1 Triangle diagram and shifts of integration variables

We now turn to the breakdown of gauge invariance. The problem with gauge
invariance is rather subtle and unexpected (hence the name anomaly): it
arises in, and only in, the one-loop triangle graph for three photon scattering.
The Lagrangian corresponds to a vertex

—ieQY'5(1+7°)

There’s a projection operator in the vertex to enforce that only a single
spinor chirality participates. Throughout this chapter the upper sign corre-
sponds to a right-handed spinor, the lower sign to left-handed. This vertex
leads to three photon scattering at one loop via the diagrams

t S. Adler, Phys. Rev. 177 (1969) 2426, J. Bell and R. Jackiw, Nuovo Cim. 60A (1969) 47.
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crossed diagram
(k27 V) A (k37 )‘)

The scattering amplitude is easy to write down.

1

§ i i
“iMpn = (1) [ {cieQu (- ieug(— i@ s 207

] 1

) 1 ) . 1
T {—zeQwM( —ieQu)(~ieQu) o S0k ) Js3)

All external momenta are directed inward, with ki1 + ko + k3 = 0. Also we
combined the projection operators in each vertex into a single %(1 + ~9)
which enforces the fact that only a single spinor chirality circulates in the
loop.

What properties do we expect of this amplitude?

(i) Current conservation at each vertex, or equivalently gauge invariance.
This implies that photons with polarization vectors proportional to
their momentum should decouple,

KMy = ks Myun = k3 M, = 0.

(ii) Bose statistics. Photons have spin 1, so the amplitude should be
invariant under permutations of the external lines.

There’s a simple argument which seems to show that Bose symmetry is
satisfied. Invariance under exchange (k2,v) < (k3, A) is manifest; given our
labelings it just corresponds to exchanging the two diagrams. However we
should check invariance under exchange of say (k1, ) with (k2,r). Making

this exchange in ([13.3]) we get
. d*p : i : i, i1
_ZMV/J)\ = (_1)/ (271')4 Tr {_ZGQ’YVM( - ZeQ’YM)Z}( - /LeQ/y)\)ﬁ_ ]7/(3 5
1

r ¢ —ie o —ie i —ie 1 >
#10 {—ieQu = (—ie@m) 5~ Q) 3147

ﬂivﬁ}
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Shifting the integration variable p* — pt + k% in the first line, and p* —
pt — K% in the second, and making some cyclic permutations inside the trace,
we seem to recover our original expression ([13.3)).

There’s a similar argument for current conservation. Let’s check whether
Ky M = 0. Dotting the amplitude into &} and using the trivial identities

fi=v9- ]7‘(3 —(P+¥,) in the first line
Ky=9p—H,— W+ /753) in the second (13.4)

we obtain
d'p 1 1 1 1 1 1
— ik My = —63Q3/ Tr Y- s(1F) = ——n-n=1F+%
e (2m)* {zﬂ% P2 Pl @2

1 1 1 1 1 1
+}7nmw 5(1 F9°) - 5’}@@7}\ 5(1 F 75)}

After shifting p — p— ko in the first term, it seems the first and fourth terms
cancel. Likewise after shifting p — p + k3 in the second term, it seems the
second and third terms cancel.

This makes it seem we have both current conservation and Bose statistics.
However our arguments relied on shifting the loop momentum and — this is
the subtle point — one can’t necessarily shift the integration Var%lable in a
divergent integral. To see this consider a generic loop integral [ (371)74 f(pH*+
at). Suppose we expand the integrand in a Taylor series.

4 4
/ (gﬂ']))4 F" +at) = / (;iﬂ]; f(p) +a"0uf(p) + %a“a”@u&,f(p) I

If the integral converges, or is at most log divergent, then f(p) falls off
rapidly enough at large p that we can drop total derivatives. This is the
usual situation, and corresponds to the fact that usually the integral is
independent of a*. But if the integral diverges we need to have a cutoff in
mind, say a cutoff on the magnitude of the Euclidean 4-momentum |pg| < A.
For linearly divergent integrals f(p) ~ 1/p® and the order a term in the
Taylor series generates a finite surface term. This invalidates the naive
arguments for Bose symmetry and current conservation given above.

For future reference it’s useful to be explicit about the value of the surface
term. For a linearly divergent integral

d4p w . . d4pE i 0
/ i @) = i /|pE|<A o e )
A aQ o
s 3 Y
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Q)
= —iak, / @)t pEPYf (pE)

pe=A
. .. 2
= —zafé@ pélgl()o(pEp%f(pE))
N S 2
= —za"@plggo@ puf(p)) (13.5)

In the first line we Wick rotated to Euclidean space. In the second line
we switched to spherical coordinates. In the third line we did the radial
integral, picking up a unit outward normal vector p%/pg. In the fourth
line we rewrote the angular integral as an average over a unit 3-sphere with
“area” 272 and took the limit A — oco. In the last line we rotated back
to Minkowski space; the angle brackets now indicate an average over the
Lorentz group.

13.1.2 Triangle diagram redux

Now that we’ve understood the potential difficulty, let’s return to the trian-
gle diagrams. Rather than study the violation of Bose symmetry in detail,
we’re simply going to demand that the scattering amplitude be symmetric.
The most straightforward way to do this is to define the scattering ampli-
tude to be given by averaging over all permutations of the external lines.
Equivalently, we average over cyclic permutations of the internal momentum
routing. That is, we define the Bose-symmetrized amplitude

e < oy s

+ crossed dlagrams

Explicitly this gives

. ) (Symm dp 1 1 1 1 1 1
MY _ 303 T{ Z, 5 = 5
s R T e e R e A i e
U L o ls 1 1 IR
R A A R R N R
USRS SRS S SR 1 15}
R N i S S R e
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Here we’ve used the fact that only terms involving v° contribute to the scat-
tering amplitudelf] The amplitude is divergent; to regulate it we’ll impose a
cutoff on the Euclidean loop momentum [pg| < A.

Having enforced Bose symmetry, let’s check current conservation by dot-
ting this amplitude into kY. Using identities similar to (13.4)) to cancel the
propagators adjacent to ¥, it turns out that most terms cancel, leaving only

. symm 1 p 1 1 1 1
— kP MY — 3 3 ’I‘I‘{ » y 5
L Q/< ) zzf+l%27;¢ W” PE AL

1 5 1 5}
+ gl MY — gl INY
P ”zzf+l¢3 ¢_1¢3 P
Shifting p — p + ko — k1 in the second term it seems to cancel the first,
and shifting p — p+ k3 — k1 in the fourth term it seems to cancel the third.

This naive cancellation means the whole expression is given just by a surface
term.

. 1 dp 0 1 1
— ik M = j: e3 3/ kS — k) —Tr { v 5}
1 UUA Q ( 7'[') ( 2 1 )apa 357 Zj + ]¢3 INY

+ (kg — k) 88aT {ﬁj%%;ﬂw"’}

Using our result for the surface term (13.5)), evaluating the Dirac traces
with Tr ( ’yﬁ'y%y 0% ) = 4i¢*P and averaging over the Lorentz group with
(Paps) = 3 gag p? we are left with a finite, non-zero, “anomalous” result.

33

. mm € Q
- zklltM;Sj,};/)\ = :':12 2

Current conservation is violated by the triangle diagrams!

eu)\aﬁkz kﬁ (136)

13.1.83 Comments

This breakdown of current conservation is quite remarkable, and there’s
quite a bit to say about it. Let me start by giving a few different ways to
formulate the result.

(i) One could imagine writing down an effective action for the vector field
I'[A] which incorporates the effect of fermion loops. The amplitude
+ Terms without a v® would describe three photon scattering in ordinary QED. But in ordinary

QED the photon is odd under charge conjugation and the amplitude for three photon scattering
vanishes (Furry’s theorem).



156 Anomalies

we’ve computed corresponds to the following rather peculiar-looking
term in the effective action.

33
Al =--- &+ 4 iy €9
4] /dwdy%w?

OpA* () O (2 — ) €7 FapFls(y)
(13.7)
Here O0~!(z — y) should be thought of as a Green’s function, the

inverse of the operator d,0", and Fz is the field strength of A,. To
verify this, note that the term we’ve written down in I'[A] corresponds

to a 3-photon vertex

63 Q3

1
x?ﬂ <k1u€uAaﬁk3k§ + cyclic perms>

i

When dotted into one of the external momenta, this amplitude re-

produces ([13.6)).

(ii) One can view the anomaly as a violation of current conservation.
Without making A, dynamical, we can regard it as an externally
prescribed background field, and we can use it to define a quantum-

corrected current via j* = —%% (this parallels the classical current

definition (13.2))). Given the term (13.7)) in the effective action, the
quantum-corrected current satisfies
1 or e2Q?

- S
eQ "0A, 9672

PVF,5F.s. (13.8)

(iii) One can also view the anomaly as a breakdown of gauge invariance.
Clearly the effective action isn’t gauge invariant. This means
the gauge invariance of the classical Lagrangian is violated by radia-
tive corrections. Since the gauge invariance is broken, it would not
be consistent to promote A, to a dynamical gauge field.

There’s a connection between current conservation and gauge invariance:
the divergence of the current measures the response of the effective action
to a gauge transformation. To see this note that under A, — A, + 0, we
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have

or or
5F:/d4x ﬁaua: —/d4x8M5Aa:eQ/d4x8Mj“a. (13.9)
1 1

Next let me make a few comments on how robust our results are.

(i) Due to the 1/0, the effective action we’ve written down is non-local
(it can’t be written with a single [d*z). Although seemingly ob-
scure, this is actually a very important point. Imagine modifying
the behavior of our theory at short distances while keeping the long-
distance behavior the same. To be concrete you could imagine that
some new heavy particles, or even quantum gravity effects, become
important at short distances. By definition such short-distance mod-
ifications can only affect local terms in the effective action. Since the
term we wrote down is non-local, the anomaly is independent of any
short-distance change in the dynamics!

(ii) As we saw, the anomaly arises from the need to introduce an ultra-
violet regulator, which can be thought of as an ad hoc short-distance
modification to the dynamics. But given our statements above, the
details of the regulator don’t matter — any cutoff procedure will give
the same result for the anomaly! (See however section [13.2])

(iii) The anomaly we’ve computed at one loop is not corrected by higher
orders in perturbation theory. Our result for the divergence of the
current (13.8)) is exact! This is known as the Adler-Bardeen theoremj]
The proof is based on showing that only the triangle diagram has the
divergence structure necessary for generating an anomaly.

It’s worth amplifying on the cutoff dependence. Field theory requires both
an underlying Lagrangian and a cutoff scheme. A symmetry of the La-
grangian will be a symmetry of the effective action provided the symmetry is
respected by the cutoff. Otherwise symmetry-breaking terms will be gener-
ated in the effective action. We saw an example of this in appendix[C] where
we used a momentum cutoff to compute the vacuum polarization diagram
and found that an explicit photon mass term was generated. It could be that
the symmetry breaking terms are local, as in appendix [C] in which case they
can be canceled by adding suitable “local counterterms” to the underlying
action. Alternatively one could avoid generating the non-invariant terms in
the first place by using a cutoff that respects the symmetry. But it could be
that the symmetry-breaking terms in the effective action are non-local, as

t S. Adler and W. Bardeen, Phys. Rev. 182 (1969) 1517.
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we found above for the anomaly. In this case no change in cutoff can restore
the symmetry.

13.1.4 Generalizations

There are a few important generalizations of the triangle anomaly. First
let’s consider non-abelian symmetries. Take a chiral fermion, either right-
or left-handed, in some representation of the symmetry group. Let T be a
set of Hermitian generators. The label a could refer to global as well as to
gauge symmetries. The current of interest is promoted to

= Py

and the vertex becomes

—igyPT5(1 £ ~°)

We’re denoting the gauge coupling by g. The triangle graph can be evaluated
just as in the abelian case and gives

2
- a g aoc C C 3
9,51 = i967r2d be o 3y6 <8aA% _ agAf;) (0, A5 — 85A7) triangle only

where ¢ = LTy (T%{T® T¢}). However for non-abelian symmetries the
triangle graph isn’t the end of the story: square and pentagon diagrams also
contribute. If T generates a global symmetry, while 7% and T are gauge
generators, then the full form of the anomalous divergence is easy to guess.
We just promote the triangle result to the following gauge invariant form.

2
auj,u,a _ i#dabceaﬁ’ﬁFgﬁF’% global (1310)

If T* is one of the gauge generators then the full form of the anomaly is
somewhat more involved. It turns out that the current is not covariantly
conserved, but rather satisfies

2 1
Dyt = 109, (A, a5+ Lar Al

where the structure constants of the group fo¢ are defined by [T%, T?] =
if®eTe. In any case note that the anomaly is proportional to d*c.
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One can also get an anomaly from a triangle graph with one photon and
two gravitons.

graviton

Ay + crossed diagram

graviton

The photon couples to the current j* = ¢y*1p. With a chiral fermion
running in the loop, this diagram generates an anomalous divergence
) 1
0" =E g g e Raporfins””

where Rop,s is the Riemann curvature[f]

13.2 Gauge anomalies

In order to gauge a symmetry we must have a valid global symmetry to
begin with. To see how this might be achieved suppose we have two spinors,
one right-handed and one left-handed. Assembling them into a Dirac spinor
1, the currents

. 1 ) 1
Jr =975+ Jp ==
have anomalous divergences
62Q2 €2Q2
Byé Byo
96?60‘ v R 96?601 v LaﬁLfyg. (1311)

Here R, and L, are background vector fields which couple to the chiral
components of 1, and quantities with two indices are the corresponding field
strengths. Note that we’ve taken the right- and left-handed components of
1) to have the same charge. The vector and axial currents

3" = Jg 5L = oy 3" = g = 1 = 9y

+ More precisely: in curved space the Dirac Lagrangian is £ = iy* (Ou + %wﬂbEab)w where wfbb

8uj1/f2 = aﬁRvé 8#% ==

is the spin conection and X, = i['ya, ~p] are Lorentz generators. For a chiral fermion the Aww

triangle graphs give 9,7+ = 189%# eo‘ﬁ“/‘s(&awgb — 85wgb)(67w5ab — Osw~qp) Which can be

promoted to the generally-covariant form V,j* = £ 8'913”2 e"‘ﬂ“/‘;Raﬂ[,.,R.y(g”T.
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couple to the linear combinations

1 1
V, :i(Ru"i'Lu) Auzi(Ru_Lu)-
As a consequence of (13.11]) these currents have divergences
22
. € Q 5
OH]M = mfaﬁv V(XﬂA’yé

U5 eQ° .ps

8ﬂj = @6 (Va5V7§ + Aa,@A'y(;) .

At first sight this seems no better than having a single chiral spinor. But

consider adding the following local term to the effective action for V,, and

A
663Q3
672

Here c is an arbitrary constant. This term violates both vector and axial

AS = d*z P°9, V5V, A

gauge invariance, so it contributes to the divergences of the corresponding

currents.
, 1 . 6(AS) ce?Q?
[ e p— - _ apfys
A(0u5") ch’)u 5, Y € VagAqs
_ 1, 0(AS) ce?Q?
HhY — _ = afvd
A(@M] ) eQau 5Au + 212 € VasgVis -

So if we add this term to the effective action and set ¢ = 1, we have a
conserved vector current but an anomalous axial current.
212
. ) e“Q 1
Ot = 8%7#5 — @eaﬁ“ﬂs <Va/6V'y§ + 3AaﬁA75> (13.12)

Given the conserved vector current we can add a Maxwell term to the action
and promote V), to a dynamical gauge field. The resulting theory is ordinary
QEDF

QED is a simple example of gauge anomaly cancellation: the field con-
tent is adjusted so that the gauge anomalies cancel (that is, so that the
effective action is gauge invariant). A similar cancellation takes place in
any “vector-like” theory in which the right- and left-handed fermions have
the same gauge quantum numbers. Anomaly cancellation in the standard
model is more intricate because the standard model is a chiral theory: the
left- and right-handed fermions have different gauge quantum numbers. In
t To make V), dynamical the choice ¢ = 1 is mandatory and we have to live with the resulting

anomalous divergence in the axial current. If we don’t make V), dynamical then other choices
for ¢ are possible. This freedom corresponds to the freedom to use different cutoff procedures.
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the standard model there are ten possible gauge anomalies, plus a gravita-
tional anomaly, and we just have to check them all.

First let’s consider the U(1)? anomaly. A triangle diagram with three
external U(1)y gauge bosons is proportional to +£Y?3, where Y is the hyper-
charge of the fermion that circulates in the loop and the sign depends on
whether the fermion is right- or left-handed. For the anomaly to cancel this
must vanish when summed over all standard model fermions. For a single
generation we have

Y = (1P (-1)*+3-(1/3° +3-(1/3)® = —16/9
loft —— = = Y

vy er ur, dr,
DY = (<2843 (4/3)°+3-(-2/3)° = ~16/9
right d

€R UR R

The U(1)? anomaly cancels! Note that three quark colors are required for
this to work.

The full set of anomaly cancellation conditions are listed in the table.
In general one has to show that the anomaly coefficient d*¢ vanishes when
appropriately summed over standard model fermions. In some cases the con-
dition is rather trivial, since the SU(2)., generators T¢ = 30 and SU(3)c
generators T2 = %)\“ are both traceless (I'm being sloppy and using a to
denote a generic group index). A few details: for the U(1)SU(2)? anomaly
right-handed fermions don’t contribute, while Tr 0%¢® = 2§% is the same for
every left-handed fermion, so we just get a condition on the sum of the left-
handed hypercharges. Similarly for the U(1)SU(3)? anomaly leptons don’t
contribute, while Tr A*\? = 2% for every quark, so we just get a condition
on the quark hypercharges.

Remarkably all conditions in the table are satisfied: the fermion content of
the standard model is such that all potential gauge anomalies cancel. This
cancellation provides some rational for the peculiar hypercharge assignments
in the standard model. It’s curious that both quarks and leptons are required
for anomaly cancellation to work. However the anomalies cancel within each
generation, so this provides no insight into Rabi’s puzzle of who ordered the
second generation.

13.3 Global anomalies

Gauge anomalies must cancel for a theory to be consistent. However anoma-
lies in global symmetries are perfectly permissible, and indeed can have
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anomaly cancellation condition

U(1)? 2 left V= Zright Y

U(1)2SU(2) Tro® =0

U(1)2SU(3) TrA*=0

U(1)SU(2)? Dleft Y =

U(1)SU(2)SU((3) Tro*=TrA*=0

U(1)su(3)? Zleft quarks V= Zright quarks v
SU(2)3 Tr (0%{c® 0¢}) = @) 26% =0
SU(2)2SU(3) TrA*=0

SU(2)SU(3)? Tro® =0

SU(3)3 vector-like (left- and right-handed

quarks in same representation)

U(1) (gravity)?  Yjeft ¥V = Lright ¥

important physical consequences. To illustrate this I'll discuss global sym-
metries of the quark model. We’ll encounter another example in section
when we discuss baryon and lepton number conservation.

Recall the quark model symmetries discussed in chapter [6f With two
flavors of massless quarks ¢ = () we’d expect an SU(2) x SU(2)g chiral
symmetry. Taking vector and axial combinations, the associated conserved
currents are

1

pa QZJ'Y'LLTaw ,u5a w,}/ ,YSTaw T — 50_11 .

To couple the quark model to electromagnetism we introduce the generator
of U(1)em which is just a matrix with quark charges along the diagonal.

= (% )

However generalizing ((13.12)) to non-Abelian symmetries, along the lines of
(13.10)), we see that there is an SU(2)4U(1)2,, anomaly.
o uba Ne 6 Ta aﬂ'yéF F

pd"™ = o7 ( Q%) gl
Here N. = 3 is the number of colors of quarks that run in the loop and Fig
is the electromagnetic field strength. The anomaly is non-vanishing for the
neutral pion (e = 3). As you’ll show on the homework, this is responsible
for the decay 70 — .

The anomaly also lets us address a puzzle from chapter[6] With two flavors
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of massless quarks the symmetry is really U(2), xU(2)g. The extra diagonal
U(1)y corresponds to conservation of baryon number. But what about the
extra U(1)47 It’s not a manifest symmetry of the particle spectrum, since
the charge associated with U(1)4 would change the parity of any state it
acted on and there are no even-parity scalars degenerate with the pions. Nor
does U(1)4 seem to be spontaneously broken. The only obvious candidate
for a Goldstone boson, the 7, has a mass of 548 MeV and is too heavy to be
regarded as a sort of “fourth pion.”[j]

The following observation helps resolve the puzzle: the current associated
with the U(1)4 symmetry, j*° = 1)y#~%¢, has a triangle anomaly with two
outgoing gluons.

S _ M

w162

Here G, is the gluon field strength and Ny = 2 is the number of quark
flavors. Since U(1)4 is not a symmetry of the quantum theory it would

0Ty (Ga,@ G'y§>

seem there is no need for a corresponding Goldstone boson. There are twists
and turns in trying to make this argument precise, but in a weak-coupling
expansion 't Hooft showed that the anomaly combined with topologically
non-trivial gauge fields eliminates the need for a Goldstone boson associated
with U (1) A-

References

Many classic papers on anomalies are reprinted in S.B. Treiman, R. Jackiw,
B. Zumino and E. Witten, Current algebra and anomalies (Princeton, 1985).
A textbook has been devoted to the subject: R. Bertlmann, Anomalies in
quantum field theory (Oxford, 1996). The anomaly was discovered in studies
of the decay 7° — ~v by S. Adler, Phys. Rev. 177 (1969) 2426 and by J. Bell
and R. Jackiw, Nuovo Cim. 60A (1969) 47. The fact that the anomaly re-
ceives no radiative corrections was established by S. Adler and W. Bardeen,
Phys. Rev. 182 (1969) 1517. The non-abelian anomaly was evaluated by
W. Bardeen, Phys. Rev. 184 (1969) 1848. Gravitational anomalies were
studied by L. Alvarez-Gaumé and E. Witten, Nucl. Phys. B234 (1983) 269.
A thorough discussion of anomaly cancellation can be found in Weinberg
section 22.4. The role of the anomaly in resolving the U(1)4 puzzle was
emphasized by G. 't Hooft, Phys. Rev. Lett. 37 (1976) 8. Topologically

t This objection can be made precise, see Weinberg section 19.10. A similar puzzle arises with
three flavors of light quarks, where the 7’ with a mass of 958 MeV is too heavy to be grouped
with members of the pseudoscalar meson octet.



164 Anomalies

non-trivial gauge fields play a crucial role in t Hooft’s analysis, as reviewed
by S. Coleman, Aspects of Symmetry (Cambridge, 1985) chapter 7. A sober
assessment of the status of the U(1)4 puzzle can be found in Donoghue
section VII-4.

WESS-ZUMINO TERMS. The anomalous interactions of Goldstone bosons
are described by so-called Wess-Zumino terms in the effective action. The
structure of these terms was elucidated by E. Witten, Nucl. Phys. B223
(1983) 422; for a path integral derivation see Donoghue section VII-3. For
applications to 70 — 47 see problem and Donoghue section VI-5.

REAL REPRESENTATIONS AND SAFE GROUPS. Consider a group G and a
representation D(g) = 7", g € G. To have a unitary representation,
DD = 1, the generators T must be Hermitean. If we further require
that the representation be real, D = D*, then the generators 7' must be

imaginary and antisymmetric. For a real representation
Te T*T*T¢ = Tr (T°T*T¢)" = —Tx T°T°T* = —Tr T°T°T"
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Exercises

131 79—y
Recall that at low energies pions are described by the effective
Lagrangian

L= % 721 (9,00

where fr = 93MeV and U = €/™9//~ is an SU(2) matrix. This
action has an SU(2)f x SU(2)g symmetry U — LURT.

(i) Consider an infinitesimal SU(2) 4 transformation for which

L~1—i0%"/2 R~1+i0%%/2.
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How do the pion fields 7® behave under this transformation? How
does the effective action I behave under this transformation? Hint:
plug the divergence of the axial current into . You
only need to keep track of terms involving two photons.

(ii) Show that the anomaly can be taken into account by adding the

following term to the effective Lagrangian.
1
AL = gaw?’eGWFang (13.13)

Determine the constant a by matching to your results in part (i).
(iii) The anomalous term in the effective action corresponds to a

vertex
k
YN
m® iaew,agk?kg
k\2\ )

Use this to compute the width for the decay 7° — ~vv. How did
you do compared to the observed width 7.7 £ 0.5eV?

A few comments on the calculation:

e Note that the 7° width is proportional to the number of quark
colors.

e The anomaly dominates 7° decay because it induces a direct (non-
derivative) coupling between the pion field and two Maxwell field
strengths. Without the anomaly the pion would be a genuine
Goldstone boson, with a shift symmetry 7% — 7% + 0% that only
allows for derivative couplings. The decay would then proceed via
a term in the effective action of the form 8“8"7r3e°‘[575Fa5F75. As
discussed by Weinberg p. 361 this would suppress the decay rate
by an additional factor ~ (m,/47nf;)%, where 47 f; ~ 1GeV is
the scale associated with chiral perturbation theory introduced on
p- 80.

e As discussed in the references, the term in the effective
action can be extended to a so-called Wess-Zumino term which
fully incorporates the effects of the anomaly in the low energy
dynamics of Goldstone bosons.
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13.2

Anomalies

Anomalous U(1)’s

In QED the gauge anomaly cancels between the left- and right-
handed components of the electron. There’s another way to cancel
anomalies in U(1) gauge theories, discovered by Green and Schwarz
in the context of string theory. Consider an abelian gauge field A,
coupled to a chiral fermion, either left- or right-handed, so that the
effective action has the anomalous gauge variation (13.8]) and (13.9).
Introduce a scalar field ¢ which shifts under gauge transformations:

¢ — ¢ — K when Ay — A+ 0,0
Here & is a parameter with units of mass.

(i) Add the following higher-dimension term to the action.

e303

9672k

Show that under a gauge transformation the variation of AS ex-

AS =+ PP E,5F. s

actly cancels the anomalous variation of the effective action due
to the triangle graph.

(ii) Potential terms for ¢ are ruled out by the shift symmetry. Add a
kinetic term for ¢ to the action, %Duqu“gb where D, is a suitable
covariant derivative. Go to unitary gauge by setting ¢ = 0 and
determine the mass spectrum of the theory.
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Additional topics

There are a few more features of the standard model I'd like to touch on
before concluding. Each of these topics could be developed in much more
detail. Some aspects are discussed in the homework; for further reading see
the references.

14.1 High energy behavior

In section [0.4] we showed that the IVB theory of weak interactions suffers
from bad high-energy behavior: although the IVB cross section for inverse
muon decay is acceptable, the cross section for ete™ — WTW ™ is in conflict
with unitarity. We went on to construct the standard model as a sponta-
neously broken gauge theory, claiming that this would guarantee good high
energy behavior. Here I'll give some evidence to support this claim. Rather
than give a general proof of unitarity, I'll proceed by way of two examples.

Our first example is ete™ — WTW ™. In the standard model, provided
one neglects the electron mass, there are three diagrams that contribute.

+ — + —

w w w w
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The first diagram, involving neutrino exchange, was studied in section [9.4]in
the context of IVB theory. The other two diagrams, involving photon and Z
exchange, are new features of the standard model. Each of these diagrams
individually gives an amplitude that grows linearly with s at high energy.
But the leading behavior cancels when the diagrams are added: the sum is
independent of s in the high-energy limit, as required by unitarity. While
theoretically satisfying, this cross section has also been measured at LEP.
As can be seen in Fig. the predictions of the standard model are borne
out. This measurement can be regarded as a direct test of the ZWW and
YWW couplings. It shows that the weak interactions really are described
by a non-abelian gauge theory!

The story becomes theoretically more interesting if we keep track of the
electron mass. Then the diagrams above have subleading behavior ~ m,s'/2
which does not cancel in the sum. Fortunately in the standard model there is
an additional diagram involving Higgs exchange which contributes precisely
when m, # 0.

This diagram precisely cancels the s'/2 growth of the amplitude. The Higgs
particle is necessary for unitarity! Unfortunately the electron mass is so
small that we can’t see the contribution of this diagram at LEP energies.

Another process, more interesting from a theoretical point of view but less
accessible to experiment, is scattering of longitudinally-polarized W bosons,
WZF W, — W; W . In the standard model the tree-level amplitude for this
process has the high-energy behavioif]

M—m%< s 4t > (14.1)

2 \ . _ 2 2
vsmHth

t M. Duncan, G. Kane and W. Repko, Nucl. Phys. B272 (1986) 517.
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Fig. 14.1. The cross section for eTe™ — WTW ™ as measured at LEP. Data points
and error bars are indicated. The solid blue curve is the standard model prediction.
The dotted curves show what happens if the contributions of the v and Z bosons
are neglected. From the LEP electroweak working group, via C. Quigg arXiv:hep-

ph/0502252.

To see the consequences of this result, it’s useful to think about it in two

different ways.

First way: suppose we require that the tree-level result (14.1) be com-
patible with unitarity at arbitrarily high energies. To study this we send
s,t — oo and find M ~ 2m?,/v?. The unitarity bound on an s-wave cross-

section o < 47 /s translates into a bound on the corresponding amplitude,
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|Mo| < 8. Imposing this requirement gives an upper bound on the Higgs
mass,

mpy < Vamv =870 GeV . (14.2)

If the Higgs mass satisfies this bound the standard model could in principle
be extrapolated to arbitrarily high energies while remaining weakly coupled.
Of course this may not be a sensible requirement to impose; if nothing else
gravity should kick in at the Planck scale.

Second way: let’s discard the physical Higgs particle by sending mz — oo,
and ask if anything goes wrong with the standard model. At large Higgs
mass the amplitude ((14.1) becomes

M~ —1)1—2(5 +1) == (1-sin?(0/2) .

The s-wave amplitude is given by averaging this over scattering angles,

1 ]

MO—M/dQM——M.
The unitarity bound |[Mg| < 87 then implies /s < v/16mv = 1.7 TeV. That
is, throwing out the standard model Higgs particle means that tree-level
unitarity is violated at the TeV scale. Something must kick in before this
energy scale in order to make W — W scattering compatible with unitarity.
This is good news for the LHC: at the TeV scale either the standard model
Higgs will be found, or some other new particles will be discovered, or at
the very least strong-coupling effects will set in. However we should keep in
mind that the LHC can’t directly study W — W scattering, and unitarity
bounds in other channels are weaker.

14.2 Baryon and lepton number conservation

We constructed the standard model by postulating a set of fields and writing
down the most general gauge-invariant Lagrangian. However we only con-
sidered operators with mass dimension up to 4. One might argue that this
is necessary for renormalizability, however there’s no real reason to insist
that the standard model be renormalizable. A better argument for stopping
at dimension 4 is that any higher dimension operators we might add will
have a negligible effect at low energies, provided they’re suppressed by a
sufficiently large mass scale.

Stopping with dimension-4 operators does have a remarkable consequence:



14.2 Baryon and lepton number conservation 171

the standard model Lagrangian is invariant under U(1) symmetries corre-
sponding to conservation of baryon and lepton number, as well as to conser-
vation of the individual lepton flavors L., L, L. Note that we never had to
postulate any of these conservation laws, rather they arise as a by-product
of the field content of the standard model and the fact that we stopped at
dimension 4. Such symmetries, which arise only because one restricts to
renormalizable theories, are known as “accidental symmetries.”

These accidental symmetries of the standard model are phenomenologi-
cally desirable, of course, but there’s no reason to think they’re fundamental.
There are two aspects to this.

(i) It’s natural to imagine adding higher-dimension operators to the stan-
dard model, perhaps to reflect the effects of some underlying short-
distance physics. There’s no reason to expect these higher-dimension
operators to respect conservation of baryon or lepton number.

(ii) The accidental symmetries of the dimension-4 Lagrangian lead to
classical conservation of baryon and lepton number. However there’s
no reason to expect that these conservation laws are respected by the
quantum theory — there could be an anomaly.

We'll see an explicit example of lepton number violation by higher dimension
operators when we discuss neutrino masses in the next section. So let me
focus on the second possibility, and show that the baryon and lepton number
currents in the standard model indeed have anomalies.

To set up the problem, recall that the baryon number current j/ is one
third of the quark number current. It can be written as a sum of left- and
right-handed pieces.

4 1 - _ 7
b= 3 Z (QV" Qi + Uriv"uri + driv"dgi)

7

Here Q; contains the left-handed quarks and ¢ = 1,2, 3 is a generation index.
There are also individual lepton flavor numbers, as well as the total lepton
number, corresponding to currents

jZi = L Li + epi*er; jﬁ = Z]i
i

These currents have anomalies with electroweak gauge bosons. Making use
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of the anomaly ([13.10]), the baryon number current has a divergence

POy (WosWss)

o 1 2 2 (g,/2)2 alyd
Ouity = NNy | (3o Y2 =30 v?) P10 p, 4B

2 2
3 right left 96 96

(14.3)
where N, = 3 is the number of colors, N, = 3 is the number of generations,
and the hypercharges of a single generation of quarks contribute a factor

2 2 2 2 2 _
vP-Y vi= 4/3 +(=2/3)2—(1/3)2 = (1/3)* =2

right left UR dp wr, dy,

Likewise the individual lepton number currents have anomalous divergences

2 (9'/2)* aprs 9 aps
0, = (¥ = 3 0V?) g€ BasBs = g T (Was W)
right left

(14.4)
where a single generation of leptons gives

2 2 12 (_1)\2
YY) vi= — (12— (-1)?=2.

right left eR vy er

Curiously the right hand side of ([14.4)) is the same as the right hand side of
|D aside from an overall factor of %NCNQ.

This shows that baryon number, as well as the individual lepton numbers,
are all violated in the standard model. So why don’t we observe baryon and
lepton number violation? For simplicity let’s focus on baryon number vio-
lation by hypercharge gauge fields. Given the anomalous divergence (|14.3])
we can find the change in baryon number between initial and final times ¢;,
ty by integrating

ty ty
AB = 5 dt/dgzn@ujféw/t. dt/dgmeam‘sBaﬁBya.

But noting the identity
BB 3B.s = B, |:4€a”875358735}

we see that the change in baryon number is the integral of a total derivative.
It’s tempting to discard surface terms and conclude that baryon number is
conserved. A more careful analysis shows that baryon number really is
violated, but only in topologically non-trivial field configurations where the
fields do not fall off rapidly enough at infinity to justify discarding surface
terms. 't Hooft studied the resulting baryon number violation and showed
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that at low energies it occurs at an unobservably small rate[j] It’s worth
noting that the differences L; — L; are exactly conserved in the standard
model, as is the combination B — L[]

14.3 Neutrino masses

Another accidental feature of the (renormalizable, dimension-4) standard
model is that neutrinos are massless. This is due to the field content of the
standard model, in particular the fact that we never introduced right-handed
neutrinos. However the observed neutrino flavor oscillations seem to require
non-zero neutrino masses at the sub-eV level. To accommodate neutrino
masses one approach is to extend the standard model by introducing a set
of right-handed neutrinos v; which we take to be singlets under the standard
model gauge group (and therefore very hard to detect). We could then add
a term to the standard model Lagrangian

Ly mass = *A%ENEVRJ‘ + c.c.

After electroweak symmetry breaking this would give the neutrinos a con-
ventional Dirac mass term, via the same mechanism used for the up-type
quarks. In this approach the small neutrino masses would be due to tiny
Yukawa couplings A;’J But extending the standard model in this way is
somewhat awkward: we have no evidence for right-handed neutrinos, and
it’s hard to see why their Yukawa couplings should be so small.

There’s a more appealing approach, in which we stick with the usual
standard model field content but consider the effects of higher-dimension
operators. The leading effects should come from dimension-5 operators.
Remarkably, there’s a unique operator one can write down at dimension
5 that’s gauge invariant and built from the usual standard model fields.
To construct the operator, note that gE and L; have exactly the same gauge
quantum numbers. Then gZ;TLZ- is a left-handed spinor that is invariant under
gauge transformations. Charge conjugation on a Dirac spinor acts by g =
—iy?* and has the effect of changing spinor chirality (see appendix @
This lets us build a gauge-invariant right-handed spinor

(éTLi)C =¢"Lic .

t G.’t Hooft, Phys. Rev. Lett. 37 (1976) 8.
1 Strictly speaking the B — L current has a gravitational anomaly which could be canceled by
adding right-handed neutrinos to the standard model.
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Putting these spinors together, we can make a gauge-invariant bilineai]

(75) () = () (5.

So a possible dimension-5 addition to the standard model Lagrangian — in
fact the only dimension-5 term allowed by gauge symmetry — is

Cam s =2 (T o) (#11,) = 2 (50) (5TLic) . (149

Here ;5 is a matrix of dimensionless coupling constants, X is a quantity with
units of mass, and we added the complex conjugate to keep the Lagrangian

real [j]
After electroweak symmetry breaking we can plug in the Higgs vev <<Z~>> =

(U/ 8/5 ) and the lepton doublet L; = <”L?) to find that Lg;,,, 5 reduces to

€Li

v? v?

. .
- 2X’Yij VipicVij — X Yij VLi Vijo -

This is a so-called Majorana mass term for the neutrinos. It can be written
more cleanly using the two-component notation introduced in appendix D]
as

v? v?

ox Vi vlev; — VTGV; (14.6)

ax i
where the Dirac spinor v,; = (’8 ) In any case we can read off the neutrino

mass matrix

2

v o__ ..
mi; = <= Yij -

X

Assuming the energy scale X is much larger than the Higgs vev v, small
Majorana neutrino masses m, ~ v2/X are to be expected in the standard
model.

A few comments:

(i) The dimension-5 operator we wrote down violates lepton number by
two units, and generically also violates conservation of the individ-
ual lepton flavors L., L,, L,. This illustrates the fact that these
quantities were only conserved due to accidental symmetries of the
renormalizable standard model.

t The notation is a little overburdened: for example L;c = (Lic)T ~0 = (7i72L;‘)T ~0.

LicL‘ is symmetric on ¢ and j due to Fermi statistics, so we can take Yij to be symmetric as
J J ) J
well.
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(ii) Omnce the neutrinos acquire a mass their gauge eigenstates and mass
eigenstates can be different. This provides a mechanism for the ob-
served phenomenon of neutrino flavor oscillations. (By gauge eigen-
states I mean the states ve, v, v that form SU(2); doublets with
the charged leptons.)

14.4 Quark flavor violation

As we’ve seen, lepton flavor is accidentally conserved in the standard model.
Quark flavor, on the other hand, is violated at the renormalizable level. But
the flavor violation has a rather restricted form: as we saw in section [12.3]
it only occurs via the CKM matrix in the quark — quark — W¥ couplings.
A surprising feature of the standard model that the couplings of the Z
conserve flavor — that is, that there are no flavor-changing neutral currents
in the standard model.

The absence of flavor-changing neutral currents means that certain flavor-
violating processes, while allowed, can only occur at the loop level. What’s
more, the loop diagrams often turn out to be anomalously small, due to
an approximate cancellation known as the “GIM mechanism.” This can be

nicely illustrated with kaon decays. First consider the decay KT — nlet,,
which has an observed branching ratio of around 5%. At the quark level

this decay occurs via a tree diagram involving W exchange.

KT n ! 70
5 u

+

Compare this to the decay KT — 7t.1.. Due to the absence of flavor-
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changing neutral currents, this decay can only take place via a loop diagram.

u u

K+

0|

Since the diagram involves two additional vertices and one additional loop
integral, one might expect that the amplitude is down by a factor g?/167w2 =
aw /4 where ay = ¢%/4n = 1/29 is the weak analog of the fine structure
constant The branching ratio should then be down by a factor (ayy /47)? ~
10~°. But current measurements give a branching ratio, summed over neu-
trino flavors, of

BR(KT — nFov) = 1.5753 x 10710,

Clearly some additional suppression is called for. This is provided by the
GIM mechanism. To see how it works, look at the contribution to the
amplitude coming from the lower quark line.

Z /((213541)(8) (—;\%’Y”(l —'75)(VT)si> ﬁ_imi <_ngZ(Cvi7V - CANV’Y5))

i=u,c,t

P — <—2ij§w1 - ﬂm) o(d)

If the quark masses were equal this would be proportional to Zi(VT) siVid,

which vanishes by unitarity of the CKM matrix. More generally the am-
plitude picks up a GIM suppression factor, M ~ >, (V1) Vig f(m?/m3,).
One can estimate the behavior of the function f(z) by expanding the quark
propagator in powers of the quark mass,
1 m;
= % + 5+

p—m; p* p*  p
The zeroth order terms all cancel, since they correspond to having equal
(vanishing) quark masses. The first order terms vanish by chirality, since

m2y
14 + ...

t A factor 1/1672 is usually associated with each loop integral, as discussed on p. 102.
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(1 —~+*)(odd # ~’s)(1 —4°) = 0. The second order terms leave you with a
GIM suppression factor >, (V1) Vigm?2/ m%V This factor suppresses the
contributions of the up and charm quarks; the top quark contribution is sup-
pressed by the small mixing with the third generation. Taking all this into
account leads to the current theoretical estimate for the branching ratio[f]

BR(KT — ntov) = (844 1.0) x 10711,

This might seem like a remarkable but obscure prediction of the standard
model. But experimental tests of this small branching ratio have far-reaching
consequences. Almost every extension of the standard model introduces new
sources of flavor violation, which could easily overwhelm the tiny standard
model prediction. So limits on rare flavor-violating processes provide some
of the most stringent constraints on beyond-the-standard model physics.

14.5 CP violation

As we’ve seen the CKM matrix involves three mixing angles between the
different generations plus one complex phase. The complex phase turns out
to be the only source for C'P violation in the standard model[f] It’s remark-
able that with two generations the considerations of section [12.3 would show
that the CKM matrix is real: a 2 x 2 orthogonal matrix parametrized by
the Cabibbo angle. So in this sense C'P violation is a bonus feature of the
standard model associated with having three generations.

To see that CP is violated consider a tree-level decay u; — d;W™. Both
the up-type and down-type quarks u;, d; must sit in left-handed spinors to
couple to the W. Neglecting quark masses for simplicity, this means they’re
both left-handed particles. So indicating helicity with a subscript, we can
denote this decay u.; — dLjW+. Under a parity transformation the quark
momentum changes sign, while the quark spin is invariant, so the helicity
flips and the parity-transformed process is

P :ug — deW+

This decay doesn’t occur at tree level, which should be no surprise — parity is
maximally violated by the weak interactions. Charge conjugation exchanges

1 One also has to worry about the divergence structure of the remaining loop integral, which in
the case at hand turns out to give an extra factor of log mf/m2 .

§ The theoretical status is reviewed in C. Smith, arXiv:hep-ph/0703039.

t Leaving aside a topological term built from the gluon field strength e***?Tr (GuvGao) that
can be added to the QCD Lagrangian.
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particles with antiparticles while leaving helicity unchanged. So the charge
conjugate of our original process is

C . ﬂ’Li — d_LjW_ .

But this decay doesn’t occur at tree level either (the left-handed antiparticles
sit in right-handed spinors which don’t couple to the W). Again, no surprise,
since C' is also maximally violated by the weak interactions. If we apply the
combined transformation C'P we get an allowed tree-level process, ugz; —
JRJ-W_. Does this mean C'P is a symmetry? Compare the amplitudes:

W+
Ui ~ (VT)ji:V;*‘
dy|
wW-
URj ~ Vi
HRJ-

If the CKM matrix is not real then C'P is violated[f] One can reach the
same conclusion, of course, by studying how C'P acts on the standard model
Lagrangian.

The classic evidence for C'P violation comes from the neutral kaon system.
The strong-interaction eigenstates K°, K transform into each other under
CP.

CP|K° = |K%  CPI|K") = |K")
We can form CP eigenstates

[Kevon) = 75 (1K) +K))

K oaa) = é (JK) — |RY) .

1 For the particular process we are considering we could redefine the phases of our initial and final
states to make the amplitude real. To have observable C'P violation all three generations of
quarks must be involved so the complex phase can’t be eliminated by a field redefinition. Also
more than one diagram must contribute, so that relative phases of diagrams can be observed
through interference.
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If there were no C'P violation then |Keyen) and |Koqq) would be the exact
mass eigenstates. But the weak interactions which generate mixing between
K° and K° violate CP. The actual mass eigenstates K%, Kg are not C'P
eigenstates, as shown by the fact that Kg decays to both 27 and 37 final
states (C'P even and odd, respectively) with branching ratios

BR(K? — 7rr) = 3.0 x 1073
BR(KY — 7)) = 34%

This mixing gives rise to a mass splitting Mo — My = 3.5 x 107 %eV.
This is another example of a GIM-suppressed quantity, as one can see by
examining the diagrams responsible for the mixing;:

w u,c,t
s +\/\/\+ d
u,c,t u,c,t W W
d %—\/\/\%—

W u,c,t

n|
a

S d S

With equal quark masses the diagram would vanish by unitarity of the CKM
matrix.

14.6 Custodial SU(2)

The sector of the standard model which is least satisfactory (from a theo-
retical point of view) and least well-tested (from an experimental point of
view) is the sector associated with electroweak symmetry breaking. In the
standard model the Higgs doublet seems put in by hand, for no other reason
than to break electroweak symmetry, and we have no direct experimental ev-
idence that a physical Higgs particle exists. You might think the only thing
we know for sure is that the gauge symmetry is broken from SU(2), x U(1)y
to U(1)em, with three would-be Goldstone bosons that get eaten to become
the longitudinal polarizations of the W and Z bosons.

This is a little too pessimistic: there are some robust statements we can
make about the nature of electroweak symmetry breaking. To see this it’s
useful to begin by rewriting the Higgs Lagrangian. Normally, neglecting all
gauge couplings, we’d write the pure Higgs sector of the standard model in
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terms of an SU(2) doublet ¢ = (fj)
Lpure Higgs = L0 O+ 2T — Ao)?

The conjugate Higgs doublet is defined by qg = €0 = <_¢;*,> Although g?)

is not an independent field, it’s useful to treat ¢ and qz~5 on the same footing.
To do this we define a 2 X 2 complex matrix

- 0 +
=va(s.0)=va( 00 % ).
- ¢
This matrix satisfies
Y =201l detX =2¢T¢p ¥ = 62202

(the last relation is a “pseudo-reality condition”). In any case, in terms of
>, the pure Higgs Lagrangian is

1 1 1 2

Lpure Higgs = 7T (9,210°2) + 12T (375 - ) (Te(sTy))

Written in this way it’s clear that Lpe Higgs has an SU(2)p x SU(2)r
global symmetry which acts on ¥ as ¥ — LYXR' for L, R € SU(2). In fact
Lyure Higgs is nothing but the O(4) linear g-model from problem The
curious fact is that Epure Higgs has a larger symmetry group than is strictly
necessary — larger, that is, than the SU(2);, x U(1)y gauge symmetry of the
standard model.

Let’s proceed to couple L6 Higgs t0 the electroweak gauge fields. An
SU(2)r, x U(1)y gauge transformation of ¢,

¢($) _ efigoz“(z)aa/Zefig’oz(:r:)/Q(b(x) 7
corresponds to the following transformation of .
Z(l‘) _ e—igaa(z)aa/22(x)€ig’a(m)03/2

This shows that the SU(2)1, gauge symmetry of the standard model is iden-
tified with the SU(2)r, symmetry of L6 Higgs, While U(1)y is embedded
as a subgroup of SU(2)g. The covariant derivative becomes

. .y
g g 3
DNZ = 8,LLE + EW}?UGE — 72_8#0' .
In this notation the Higgs sector of the standard model is

Ciggs = 7T (DHZ] D 2) + W (2 z) TS (Tr(Z z)) .
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The analysis of electroweak symmetry breaking is straightforward: the Higgs
potential is minimized when ¢f¢p = %v2, or equivalently when ¥ = 021,
The space of vacua is given by

(S =oU : UeSU®@).

All these vacua are gauge-equivalent. Choosing any particular vacuum
breaks SU(2)r, x U(1)y — U(1)em-

The interesting observation is that the pure Higgs sector of the standard
model has a larger symmetry than required for gauge invariance. The extra
SU(2)r symmetry of the pure Higgs Lagrangian is known as “custodial
SU(Q)” It is not a symmetry of the entire standard model — it’s broken
explicitly by the couplings of the hypercharge gauge boson, which pick out
a U(1)y subgroup of SU(2)g, as well as by the quark Yukawa couplings.

Despite this explicit breaking, custodial SU(2) has observable consequences.
In particular, as you’ll show on the homework, it enforces the tree-level re-
lation

2
My

——=1.
P m? cos? Oy

The observed value idf]
p = 1.0106 £ 0.0006 .

The fact that the tree-level relation is satisfied to roughly 1% accuracy
is strong evidence that the mechanism for electroweak symmetry breaking
must have a custodial SU(2) symmetry. (Small deviations from p = 1 can
be understood as arising from radiative corrections in the standard model.)

To appreciate these statements let’s be completely general in our approach
to electroweak symmetry breaking. We don’t really know that the standard
model Higgs doublet exists, but we are certain that the gauge symmetry is
broken. On general grounds there must be three would-be Goldstone bosons
that get eaten to provide the longitudinal polarizations of the W and Z
bosons. The Goldstones can be packaged into a matrix U € SU (2) Up to
two derivatives, the most general action for the Goldstones with SU(2)z, x
U(1)y symmetry is

LGoldstone = iqﬂTr (DUt ) + icvar (v Ue*) T (UtDrUs?)

t Note that some authors use the term custodial SU(2) to refer to the diagonal subgroup of
SU(2)r, x SU(2)g.

1 The quoted value is for the quantity denoted p in the particle data book.

§ The space of vacua is (SU(2)r X U(1)y) /U(1)em, which is topologically a three dimensional
sphere. Points on a 3-sphere can be labeled by SU(2) matrices.
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Here v and ¢ are constants and the covariant derivative is
. y
g g 3
D#U = 8“U+ EWSUaU— EUBH‘U .

The first term in the Lagrangian is exactly what we get from the standard
model by setting > = vU in EHiggs' It has custodial SU(2) symmetry if you
neglect the hypercharge gauge boson. The second term in the Lagrangian
violates custodial SU(2). In the standard model it only arises from operators
of dimension 6 or higher; for this reason custodial SU(2) should be regarded
as an accidental symmetry of the standard model. The key point is that
in a model for electroweak symmetry breaking without custodial SU(2) one
would expect ¢ to be O(1). This would make O(1) corrections to the relation
p =1, in drastic conflict with observation.
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Exercises

14.1  Unitarity made easy
At very high energies it shouldn’t matter whether the standard
model gauge symmetry is broken or unbroken. Suppose it’s unbroken
(if you like, take u? < 0 in the Higgs potential).

(i) Use tree-level unitarity to bound the Higgs coupling A by consid-
ering ¢ — ¢~ scattering coming from the diagram

o o
¢ N
¢+
Here we're writing the Higgs doublet as ¢ = < 0 > with ¢~ =
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(¢7)". Other diagrams contribute, but this one dominates for
large M.

(ii) Is your result equivalent to the bound on the Higgs mass (14.2))
we obtained from studying Wzr W, — W; W7

See-saw mechanism

There’s an appealing extension of the standard model which gen-
erates small Majorana neutrino masses. Introduce a collection of
ns right-handed neutrinos, described by a collection of right-handed
gauge singlet spinor fields vg,, a = 1,...,n, (s stands for sterile).
Since these fields are gauge singlets they can have Majorana mass
terms. The general renormalizable, gauge-invariant Lagrangian de-
scribing the left- and right-handed neutrinos and their couplings to
the Higgs is then

1 7 _ -
L, = —5 abVracVrj — A;'/aLi(bVRa + c.c.

Let’s imagine that the right-handed neutrinos are very heavy, with
Mg, > v (there’s no reason for Mg, to be tied to the electroweak
symmetry breaking scale). Use the equations of motion for the right-
handed neutrinos 88,2;
grangian involving just the Higgs field and the left-handed doublets.
If you want to think in terms of Feynman diagrams, this is equivalent

to evaluating the diagram

= 0 to write down a low-energy effective La-

where we’re neglecting the momentum dependence of the right-handed
neutrino propagator. Show that this procedure induces precisely the
operator , and read off the mass matrix for the left-handed
neutrinos. This is known as the see-saw mechanism: the heavier
the right-handed neutrinos are, the lighter the left-handed neutrinos
become.
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Custodial SU(2) and the p parameter
Consider the most general two-derivative action for the Goldstone
bosons associated with electroweak symmetry breaking.

L= ium (DUt + ichTr (v'DUe*) T (UtDrUS?)

Here U € SU(2) is the field describing the Goldstones, with covariant
derivative

9 ra_ar; 19
DU = 0.U + S Wio®U - 7UBMUE’* :

Evaluate the W and Z masses in this model. Express the “p param-
2

eter” p = %78%%‘/ in terms of c.
Quark masses and custodial SU(2) violation

Suppose we require that custodial SU(2) be a symmetry of the
quark Yukawa Lagrangian

£quark Yukawa — _AzdeiQSde - Ai‘j@@;um’ + c.c.

What would this imply about the spectrum of quark masses? What
would this imply about the CKM matrix?

Strong interactions and electroweak symmetry breaking

Consider a theory which resembles the standard model in every
respect except that it doesn’t have a Higgs field. You can get the
Lagrangian for this theory by setting ¢ = 0 in the standard model
Lagrangian; the Dirac and Yang-Mills terms survive while the Higgs
and Yukawa terms drop out. In such a theory, what are the masses
of the W and Z bosons?

Before your answer “zero,” recall the effective Lagrangian for chiral
symmetry breaking by the strong interactions, £ = i f?Tr (G#U foru )
Let’s concentrate on the up and down quarks so that U is an SU(2)
matrix. As discussed in chapter[6]it’s related to the chiral condensate
by

— 1 U
Olvwdalo) = i#v 0 3029 w=(})
where we’ve indicated the flavor ® spin structure of the condensate

on the right hand side.

(i) By introducing a suitable covariant derivative, write the effec-
tive Lagrangian which describes the couplings between U and the
SU(2)r, x U(1)y gauge fields W, B,,.
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(ii) Compute the W and Z masses in terms of f and the SU(2)z X
U(1)y gauge couplings g, ¢'.

(iii) In this model, what particles get eaten to give the W and Z
bosons a mass?

(iv) Does this model have a custodial SU(2) symmetry?

(v) In the real world, taking both the Higgs field and QCD effects
into account, what are the masses of the W and Z bosons? Express
your answer in terms of f, g, ¢’ and the Higgs vev v. Hint: think in
terms of effective Lagrangians for the would-be Goldstone bosons.

This sort of idea — generating masses from underlying strongly-
coupled gauge dynamics — is the basis for what are known as tech-
nicolor models of electroweak symmetry breaking.

14.6 S and T parameters

A useful way to think about beyond-the-standard-model physics is
to encode the effects of any new physics in the coefficients of higher-
dimension operators which are added to the standard model La-
grangian. At dimension 5 there’s a unique operator one can add
which we encountered when we discussed neutrino masses. At di-
mension 6 there are quite a few possible operators[j] The two which
have attracted the most attention correspond to the S and T param-
eters of Peskin and Takeuchi. They can be defined by the dimension
6 Lagrangian

/
g9
Ldim 6 = 16mv2

L, 2«

S¢lo" Wi, B — 3 T(6'Duo) (DV676).
Here g and ¢’ are standard model gauge couplings, v is the Higgs
vev, « is the fine structure constant, ¢ is the Higgs doublet, Wy,
and B, are field strengths, and the constants S and T' parametrize

new physics.

(i) In the notation of section a particular vacuum state can be
characterized by ¥ = vU for some U € SU(2). Evaluate Ljiy, 6
at low energies and show that it reduces to

/

1

—(nggSTr (Ule"Uo™) Wy, B+ av®T Tr (UD, U6 T (UMD Us®)
78

(ii) In unitary gauge one conventionally sets U = 1. Evaluate your

t They’re classified in W. Buchmuller and D. Wyler, Nucl. Phys. B268 (1986) 621.
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result from part (i) in unitary gauge and show that to quadratic
order in the fields it reduces to

cos? Oy — sin? Oy

1
——aS | F, F*Y — Z,72"
8a <’W m + cos Oy sin Oy

FWZW> —%amQZTZ#Z“ :
Here F),, is the field strength of electromagnetism and Z,, is the
abelian field strength associated with the Z boson. The fields

A, and Z, have their usual standard model definitions; note that

when L i, ¢ is added they no longer have canonical kinetic terms.

Also my is the usual standard model definition of the Z mass; note

that when £ g;;, ¢ is added it no longer corresponds to the physical

Z mass.

14.7 B — L as a gauge symmetry

The standard model has an accidental global symmetry corre-
sponding to conservation of B — L. This symmetry can be gauged
as follows. Consider the electroweak interactions of a single gener-
ation of quarks and leptons and promote the gauge symmetry to
SU2)L xU(1)y xU(1)g—r. To the usual standard model fields add
a right-handed neutrino v and a complex scalar field x. Overall we
have fields with quantum numbers

L (2,-1,-1)
eR (1,-2,-1)
Q (2,1/3,1/3)
uR (1,4/3,1/3)
dp  (1,-2/3,1/3)
6 (21,0

(5 (27_1 O)

VR (1 )

X (1 ,0,1)

So for instance the covariant derivative of v is
D#VR = 8/J,VR + ig(*l)CMVR
where C}, is the U(1)p_, gauge field and § is its coupling constant.

(i) Show that, thanks to vg, the U(1)p_r symmetry is anomaly-free.

(ii) If left unbroken U(1)p_; would mediate a Coulomb-like force
with B — L playing the role of electric charge. To cure this suppose
the Higgs Lagrangian

EHiggs = DuﬁbTD“@Z) + DMX*D“X - V(¢T¢» X*X)
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Additional topics

is such that the scalar fields acquire vevs.

ool = (05 ) OO =/v2

We’ll have in mind that © > v. Add additional kinetic terms to
the Yang-Mills Lagrangian:

1 1
Lyang—mills = (standard model) — ZCWCW - iaBWCW

Here C), is the U(1)p—r, field strength. The parameter a rep-
resents kinetic mixing between the hypercharge and B — L gauge
fields. Expand about the vacuum state and write down the quadratic
action for the gauge bosons WE, B, Cy.

(iii) To have positive-definite kinetic terms we must have —1 < a <
1. Set @ = sin @ and show that the kinetic terms can be diagonal-
ized by setting

w3 10 0 w3
B, = 0 1 —tana B,
C, 0 0 1/cosa C,
Show that the mass matrix can then be diagonalized by setting
A, 1 0 0 A,
Zy | = 0 cosp sing Z,
CA’M 0 —sinf cosf3 z,
where
- . . .
AM _ g/Wﬂ + 9B, 5 gWu — g,BM

/g% 1 g2 ’ /g% + g2
are the standard model photon and Z. Assuming v >> v show that
B~ gg'v?sin(2a) /8502

(iv) For © > v the mixing angle [ is small. At leading order in /3
determine

e the masses of the A, Z and Z’ bosons
e the currents to which they couple

Are these results corrected at higher orders in 37

Remarks: additional U(1) gauge groups arise in many extensions
of the standard model. In general anomaly cancellation tightly con-
strains the allowed matter content and quantum numbers. Since
B — L is an accidental symmetry of the standard model, it can be
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spontaneously broken without significant observable consequences:
there’s no way to directly couple the symmetry-breaking vev v to the
standard model at the renormalizeable level. At leading order in (8
the Z boson behaves just as in the standard model, but this gets cor-
rected at higher orders. Finally in this model a term in the Yukawa
Lagrangian —\, Lovg + c.c. could give neutrinos a large Dirac mass.
Possible cures for this problem are reviewed in P. Langacker, The
physics of heavy Z' gauge bosons, arXiv:0801.1345.
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Epilogue: in praise of the standard model

A good figure of merit for a theory is the ratio of results to assumptions.
By this measure the standard model is impressive indeed. Given a fairly
short list of assumptions — just the gauge group and matter content — the
standard model is the most general renormalizable theory consistent with
Lorentz and gauge invariance. The assumptions are open to criticism, for
example

e the choice of gauge group seems a little peculiar

e the fermion representations are more complicated than one might have
wished

e it’s not clear why there should be three generations

e aside from simplicity, postulating a single Higgs doublet has very little
motivation (experimental or otherwise)

Given these assumptions one gets a quite predictive theory. It depends on
a total of 18 parameters[f]

3 gauge couplings

2 parameters in the Higgs potential

9 quark and lepton masses

4 parameters in the CKM matrix

This isn’t entirely satisfactory. The fermion masses and mixings, in particu-
lar; introduce more free parameters than one would like, and their observed
values seem to exhibit peculiar hierarchies. The Higgs mass parameter ;2
is also a puzzle. What sets its value? In fact, why should it be positive

1 leaving aside certain topological terms in the action
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(equivalently, why should electroweak gauge symmetry get broken)? But
given these inputs look at what we get out:

cancellation of gauge anomalies

accidental baryon and lepton number conservationlf]

accidental conservation of electron, muon, and tau number

with three light quarks, an approximate SU(3);, x SU(3)r symmetry of
the strong interactions

e with a single Higgs doublet, a custodial SU(2) symmetry of the elec-
troweak symmetry breaking sector

e massless neutrinos at the renormalizable level

e a natural explanation for small neutrino masses from dimension-5 opera-
tors

e absence of tree-level flavor changing neutral currents

e the GIM mechanism for suppressing flavor violation in loops

e with three generations, a mechanism for CP violation by the weak inter-
actions

In the end, of course, the best thing about the standard model is that it fits
the data. At low energies it incorporates all the successes of 4-Fermi theory
and the SU(3), x SU(3)r symmetry of the strong interactions, and at high
energies it fits the precision electroweak measurements carried out at LEP
and SLC.

I wish I could say there was an extension of the standard model that was
nearly as compelling as the standard model itself. Various extensions of
the standard model have been proposed, each of which has some attractive
features, but all of which have drawbacks. So far no one theory has emerged
as a clear favorite. Only time, and perhaps the LHC, will tell us what lies
beyond the standard model.

Note added: The previous paragraph was written in July 2007. In July
2012 the ATLAS and CMS experiments announced the discovery of a particle
with a mass of 125 GeV which appears to be the Higgs boson predicted by
the standard model: ATLAS Collaboration, Observation of a new particle in
the search for the standard model Higgs boson with the ATLAS detector at
the LHC, Phys. Lett. B716, 1 (2012), arXiv:1207.7214; CMS Collaboration,
Observation of a new boson at a mass of 125 GeV with the CMS experiment
at the LHC, Phys. Lett. B716, 30 (2012).

1 strictly speaking B + L is violated by a quantum anomaly
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Feynman diagrams

Perhaps the simplest example is a real scalar field ¢ with Lagrangian

1 1 1
_ 2 wy L2214
£—2u¢8¢ 2m¢ 4!)\925.
In this case the Feynman rules are
p
¢ propagator ﬁ
p°—m
¢* vertex —iA

Here p is the 4-momentum flowing through the line. QED is somewhat
more complicated: it’s a Dirac spinor field coupled to a gauge field with
Lagrangian

L=1 [i’y“(@u +ieQA,) — m]¢ - iFm,FW .

The corresponding Feynman rules are (with the notation = v#p,)

192
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p
_ electron propagator M
pr—m
k

m /\/\/\/ v photon propagator %

H electron — photon vertex —1eQv,

Here Q is the charge of the field measured in units of e = v/47a, for example
@ = —1 for the electron/positron field. The arrows on the lines indicate the
direction of “particle flow,” for particles that have distinct antiparticles. We
also have factors to indicate the polarizations of the external lines

p
— > outgoing electron u(p, \)
p
A—> o incoming electron u(p, \)
p
< outgoing positron v(p, A)
p
N—<&—— o incoming positron o(p, A)
p
M A outgoing photon e**(p, \)
p

A \/\/\/. incoming photon e (p, \)

Here X is a label that specifies the polarization of the particle. Explicit
expressions are given in Peskin & Schroeder appendix A.2. Fortunately for
most purposes all we’ll need are the completeness relations

S u(p, A)ia(p, A) = p+m

A

Z U(p, )‘)fD(p7 )‘) = ﬁ -m

A

Z EZ(pv )‘)61/<p7 )‘) = _g,ul/
A
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One can also consider the electrodynamics of a complex scalar field, with
Lagrangian

L= (040" — i6QA0") (076 + icQA"D) — 670 — L Fyu F

In this case the interaction vertices are

22’62@29“1,

where the dashed line represents the scalar field.

In practice given a Lagrangian one can read off the Feynman rules as
follows. First split the Lagrangian into free and interacting parts. The free
part, which is necessarily quadratic in the fields, determines the propaga-
tors as described in section [9.2] Each term in the interacting part of the
Lagrangian corresponds to a vertex, where the vertex factor can be obtained
from the Lagrangian by the following recipe.

1. Erase the fields.
2. Multiply by 1.

3. If there was a derivative operator 9, acting on a field, replace it with
—1k, where k, is the incoming momentum of the corresponding line.

4. Multiply by s! for each group of s identical particles.

Given these rules it’s just a matter of putting the pieces together: the
sum of all Feynman diagrams gives —i times the amplitude M for a given
process. For example, for ete™ — ™~ the lowest-order Feynman diagram
is
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Note that we're imposing 4-momentum conservation at every vertex. Work-
ing backwards along the fermion lines the diagram is equal to

—ig
—iM = 0(p2, A2)(—1 ,AL) ————=U(p3, A3)(—1 v A
i 0(p2, A2) (—ieQy,)u(p1 1)(p1+p2)zu(p3 3)(—ieQyy)v(pa, A1)
so that
2
e _ _
M= —mv(p% A2)ypu(p1, M) u(ps, A3) v v(pa, Ad) -

We’re really interested in the transition probability, which is determined by
(recall @ = ufq?)
4
e
MP = ———0(p2, Aa)yuu(pr, M)ul (p1, M)y To(pa, A
MP = g Ao, 2)u (o1 Mo o)

@(p3, A3)V" 0 (pa, Aa)v (pa, M)y 17 Tu(ps, A3)

We’ll work in the chiral basis for the Dirac matrices, namely

T=\l1 oo T 60

satisfying {vu, 7w} = 29w, AT = 40 and 4" = —4%. Note that 40y#T70 = ~#,
Then

64

|/\/l|2 = mﬁ(m,AQ)WU(Pl,)\l)@(PL)\1)%7)(2?2,>\2)
u(p3, A3) V' v(pa, M)V (pa, Aa)y"u(ps, A3)

64

= 7 Tr (vuu(pr, M) u(pr, A)no(pz, A2)v(p2, Az
Tr (v 0 (pa, A1) 0(pa, Aa) 7" u(ps, A3)tu(ps, As))
If we're interested in unpolarized scattering we should average over initial
spins and sum over final spins. This gives rise to the spin-averaged amplitude

IMP) = 5 3 mp

A1A2A3M4
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64

— mTr (Vu (B + me) (g — me)) Te (Y (g — mp)y” (3 +my))

where we’ve used the completeness relations to do the spin sums. For sim-
plicity let’s set me = m, = 0, so that

el

4(p1 + p2)*

Now we use the trace theorem

Te(y"y™y"7) = A(g"g" — 9" g™ + "7

(M) = Tr (Vuiy Yoila) Tr (V947" W3) -

to get

8et
(IM[%) (p1+p2)4(p1 P3P2 - P4+ P1-pap2 - p3)

With massless external particles momentum conservation p; 4+ p2 = p3 + p4
implies that py - p3 = p2 - p4 and py - ps = p2 - p3, O
IMP) = 2 (199 + (19"
(p1+ p2)*

At this point one has to plug in some explicit kinematics. Let’s work in the
center of mass frame, with scattering angle 6.

p = (E,0,0,F)

p2 = (E,0,0,—F)

D3 (E, Esin6,0, E cosf)

ps = (E,—Esinf,0,—F cosf)

The spin-averaged amplitude is just
(IM|?) = e*(1 4 cos? ).

We had to do a lot of work to get such a simple result! In general the center
of mass differential cross section is given by

@y — 7o Al
( dQ)m 17 Lo M) (A1)

where s = (p1 + p2)? and [p}|, |p3] are the magnitudes of the spatial 3-
momenta. So finally our differential cross section is

do o
bl _ -
<dQ) em  2067m2E? (1+ cos” 0)
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The total cross section is given by integrating this over angles.

1 4
do e
= 2 —_— =
’ " /_1 d(cos ) dQ 487 E?

This illustrates the basic process of evaluating a cross-section using Feynman
diagrams. However there are a few subtle points that didn’t come up in this
simple example. In particular

e If there are undetermined inte}l"nal loop momenta p in a diagram we should
integrate over them with [ (;ITI)’AL.

e If there are identical particles in the final state then (A.1]) is still correct.
However in computing the total cross section one should only integrate

over angles corresponding to inequivalent final configurations. See Peskin
& Schroeder p. 108.

e Every internal closed fermion loop multiplies the diagram by (—1). This
follows from Fermi statistics: Peskin & Schroeder p. 120.

e When summing diagrams there are sometimes relative (—) signs if the
external lines obey Fermi statistics. See Griffiths pp. 231 and 235 or
Peskin & Schroeder p. 119.

e In some cases diagrams have to be multiplied by combinatoric “symmetry
factors.” These arise if a change in the internal lines of a diagram actually
gives the same diagram back again. See Peskin & Schroeder p. 93.

References

Griffiths does a nice job of presenting the Feynman rules for electrodynamics
in sections 7.5 — 7.8. The process et e~ — u™p~ is studied in detail in Peskin
& Schroeder section 5.1.

Exercises

Al ABCv theory

Consider a theory with three real scalar fields A, B,C and one
Dirac spinor field 7). The masses of these particles are m, mp, mc, my
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and the interaction vertices are

A
C — g1
B
g
C — g2
g
(i) Compute the partial width for the decay C — 1), assuming

mo > 2my,.
(i) Compute the differential cross section for AB — ).
(iii) Find the total cross section for AB — ).
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Partial waves

Consider a scattering process a+b — c+d. Let’s work in the center of mass
frame, with initial and final states of definite helicity. We denote

E = total center of mass energy
p = spatial momentum of either incoming particle
@ = center of mass scattering angle

That is, we take our incoming particles to have 4-momenta

Pa = (Ea7070ap) by = (Ebaoaov —P)
with £ = F, + Ej. We denote the helicities of the particles by Ay, Ap, Ac, Ag-

Our goal is to decompose the scattering amplitude into states of definite
total angular momentum J. At first sight, this is a complicated problem:
it seems we have to add the two spins plus whatever orbital angular mo-
mentum might be present. The analysis can be simplified by noting that
the helicity (= component of spin along the direction of motion) is a scalar
quantity, invariant under spatial rotations. It therefore commutes with the
total angular momentum. This means we can label our initial state

|E7 J7 JZ7 >\a7 /\b>

by giving the center of mass energy FE, the total angular momentum J, the z
component J,, and the two helicities Ay, A\p. In fact J, is not an independent
quantity. Our incoming particles have definite spatial momenta, described
by wavefunctions

Q,Z)a ~ eipz d}b ~ e—ipz .

These wavefunctions are invariant under rotations in the xy plane, so the
z component of the orbital angular momentum of the initial state vanishes,
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S

TN

pC
o
)\C

pb
Mo b

Fig. B.1. A picture of the reaction: spatial momenta indicated by large arrows,
helicities indicated by small arrows.

L, = 0. This means J, just comes from the helicities, and the initial state
has J, = Ay — Ap. Similar reasoning shows that we can label our final state
by

‘E7 ']7 J97 )\Cv )‘d> .

Here E and J are the (conserved!) total energy and angular momentum of
the system, while Jy is the component of J along the direction of particle c.
As before we have Jy = Ao — A\g.

With these preliminaries in hand it’s easy to determine the angular de-
pendence of the scattering amplitude. The initial state can be regarded as
an angular momentum eigenstate |J, J, = A) where A = A\, — A;. The final
state can be regarded as an eigenstate |J, Jyp = pu) where p = Ao — A\g. We
can make the final state by starting with a J, eigenstate and applying a
spatial rotation through an angle 6 about (say) the negative y axis.

|, g = ) = €|, T, = )

Here jy is the y component of the angular momentum operator. The 6-
dependence of the scattering amplitude is given by the inner product of the
initial and final states.

M~ (JJg=pl,J. =\
= (J, = ple g, = N
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_ J
= dW\ ().

The quantity di/\(ﬁ) is known as a Wigner function: see Sakurai, Modern
quantum mechanics, p. 192 — 195 and p. 221 — 223.

The angular dependence of a helicity amplitude is determined purely by
group theory. To determine the overall coefficient one has to keep careful
track of the normalization of the initial and final states. This was done
by Jacob and Wick, who showed that the center-of-mass differential cross
section is

(jgg)m = |£(0)* (B.1)

where the scattering amplitude f(6) (normalized slightly differently from
the usual relativistic scattering amplitude M) can be expanded in a sum of
partial waves.

L ST @0+ 1) (A AIS(B) — 1A Ag) 42 (60)

f(0) = 2ipl 55

Here |p] is the magnitude of the spatial momentum of either incoming parti-
cle. The sum over partial waves runs in integer steps starting from the min-
imum value Jyin = max(|A|, |x]). The helicity states are unit-normalized,

Aa Mol Aq Ap) = Oxan0x, 00 (A AdlAcAG) = O xn, v, -

Sj(E) is the S-matrix in the sector with total angular momentum J and
total energy E. You only need to worry about subtracting off the identity
operator if you're studying elastic scattering, a = ¢ and b = d.

An important special case is when A = pu = 0, either because the incoming
and outgoing particles are spinless, or because the initial and final states have
no net helicity. In this case J is an integer and

ddy(8) = Pjy(cos )
is a Legendre polynomial (Sakurai, Modern quantum mechanics, p. 202 —
203). The partial wave decomposition reduces to the familiar form

FO) = =1 327+ 1) (e ISy (B) — Liha M) P (cosb)
J=0

2ilp] &=

which is also valid in non-relativistic quantum mechanics. At high energies
this goes over to the result (8.5) given in the text.
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In general the Wigner functions satisfy an orthogonality relation

’ * 4
J J
/deM(e) (4®) = 5700
One can prove this along the lines of Georgi, Lie algebras in particle physics,
section 1.12. Georgi’s proof applies to finite groups, but the generalization

to SU(2) is straightforward. (If you only want to check the coefficient, write
the left hand side as

[ 90l TN TN T )

Set J = J', sum over X, and use Y, |J, A\)(J, A| = 1..) Using this in (B.1]) we
can express the total cross section for scattering of distinguishable particles

as
00

ST @7+ 1) [ Al (B) — 1A N)

_7'['
- 2
e

As in chapter [§] we have a bound on the partial-wave cross sections for
inelastic scattering, namely

O':ZO'J with o5 <
J

o i

min

™

ST+,

References

The partial-wave expansion of a helicity amplitude was developed by M. Ja-
cob and G. C. Wick, Ann. Phys. 7, 404 (1959).
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The purpose of this appendix is to study the one-loop QED vacuum polar-
ization diagram

p+Kk

This diagram is discussed in every book on field theory. We'll evaluate it
with a Euclidean momentum cutoff — an unusual approach, but one that
provides an interesting contrast to the anomaly phenomenon discussed in

chapter

The basic amplitude is easy to write down.

d*p i(f+m) i+ ¥+m)

—iM = (— —ieOyM T ey T T
iM ( 1)/(27T)4 Tr {( 1eQy )p2—m2( 1eQy )(p+k)2—m2}

(C.1)

(Recall that a closed fermion loop gives a factor of —1. Also note that we

trace over the spinor indices that run around the loop.) Evaluating the trace

M= a0 [P PR+ (0 k) — g (4 p-k—m?)
—iM = —4e“Q) / (27T)4 (pg — m2)((p+ k)2 _ m2) .

203
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Adopting a trick due to Feynman, we use the identity

1 1 dx
AB :/0 (B+(A—B)z)’

to rewrite the amplitude as

—iM = —4e2Q2/ T /1 G PR+ (R — g (0 k- m?)
(2m)* Jo (p? —m? + (k2 +2p - k)z)?

Now we change variables of integration from p* to ¢* = p* + k*z[j]

4e2Q2/ / d4q 2¢q" — 9" (q®> — m?) + (g" k% — 2kHkY)z(1 — ) + (odd in q)

(% + k2x(1 — z) — m2)?
This might not seem like much of a simplification, but the beauty of Feyn-
man’s trick is that the denominator is Lorentz invariant (it only depends
on ¢?). Provided we cut off the ¢ integral in a way that preserves Lorentz
invariancdf] we can drop terms in the numerator that are odd in q. We
can also replace ¢'q¢” — i g"”¢?. Shuffling terms a bit for reasons that will
become clear later, we're left with an amplitude which we split up as

—iM = —iMD — M3 (C.2)
4 201 N o2
M(l) — 2€2Q2 ,UJ// / d q q + 2k (1 J?) 2m2 (C3)
(& + K2z <1—x>—m2>
_ZM(Q) _ 462Q2( m g2 k,uku / / 2z (1 — CC)
(¢ + k2x(1 — ) — m?)?
(C.4)

First let’s study M), Defining m? = m? — k%z(1 — x) we have the
momentum integral

/ dq ¢ —2m? / d*qp q% + 2/m?
= —3
2m)* (g2 — m2)? 2m)t (2 + m2)?

i [t ablah + 2m)
_872 qE T2 a2
™ Jo (g +m?)

7 A4
167T2 A2 4+ m?2

= 1o (A2 =2+ 0(1/4%)

1 Shifting variables of integration is legitimate for a convergent integral. For a divergent integral
you need to have a cut-off in mind, say |pg| < A, and you need to remember that the shift of
integration variables changes the cutoff.

1 So really a better cutoff to have in mind would be |gg| < A.
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where we Wick rotated and introduced a momentum cutoff A. Thus

- 212
. (1):_Z€Q I 2 2 12
iM o2 7 <A m +6k:

where we’re neglecting terms that vanish as A — oo. In principle we can
write down a low-energy effective action for the photon I'[A] which incorpo-
rates the effects of the electron loop. Setting I'[A] = T'M) 4. .. and matching
to the amplitude M®) fixes

r®— _ / e C ((A2 w2 - a0 8AA“> (C.5)
- 82 wET IR ' '

We have a photon mass term plus a correction to the photon kinetic term.
What’s disturbing is that none of the terms in are gauge invariant.
This seems to contradict our claim in chapter [7] that a low energy effective
action should respect all symmetries of the underlying theory.

The symmetry violation we found is due to the fact that we regulated
the diagram with a momentum cutoff. This breaks gauge invariance and
generates non-invariant terms in the effective actionf[f] However the non-
invariant terms we generated are local, meaning they are of the form V) =
[d*x £M)(x). (This is in contrast to the anomaly phenomenon discussed
in chapter where non-local terms arose.) With local violation a simple
way to restore the symmetry is to modify the action of the underlying the-
ory by subtracting off the induced symmetry-violating terms: that is, by
changing the underlying QED Lagrangian Lorp — Lorp — LY. To O(e?)
in perturbation theory this modification exactly compensates for the non-
gauge-invariance of the regulator and yields a gauge-invariant low-energy
effective action. The procedure amounts to just dropping MO from the
amplitude. (Another approach, developed in the homework, is to avoid gen-
erating the non-invariant terms in the first place by using a cutoff which
respects the symmetry.)

Having argued that we can discard M), let’s return to the amplitude
M@ given in . Thanks to the prefactor g"k? — k*k” note that M2
vanishes when dotted into k,. This means M@ corresponds to gauge-
invariant terms in the effective action: terms which are invariant under
A, — A, + 0,a, or equivalently under a shift of polarization €, — €, + k.

1 You can think of a momentum cutoff as a cutoff on the eigenvalues of the ordinary derivative
Ou. Gauge invariance would require a cutoff on the eigenvalues of the covariant derivative
Dy =0 +ieQA,.
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So M® gives our final result for the vacuum polarization, namely
2z(1 — x)
¢+ k22(1 — ) — m?2)?
(C.6)

where A is a momentum cutoff. The integrals can be evaluated but lead
to rather complicated expressions. For most purposes it’s best to leave the

result in the form (C.6).

—iM = —4e2Q% (g k2 — kM EY) / e / d4q4
0 (2m)* (

lgp|<A

References

REGULATORS AND SYMMETRIES. For more discussion of the connection
between regulators and symmetries of the effective action see section [13.1.3

GAUGE INVARIANT CUTOFFS. Many gauge-invariant regulators have been
developed. Onme such scheme, Pauli-Villars regularization, is described in
problem It’s also discussed by A. Zee, Quantum field theory in a nut-
shell on p. 151 and applied to vacuum polarization in chapter I11.7. Another
gauge-invariant scheme, dimensional regularization, is described in Peskin
& Schroeder section 7.5.

DECOUPLING. Decoupling of heavy particles at low energies is discussed in
Donoghue et. al. section VI-2.

SCHEME DEPENDENCE. The scheme dependence of running couplings, and
the fact that S-functions are scheme independent to two loops, is discussed
in Weinberg vol. IT p. 138.

Exercises

C.1 Pauli-Villars regularization
A gauge-invariant scheme for cutting off loop integrals is to sub-
tract the contribution of heavy Pauli-Villars regulator fields. These
are fictitious particles whose masses are chosen to make loop inte-
grals converge. Denoting the vacuum polarization amplitude (C.2))
by —iM(m) we define the Pauli-Villars regulated amplitude by

3
—iM = Z —ia;M(m;) .
=0



1 d4
: 4202 w2 v q
—IM = —4e“Q°(g" k*— k'K )/0 d:):/ @n)t [(

C.2
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Here a; = (1,—1,—1,1) and m; = (m, M, M,/2M? — m?) have been

chosen so that
Zai = Zaim% =0.
i i

One says we’ve introduced three Pauli-Villars regulator fields. The
idea is that for fixed A we can send M — oo and recover our original
amplitude. However for fixed M we can send A — oo; in this limit
the regulator mass M serves to cut off the loop integral in a gauge-
invariant way.

(i) Consider the term M in the amplitude. After summing over
regulators show that for fixed M you can send the momentum cut-
off A — oo, and show that in this limit M) vanishes identically.
This reflects the fact that the effective action is gauge invariant
when you use a gauge-invariant cutoff.

(ii) The term M in the amplitude is only logarithmically divergent
and can be made finite by subtracting the contribution of a single
regulator field. So in the Pauli-Villars scheme our final expression
for the vacuum polarization is

2z(1 — x)
¢+ k2z(l—z) — m2)2

Use this result to find the running coupling e?(M) in the Pauli-
Villars scheme. You could do this, for example, by redoing prob-
lem |7.4] parts (ii) and (iii) with a Pauli-Villars cutoff.

Mass-dependent renormalization
In problem you made a mass-independent subtraction to reg-
ulate the loop integral, replacing (for k£ = 0)

1 1 1
2 2 = 2"
(@ —m?)" (¢ —m?)" (¢>—M?)
Provided M > m this serves to cut off the loop integral at g% ~ M?.
However if one is interested in the behavior of the coupling at energies

which are small compared to the electron mass it’s more physical to
make a mass-dependent subtraction and replace

1 1 1
2 N2 2 N2 (2 2 202"
(¢* —m?) (> —=m2)"  (¢* —m? — M?)

This subtraction serves as a good cut-off even for small M (note that

it makes the loop integral vanish as M — 0).

—( 2—>]\42) .
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Vacuum polarization

(i) Find the running coupling e?(M) with this new cutoff. It’s con-
venient to set the renormalization scale i to zero, that is, to solve
for e2(M) in terms of €2(0).

(ii) Expand your answer to find how e?(M) behaves for M >> m and
for M < m. Make a qualitative sketch of e?(M).

Moral of the story: the running couplings of problems and
are said to be evaluated in different renormalization schemes. Yet
another scheme is the momentum cutoff used in chapter [l The
choice of scheme is up to you; physical quantities if calculated ex-
actly are the same in every scheme. Mass-independent schemes are
often easier to work with. But mass-dependent schemes have cer-
tain advantages, in particular they incorporate “decoupling” (the
fact that heavy particles drop out of low-energy dynamics). Also
note that at high energies the running couplings are independent of
mass, and are the same whether computed with a momentum cutoff
or a Pauli-Villars cutoff. This reflects a general phenomenon, dis-
cussed in the references: at high energies the first two terms in the
perturbative expansion of a f-function are independent of scheme.
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For the most part we’ve described fermions in terms of four-component Dirac
spinors. This is very convenient for QED. However it becomes awkward
when discussing chiral theories, or theories that violate fermion number,
since one is forced to use lots of chiral projection and charge conjugation
operators. In this appendix we introduce a more general and flexible nota-
tion for fermions: two-component chiral spinors.

As discussed in section a Dirac spinor ¢p can be decomposed into

(YL
¢D—<¢R)

where ¥, and Yg are two-component chiral spinors, left- and right-handed
respectively. Under a Lorentz transformation

Y — e 0TIy g s T OO 2y (D.1)

So left- and right-handed spinors don’t mix under Lorentz transformations:
they’re irreducible representations of the Lorentz group.

The Dirac Lagrangian can be expressed in two-component notation as
L = Ypiy"dup —mpYp (D.2)
= Lo v + o Our — m (V)R + ).
Here we’ve defined the 2 x 2 analogs of the Dirac matrices
ot = (1;79) ot =(1;-7)

(the overbar on & is just part of the name — it doesn’t indicate complex
conjugation). As pointed out in section in the massless limit the left-

209



210 Two-component spinors

and right-handed parts of a Dirac spinor are decoupled and behave as inde-
pendent fields.

It turns out that complex conjugation interchanges left- and right-handed
spinors. More precisely, as you’ll show on the homework,

evr is a right-handed spinor (D.3)
—eYp is a left-handed spinor '

01
-10
means that any theory can be expressed purely in terms of left-handed (or

right-handed) spinors That is, for a given physical theory, the choice of
spinor chirality is just a matter of convention [f]

Here € = io? = ( ) is a 2 x 2 antisymmetric matrix. This sort of relation

The advantage of working with chiral spinors is that it’s easy to generalize
(D.2). For instance we can write down a theory of a single massive chiral
fermion.

it 1 (s o
£ = ipfa Qun + 5m (Whevs —vev) (D.4)
Here we’re using the fact that wgewL is Lorentz invariant, and we’ve added

the complex conjugate —wzewz to keep the Lagrangian real. More generally,
with N chiral fermions 1r; we could have

b 1 1
L= W] 0" Oubni + gmibLiedr; — mivLedy, (D.5)
We’ve seen that mass term before: it’s the Majorana mass term for neutrinos
(14.6). By Fermi statistics the mass matrix m;; can be taken to be sym-
metric. Note that the kinetic terms have a U(N) symmetry ¢r; — U901,
which in general is broken by the mass term.

Although chiral spinors make it easy to write the most general fermion
Lagrangian, one can always revert to Dirac notation. To pick out the left-
and right-handed pieces of a Dirac spinor one uses projection operators.

v\ 1—7° 0\ 1+4°
(O)—zlbD <¢R>—2¢D

And to capture complex conjugation — for instance the ey} appearing in

(D.4) — one uses charge conjugation. Recall that the charge conjugate of a

1 For instance you could rewrite the Dirac Lagrangian in terms of two left-handed spinors, namely
P1 = and Yo = —eb},.

1 Another matter of convention: chiral spinors can be re-expressed using the Majorana spinors
described in the homework.
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Dirac spinor is defined by

ow=-vier= ()

The fact that ¥ pc really is a Dirac spinor is a restatement of (D.3]).

References

We’ve described two-component spinors using matrix notation. It’s more
common to introduce a specialized index notation. See Wess & Bagger,
Supersymmetry and supergravity, appendix A.

Exercises

D.1 Chirality and complex conjugation

Show that complex conjugation changes the chirality of a spinor.
That is, show that the behavior under Lorentz transformations (D.3))
follows directly from (D.1]). It helps to note that 6™ = ede.

D.2 Lorentz invariant bilinears

Show that the fermion bilinears wfez/)L and Tﬂfgﬂ/fR are invariant
under Lorentz transformations. It helps to note that &7 = ede.

D.3 Majorana spinors

(i) A Majorana spinor s is a Dirac spinor that satisfies ¥y;c =
Y. Given a two-component left-handed spinor 17, show that one
can build a Majorana spinor by setting

_( YL
Yy = < e )
(ii) The Lagrangian for a free Majorana spinor of mass m is

1— . 1 —
L= §¢MZ'7H8M¢M - §m¢M¢M-

Rewrite this Lagrangian in terms of ¥7,. Do you reproduce (D.4))?
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D.4

Two-component spinors

Dirac spinors
Consider two left-handed spinors 1, s described by the La-

grangian .

(i) Impose a U(1) symmetry ¢, — 1, Yra — e Py on the
Lagrangian.

(ii) Show that the resulting theory is equivalent to the Dirac La-
grangian (D.2]).

(iii) What is the interpretation of the U(1) symmetry in Dirac lan-
guage?



Appendix E

Summary of the standard model

For background see chapter Here I'll just go through the main results.

Gauge structure:

The gauge group is SU(3)c x SU(2)r x U(1)y with gauge fields G, W,,,
B,, and gauge couplings gs, g, ¢’. The field strengths are denoted Gy, W,
Byy. In place of g and ¢’ we’ll often work in terms of the electromagnetic
coupling e, the Z coupling gz, and the weak mixing angle 0y, defined by

e=gg' /g +g?

vz =VEF T

cos Oy = g/\/m

sinfw = g'/\/g% + g2
At the scale mz the values are

s = g2/4m = 0.119

a=e*/4r =1/128 (vs. 1/137 at low energies)

(92/2)*
47
sin? 0y = 0.231

=1/91

Another useful combination is the Fermi constant, related to the W mass
my and the Higgs vev v by

g° 1

- 4\/§m12/v - V202

Gr =1.17x 1072 GeV 2.
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Matter content:

field gauge quantum numbers
left-handed leptons L; = ( Zm ) (1,2,-1)
Li
right-handed leptons eg; (1,1,-2)
left-handed quarks @Q; = ( ZH ) (3,2,1/3)
Li
right-handed up-type quarks ug; (3,1 4/ 3)
right-handed down-type quarks dg; (3,1,-2/3)
Higgs doublet ¢ (1 2 1)
conjugate Higgs doublet ¢ = ep* (1,2,-1)
Here i is a three-valued generation index and e = (fi [1)) is an SU(2)-

invariant tensor. The fermions are all chiral spinors, either left- or right-
handed; I'll write them as 4-component Dirac fields although only two of
the components are non-zero.

Lagrangian:

The most general renormalizable gauge-invariant Lagrangian is
L= EDirac + LYang—Mills + EHiggs + ‘CYukawa
Lbirac = Liiv*DyLi + €riiy" Dyeni + Qiin*DpQi + Uniiy" Dytin; + driiy Dyud g

1 1 1
ﬁYanngiHs = _5 Tr (G}LVGNV) - 5 Tr (W;LVWMV) - ZB,LWBMV

Ltiggs = Dud D¢ + 11266 — M979)?
Lyukawa = —A§Lider; — AL Qipdrj — A Qidur; + c.c.

The covariant derivative is D, = 0, + igsG,, + igW, + %BNY, where the
gauge fields are taken to act in the appropriate representation (for example
G.Qi = %GZA“Qi where A\* are the Gell-Mann matrices, while G,L; = 0
since L; is a color singlet. Likewise W,0Q; = %Wﬁo“@i but Wyer; =0.)
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Conventions:

We assume 2 > 0 so the gauge symmetry is spontaneously broken. The
standard gauge choice is to set

B 0 < L (v+H)
() (")

where v = u/ VA = 246 GeV is the electroweak vev and H is the physi-
cal (real scalar) Higgs field. One conventionally redefines the fermions to
diagonalize the Yukawa couplings at the price of getting a unitary CKM
mixing matrix Vj; in the quark — quark — W= couplings; see section m
for details. At this point we’ll switch notation and assemble the left- and
right-handed parts of the various fermions into 4-component mass eigenstate
Dirac spinors.

Mass spectrum:

1
miy = 192’02
1
m% = Zg%UQ = miy/ cos? Oy
myy = 2u°
Arv
my = ik f = any fermion

Here A is the Yukawa coupling for f (after diagonalizing). The observed
masses are

my = 80.4 GeV myz = 91.2GeV
me = 0.511 MeV my, = 106 MeV m, = 1780 MeV
my, = 3MeV me = 1.3GeV my = 172 GeV
mg = b MeV ms = 100 MeV my = 4.2 GeV
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Vertex factors:

The vertices arising from Lpiac are

W A —ieQyH Q = electric charge
f
f
W z —YZ (cvat — eanyP) cy =T} —2sin*OwQ, ca =T}
f
where T3 — 1/2  for neutrinos and up-type quarks
—1/2 for charged leptons and down-type quarks
v

both —2%7” (1 — 75) 0ij

wt —2%7“ (1 — 75) Vij where V;; is the CKM matrix

w5t (1-7) (VD
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g —%)\“7“ q = any quark, a = gluon color label

The vertex arising from Lyykawa 18

—i) .
=t f = any fermion

T
S

The vertices arising from Lyjges are

- H H ~ < H
______ <7 —6i\v T —6iA
~N N . L 7 ~N N
H H H
+
Z
Wu 1]
_______ igmw g H------- 19ZMZ Yy
Wv Zv
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+
w H ZU

H N u .
N N
N N
N N
N
N \\
N . ,
i 2 i 2
. §g g,uzz P §ng/“,
Ve Y
-, s’
-, -,
-, s’
-, -,
7 Ve
H

The vertices arising from Lyang_wins are

+
wy \p\
-
Ay ie|gau(P — @)v + g (g — 7)x + gua(r — p)u]
W, /q(
wy \p\
-
Zy 1g COS Ow [g)\,u(p - Q)V + g;u/(q - T))\ + gl,)\(T‘ - p)u
W, /q(

a
2
w —ie (29,u1/ga6 — Guavp — g,uﬁgua)
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A a

—ieg cos Ow (29908 — Gua9vs — Jus9va)
“p
z a

—ig? cos? Oy (29908 — 9ua9vB — JusIva)
“p

i92 (29uagyﬂ — 9up9va — g;wga,@)

(note all particles directed inwards)

PN

Wg

The additional vertices from Lyang—nins describing gluon 3— and 4-point
couplings are given in chapter
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