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Let K denote the functor of complex K -theory, which associates to every compact Hausdorff space X the
Grothendieck group K (X) of isomorphism classes of complex vector bundles on X. The functor X — K (X)
is an example of a cohomology theory: that is, one can define more generally a sequence of abelian groups
{K™(X,Y)}nez for every inclusion of topological spaces Y C X, in such a way that the Eilenberg-Steenrod
axioms are satisfied (see [49]). However, the functor K is endowed with even more structure: for every
topological space X, the abelian group K (X) has the structure of a commutative ring (when X is compact,
the multiplication on K (X) is induced by the operation of tensor product of complex vector bundles). One
would like that the ring structure on K(X) is a reflection of the fact that K itself has a ring structure, in a
suitable setting.

To analyze the problem in greater detail, we observe that the functor X — K (X) is representable. That
is, there exists a topological space Z = Z x BU and a universal class n € K(Z), such that for every sufficiently
nice topological space X, the pullback of 7 induces a bijection [X, Z] — K(X); here [X, Z] denotes the set
of homotopy classes of maps from X into Z. According to Yoneda’s lemma, this property determines the
space Z up to homotopy equivalence. Moreover, since the functor X — K (X) takes values in the category
of commutative rings, the topological space Z is automatically a commutative ring object in the homotopy
category H of topological spaces. That is, there exist addition and multiplication maps Z x Z — Z, such
that all of the usual ring axioms are satisfied up to homotopy. Unfortunately, this observation is not very
useful. We would like to have a robust generalization of classical algebra which includes a good theory of
modules, constructions like localization and completion, and so forth. The homotopy category H is too
poorly behaved to support such a theory.

An alternate possibility is to work with commutative ring objects in the category of topological spaces
itself: that is, to require the ring axioms to hold “on the nose” and not just up to homotopy. Although
this does lead to a reasonable generalization of classical commutative algebra, it not sufficiently general for
many purposes. For example, if Z is a topological commutative ring, then one can always extend the functor
X — [X,Z] to a cohomology theory. However, this cohomology theory is not very interesting: in degree
zero, it simply gives the following variant of classical cohomology:

[T (X 702).

n>0

In particular, complex K-theory cannot be obtained in this way. In other words, the Z = Z x BU for stable
vector bundles cannot be equipped with the structure of a topological commutative ring. This reflects the
fact that complex vector bundles on a space X form a category, rather than just a set. The direct sum and
tensor product operation on complex vector bundles satisfy the ring axioms, such as the distributive law

EFaF) ~ERF) o (ERT),

but only up to isomorphism. However, although Z x BU has less structure than a commutative ring, it has
more structure than simply a commutative ring object in the homotopy category H, because the isomorphism
displayed above is actually canonical and satisfies certain coherence conditions (see [91] for a discussion).

To describe the kind of structure which exists on the topological space Z x BU, it is convenient to
introduce the language of commutative ring spectra, or, as we will call them, E.,-rings. Roughly speaking,
an [E..-ring can be thought of as a space Z which is equipped with an addition and a multiplication for
which the axioms for a commutative ring hold not only up to homotopy, but up to coherent homotopy.
The E-rings play a role in stable homotopy theory analogous to the role played by commutative rings in
ordinary algebra. As such, they are the fundamental building blocks of derived algebraic geometry.

One of our ultimate goals in this book is to give an exposition of the theory of E.,-rings. Recall that
ordinary commutative ring R can be viewed as a commutative algebra object in the category of abelian
groups, which we view as endowed with a symmetric monoidal structure given by tensor product of abelian
groups. To obtain the theory of E.,-rings we will use the same definition, replacing abelian groups by spectra
(certain algebro-topological objects which represent cohomology theories). To carry this out in detail, we
need to say exactly what a spectrum 4s. There are many different definitions in the literature, having a
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variety of technical advantages and disadvantages. Some modern approaches to stable homotopy theory
have the feature that the collection of spectra is realized as a symmetric monoidal category (and one can
define an E,-ring to be a commutative algebra object of this category): see, for example, [73].

We will take a different approach, using the framework of co-categories developed in [97]. The collection
of all spectra can be organized into an oco-category, which we will denote by Sp: it is an oo-categorical
counterpart of the ordinary category of abelian groups. The tensor product of abelian groups also has a
counterpart: the smash product functor on spectra. In order to describe the situation systematically, we
introduce the notion of a symmetric monoidal co-category: that is, an co-category € equipped with a tensor
product functor ® : € x € — € which is commutative and associative up to coherent homotopy. For any
symmetric monoidal co-category C, there is an associated theory of commutative algebra objects, which are
themselves organized into an oo-category CAlg(C). We can then define an E.-ring to be a commutative
algebra object of the co-category of spectra, endowed with the symmetric monoidal structure given by smash
products.

We now briefly outline the contents of this book (more detailed outlines can be found at the beginning
of individual sections and chapters). Much of this book is devoted to developing an adequate language to
make sense of the preceding paragraph. We will begin in Chapter 1 by introducing the notion of a stable
oo-category. Roughly speaking, the notion of stable co-category is obtained by axiomatizing the essential
feature of stable homotopy theory: fiber sequences are the same as cofiber sequences. The co-category Sp
of spectra is an example of a stable co-category. In fact, it is universal among stable co-categories: we will
show that Sp is freely generated (as a stable oo-category which admits small colimits) by a single object
(see Corollary 1.4.4.6). However, there are a number of stable co-categories that are of interest in other
contexts. For example, the derived category of an abelian category can be realized as the homotopy category
of a stable oco-category. We may therefore regard the theory of stable co-categories as a generalization of
homological algebra, which has many applications in pure algebra and algebraic geometry.

We can think of an oo-category € as comprised of a collection of objects X,Y,Z,... € €, together
with a mapping space Mape(X,Y') for every pair of objects X,Y € € (which are equipped with coherently
associative composition laws). In Chapter 2, we will study a variation on the notion of co-category, which we
call an co-operad. Roughly speaking, an co-operad O consists of a collection of objects together with a space
of operations Mulo ({X; }1<i<n,Y)} for every finite collection of objects X,...,X,,Y € O (again equipped
with coherently associative multiplication laws). As a special case, we will obtain a theory of symmetric
monoidal oo-categories.

Given a pair of oco-operads O and €, the collection of maps from O to € is naturally organized into an
oo-category which we will denote by Alg,(C), and refer to as the co-category of O-algebra objects of C. An
important special case is when O is the commutative oo-operad and € is a symmetric monoidal co-category:
in this case, we will refer to Algy(C) as the co-category of commutative algebra objects of € and denote it by
CAlg(C). We will make a thorough study of algebra objects (commutative and otherwise) in Chapter 3.

In Chapter 4, we will specialize our general theory of algebras to the case where O is the associative co-
operad. In this case, we will denote Algy(C) by Alg(C) and refer to it the co-category of associative algebra
objects of €. The oo-categorical theory of associative algebra objects is an excellent formal parallel of the
usual theory of associative algebras. For example, one can study left modules, right modules, and bimodules
over associative algebras. This theory of modules has some nontrivial applications; for example, in §4.7 we
will use it to prove an oo-categorical analogue of the Barr-Beck theorem, which has many applications in
higher category theory.

In ordinary algebra, there is a thin line dividing the theory of commutative rings from the theory of
associative rings: a commutative ring R is just an associative ring whose elements satisfy the additional
identity zy = yx. In the oo-categorical setting, the situation is rather different. Between the theory of
associative and commutative algebras is a whole hierarchy of intermediate notions of commutativity, which
are described by the “little cubes” operads of Boardman and Vogt. In Chapter 5, we will introduce the
notion of an Eg-algebra for each 0 < k < co. This definition reduces to the notion of an associative algebra
in the case k = 1, and to the notion of a commutative algebra when k = co. The theory of Ej-algebras has
many applications in intermediate cases 1 < k < 0o, and is closely related to the topology of k-dimensional
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manifolds.

The theory of differential calculus provides techniques for analyizing a general (smooth) function f :
R — R by studying linear functions which approximate f. A fundamental insight of Goodwillie is that
the same ideas can be fruitfully applied to problems in homotopy theory. More precisely, we can sometimes
reduce questions about general oo-categories and general functors to questions about stable oco-categories
and exact functors, which are more amenable to attack by algebraic methods. In Chapter 6 we will develop
Goodwillie’s calculus of functors in the oo-categorical setting. Moreover, we will apply our theory of oo-
operads to formulate and prove a Koszul dual version of the chain rule of Arone-Ching.

In Chapter 7, we will study Eg-algebra objects in the symmetric monoidal co-category of spectra, which
we refer to as Eg-rings. This can be regarded as a robust generalization of ordinary noncommutative algebra
(when k = 1) or commutative algebra (when k > 2). In particular, we will see that a great deal of classical
commutative algebra can be extended to the setting of E.-rings.

We close the book with two appendices. Appendix A develops the theory of constructible sheaves on
stratified topological spaces. Aside from its intrinsic interest, this theory has a close connection with some
of the geometric ideas of Chapter 5 and should prove useful in facilitating the application of those ideas.
Appendix B is devoted to some rather technical existence results for model category structures on (and
Quillen functors between) certain categories of simplicial sets. We recommend that the reader refer to this
material only as necessary.

Prerequisites
The following definition will play a central role in this book:
Definition 0.0.0.1. An co-category is a simplicial set C which satisfies the following extension condition:

(*) Every map of simplicial sets fp : A7 — € can be extended to an n-simplex f : A™ — C, provided that
0<i<n.

Remark 0.0.0.2. The notion of co-category was introduced by Boardman and Vogt under the name weak
Kan complezin [19]. They have been studied extensively by Joyal, and are often referred to as quasicategories
in the literature.

If € is a category, then the nerve N(€) of € is an co-category. Consequently, we can think of the theory
of co-categories as a generalization of category theory. It turns out to be a robust generalization: most of
the important concepts from classical category theory (limits and colimits, adjoint functors, sheaves and
presheaves, etcetera) can be generalized to the setting of co-categories. For a detailed exposition, we refer
the reader to our book [97].

Remark 0.0.0.3. For a different treatment of the theory of oo-categories, we refer the reader to Joyal’s
notes [78]. Other references include [19], [82], [79], [80], [115], [39], [40], [121], and [63].

Apart from [97], the formal prerequisites for reading this book are few. We will assume that the reader is
familiar with the homotopy theory of simplicial sets (good references on this include [105] and [57]) and with
a bit of homological algebra (for which we recommend [160]). Familiarity with other concepts from algebraic
topology (spectra, cohomology theories, operads, etcetera) will be helpful, but not strictly necessary: one
of the main goals of this book is to give a self-contained exposition of these topics from an oco-categorical
perspective.

Notation and Terminology

We now call the reader’s attention to some of the terminology used in this book:

e We will make extensive use of definitions and notations from the book [97]. If the reader encounters
something confusing or unfamiliar, we recommend looking there first. We adopt the convention that
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references to [97] will be indicated by use of the letter T. For example, Theorem T.6.1.0.6 refers to
Theorem 6.1.0.6 of [97].

e We say that a category (or co-category) C is presentable if € admits small colimits and is generated
under small colimits by a set of k-compact objects, for some regular cardinal number x. This is
departure from the standard category-theoretic terminology, in which such categories are called locally
presentable (see [1]).

o We let Seta denote the category of simplicial sets. If J is a linearly ordered set, we let A’ denote
the simplicial set given by the nerve of .J, so that the collection of n-simplices of A’ can be identified
with the collection of all nondecreasing maps {0,...,n} — J. We will frequently apply this notation
when J is a subset of {0,...,n}; in this case, we can identify A7 with a subsimplex of the standard
n-simplex A" (at least if J # (); if J = (), then A7 is empty).

e We will often use the term space to refer to a Kan complex (that is, a simplicial set satisfying the Kan
extension condition).

e Let n > 0. We will say that a space X is n-connective if it is nonempty and the homotopy sets
(X, x) are trivial for ¢ < n and every vertex x of X (spaces with this property are more commonly
referred to as (n — 1)-connected in the literature). We say that X is connected if it is 1-connective. By
convention, we say that every space X is (—1)-connective. We will say that a map of spaces f: X - Y
is n-connective if the homotopy fibers of f are n-connective.

e Let n > —1. We say that a space X is n-truncated if the homotopy sets m;(X, x) are trivial for every
1 > n and every vertex z € X. We say that X is discrete if it is O-truncated. By convention, we say
that X is (—2)-truncated if and only if X is contractible. We will say that a map of spaces f: X - Y
is n-truncated if the homotopy fibers of f are n-truncated.

e Throughout this book, we will use homological indexing conventions whenever we discuss homological
algebra. For example, chain complexes of abelian groups will be denoted by

e A > A v Ag oA A —
with the differential lowering the degree by 1.

e In Chapter 1, we will construct an oco-category Sp, whose homotopy category hSp can be identified
with the classical stable homotopy category. In Chapter 7, we will construct a symmetric monoidal
structure on Sp, which gives (in particular) a tensor product functor Sp x Sp — Sp. At the level of the
homotopy category hSp, this functor is given by the classical smash product of spectra, which is usually
denoted by (X,Y) — X AY. We will adopt a different convention, and denote the smash product
functor by (X, Y)—» X QY.

e If A is a model category, we let A° denote the full subcategory of A spanned by the fibrant-cofibrant
objects.

e Let C be an oco-category. We let @~ denote the largest Kan complex contained in C: that is, the
oo-category obtained from € by discarding all noninvertible morphisms.

e Let C be an co-category containing objects X and Y. We let Cx, and €,y denote the undercategory
and overcategory defined in §T.1.2.9. We will generally abuse notation by identifying objects of these
oo-categories with their images in €. If we are given a morphism f : X — Y, we can identify X with
an object of €,y and Y with an object of Cx/, so that the oo-categories

Cx/)yy  (€)y)xy

are defined (and canonically isomorphic as simplicial sets). We will denote these oco-categories by
Cx//y (beware that this notation is slightly abusive: the definition of Cx, /v depends not only on €,
X, and Y, but also on the morphism f).
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e Let € and D be oo-categories. We let Fun®™(@, D) denote the full subcategory of Fun(€, D) spanned by
those functors which admit right adjoints, and Fun® (€, D) the full subcategory of Fun(€, D) spanned
by those functors which admit left adjoints. If € and D are presentable, then these subcategories admit
a simpler characterization: a functor F': € — D belongs to FunL(C?7 D) if and only if it preserves small
colimits, and belongs to FunR((‘f7 D) if and only if it preserves small limits and small k-filtered colimits
for a sufficiently large regular cardinal k (see Corollary T.5.5.2.9).

e We will say that a map of simplicial sets f : S — T is left cofinal if, for every right fibration X — T,
the induced map of simplicial sets Funy (T, X) — Fung (S, X) is a homotopy equivalence of Kan
complexes (in [97], we referred to a map with this property as cofinal). We will say that f is right
cofinal if the induced map S°P? — T°P is left cofinal: that is, if f induces a homotopy equivalence
Funp (T, X) — Funp(S, X) for every left fibration X — T'. If S and T are oo-categories, then f is left
cofinal if and only if for every object ¢ € T', the fiber product S x7 T}, is weakly contractible (Theorem
T.4.1.3.1).
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Chapter 1

Stable co-Categories

There is a very useful analogy between topological spaces and chain complexes with values in an abelian
category. For example, it is customary to speak of homotopies between chain maps, contractible complexes,
and so forth. The analogue of the homotopy category of topological spaces is the derived category of an abelian
category A, a triangulated category which provides a good setting for many constructions in homological
algebra. However, it has long been recognized that for many purposes the derived category is too crude:
it identifies homotopic morphisms of chain complexes without remembering why they are homotopic. It is
possible to correct this defect by viewing the derived category as the homotopy category of an underlying
oo-category D(A). The oo-categories which arise in this way have special features that reflect their “additive”
origins: they are stable.

We will begin in §1.1 by giving the definition of stability and exploring some of its consequences. For
example, we will show that if C is a stable oco-category, then its homotopy category hC€ is triangulated
(Theorem 1.1.2.15), and that stable co-categories admit finite limits and colimits (Proposition 1.1.3.4). The
appropriate notion of functor between stable oco-categories is an exact functor: that is, a functor which
preserves finite colimits (or equivalently, finite limits: see Proposition 1.1.4.1). The collection of stable oo-
categories and exact functors between them can be organized into an oco-category, which we will denote by
Gati’f. In §1.1.4, we will establish some basic closure properties of the oco-category Gatfjf; in particular, we
will show that it is closed under the formation of limits and filtered colimits in Cat.,. The formation of
limits in Gatgf provides a tool for addressing the classical problem of “gluing in the derived category”.

In §1.2, we recall the definition of a t-structure on a triangulated category. If C is a stable co-category,
we define a t-structure on C to be a t-structure on its homotopy category hC. If € is equipped with a
t-structure, we show that every filtered object of C gives rise to a spectral sequence taking values in the
heart € (Proposition 1.2.2.7). In particular, we show that every simplicial object of € determines a spectral
sequence, using an co-categorical analogue of the Dold-Kan correspondence.

We will return to the setting of homological algebra in §1.3. To any abelian category A with enough
projective objects, one can associate a stable co-category D™ (A), whose objects are (right-bounded) chain
complexes of projective objects of A. This oo-category provides useful tools for organizing information
in homological algebra. Our main result (Theorem 1.3.3.8) is a characterization of D~ (A) by a universal
mapping property.

In §1.4, we will focus our attention on a particular stable co-category: the oo-category Sp of spectra.
The homotopy category of Sp can be identified with the classical stable homotopy category, which is the
natural setting for a large portion of modern algebraic topology. Roughly speaking, a spectrum is a sequence
of pointed spaces {X(n)}nez equipped with homotopy equivalences X (n) ~ QX (n + 1), where Q denotes
the functor given by passage to the loop space. More generally, one can obtain a stable oco-category by
considering sequences as above which take values in an arbitrary oo-category € which admits finite limits;
we denote this co-category by Sp(€) and refer to it as the co-category of spectrum objects of C.

13
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1.1 Foundations

Our goal in this section is to introduce our main object of study for this chapter: the notion of a stable co-
category. The theory of stable co-categories can be regarded as an axiomatization of the essential features
of stable homotopy theory: most notably, that fiber sequences and cofiber sequences are the same. We
will begin in §1.1.1 by reviewing some of the relevant notions (pointed oco-categories, zero objects, fiber and
cofiber sequences) and using them to define the class of stable co-categories.

In §1.1.2, we will review Verdier’s definition of a triangulated category. We will show that if C is a stable
oo-category, then its homotopy category hC has the structure of a triangulated category (Theorem 1.1.2.15).
The theory of triangulated categories can be regarded as an attempt to capture those features of stable
oo-categories which are easily visible at the level of homotopy categories. Triangulated categories which
arise naturally in mathematics are usually given as the homotopy categories of stable co-categories, though
it is possible to construct triangulated categories which are not of this form (see [113]).

Our next goal is to study the properties of stable co-categories in greater depth. In §1.1.3, we will show
that a stable co-category C admits all finite limits and colimits, and that pullback squares and pushout
squares in C are the same (Proposition 1.1.3.4). We will also show that the class of stable co-categories is
closed under various natural operations. For example, we will show that if C is a stable co-category, then
the oo-category of Ind-objects Ind(€) is stable (Proposition 1.1.3.6), and that the co-category of diagrams
Fun(K, @) is stable for any simplicial set K (Proposition 1.1.3.1).

In §1.1.4, we shift our focus somewhat. Rather than concerning ourselves with the properties of an
individual stable oo-category €, we will study the collection of all stable co-categories. To this end, we
introduce the notion of an ezact functor between stable co-categories. We will show that the collection of
all (small) stable co-categories and exact functors between them can itself be organized into an oo-category
Gatgc’f, and study some of the properties of Gatg’f.

Remark 1.1.0.1. The theory of stable co-categories is not really new: most of the results presented here
are well-known to experts. There exists a growing literature on the subject in the setting of stable model
categories: see, for example, [37], [126], [128], and [72]. For a brief account in the more flexible setting of
Segal categories, we refer the reader to [153].

Remark 1.1.0.2. Let k be a field. Recall that a differential graded category over k is a category enriched
over the category of chain complexes of k-vector spaces. The theory of differential graded categories is closely
related to the theory of stable co-categories. More precisely, one can show that the data of a (pretriangulated)
differential graded category over k is equivalent to the data of a stable oco-category € equipped with an
enrichment over the monoidal co-category of k-module spectra. The theory of differential graded categories
provides a convenient language for working with stable co-categories of algebraic origin (for example, those
which arise from chain complexes of coherent sheaves on algebraic varieties), but is inadequate for treating
examples which arise in stable homotopy theory. There is a voluminous literature on the subject; see, for
example, [84], [101], [141], [35], and [147].

1.1.1 Stability

In this section, we introduce the definition of a stable co-category. We begin by reviewing some definitions
from [97].

Definition 1.1.1.1. Let € be an oco-category. A zero object of € is an object which is both initial and final.
We will say that C is pointed if it contains a zero object.

In other words, an object 0 € € is zero if the spaces Mape(X,0) and Mape (0, X) are both contractible
for every object X € C. Note that if C contains a zero object, then that object is determined up to
equivalence. More precisely, the full subcategory of € spanned by the zero objects is a contractible Kan
complex (Proposition T.1.2.12.9).
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Remark 1.1.1.2. Let € be an oco-category. Then € is pointed if and only if the following conditions are
satisfied:

(1) The oo-category € has an initial object ().

(2) The oco-category € has a final object 1.

(3) There exists a morphism f:1— § in C.

The “only if” direction is obvious. For the converse, let us suppose that (1), (2), and (3) are satisfied. We
invoke the assumption that () is initial to deduce the existence of a morphism g : ) — 1. Because () is initial,
fog ~idy, and because 1 is final, go f ~ id;. Thus g is a homotopy inverse to f, so that f is an equivalence.
It follows that () is also a final object of €, so that € is pointed.

Remark 1.1.1.3. Let C be an co-category with a zero object 0. For any X,Y € €, the natural map
Map(?(Xa 0) X Map(?(07 Y) - Map@(Xa Y)

has contractible domain. We therefore obtain a well defined morphism X — Y in the homotopy category
h€, which we will refer to as the zero morphism and also denote by O.

Definition 1.1.1.4. Let € be a pointed co-category. A triangle in € is a diagram A x A — €, depicted as

x—1.oy
-
0——Z7

where 0 is a zero object of C. We will say that a triangle in C is a fiber sequence if it is a pullback square,
and a cofiber sequence if it is a pushout square.

Remark 1.1.1.5. Let C be a pointed oco-category. A triangle in € consists of the following data:
(1) A pair of morphisms f: X Y andg: Y — Z in C.

(2) A 2-simplex in € corresponding to a diagram

Y
N
X—"r oz

in €, which identifies h with the composition g o f.

SN\

X—7

(3) A 2-simplex

in €, which we may view as a nullhomotopy of h.
We will generally indicate a triangle by specifying only the pair of maps
xty %z

with the data of (2) and (3) being implicitly assumed.
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Definition 1.1.1.6. Let € be a pointed oco-category containing a morphism g : X — Y. A fiber of g is a
fiber sequence
W——X

b

g
—_—

Dually, a cofiber of g is a cofiber sequence

L

We will generally abuse terminology by simply referring to W and Z as the fiber and cofiber of g. We will
also write W = fib(g) and Z = cofib(g).

Remark 1.1.1.7. Let € be a pointed oo-category containing a morphism f : X — Y. A cofiber of
f, if it exists, is uniquely determined up to equivalence. More precisely, consider the full subcategory
€ C Fun(A! x Al @) spanned by the cofiber sequences. Let 6 : & — Fun(A!,C) be the forgetful functor,
which associates to a diagram

X 2.v

L

0——Z

the morphism g : X — Y. Applying Proposition T.4.3.2.15 twice, we deduce that 6 is a Kan fibration, whose
fibers are either empty or contractible (depending on whether or not a morphism ¢ : X — Y in C admits
a cofiber). In particular, if every morphism in C admits a cofiber, then 6 is a trivial Kan fibration, and
therefore admits a section cofib : Fun(A!, €) — Fun(A! x Al,€), which is well defined up to a contractible
space of choices. We will often abuse notation by also letting cofib : Fun(A!, €) — € denote the composition

Fun(A', @) — Fun(A! x A', @) — €,
where the second map is given by evaluation at the final object of A x Al,

Remark 1.1.1.8. The functor cofib : Fun(A!, @) — € can be identified with a left adjoint to the left Kan
extension functor € ~ Fun({1},€) — Fun(A%, €), which associates to each object X € € a zero morphism
0 — X. It follows that cofib preserves all colimits which exist in Fun(A!, €) (Proposition T.5.2.3.5).

Definition 1.1.1.9. An oco-category C is stable if it satisfies the following conditions:
(1) There exists a zero object 0 € C.
(2) Every morphism in € admits a fiber and a cofiber.
(3) A triangle in C is a fiber sequence if and only if it a cofiber sequence.

Remark 1.1.1.10. Condition (3) of Definition 1.1.1.9 is analogous to the axiom for abelian categories which
requires that the image of a morphism be isomorphic to its coimage.

Example 1.1.1.11. Recall that a spectrum consists of an infinite sequence of pointed topological spaces
{X;}i>0, together with homeomorphisms X; ~ QX;;;, where Q denotes the loop space functor. The
collection of spectra can be organized into a stable oco-category Sp. Moreover, Sp is in some sense the
universal example of a stable co-category. This motivates the terminology of Definition 1.1.1.9: an oco-
category C is stable if it resembles the oo-category Sp, whose homotopy category hSp can be identified with
the classical stable homotopy category. We will return to the theory of spectra (using a slightly different
definition) in §1.4.3.
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Example 1.1.1.12. Let A be an abelian category. Under mild hypotheses, we can construct a stable oco-
category D(A) whose homotopy category hD(A) can be identified with the derived category of A, in the
sense of classical homological algebra. We will outline the construction of D(A) in §1.3.2.

Remark 1.1.1.13. If € is a stable oo-category, then the opposite co-category C°P is also stable.

Remark 1.1.1.14. One attractive feature of the theory of stable co-categories is that stability is a property
of oo-categories, rather than additional data. The situation for additive categories is similar. Although
additive categories are often presented as categories equipped with additional structure (an abelian group
structure on all Hom-sets), this additional structure is in fact determined by the underlying category: see
Definition 1.1.2.1. The situation for stable co-categories is similar: we will see later that every stable co-
category is canonically enriched over the co-category of spectra.

1.1.2 The Homotopy Category of a Stable co-Category

Let M be a module over a commutative ring R. Then M admits a resolution
o> PP P> M—=0

by projective R-modules. In fact, there are generally many choices for such a resolution. Two projective
resolutions of M need not be isomorphic to one another. However, they are always quasi-isomorphic: that is,
if we are given two projective resolutions P, and P, of M, then there is a map of chain complexes Py — P,
which induces an isomorphism on homology groups. This phenomenon is ubiquitous in homological algebra:
many constructions produce chain complexes which are not really well-defined up to isomorphism, but only up
to quasi-isomorphism. In studying these constructions, it is often convenient to work in the derived category
D(R) of the ring R: that is, the category obtained from the category of chain complexes of R-modules by
formally inverting all quasi-isomorphisms.

The derived category D(R) of a commutative ring R is usually not an abelian category. For example, a
morphism f : X’ — X in D(R) usually does not have a cokernel in D(R). Instead, one can associate to f
its cofiber (or mapping cone) X", which is well-defined up to noncanonical isomorphism. In [155], Verdier
introduced the notion of a triangulated category in order to axiomatize the structure on D(R) given by
the formation of mapping cones. In this section, we will review Verdier’s theory of triangulated categories
(Definition 1.1.2.6) and show that the homotopy category of a stable co-category € is triangulated (Theorem
1.1.2.15).

We begin with some basic definitions.

Definition 1.1.2.1. Let A be a category. We will say that A is additive if it satisfies the following four
conditions:

(1) The category A admits finite products and coproducts.
(2) The category A has a zero object, which we will denote by 0.

For any pair of objects X,Y € A, a zero morphism from X to Y is a map f : X — Y which factors as a
composition X — 0 — Y. Tt follows from (2) that for every pair X,Y € A, there is a unique zero morphism
from X to Y, which we will denote by 0.

(3) For every pair of objects X,Y, the map X [[Y — X x Y described by the matrix

idy O
0 idy

is an isomorphism; let ¢x y denote its inverse.
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Assuming (3), we can define the sum of two morphisms f,¢g: X — Y to be the morphism f + g given by the
composition

XX xXHyxy ™ y][[y -V

It is easy to see that this construction endows Hom 4 (X,Y) with the structure of a commutative monoid,
whose identity is the unique zero morphism from X to Y.

(4) For every pair of objects X,Y € A, the addition defined above determines a group structure on
Homy (X,Y). In other words, for every morphism f : X — Y, there exists another morphism —f :
X — Y such that f + (—f) is a zero morphism from X to Y.

Remark 1.1.2.2. An additive category A is said to be abelian if every morphism f: X — Y in A admits a
kernel and a cokernel, and the canonical map coker(ker(f) — X) — ker(Y — coker(f)) is an isomorphism.

Remark 1.1.2.3. In §2.4.5, we will study an oo-categorical generalization of Definition 1.1.2.1.

Remark 1.1.2.4. Let A be an additive category. Then the composition law on A is bilinear: for pairs of
morphisms f, f/ € Hom4(X,Y) and ¢,¢" € Hom4 (Y, Z), we have

go(f+f)=(g0f)+(gof) (9+3g)of=(g0f)+ (g °f).
In other words, the composition law on A determines abelian group homomorphisms
Homyu (X,Y) ® Homy (Y, Z) — Hom 4 (X, Z).

We can summarize the situation by saying that the category A is enriched over the category of abelian
groups.

Remark 1.1.2.5. Let A be an additive category. It follows from condition (3) of Definition 1.1.2.1 that for
every pair of objects X,Y € A, the product X x Y is canonically isomorphic to the coproduct X [TY. It is
customary to emphasize this identification by denoting both the product and the coproduct by X & Y; we
will refer to X ® Y as the direct sum of X and Y.

Definition 1.1.2.6 (Verdier). A triangulated category consists of the following data:
(1) An additive category D.

(2) A translation functor D — D which is an equivalence of categories. We denote this functor by
X — X[1].

(3) A collection of distinguished triangles

These data are required to satisfy the following axioms:

(TR1) (a) Every morphism f: X — Y in D can be extended to a distinguished triangle in D.
(b) The collection of distinguished triangles is stable under isomorphism.

(¢) Given an object X € D, the diagram
X% x50 X[

is a distinguished triangle.
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(TR2) A diagram
xLy 4z xn
is a distinguished triangle if and only if the rotated diagram
y %z xp My
is a distinguished triangle.

(T'R3) Given a commutative diagram

X Y z X[1]

|
N

X' Y’ z X'[1]

in which both horizontal rows are distinguished triangles, there exists a dotted arrow rendering the
entire diagram commutative.

(TR4) Suppose given three distinguished triangles
f u d
X>Y=>Y/X = X[1)
Y425 2/v 4y
X% 7% z/x 4 x|
in D. There exists a fourth distinguished triangle
é ) 0
Y/X 5 Z/X 5 Z/Y - Y/X[1]

such that the diagram

X 9] Z v Z)Y 0 Y/X[1]
\\g )y/ \yg v p uly]
Y WX//ﬂ \\\nﬂ///
\V; " @
wX//ﬂd\\\mﬁ//f

commutes.

We now consider the problem of constructing a triangulated structure on the homotopy category of an
oo-category C. Let us begin by assuming only that € is a pointed oo-category. We let M denote the full
subcategory of Fun(A! x Al €) spanned by those diagrams

X——0

o

0 ——Y
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which are pushout squares, and such that 0 and 0’ are zero objects of C. If € admits cofibers, then we can
use Proposition T.4.3.2.15 (twice) to conclude that evaluation at the initial vertex induces a trivial fibration
M* = €. Let s: € — M be a section of this trivial fibration, and let e : M* = € be the functor given by
evaluation at the final vertex. The composition e o s is a functor from € to itself, which we will denote by
Y : € — € and refer to as the suspension functor on €. Dually, we define M to be the full subcategory of
Fun(A'! x Al €) spanned by diagrams as above which are pullback squares with 0 and 0’ zero objects of €. If
C admits fibers, then the same argument shows that evaluation at the final vertex induces a trivial fibration
M? = C. If we let s’ denote a section to this trivial fibration, then the composition of s’ with evaluation at
the initial vertex induces a functor from € to itself, which we will refer to as the loop functor and denote by
Q: € — €. If € is stable, then M = M=, Tt follows that ¥ and € are mutually inverse equivalences from €
to itself.

Remark 1.1.2.7. If the oo-category € is not clear from context, then we will denote the suspension and
loop functors ¥, : € — € by Xe and ¢, respectively.

Notation 1.1.2.8. If € is a stable co-category and n > 0, we let
X — X|[n]

denote the nth power of the suspension functor ¥ : ¢ — € constructed above (this functor is well-defined up
to canonical equivalence). If n < 0, we let X — X|[n] denote the (—n)th power of the loop functor Q. We
will use the same notation to indicate the induced functors on the homotopy category hC.

Remark 1.1.2.9. If the co-category C is pointed but not necessarily stable, the suspension and loop space
functors need not be homotopy inverses but are nevertheless adjoint to one another (provided that both
functors are defined).

If € is a pointed co-category containing a pair of objects X and Y, then the space Mape(X,Y) has
a natural base point, given by the zero map. Moreover, if € admits cofibers, then the suspension functor
e : € — C is essentially characterized by the existence of natural homotopy equivalences

Mape(2(X),Y) = QMape(X,Y).

In particular, we conclude that 7o Mape(X(X),Y) ~ m Mape(X,Y), so that mo Mape(X(X),Y) has the
structure of a group (here the fundamental group of Mape(X,Y) is taken with base point given by the
zero map). Similarly, mo Mape(X2(X),Y) ~ 7 Mape(X,Y) has the structure of an abelian group. If the
suspension functor X — X(X) is an equivalence of co-categories, then for every Z € € we can choose X
such that ¥2(X) ~ Z to deduce the existence of an abelian group structure on Mape(Z,Y). It is easy to see
that this group structure depends functorially on Z,Y € hC. We are therefore most of the way to proving
the following result:

Lemma 1.1.2.10. Let C be a pointed oo-category which admits cofibers, and suppose that the suspension
functor ¥ : € — € is an equivalence. Then hC is an additive category.

Proof. The argument sketched above shows that h€ is (canonically) enriched over the category of abelian
groups. It will therefore suffice to prove that h€ admits finite coproducts. We will prove a slightly stronger
statement: the oco-category C itself admits finite coproducts. Since € has an initial object, it will suffice to
treat the case of pairwise coproducts. Let X,Y € €, and let cofib : Fun(A!,€) — € denote the functor
which assign to each morphism its cofiber, so that we have equivalences X =~ cofib(X[~1] % 0) and YV =~
cofib(0 > Y'). Proposition T.5.1.2.2 implies that u and v admit a coproduct in Fun(A', ) (namely, the zero
map X|[—1] 5 Y). Since the functor cofib preserves coproducts (Remark 1.1.1.8), we conclude that X and
Y admit a coproduct (which can be constructed as the cofiber of the zero map from X[—1] to V). O
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Let C be a pointed co-category which admits cofibers. By construction, any diagram

X——0

o

0 ——Y

which belongs to M* determines a canonical isomorphism X [1] = Y in the homotopy category hC. We will
need the following observation:

Lemma 1.1.2.11. Let C be a pointed co-category which admits cofibers, and let

|

be a diagram in C, classifying a morphism 0 € Homye(X[1],Y). (Here 0 and 0' are zero objects of C.) Then
the transposed diagram

x_1 .

s

0 —

<

x-—L.0
f

0——Y

classifies the morphism —0 € Homye(X[1],Y). Here —0 denotes the inverse of 6 with respect to the group
structure on Hompe(X[1],Y) ~ m Mape(X,Y).

Proof. Without loss of generality, we may suppose that 0 = 0’ and f = f’. Let o : AZ — € be the diagram

0l x Lo

For every diagram p : K — €, let D(p) denote the Kan complex €,, xe{Y'}. Then Homype(X[1],Y) ~
mo D(0). We note that

D(o) =~ D(f) XD(X) D(f)-

Since 0 is an initial object of €, D(f) is contractible. In particular, there exists a point ¢ € D(f). Let
D' = D(f) Xpun({0y,p(x)) Fun(AY, D(X)) Xpun(1},m(x)) D(f)

D" = {q} Xpun({0},0(x)) Fun(A", D(X)) Xpun({1},0(x)) {a}

so that we have canonical inclusions

D" — D' - D(0).

The left map is a homotopy equivalence because D(f) is contractible, and the right map is a homotopy
equivalence because the projection D(f) — D(X) is a Kan fibration. We observe that D" can be identified
with the simplicial loop space of Hom§(X,Y) (taken with the base point determined by ¢, which we can
identify with the zero map from X to Y). Each of the Kan complexes D(c), D', D" is equipped with
a canonical involution. On D(o), this involution corresponds to the transposition of diagrams as in the
statement of the lemma. On D", this involution corresponds to reversal of loops. The desired conclusion now
follows from the observation that these involutions are compatible with the inclusions D", D(c) C D'. O
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Definition 1.1.2.12. Let € be a pointed oco-category which admits cofibers. Suppose given a diagram
xLy 4z xn

in the homotopy category hC. We will say that this diagram is a distinguished triangle if there exists a
diagram A! x AZ — @ as shown

x—Jtov_— o
O'—>Z—>W

)

satisfying the following conditions:
(i) The objects 0,0" € € are zero.
(i) Both squares are pushout diagrams in C.
(7i7) The morphisms fand g represent f and g, respectively.
)

(iv) The map h : Z — X[1] is the composition of (the homotopy class of) h with the equivalence W ~ X/[1]
determined by the outer rectangle.

Remark 1.1.2.13. We will generally only use Definition 1.1.2.12 in the case where C is a stable co-category.
However, it will be convenient to have the terminology available in the case where € is not yet known to be
stable.

The following result is an immediate consequence of Lemma 1.1.2.11:
Lemma 1.1.2.14. Let C be a stable co-category. Suppose given a diagram A% x A' — €, depicted as
X—0

yo
|

|

0 ——W,
where both squares are pushouts and the objects 0,0' € € are zero. Then the diagram
x5y %z xp

is a distinguished triangle in hC, where h' denotes the composition of h with the isomorphism W ~ X|[1] deter-
mined by the outer square, and —h' denotes the composition of b’ with the map —id € Hompe(X[1], X[1]) =~
m1 Mape (X, X[1]).

We can now state the main result of this section:

Theorem 1.1.2.15. Let C be a pointed co-category which admits cofibers, and suppose that the suspension
functor 3 is an equivalence. Then the translation functor of Notation 1.1.2.8 and the class of distinguished
triangles of Definition 1.1.2.12 endow hC with the structure of a triangulated category.

Remark 1.1.2.16. The hypotheses of Theorem 1.1.2.15 hold whenever € is stable. In fact, the hypotheses
of Theorem 1.1.2.15 are equivalent to the stability of C: see Corollary 1.4.2.27.
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Proof. We must verify that Verdier’s axioms (T'R1) through (T R4) are satisfied.

(TR1)

(TR2)

Let & C Fun(A! x A% €) be the full subcategory spanned by those diagrams

x—toyv_— .o

L

00— —W

of the form considered in Definition 1.1.2.12, and let e : & — Fun(A!,€) be the restriction to the
upper left horizontal arrow. Repeated use of Proposition T.4.3.2.15 implies e is a trivial fibration. In
particular, every morphism f : X — Y can be completed to a diagram belonging to €. This proves
(a). Part (b) is obvious, and (c) follows from the observation that if f = idx, then the object Z in the
above diagram is a zero object of C.

Suppose that
xLy 4z xn
is a distinguished triangle in hC, corresponding to a diagram ¢ € £ as depicted above. Extend o to a

diagram

X—Y ——>0
0V—sZ—W
O\L/H‘\L

where the lower right square is a pushout and 0” is a zero object of €. We have a map between the
squares

X ——0 Y ——0
0——Ww 0 ——V

which induces a commutative diagram in the homotopy category hC

W*>X[1]

N

V*>Y[1]

where the horizontal arrows are isomorphisms. Applying Lemma 1.1.2.14 to the rectangle on the right
of the large diagram, we conclude that

vy 4z 8 xp) My

is a distinguished triangle in hC.
Conversely, suppose that
y %z M xp My

is a distinguished triangle in hC. Since the functor ¥ : € — C is an equivalence, we conclude that the
triangle

7&1]

vi-2 757 712 "5 x-1) Y[-1]
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(TR3)

(TR4)
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is distinguished. Applying the preceding argument five times, we conclude that the triangle
xLy 4z xn
is distinguished, as desired.

Suppose we are given distinguished triangles
xLy sz X))

x' Ly -z - x

in h€. Without loss of generality, we may suppose that these triangles are induced by diagrams
0,0’ € & Any commutative diagram

X4f>Y

L,

x Ly
in the homotopy category hC can be lifted (nonuniquely) to a square in C, which we may identify
with a morphism ¢ : e(o) — e(o’) in the oo-category Fun(Al,€). Since e is a trivial fibration of
simplicial sets, ¢ can be lifted to a morphism o — ¢’ in €, which determines a natural transformation
of distinguished triangles

L
X' Y’ z X'[1].

Let f: X - Y and g : Y — Z be morphisms in €. In view of the fact that e : & — Fun(A!,C) is a
trivial fibration, any distinguished triangle in h€ beginning with f, g, or g o f is uniquely determined
up to (nonunique) isomorphism. Consequently, it will suffice to prove that there exist some triple of
distinguished triangles which satisfies the conclusions of (T'R4). To prove this, we construct a diagram
in C

x— 1oy ¢ g 0

N

0 Y/X Z/X X/ 0
| L
0 Z;Y‘ Y’ (Y/X)

where 0 is a zero object of C, and each square in the diagram is a pushout (more precisely, we apply
Proposition T.4.3.2.15 repeatedly to construct a map from the nerve of the appropriate partially ordered
set into C). Restricting to appropriate rectangles contained in the diagram, we obtain isomorphisms
X' ~X[1],Y ~Y[1], (Y/X) ~Y/X[1], and four distinguished triangles

XLy 5v/X - X[
Y4722y -Y[l

X%z z/x - x[1]
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Y/X = Z)X = Z)Y — Y/X]1].

The commutativity in the homotopy category hC required by (T'R4) follows from the (stronger) com-
mutativity of the above diagram in C itself.

O

Remark 1.1.2.17. The definition of a stable co-category is quite a bit simpler than that of a triangulated
category. In particular, the octahedral axiom (T'R4) is a consequence of oo-categorical principles which are
basic and easily motivated.

Notation 1.1.2.18. Let C be a stable oo-category containing a pair of objects X and Y. We let Extg(X,Y)
denote the abelian group Homype(X[—n],Y). If n is negative, this can be identified with the homotopy
group 7_, Mape(X,Y). More generally, Exte(X,Y) can be identified with the (—n)th homotopy group of
an appropriate spectrum of maps from X to Y.

1.1.3 Closure Properties of Stable co-Categories

According to Definition 1.1.1.9, a pointed oco-category C is stable if it admits certain pushout squares and
certain pullback squares, which are required to coincide with one another. Our goal in this section is to
prove that a stable oco-category € admits all finite limits and colimits, and that the pushout squares in C
coincide with the pullback squares in general (Proposition 1.1.3.4). To prove this, we will need the following
easy observation (which is quite useful in its own right):

Proposition 1.1.3.1. Let C be a stable co-category, and let K be a simplicial set. Then the oco-category
Fun(K, C) is stable.

Proof. This follows immediately from the fact that fibers and cofibers in Fun(K, €) can be computed point-
wise (Proposition T.5.1.2.2). O

Definition 1.1.3.2. If C is stable oco-category, and €y is a full subcategory containing a zero object and
stable under the formation of fibers and cofibers, then Cj is itself stable. In this case, we will say that Cy is
a stable subcategory of C.

Lemma 1.1.3.3. Let C be a stable co-category, and let C' C € be a full subcategory which is stable under
cofibers and under translations. Then C is a stable subcategory of C.

Proof. Tt will suffice to show that € is stable under fibers. Let f : X — Y be a morphism in €. Theorem
1.1.2.15 shows that there is a canonical equivalence fib(f) ~ cofib(f)[—1]. O

Proposition 1.1.3.4. Let C be a pointed co-category. Then C is stable if and only if the following conditions
are satisfied:

(1) The co-category C admits finite limits and colimits.

(2) A square
X——Y

o

X ——Y’

i C is a pushout if and only if it is a pullback.
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Proof. Condition (1) implies the existence of fibers and cofibers in €, and condition (2) implies that a triangle
in € is a fiber sequence if and only if it is a cofiber sequence. This proves the “if” direction.

Suppose now that € is stable. We begin by proving (1). It will suffice to show that € admits finite
colimits; the dual argument will show that € admits finite limits as well. According to Proposition T.4.4.3.2,
it will suffice to show that € admits coequalizers and finite coproducts. The existence of finite coproducts
was established in Lemma 1.1.2.10. We now conclude by observing that a coequalizer for a diagram

X :f§ Y
I
can be identified with cofib(f — f7).

We now show that every pushout square in € is a pullback; the converse will follow by a dual argument.
Let D C Fun(A! x A', @) be the full subcategory spanned by the pullback squares. Then D is stable
under finite limits and under translations. It follows from Lemma 1.1.3.3 that D is a stable subcategory of
Fun(A! x A, @).

Let i : A3 < A x A! be the inclusion, and let i, : Fun(A2, €) — Fun(A! x Al, €) be a functor of left Kan
extension. Then 4 preserves finite colimits, and is therefore exact (Proposition 1.1.4.1). Let D’ = i, ' D.
Then D’ is a stable subcategory of Fun(A2,C); we wish to show that D’ = Fun(A2,€). To prove this, we
observe that any diagram

X'+ X —= X"

can be obtained as a (finite) colimit

elx'/ H ex H el)/(//
ey e’y

where ex € Fun(A3, €) denotes the diagram X < X — X, ¢}, € Fun(A2, €) denotes the diagram Z < 0 — 0,
and €7 € Fun(A2,C) denotes the diagram 0 <— 0 — Z. It will therefore suffice to prove that a pushout of
any of these five diagrams is also a pullback. This follows immediately from the following more general
observation: any pushout square

A—> A

i

B——DB

in an (arbitrary) oco-category C is also a pullback square, provided that f is an equivalence. O

Remark 1.1.3.5. Let C be a stable oco-category. Then C admits finite products and finite coproducts
(Proposition 1.1.3.4). Moreover, for any pair of objects X,Y € €, there is a canonical equivalence

XIOY - X xY,

idxy O
0 idy].
Theorem 1.1.2.15 implies that this map is an equivalence. We will sometimes use the notation X &Y to
denote a product or coproduct of X and Y in C.

given by the matrix

We conclude this section by establishing a few closure properties for the class of stable co-categories.

Proposition 1.1.3.6. Let C be a (small) stable oco-category and let k be a regular cardinal. Then the
oo-category Ind, (C) is stable.
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Proof. The functor j preserves finite limits and colimits (Propositions T.5.1.3.2 and T.5.3.5.14). Tt follows
that j(0) is a zero object of Ind,(€), so that Ind,(€) is pointed.

We next show that every morphism f : X — Y in Ind,(C) admits a fiber and a cofiber. According to
Proposition T.5.3.5.15, we may assume that f is a k-filtered colimit of morphisms f, : X, — Y, which
belong to the essential image € of j. Since j preserves fibers and cofibers, each of the maps f, has a fiber
and a cofiber in Ind,. It follows immediately that f has a cofiber (which can be written as a colimit of
the cofibers of the maps f,). The existence of fib(f) is slightly more difficult. Choose a k-filtered diagram
p:J— Fun(A! x A, €"), where each p(a) is a pullback square

Lo —0

L,

Xy —Y,.

Let o be a colimit of the diagram p; we wish to show that ¢ is a pullback diagram in Ind,,(€). Since Ind, (C)
is stable under k-small limits in P(C), it will suffice to show that o is a pullback square in P(€). Since P(C)
is an co-topos, filtered colimits in P(C) are left exact (Example T.7.3.4.7); it will therefore suffice to show
that each p(a) is a pullback diagram in P(C). This is obvious, since the inclusion € C P(C) preserves all
limits which exist in €' (Proposition T.5.1.3.2).

To complete the proof, we must show that a triangle in Ind,(€) is a fiber sequence if and only if it is a
cofiber sequence. Suppose we are given a fiber sequence

Z—-0

L

X —Y
in Ind,(€). The above argument shows that we can write this triangle as a filtered colimit of fiber sequences

Loy —0

|

Xo—>Y,

in @'. Since @ is stable, we conclude that these triangles are also cofiber sequences. The original triangle is
therefore a filtered colimit of cofiber sequences in €', hence a cofiber sequence. The converse follows by the
same argument. O

Corollary 1.1.3.7. Let C be a stable co-category. Then the idempotent completion of C is also stable.

Proof. According to Lemma T.5.4.2.4, we can identify the idempotent completion of € with a full subcategory
of Ind(€) which is closed under shifts and finite colimits. O

1.1.4 Exact Functors

Let F : C — € be a functor between stable co-categories. Suppose that F carries zero objects into zero
objects. It follows immediately that F carries triangles into triangles. If, in addition, F' carries fiber
sequences to fiber sequences, then we will say that F' is exact. The exactness of a functor F' admits the
following alternative characterizations:

Proposition 1.1.4.1. Let F : @ — €' be a functor between stable co-categories. The following conditions
are equivalent:
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(1) The functor F is left exact. That is, F commutes with finite limits.
(2) The functor F is right exact. That is, F' commutes with finite colimits.
(3) The functor F' is exact.

Proof. We will prove that (2) < (3); the equivalence (1) < (3) will follow by a dual argument. The
implication (2) = (3) is obvious. Conversely, suppose that F is exact. The proof of Proposition 1.1.3.4 shows
that F' preserves coequalizers, and the proof of Lemma 1.1.2.10 shows that F' preserves finite coproducts. It
follows that F' preserves all finite colimits (see the proof of Proposition T.4.4.3.2). O

The identity functor from any stable co-category to itself is exact, and a composition of exact functors is
exact. Consequently, there exists a subcategory Gatgg‘ C Cat, in which the objects are stable oo-categories
and the morphisms are the exact functors. Our next few results concern the stability properties of this
subcategory.

Proposition 1.1.4.2. Suppose given a homotopy Cartesian diagram of co-categories

<.

/ G
— =D

Suppose further that C, D', and D are stable, and that the functors F and G are exact. Then:
(1) The co-category € is stable.
(2) The functors F' and G' are ezxact.

(3) If € is a stable oco-category, then a functor H : & — €' is exact if and only if the functors F' o H and
G' o H are exact.

Proof. Combine Proposition 1.1.3.4 with Lemma T.5.4.5.5. [

Proposition 1.1.4.3. Let {Cy}aca be a collection of stable co-categories. Then the product

e=1J e

a€cA

is stable. Moreover, for any stable co-category D, a functor F : D — C is exact if and only if each of the
compositions

phese,
is an exact functor.
Proof. This follows immediately from the fact that limits and colimits in € are computed pointwise. O

Theorem 1.1.4.4. The oco-category eatfg‘ admits small limits, and the inclusion
GatEj C Catyo
preserves small limits.

Proof. Using Propositions 1.1.4.2 and 1.1.4.3, one can repeat the argument used to prove Proposition
T.5.4.7.3. H

We have the following analogue of Theorem 1.1.4.4.



1.1. FOUNDATIONS 29

Proposition 1.1.4.5. Let p: X — S be an inner fibration of simplicial sets. Suppose that:
(i) For each vertex s of S, the fiber Xs = X xg {s} is a stable co-category.

(ii) For every edge s — s' in S, the restriction X xg Al — Al is a coCartesian fibration, associated to an
exact functor X; — Xy .

Then:

(1) The co-category Mapg (S, X) of sections of p is stable.

(2) If C is an arbitrary stable co-category, and f : € — Mapg(S, X) induces an exact functor C EN
Mapg(S, X) — X for every vertex s of S, then f is exact.

(3) For every set € of edges of S, let Y(€) C Mapg(S, X) be the full subcategory spanned by those sections
f:8 = X of p with the following property:

(x) For every e € &, f carries e to a p.-coCartesian edge of the fiber product X xgs Al, where
pe : X xg Al = Al denotes the projection.

Then each Y (€) is a stable subcategory of Mapg(S, X).

Proof. Combine Proposition T.5.4.7.11, Theorem 1.1.4.4, and Proposition 1.1.3.1. O

Proposition 1.1.4.6. The co-category Catg’f admits small filtered colimits, and the inclusion Gat];:ox C Cato
preserves small filtered colimits.

Proof. Let J be a filtered oo-category, p : J — eatfj a diagram, which we will indicate by {Cs}reg, and C a
colimit of the induced diagram J — Cat,,. We must prove:

(i) The co-category C is stable.
(7) Each of the canonical functors 7 : C; — € is exact.

(7i7) Given an arbitrary stable co-category D, a functor f : € — D is exact if and only if each of the

composite functors Cy % @ 5 D is exact.

In view of Proposition 1.1.4.1, (i7) and (ii¢) follow immediately from Proposition T.5.5.7.11. The same result
implies that C admits finite limits and colimits, and that each of the functors 8; preserves finite limits and
colimits.

To prove that C has a zero object, we select an object I € J. The functor €; — € preserves initial and
final objects. Since C; has a zero object, so does C.

We will complete the proof by showing that every fiber sequence in € is a cofiber sequence (the converse
follows by the same argument). Fix a morphism f : X — Y in €. Without loss of generality, we may suppose
that there exists I € J and a morphism f : X — Y in €; such that f = 91(]7) (Proposition T.5.4.1.2). Form

a pullback diagram &
w X
’ L

I Ve
in C;. Since Cj is stable, this diagram is also a pushout. It follows that 6;(5) is a triangle W — X A Y
which is both a fiber sequence and a cofiber sequence in C. O

P
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1.2 Stable co-Categories and Homological Algebra

Let A be an abelian category with enough projective objects. In §1.3.2, we will explain how to associate to A
a stable oo-category D™ (A), whose objects are (right-bounded) chain complexes of projective objects of A.
The homotopy category D™ (A) is a triangulated category, which is usually called the derived category of A.
We can recover A as a full subcategory of the triangulated category hD ™ (A) (or even as a full subcategory of
the oco-category D™ (A)): namely, A is equivalent to the full subcategory spanned by those chain complexes
P, st satisfying H,, (P,) ~ 0 for n # 0. This subcategory can be described as the intersection

D™ (A)>0ND™ (A)<o,

where D™ (A)<g is defined to be the full subcategory spanned by those chain complexes P, with H,,(P,) ~ 0
for n > 0, and D™ (A)>¢ is spanned by those chain complexes with H,,(P;) =~ 0 for n < 0.

In §1.2.1, we will axiomatize the essence of the situation by reviewing the notion of a t-structure on a
stable co-category €. A t-structure on € is a pair of full subcategories (C>0,C<p) satisfying some axioms
which reflect the idea that objects of C>o (C<¢) are “concentrated in nonnegative (nonpositive) degrees” (see
Definition 1.2.1.1). In this case, one can show that the intersection €>o N C<p is equivalent to the nerve of
an abelian category, which we call the heart of € and denote by €Y. To any object X € C, we can associate
homotopy objects m, X € ev (in the special case € = D™ (A), the functor 7, associates to each chain complex
P, its nth homology H,,(P.)).

If C is a stable co-category equipped with a t-structure, then it is often possible to relate questions about
€ to homological algebra in the abelian category Y. In §1.2.2, we give an illustration of this principle, by
showing that every filtration on an object X € € determines a spectral sequence {E?'?, d, },>1 in the abelian
category €Y, which (in good cases) converges to the homotopy objects 7, X (Proposition 1.2.2.7). The first
page of this spectral sequence has a reasonably explicit description in terms of the homotopy objects of the
successive quotients for the filtration of X. In practice, it is often difficult to describe EF'¢ when r > 2.
However, there is a convenient description in the case r = 2, at least when X is given as the geometric
realization of a simplicial object X, of € (equipped with the corresponding skeletal filtration). In §1.2.4 we
will show that this is essentially no loss of generality: if € is a stable co-category, then every nonnegatively
filtered object X of C can be realized as the geometric realization of a simplicial object of C, equipped with
the skeletal filtration (Theorem 1.2.4.1). This assertion can be regarded as an oco-categorical analogue of the
classical Dold-Kan correspondence between simplicial objects and chain complexes in an abelian category,
which we review in §1.2.3.

1.2.1 t-Structures on Stable co-Categories

Let @ be an oo-category. Recall that we say a full subcategory €' C € is a localization of € if the inclusion
functor €' C € has a left adjoint (§T.5.2.7). In this section, we will introduce a special class of localizations,
called t-localizations, in the case where C is stable. We will further show that there is a bijective correspon-
dence between t-localizations of € and t¢-structures on the triangulated category hC. We begin with a review
of the classical theory of t-structures; for a more thorough introduction we refer the reader to [13].

Definition 1.2.1.1. Let D be a triangulated category. A t-structure on D is defined to be a pair of full
subcategories D>q, D<o (always assumed to be stable under isomorphism) having the following properties:

(1) For X € D> and Y € D<g, we have Homp (X, Y[-1]) = 0.
(2) ‘We have inclusions Dzo[l] - @207 'DSQ[—” - ZDS().
(3) For any X € D, there exists a fiber sequence X’ — X — X” where X’ € D> and X" € D<o[—1].

Notation 1.2.1.2. If D is a triangulated category equipped with a t-structure, we will write D>,, for D>q[n]
and D<,, for D<y[n]. Observe that we use a homological indexing convention.
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Remark 1.2.1.3. In Definition 1.2.1.1, either of the full subcategories D>g, D<o € D determines the other.
For example, an object X € D belongs to D<_; if and only if Homp (Y, X) vanishes for all Y € Dxq.

Definition 1.2.1.4. Let € be a stable co-category. A t-structure on C is a t-structure on the homotopy
category hC. If C is equipped with a t-structure, we let C>, and C<, denote the full subcategories of C
spanned by those objects which belong to (h€C)>, and (hC)<,, respectively.

Proposition 1.2.1.5. Let C be a stable co-category equipped with a t-structure. For each n € Z, the full
subcategory C<y, is a localization of C.

Proof. Without loss of generality, we may suppose n = —1. According to Proposition T.5.2.7.8, it will suffice
to prove that for each X € C, there exists a map f : X — X", where X” € C<_; and for each Y € C<_y,
the map

Mape(X”,Y) — Mape(X,Y)

is a weak homotopy equivalence. Invoking part (3) of Definition 1.2.1.1, we can choose f to fit into a fiber
sequence

X x4 xn
where X’ € C>g. According to Whitehead’s theorem, we need to show that for every k < 0, the map
Exth(X",Y) — Exth(X,Y)

is an isomorphism of abelian groups. Using the long exact sequence associated to the fiber sequence above,
we are reduced to proving that the groups Ext’é(X "Y) vanish for £k < 0. We now use condition (2) of
Definition 1.2.1.1 to conclude that X'[—k] € C>¢. Condition (1) of Definition 1.2.1.1 now implies that

Extf (X', Y) ~ Homye(X'[~K],Y) ~ 0.
O

Corollary 1.2.1.6. Let C be a stable co-category equipped with a t-structure. The full subcategories C<,, C €
are stable under all limits which exist in C. Dually, the full subcategories C>,, C € are stable under all colimits
which exist in C.

Notation 1.2.1.7. Let € be a stable co-category equipped with a t-structure. We will let 7<,, denote a left
adjoint to the inclusion €<, C €, and 7>, a right adjoint to the inclusion C>,, C C.

Remark 1.2.1.8. Fix n,m € Z, and let € be a stable co-category equipped with a t-structure. Then the
truncation functors 7<,, 7>, map the full subcategory C<,, to itself. To prove this, we first observe that
T<n is equivalent to the identity on C<,, if m < n, while if m > n the essential image of 7<,, is contained in
C<n C C«yy,. To prove the analogous result for 7>,,, we observe that the proof of Proposition 1.2.1.5 implies
that for each X, we have a fiber sequence

TZnX — X i) Tgnle.

If X € C<pm, then 7<,,—1 X also belongs to C<,y,, so that 7>, X =~ fib(f) belongs to C<,, since C<,, is stable
under limits.

Warning 1.2.1.9. In §T.5.5.6, we introduced for every oco-category C a full subcategory 7<,, € of n-truncated
objects of €. In that context, we used the symbol 7<, to denote a left adjoint to the inclusion 7<, € C C.
This is not compatible with Notation 1.2.1.7. In fact, if C is a stable co-category, then it has no nonzero
truncated objects at all: if X € C is nonzero, then the identity map from X to itself determines a nontrivial
homotopy class in 7, Mape(X[—n], X), for all n > 0. Nevertheless, the two notations are consistent when
restricted to C>g, in view of the following fact:
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e Let C be a stable co-category equipped with a t-structure. An object X € Cx¢ is k-truncated (as an
object of Cx¢) if and only if X € C«y.

In fact, we have the following more general statement: for any X € € and k¥ > —1, X belongs to C<y, if
and only if Mape (Y, X) is k-truncated for every Y € €. Because the latter condition is equivalent to the
vanishing of Extg (Y, X) for n < —k, we can use the shift functor to reduce to the case where n = 0 and
k = —1, which is addressed by Remark 1.2.1.3.

Let € be a stable co-category equipped with a t-structure, and let n,m € Z. Remark 1.2.1.8 implies that
we have a commutative diagram of simplicial sets

C>p —C

l‘km l‘km

GZn M egm egm .
As explained in §T.7.3.1, we get an induced transformation of functors
0 : T<m O T>n — T>n © T<m-

Proposition 1.2.1.10. Let C be a stable co-category equipped with a t-structure. Then the natural trans-
formation
0: T<m © T>n =2 T>n O T<m

is an equivalence of functors € = C<p NCxpy.

Proof. This is a classical fact concerning triangulated categories; we include a proof for completeness. Fix
X € C; we wish to show that
0(X) : T<mTon X = TonT<mX

is an isomorphism in the homotopy category of C<,, NC>,. If m < n, then both sides are zero and there
is nothing to prove; let us therefore assume that m > n. Fix Y € C<,, NC>,; it will suffice to show that
composition with #(X) induces an isomorphism

Exte(1>nm<m X, Y) = Exte(T<mm>nX,Y) = Exte (75, X, V).

We have a map of long exact sequences

Ext% (T<n—1T<mX,Y) L> Ext% (T<n-1X,Y)

Ext?(r<m X,Y) — I~ Extd(X,Y)

P

EXt%(TZnTSmX7 Y)—— Ext% (150 X,Y)

Exté(TSn,lTSmX, Y) L Exté(Tgn,lX, Y)

Exth(remX,Y) — 2~ ExtL(X,Y).
Since m > n, the natural transformation 7<,,—1 — T<n—17<,, is an equivalence of functors; this proves that
fo and f3 are bijective. Since Y € C<,y,, f1 is bijective and f4 is injective. It follows from the “five lemma”
that fs5 is bijective, as desired. O
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Definition 1.2.1.11. Let C be a stable co-category equipped with a t-structure. The heart e¥ of € is the
full subcategory €>9NC<g C €. For eachn € Z, we let mp : € — €Y denote the functor T<0OT>0 ™ T>0 0 T<0,
and we let 7, : @ — €% denote the composition of o with the shift functor X — X[—n].

Remark 1.2.1.12. Let C be a stable oo-category equipped with a t-structure, and let X,Y € €Y. The
homotopy group 7, Mape(X,Y) ~ Ext,"(X,Y) vanishes for n > 0. It follows that €Y is equivalent to (the
nerve of) its homotopy category he". The category heY is abelian ([13]). We will often abuse terminology
by identifying €Y with the abelian category hev.

Warning 1.2.1.13. The definition of a t-structure on a triangulated category was introduced in [13].
However, the notation of [13] is slightly different from the notation employed here. We use homological
rather than cohomological indexing conventions. Moreover, if € is a stable oco-category equipped with a
t-structure and X € C, then we denote the corresponding objects 7<o7>0X[—n] by 7, X, rather than H, (X).
This notation reflects our emphasis in this book: the stable co-categories of greatest interest to us are those
which arise in stable homotopy theory (see §1.4), rather than those which arise in homological algebra.

Let € be a stable oco-category. In view of Remark 1.2.1.3, t-structures on C are determined by the
corresponding localizations €<y C €. However, not every localization of € arises in this way. Recall (see
§7T.5.5.4) that every localization of C has the form S~! €, where S is an appropriate collection of morphisms
of C. Here S~ € denotes the full subcategory of € spanned by S-local objects, where an object X € € is said
to be S-local if and only if, for each f: Y’ — Y in S, composition with f induces a homotopy equivalence

Mape (Y, X) — Mape (Y, X).
If € is stable, then we extend the morphism f to a fiber sequence
Y 5Y Y,
and we have an associated long exact sequence
.= Exth (Y, X) — Exth(Y, X) 3 Exth (Y, X) — BExti (Y, X) — ...

The requirement that X be {f}-local amounts to the condition that 6; be an isomorphism for ¢ < 0. Using
the long exact sequence, we see that if X is {f}-local, then Exts(Y”, X) = 0 for i < 0. Conversely, if
Exts (Y, X) = 0 for i < 1, then X is {f}-local. Experience suggests that it is usually more natural to
require the vanishing of the groups Exti@(Y" ,X) than it is to require that the maps 6; to be isomorphisms.
Of course, if Y’ is a zero object of €, then the distinction between these conditions disappears.

Definition 1.2.1.14. Let € be an oo-category which admits pushouts. We will say that a collection S of
morphisms of € is quasisaturated if it satisfies the following conditions:

(1) Every equivalence in € belongs to S.
(2) Given a 2-simplex A? — €

if any two of f, g, and h belongs to S, then so does the third.

(3) Given a pushout diagram

if f€S, then f/ € 5.
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Any intersection of quasisaturated collections of morphisms is quasisaturated. Consequently, for any collec-
tion of morphisms S there is a smallest quasisaturated collection S containing S. We will say that S is the
quasisaturated collection of morphisms generated by S.

Definition 1.2.1.15. Let C be a stable oo-category. A full subcategory € C € is closed under extensions

if, for every fiber sequence triangle
X—=>Y—>Z

such that X and Z belong to €', the object Y also belongs to €.

We observe that if € is as in Definition 1.2.1.14 and L : € — C is a localization functor, then the collection
of all morphisms f of € such that L(f) is an equivalence is quasisaturated.

Proposition 1.2.1.16. Let € be a stable co-category, let L : C — C be a localization functor, and let S be
the collection of morphisms f in C such that L(f) is an equivalence. The following conditions are equivalent:

(1) There ezists a collection of morphisms {f : 0 — X} which generates S (as a quasisaturated collection
of morphisms).

(2) The collection of morphisms {0 — X : L(X) =~ 0} generates S (as a quasisaturated collection of
morphisms).

(3) The essential image of L is closed under extensions.

(4) For any A € C, B € L€, the natural map Ext' (LA, B) — Ext'(A, B) is injective.

(5) The full subcategories C>o = {A: LA ~0} and C<_1 = {A: LA~ A} determine a t-structure on C.
Proof. The implication (1) = (2) is obvious. We next prove that (2) = (3). Suppose given a fiber sequence

X—->Y 7

where X and Z are both S-local. We wish to prove that Y is S-local. In view of assumption (2), it will
suffice to show that Mapge(A,Y) is contractible, provided that L(A) ~ 0. In other words, we must show that
Exte(A4,Y) ~ 0 for ¢ < 0. We now observe that there is an exact sequence

Exti(A, X) — Exth(A,Y) — Exth(A, Z)

where the outer groups vanish, since X and Z are S-local and the map 0 — A belongs to S.
We next show that (3) = (4). Let B € L€, and let 1 € Exts(LA, B) classify a distinguished triangle

B—Cc4% LA B[

Condition (3) implies that C' € L €. If the image of 1 in Exts(A, B) is trivial, then the localization map
A — LA factors as a composition

Adyc S A

Applying L to this diagram (and using the fact that C is local) we conclude that the map g admits a section,
so that n = 0.

We now claim that (4) = (5). Assume (4), and define C>g, C<_1 as in (5). We will show that the axioms
of Definition 1.2.1.1 are satisfied:

e If X € C5p and Y € C<_1, then Extg(X,Y) ~ Extg(LX,Y) ~ Ext2(0,Y) ~ 0.

e Since C<_; is a localization of C, it is stable under limits, so that €<_1[—1] C C<_;. Similarly, since
the functor L : € — C<_; preserves all colimits which exist in C, the subcategory €>¢ is stable under
finite colimits, so that €>¢[1] C C>o.
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e Let X € €, and form a fiber sequence
X' - X - LX.

We claim that X’ € C>; in other words, that LX’ = 0. For this, it suffices to show that for all
Y € L €, the morphism space
Ext2(LX',Y) = 0.

Since Y is local, we have isomorphisms
Ext2(LX',Y) ~ Ext (X' Y) ~ Extg(X'[1],Y).
We now observe that there is a long exact sequence
Ext)(LX,Y) 5 ExtS(X,Y) — Exth(X'[1],Y) — ExtL(LX,Y) & ExtL(X,Y).
Here f is bijective (since Y is local) and f’ is injective (in virtue of assumption (4)).

We conclude by showing that (5) = (1). Let S’ be the smallest quasisaturated collection of morphisms
which contains the zero map 0 — A, for every A € €. We wish to prove that S = S’. For this, we choose
an arbitrary morphism u : X — Y belonging to S. Then Lu : LX — LY is an equivalence, so we have a
pushout diagram

X/UH/Y/

L

X*“>y7

where X’ and Y’ are fibers of the respective localization maps X — LX, Y — LY. Consequently, it will
suffice to prove that v’ € S’. Since X', Y’ € €, this follows from the two-out-of-three property, applied to

the diagram
X/

Let € be a stable oo-category equipped with a t-structure. We let €7 = U<, CC € =JC>_yp, and
l=ctne . Itis easy to see that €, €, and P are stable subcategories of €. We will say that C is left
bounded if @ = €T, right bounded if C = €™, and bounded if € = el

At the other extreme, given a stable co-category € equipped with a t-structure, we define the left com-
pletion C of € to be a homotopy limit of the tower

0 Y.

O

T<—1

T< T<0
..._>e§2 %1@31 - GSO - ...

Using the results of §T.3.3.3, we can obtain a very concrete description of this inverse limit: it is the full
subcategory of Fun(N(Z), €) spanned by those functors F : N(Z) — € with the following properties:

(1) For each n € Z, F(n) € C<_,.

(2) For each m < n € Z, the associated map F(m) — F(n) induces an equivalence 7<_, F(m) — F(n).
We will denote this inverse limit by @, and refer to it as the left completion of C.
Proposition 1.2.1.17. Let C be a stable co-category equipped with a t-structure. Then:

(1) The left completion € is also stable.
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(2) Let égo and @20 be the full subcategories of@ spanned by those functors F : N(Z) — € which factor
through C<o and C>q, respectively. Then these subcategories determine a t-structure on C.

(3) There is a canonical functor C — €. This functor is exact, and induces an equivalence C<o — égo.

Proof. We observe that € can be identified with the homotopy inverse limit of the tower

T<OE T<02
...—>€§0 — GSQ — (?<0.

In other words, e” is equivalent to the oco-category of spectrum objects Sp(C<g) (see Proposition 1.4.2.24
in §1.4.2), and assertion (1) is a special case of Corollary 1.4.2.17.

We next prove (2). We begin by observing that, if we identify € with a full subcategory of Fun(N(Z), @),
then the shift functors on C can be defined by the formula

(F[n])(m) = F(m + n)[n].

This proves immediately that @20[1} C 620 and @So[—l] C @SO- Moreover, if X € @20 and Y € @S—l =
C<o[—1], then Maps(X,Y’) can be identified with a homotopy limit of a tower of spaces

... > Mape(X(n),Y(n)) - Mape(X(n—1),Y(n—1)) — ...

Since each of these spaces is contractible, we conclude that Maps(X,Y') ~ #; in particular, Ext% (X,Y)=0.
Finally, we consider an arbitrary X € €. Let X" = T<—10X : N(Z) - €, and let v : X — X" be the

induced map. It is easy to check that X" e ég—l and that fib(u) € ézo- This completes the proof of (2).

To prove (3), we let D denote the full subcategory of N(Z) x € spanned by pairs (n,C) such that
C € C<_,,. Using Proposition T.5.2.7.8, we deduce that the inclusion D C N(Z) x € admits a left adjoint L.
The composition

NEZ)xeLDCcNZ)xe—e

can be identified with a functor 6 : € — Fun(N(Z), €) which factors through €. To prove that 0 is exact, it
suffices to show that 6 is right exact (Proposition 1.1.4.1). Since the truncation functors 7<,, : €<p41 — C<y,

are right exact, finite colimits in € are computed pointwise. Consequently, it suffices to prove that each of
the compositions

eheor,e
is right exact. But this composition can be identified with the functor 7<,,.
Finally, we observe that C<( can be identified with a homotopy limit of the essentially constant tower
...ego EGSOSGSOTSI eg_l — ...,
and that ¢ induces an identification of this homotopy limit with C<o. O

If € is a stable oo-category equipped with a t-structure, then we will say that C is left complete if the
functor € — € described in Proposition 1.2.1.17 is an equivalence.

Remark 1.2.1.18. Let € be as in Proposition 1.2.1.17. Then the inclusion CT C € induces an equivalence

5 ~ ~t
" — €, and the functor € — € induces an equivalence € — € . Consequently, the constructions
e—C emer

furnish an equivalence between the theory of left bounded stable co-categories and the theory of left complete
stable oco-categories.
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The following criterion is useful for establishing left completeness.

Proposition 1.2.1.19. Let C be a stable co-category equipped with a t-structure. Suppose that C admits
countable products, and that C>( is stable under countable products. The following conditions are equivalent:

(1) The oco-category C is left complete.
(2) The full subcategory C>oo = [ C>p C C consists only of zero objects of C.
Proof. We first observe every tower of objects

o= X, X1 —

in € admits a limit 1£1{Xn} we can compute this limit as the fiber of an appropriate map

HXn—>HXn.

Moreover, if each X, belgngs to €>p, then lgl{Xn} belongs to C>_1.
The functor F': € — C of Proposition 1.2.1.17 admits a right adjoint G, given by
f € € C Fun(N(Z),€) — lim(f).
Assertion (1) is equivalent to the statement that the unit and counit maps
u:FoG —idg

v:ide > GoF

are equivalences. If v is an equivalence, then any object X € C can be recovered as the limit of the tower
{7<nX}. In particular, this implies that X = 0 if X € C>«, so that (1) = (2).

Now assume (2); we will prove that u and v are both equivalences. To prove that w is an equivalence, we
must show that for every f € a the natural map

6 lim(f) > f(n)

induces an equivalence 7<_, 1&1( f) = f(n). In other words, we must show that the fiber of 6 belongs to
C>_pn+1. To prove this, we first observe that ¢ factors as a composition

. 0’ 0"
Wm(f) = f(n—1) = f(n).

The octahedral axiom ((T'R4) of Definition 1.1.2.6) implies the existence of a fiber sequence
fib(#") — fib(6) — fib(6").

Since fib(#") clearly belongs to €>_,,+1, it will suffice to show that fib(¢’) belongs to €>_,,+1. We observe
that fib(6”) can be identified with the limit of a tower {fib(f(m) — f(n — 1)) }m<n. It therefore suffices to
show that each fib(f(m) — f(n — 1)) belongs to €>_,42, which is clear.

We now prove that v is an equivalence. Let X be an object of €, and vx : X — (Go F)(X) the associated
map. Since u is an equivalence of functors, we conclude that 7<,(vx) is an equivalence for all n € Z. It
follows that cofib(vyx) € C>py1 for all n € Z. Invoking assumption (2), we conclude that cofib(vx) ~ 0, so
that vx is an equivalence as desired. O

Remark 1.2.1.20. The ideas introduced above can be dualized in an obvious way, so that we can speak of
right completions and right completeness for a stable co-category equipped with a t-structure.



38 CHAPTER 1. STABLE co-CATEGORIES

1.2.2 Filtered Objects and Spectral Sequences

Suppose given a sequence of objects

s XD D x0) L xa) -

in a stable oco-category C. Suppose further that C is equipped with a t-structure, and that the heart of C
is equivalent to the nerve of an abelian category A. In this section, we will construct a spectral sequence
taking values in the abelian category A, with the E;-page described by the formula

EPY =gy, cofib(fP) € A.

Under appropriate hypotheses, we will show that this spectral sequence converges to the homotopy groups
of the colimit h_H)lX(’L)

Remark 1.2.2.1. The spectral sequence we construct in this section can be viewed as a generalization of
the spectral sequence associated to a filtered chain complex in ordinary homological algebra. We refer the
reader to [30] for a gentle account of this spectral sequence, and to [108] for a general introduction to spectral
sequences.

Our first step is to construct some auxiliary objects in C.

Definition 1.2.2.2. Let € be a pointed co-category, and let J be a linearly ordered set. We let g denote
the partially ordered set of pairs of elements i < j of J, where (¢,7) < (¢,5/) if ¢ < i and 7 < j'. An
J-complex in € is a functor F : N(Jm) — € with the following properties:

(1) For each i € J, F(i,4) is a zero object of C.

(2) For every i < j < k, the associated diagram
is a pushout square in C.

We let Gap(J, €) denote the full subcategory of Fun(N(J11), €) spanned by the J-complexes in €.

Remark 1.2.2.3. Let F € Gap(Z, C) be a Z-complex in a stable co-category €. For each n € Z, the functor
F determines pushout square
Fn—1,n)——=F(n—-1,n+1)

| |
0—~ Fn,n+1),

hence a boundary map 0 : F(n,n+ 1) = F(n — 1,n)[1]. If we set C,, = F(n — 1,n)[—n], then we obtain a
sequence of maps

...—)Clﬂ)CO£$C,1—)...

in the homotopy category hC. The commutative diagram

F(n,n+1) ——= F(n—2,n)[1] — F(n —2,n — 2)[2]

T |

F(n—1,n)[1] —>> F(n —2,n —1)[2]
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proves that d,,—1 o d,, ~ 0 (since F(n —2,n — 2) ~ 0), so that (Cy,d,) can be viewed as a chain complex in
the triangulated category hC. This motivates the terminology of Definition 1.2.2.2.

Lemma 1.2.2.4. Let C be a pointed oco-category which admits pushouts. Let 3 = JoU{—o0} be a linearly
ordered set containing a least element —oo. We regard Iy as a linearly ordered subset of I via the embedding

i (—00,1).
Then the restriction map Gap(J, €) — Fun(N(Jy), €) is an equivalence of co-categories.
Proof. Let J = {(i,j) € g (1= —c0) v (i = 7)}. We now make the following observations:

(1) A functor F : N(IM) = € is a complex if and only if F is a left Kan extension of F|N(J), and F(i, )
is a zero object of € for all ¢ € J.

(2) Any functor Fy : N(J) — € admits a left Kan extension to N(J) (use Lemma T.4.3.2.13 and the fact
that € admits pushouts).

(3) A functor Fy : N(J) — C has the property that Fy(i,i) is a zero object, for every i € J, if and only if
F} is a right Kan extension of Fy| N(Jp).

(4) Any functor Fy : N(Jp) — € admits a right Kan extension to N(J) (use Lemma T.4.3.2.13 and the fact
that € has a final object).

The desired conclusion now follows immediately from Proposition T.4.3.2.15. O

Remark 1.2.2.5. Let € be a pointed co-category which admits pushouts (for example, a stable co-category).
The assignment
[n] — Gap([n],C)~

determines a simplicial object in the category Kan of Kan complexes. We can then define the Waldhausen
K-theory of C to be a geometric realization of this bisimplicial set (for example, the associated diagonal
simplicial set). In the special case where A is an A,-ring and C is the smallest stable subcategory of Mod 4
which contains A, this definition recovers the usual K-theory of A. We refer the reader to [153] for a related
construction.

Construction 1.2.2.6. Let C be a stable co-category equipped with a t-structure, such that the heart of C
is equivalent to the nerve of an abelian category A. Let X € Gap(Z, C). We observe that for every triple of
integers ¢ < j < k, there is a long exact sequence

o T X (6,5) = T X (0 k) = T X (k) > T 1 X (6, 5) — ...
in the abelian category A. For every p,q € Z and every r > 1, we define the object E?? € A by the formula
EP? =im(mpy X (p—1r,p) = TpsgX(p— 1, p+1r —1)).

There is a differential d,. : EP*¢ — EP~"97"=1 uniquely determined by the requirement that the diagram

7Tp+qX(p —7,p) ER 7Tp+qX(p -Lp+r— 1)
la idr lg
Tprq1X(p—2r,p—r) —=EP """ —— om0 X(p—r—-1,p—1)

be commutative.

Proposition 1.2.2.7. Let X € Gap(Z, Q) be as in Construction 1.2.2.6. Then:
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(1) For each r > 1, the composition d, o d, is zero.

(2) There are canonical isomorphisms

EPY ~ker(d, : BP9 — EPT70TT) [im(d, : ERTOTHE o ERO),

Consequently, {EP?,d,.} is a spectral sequence (with values in the abelian category A ).

Remark 1.2.2.8. For fixed ¢ € Z, the complex (E*?,d;) in A can be obtained from the hC-valued chain
complex C, described in Remark 1.2.2.3 by applying the homological functor .

Proof. We have a commutative diagram

TprgX(p—7—1,p)

§ 4
Tptqt1 X (D0 + 1) ——————>Tp4gX(p = 1,p) ———>Tp4q1 X(p = 2r,p = 7)

| |

E7€J+r,q7r+1 dr Ef’q dr Effr,q%»rfl

l 5 5
Tprqr1X(p+7r—1p+2r—1) ——=mp e X(p—Lp+r—1) —=mp 1 X(p—r—1,p-1)

Tp+qX (P — L, p+ 7).

Since the upper left vertical map is an epimorphism, (1) will follow provided that we can show that the

composition

) 1)
ﬂ-PJqurlX(pap + T) — Terqu(p -, p) — 7Tp+q71X(p - 27",19 - T)

is zero. This follows immediately from the commutativity of the diagram

X(p,p+7) —2> X(p—2r,p)[1] —— X(p —r,p)[1]

| )

0————=X(p—rp-—r)l] —=X(p—2rp—r)2]

We next claim that the composite map

¢t TppqX(p— 1 —1,p) = B %5 groratr=l

is zero. Because EP~"4T" 1 — 1 . 1 X(p—r—1,p—1) is a monomorphism, this follows from the commu-
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tativity of the diagram

TpgX(p—7—1,p) ——=mprg 1 X(p—2r,p—1-1)

|

TpiqX(p —1,p) ————=Tpyq1X(p—2r,p— 1)

|

EP4 Ep—rq+r—1

T(P‘HI_IX(p —-r—= 17p - 1)7

since the composition of the left vertical line factors through w11 X(p —r —1,p—r—1) >~ 0. A dual
argument shows that the composition

Erratrt 4 pra o n X (p—1p+7)

is zero as well.
Let Z = ker(d, : EP? — EP~74%"=1) and B = im(d, : EPt™4 "+l — EP.9). The above arguments yield
a sequence of morphisms

TpraX(p—1—1,p) % 2% 2/BY EPYB S 1y X (p—1,p+ 7).

To complete the proof of (2), it will suffice to show that ¢’ o ¢ is an epimorphism and that ¥ o ¢’ is a
monomorphism. By symmetry, it will suffice to prove the first assertion. Since ¢’ is evidently an epimorphism,
we are reduced to showing that ¢ is an epimorphism.

Let K denote the kernel of the composite map

Tp+qX (p —1,p) = EPY & EEr o a X (p—r—1,p—1),
so that the canonical map K — Z is an epimorphism. Choose a diagram

K ! K 0

; | |

TpgX(P—1p—1) —=Tprg 1 X(p—r—Lp—7) —=mpq1 X(p—7r—-1,p—1)

where the square on the left is a pullback. The exactness of the bottom row implies that f is an epimorphism.
Let f’ denote the composition

K % mpigX(p—1,p = 1) = mpyg X (p = 7,p).
The composition
~ f/
K= mprqX(p—1p) = mprgX(p—1,p+7)
factors through m,1,X(p—1,p—1) ~ 0. Since E?? — 7,4 ,X (p—1,p+r) is a monomorphism, we conclude

that the composition KL Tp+qX (p — 7, p) = EP? is the zero map. It follows that the composition

’

I?Jj) TprqX (P —1,0) = Z
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coincides with the composition KLk -z , and is therefore an epimorphism.
Form a diagram

e ! K 0

]

TprgX(p—1—1,p) —>7p g X(p—1,p) —> T 1 X(p—r—1,p—r1)

where the left square is a pullback. Since the bottom line is exact, the map f” is an epimorphism, so that
the composition

Kf—>l~(JL—f> TptgX (P —1,D) = Z

is an epimorphism. This map coincides with the composition

K — mppgX(p—1—1,p) R Z,
so that ¢ is an epimorphism as well. O

Definition 1.2.2.9. Let C be a stable co-category. A filtered object of € is a functor X : N(Z) — C.

Suppose that C is equipped with a t-structure, and let X : N(Z) — € be a filtered object of €. According
to Lemma 1.2.2.4, we can extend X to a complex in Gap(Z U {—oc}, ). Let X be the associated object of
Gap(Z,C), and let {EP?,d, },>1 be the spectral sequence described in Construction 1.2.2.6 and Proposition
1.2.2.7. We will refer to {E?9,d, },>1 as the spectral sequence associated to the filtered object X.

Remark 1.2.2.10. In the situation of Definition 1.2.2.9, Lemma 1.2.2.4 implies that X is determined up
to contractible ambiguity by X. It follows that the spectral sequence {EP?,d,},>1 is independent of the
choice of X, up to canonical isomorphism.

Example 1.2.2.11. Let A be a sufficiently nice abelian category, and let € be the derived oco-category of
A (see §1.3.2). Let Fun(N(Z), C) be the co-category of filtered objects of €. Then the homotopy category
hFun(N(Z), €) can be identified with the classical filtered derived category of A, obtained from the category
of filtered complexes of objects of A by inverting all filtered quasi-isomorphisms. In this case, Definition
1.2.2.9 recovers the usual spectral sequence associated to a filtered complex.

Our next goal is to study the convergence of the spectral sequence of Definition 1.2.2.9. We will treat
only the simplest case, which will be sufficient for our applications in this book.

Definition 1.2.2.12. Let C be an co-category. We will say that C admits sequential colimits if every diagram
N(Z>¢) — C has a colimit in €.

If C is stable and admits sequential colimits, we will say that a t-structure on C is compatible with
sequential colimits if the full subcategory €< is stable under the colimits of diagrams indexed by N(Z>¢).

Remark 1.2.2.13. Let C be a stable oco-category equipped with a t-structure, so that the heart of C is
equivalent to (the nerve of) an abelian category A. Suppose that € admits sequential colimits. Then €
admits sequential colimits, so that N(A), being a localization of €>¢, also admits sequential colimits. If
the t-structure on C is compatible with sequential colimits, then the inclusion N(A) C € and the homolog-
ical functors {m, : € — N(A)},cz preserve sequential colimits. It follows that sequential colimits in the
abelian category A are exact: in other words, the colimit of a sequence of monomorphisms in A is again a
monomorphism.

Proposition 1.2.2.14. Let C be a stable co-category equipped with a t-structure, and let X : N(Z) — C be a
filtered object of C. Assume that C admits sequential colimits, and that the t-structure on C is compatible with
sequential colimits. Suppose furthermore that X (n) ~ 0 for n < 0. Then the associated spectral sequence
(Definition 1.2.2.9) converges

EPT = g h&l(X)
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Proof. Let A be an abelian category such that the heart of € is equivalent to (the nerve of) A. The
convergence assertion of the Proposition has the following meaning:

(i) For fixed p and g, the differentials d,. : EP*? — EP~"97"~1 vanish for r > 0.
Consequently, for sufficiently large r we obtain a sequence of epimorphisms
EP?— EPY — ERY —

Let EZ:9 denote the colimit of this sequence (in the abelian category A).

(#9) Let n € Z, and let A,, = m, lim X (m). Then there exists a filtration

..CF A, CF°A, CF'A, C ...
of A,, with F"™A,, ~ 0 for m < 0, and li_rr;m FmA, ~ A,.

(iii) For every p,q € Z, there exists an isomorphism E% ~ FPA, . /FP~1 A, in the abelian category A.

To prove (i), (ii), and (iii), we first extend X to an object X € Gap(Z U {—c},€), so that for each
n € Z we have X (n) = X(—oo,n). Without loss of generality, we may suppose that X (n) ~ * for n < 0.
This implies that X (i, j) ~ = for i, j < 0. It follows that EP~"9t"~1 as a quotient m,4,X (p — 2r,p — 1), is
zero for r > p. This proves ().

To satisfy (i1), we set FPA, = im(7, X (p) — m, lim(X)). It is clear that FPA, ~ % for p < 0, and the
isomorphism lim FPA, ~ A, follows from the compﬁﬂity of the homological functor m, with sequential
colimits (Remark 1.2.2.13).

To prove (iii), we note that for r > p, the object EP? can be identified with the image of the map
TprqgX (D) = TpigX (P —1,p) = TprgX(p— 1L,p+7). Let Y = hﬂr X(p—1,p+r). It follows that E2Y can

be identified with the image of the map m,4,X (p) g, Tp+qY . We have a fiber sequence
X(p—1) + lm(X) > ¥,
which induces an exact sequence
0= FP Ay — Aprg Dy
We have a commutative triangle

Tp+qX (P) TptqY-

Since the image of g is FP A4, we obtain canonical isomorphisms
ERt ~im(f) = im(f'[FPApyq) = FPA, g/ ker(f') o FP Ay o [FP7 Ay,

This completes the proof. O
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1.2.3 The Dold-Kan Correspondence

Our goal in this section is to review some classical results in homological algebra: most importantly, the
Dold-Kan correspondence, which establishes an equivalence between the category of simplicial objects of an
abelian category A with the category of nonnegatively graded chain complexes over A (Theorem 1.2.3.7).
This material will be used in studying an oo-categorical version of the Dold-Kan correspondence in §1.2.4,
and in our construction of derived oco-categories in §1.3.

We begin by reviewing some basic definitions from homological algebra.

Definition 1.2.3.1. Let A be an additive category. A chain complex with values in A is a composable
sequence of morphisms

d(1)

4)A2 )AlﬁAodﬁ)})A_lﬁ"‘

in A such that d(n — 1) o d(n) = 0 for every integer n. The collection of chain complexes with values in A is
itself an additive category, which we will denote by Ch(A).

For each integer n, we let Ch(A)>,, denote the full subcategory of Ch(A) spanned by those chain complexes
A, where A, ~ 0 for k < n. Similarly, we let Ch(A)<, denote the full subcategory of Ch(A) spanned by
those complexes A, such that Ay ~ 0 for k > n.

Remark 1.2.3.2. Throughout this book, we will always use homological indexing conventions for our chain
complexes. In particular, the differential on a chain complex always lowers degrees by 1.

Remark 1.2.3.3. Let

)

s A AW 4, W s

be a chain complex with values in an additive category A. We will typically denote this chain complex by
(A, d), where A, is the underlying Z-graded object of A and d is the map of degree —1 from A, to itself
given by d(n) in degree n (so that d*> = 0). Often we will further abuse notation and simply denote this
chain complex by A, or simply by A, implicitly assuming that a suitable differential has also been supplied.

Remark 1.2.3.4. Let A be an abelian category. Then the inclusion Ch(A)>¢ < Ch(A) admits a right
adjoint, which carries a chain complex

d(2) d(l)

o M " W A, M A,

to the truncated chain complex

d(2) d(1)

- = My = M; = ker(d(0)) = 0— ---

We will denote this functor by 7>¢ : Ch(A) — Ch(A)>¢. Similarly, the inclusion Ch(A)<o < Ch(A) admits
a left adjoint, which we will denote by 7<¢ : Ch(A) — Ch(A)<o

Construction 1.2.3.5. Let A be an additive category and let A = (A.,d) be a nonnegatively graded chain
complex with values in A. We define a simplicial object DK4(A) of A as follows:

(1) For each n > 0, the object DKy, (A) is given by the direct sum €B,,.,, 4 Ax; here the sum is taken
over all surjective maps [n] — [k] in A.

(2) Let 8 : [n'] = [n] be a morphism in A. The induced map

B*:DK,(A)~ @B A= @ Aw DKy (4)

a:[n]— (K] o’:[n]—[k']
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is given by the matrix of morphisms { fa,q : Ax — Ak}, where the map f, o is the identity if k = &’
and the diagram

commutes, the map f, o is given by the differential d if ¥’ = k — 1 and the diagram

] [n]

: la

K]~ {1,... k) — [K]

commutes, and fq o is zero otherwise.

The construction A — DK, (A) determines a functor from the category Ch(A)>o to the category Fun(A°?, A)
of simplicial objects of A. We will denote this functor by DK, and refer to it as the Dold-Kan construction.

Example 1.2.3.6. For every simplicial set K,, let ZK, denote the free simplicial abelian group generated
by K, (so that (ZK),, is the free abelian group generated by the set K, for each n > 0). Let Z[n]. denote
the chain complex of abelian groups given by

Z ifk=n
Z[n]kz .
0 ifk#n.

Then there is a canonical isomorphism of simplicial abelian groups
DK, (Z[n]) ~ ZA"]Z 0 A™.
Our main goal in this section is to prove the following:

Theorem 1.2.3.7 (Dold-Kan Correspondence). Let A be an additive category. The functor
DK : Ch(A)>9 — Fun(A?, A)
is fully faithful. If A is idempotent complete, then A is an equivalence of categories.

The proof of Theorem 1.2.3.7 will proceed by reducing to the case where A is the category of abelian
groups. In this case, we can explicitly describe an inverse to the functor DK: it is given by assigning to each
simplicial abelian group A, the associated normalized chain complex N, (A).

Definition 1.2.3.8. Let A be an additive category and let A, be a semisimplicial object of A. Fix n > 0.
For each 0 < i < n, we let d; : A, — A,_1 denote the associated face map (determined by the unique
injective map [n — 1] — [n] whose image does not contain i € [n]). Let d(n) : A, — A,_1 denote the
alternating sum >, ., (—1)“d;. An easy calculation shows that d(n — 1) o d(n) ~ 0 for n > 0, so that

NI 7 T Ul PN BN

is a chain complex with values in A. We will denote this chain complex by C,(A), and refer to it as the
unnormalized chain complex associated to A,.

If A, is a simplicial object of A, we let C,(A) denote the unnormalized chain complex of the underlying
semisimplicial object of A,.
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Definition 1.2.3.9. Let A be an abelian category, and let A, be a simplicial object of A. For each n > 0,
we let N,,(A) denote the subobject of A,, given by the intersection (), ., ker(d;) (more formally: N,(A)
is defined to be a kernel of the map A, = @, ,~,, An—1 given by {d;}1<i<n). If n > 0, the map dy carries
N, (A) into N,,_1(A); we therefore obtain a chain complex

coo = Ny(A) = N1(A) = No(A) - 0 — - -

which we will denote by N.(A). We will refer to N.(A) as the normalized chain complex of Ae.. The
construction A, — N, (A) determines a functor N : Fun(A°?, A) — Ch(A)>o, which we will refer to as the
normalized chain complex functor.

Notation 1.2.3.10. If K, is a simplicial set, we define
N.(K) = N.(ZK) Cy(K) =CL(ZK),

so that N, (K) C C.(K) are chain complexes of abelian groups. By definition, the homology of K is given
by the homology of the chain complex C,(K) (which is the same as the homology of N, (K), by Proposition
1.2.3.17).

Remark 1.2.3.11. Let A be an abelian category, let A = (A,,d) be a nonnegatively graded chain complex
with values in A, and let DK,4(A4) be the associated simplicial object of A. If a : [n] — [k] is a surjective
morphism in A for & < n, then there exists 1 < ¢ < n such that the composite map

[e%

=1 5 [n] % [k]

is also surjective; here 3 denotes the unique injective map whose image does not contain ¢ € [n]. It follows that
the subobject N,,(DK(A)) € DKy (A) = D, 1) Ak can be identified with the summand A,, corresponding
to the identity map « : [n] — [n]. The isomorphisms N,,(DK(A)) ~ A, are compatible with differentials,
giving a canonical isomorphism of chain complexes

A~ N,(DK(A)).

Lemma 1.2.3.12. Let A be an abelian category. The isomorphism of functors u : idchso(a) = Nx o DK
constructed in Remark 1.2.3.11 exhibits N, as a right adjoint to DK.

Proof. Let A = (A,,d) be a nonnegatively graded chain complex with values in A, and let B, be a simplicial
object of A. We wish to show that the canonical map

0 : HOIIlFun(Aop,A)(DK. (A), B.) — HOHlCh(A)(N* (DK(A)), N* (B)) ﬂ> HOIIlCh(A) (A*, N* (B))

is bijective. To this end, suppose we are given a morphism ¢ : A, — N.(B) in Ch(A), given by a collection
of maps ¢, : A, = N,(B) C B,,. We define a map ®,, : DK,,(4) ~ @a:[n]—m«] A, — B, to be the sum of

the maps f, : Ag x By LN B,,, where a* : By, — B, is the map associated to a by the simplicial object B,.
It is easy to see that the maps ®,, together determine a map of simplicial objects ® : DK4(A) — B, and
that ® is the unique preimage of ¢ under 6. O

Lemma 1.2.3.13. Let Ab denote the category of abelian groups. Then the functor DK : Ch(Ab)>o —
Fun(A°P  Ab) is an equivalence of categories.

Proof. Let N, : Fun(A°?, Ab) — Ch(Ab)>¢ be the normalized chain complex functor (Definition 1.2.3.9), so
that N, is right adjoint to DK (Lemma 1.2.3.12) and the unit map u : id — N, o DK is an isomorphism
of functors (Remark 1.2.3.11). It will therefore suffice to show that the counit map v : DKoN, — id is
an isomorphism of functors. In other words, we must show that for every simplicial abelian group A,, the
canonical map

0 : DKo (Ny(A)) — A,
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is an isomorphism of simplicial abelian groups.

We begin by showing that 6 is injective in each degree. Fix n > 0, and let © € DK,,(N,(A4)), so that =
corresponds to a collection of elements x, € N;(A) indexed by surjective maps a : [n] — [k] in A. Assume
that « # 0; we wish to prove that 6(z) # 0. Let S be the collection consisting of those surjective maps
a : [n] — [k] such that 2, # 0. Since x # 0, the set S is nonempty. Let k be the smallest nonnegative integer
such that there exists a map « : [n] — [k] in S. Given any such map, we let m{, be the least element of
a~ i} for 0 <4 < k. Assume that o : [n] — [k] has been chosen such that x,, # 0 and the sum m% +---+mk
is as small as possible. The assignment i — m‘ determines a map 3 : [k] — [n], which is right inverse to a.
We will prove that 8(x) # 0 by showing that *0(z) = z, € Ax. To prove this, it will suffice to show that
for every surjective map o’ : [n] — [K'] different from «, we have f*a*x, = 0in Ag. If &' ¢ S, then 2, =0
and the result is obvious. Assume therefore that o’ € S, and let v denote the composite map

k] & [n] & %).

Since « is surjective, we have m2 = 0 so that v(0) = 0. Since z, € Ni/(A), we have y*z, = 0 unless
the image of v contains every nonzero element of k. We may therefore assume that ~y is surjective. The
minimality of k& implies that ¥ > k, so that k = k¥’ and « is the identity map. Thus o/(mf) = i for
0 < i < k, so that m!, > m!,. On the other hand, our minimality assumption on « guarantees that
md + - +mk <m?, + .-+ mk,. Tt follows that m!, =m?, for 0 <i <k, so that @ = o’ contrary to our
assumption.

We now prove that 6 induces a surjection 6,, : DK,,(N.(A)) — A, using induction on n. For 0 < i < n,
let d; : A, — A,—1 denote the ith face map, and let A(4), = ﬂj>i ker(d;) C A,,. We will prove by induction
on 4 that the image of ,, contains A(i),. When i = 0, we have A(i), = N,(A) and the result is obvious.
Assume therefore that 0 < ¢ < n, and that the image of 8,, contains A(i — 1),,. Let € A(i),; we wish to
prove that = belongs to the image of ,,. Let a : [n] — [n] be given by the formula

. j if j £
a(j) =4 Lo
i—1 ifj =1,

and let 2’ = a*(z) € A,. Since « factors through [n — 1], 2’ belongs to the image of a degeneracy map
An—1 — A, and therefore to the image of 6,, (since 6,,_1 is surjective by the inductive hypothesis). It will
therefore suffice to show that x — 2’ belongs to the image of 6,,. This follows from the inductive hypothesis,
since . — 2’ € A(i — 1),. O

Remark 1.2.3.14. Let A, be a simplicial abelian group. Then the underlying simplicial set of A, is a
Kan complex with a canonical base point (given by 0 € Ap), so that we can define homotopy sets 7, A for
each n > 0. The abelian group structure on A, determines an abelian group structure on each 7, A, which
agrees with the usual group structure on 7, A for n > 0. Unwinding the definitions, we see that 7, A can be
identified with the nth homology group of the normalized chain complex N, (A).

Proof of Theorem 1.2.3.7. Enlarging the universe if necessary, we may assume that the additive category A
is small. Define j : A — Fun(A°?, Ab) by the formula j(A)(B) = Homy (B, A). We first claim that j is
fully faithful. To prove this, we let j' : A — Fun(A°?, Set) denote the usual Yoneda embedding, so that j is
given by composing j with the forgetful functor U : Ab — Set. Yoneda’s lemma implies that for any pair of
objects A, B € A, the composite map

0 . . 0’ . .
Hom 4 (Av B) - HomFun(A‘”",Ab) (J (A) »J (B)) - HomFun(A"p,Set) (]/(A) ) ]/(B))

is bijective. This implies that 6’ is surjective. Since the functor U is faithful, the map 8’ is also injective and
therefore an isomorphism. By the two-out-of-three property, we conclude that 6 is bijective as desired.
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Note that A" = Fun(A°, Ab) is itself an additive category (in fact, an abelian category) and that the
functor j preserves finite sums and products. It follows that the diagram

Ch(A)>o —25% Fun(A”, A)

| i

Ch(A")>0 —% Fun(A%, A')

commutes up to canonical isomorphism. Here the vertical maps are fully faithful embeddings, and Lemma
1.2.3.13 implies that the bottom horizontal map is an equivalence of categories. It follows that DK :
Ch(A)>o — Fun(A°?, A) is a fully faithful embedding. Moreover, we obtain the following characteriza-
tion of its essential image: a simplicial object Ao of A belongs to the essential image of DK if and only if the
chain complex N, (j(A)) belongs to the essential image of the fully faithful embedding Ch(A)>o — Ch(A")>o.
This is equivalent to the requirement that each N, (j(A)) belongs to the essential image of j. Note that
N, (j(A)) is a direct summand of DK,,(N.(j(A))) ~ j(A,). If A is idempotent complete, it follows auto-
matically that N, (j(A)) belongs to the essential image of j, so that DK : Ch(A)>¢ — Fun(A°?, A) is an
equivalence of categories. O

Remark 1.2.3.15. Let A be an idempotent complete additive category. Theorem 1.2.3.7 guarantees that the
functor DK : Ch(A)>o — Fun(A, A) is an equivalence of categories. We let N, : Fun(A°", A) — Ch(A)>o
denote a homotopy inverse to this equivalence. We will refer to N, as the normalized chain complex functor.
It follows from Lemma 1.2.3.12 that this definition agrees with Definition 1.2.3.9 in the case where A is
abelian. In fact, we can say more: for each n > 0 and every simplicial object A, in A, the object N, (A)
can be identified with a kernel of the map A,, — @,,.,, An—1 given by the face maps {d;}1<i<, (note
that since A is not assumed to be abelian, the existence of this kernel is not immediately obvious). More
precisely, we claim that the canonical map u, : N,(4) — DK, (N.(A)) ~ A, induces an injective map
Hom 4 (X, N, (A)) = Homyu (X, A, ), whose image consists of those maps ¢ : X — A,, such that the composite

map X g A, % A, _1 is zero for 1 < i < n. To prove this, we invoke Theorem 1.2.3.7 to reduce to the case
where A, = DK, (B) for some B, € Ch(A)>¢, and note that for every surjective map « : [n] — [k] which is
not an isomorphism, there exists an injective map S : [n — 1] — [n] with 8(0) = 0 such that « o § is again
surjective.

We observe that, as in Definition 1.2.3.9, the maps wu, : N,(A) — A, determine a monomorphism of
chain complexes u : N,(A) — C.(A).

Remark 1.2.3.16. Let A be an idempotent complete additive category. If A, is a simplicial object of A
and 0 <i<n-—1,welets;:A,_1 — A, denote the ith degeneracy map: that is, the map obtained from
the unique surjective morphism « : [n] = [n — 1] in A satisfying (i) = (i + 1) = i. The normalized chain
complex N, (A) described in Remark 1.2.3.15 admits a dual description: for each n > 0, the object N, (A)
can be identified with a cokernel of the map

@ An—l — An

0<i<n

given by {s;}o<i<n (note that the existence of this cokernel is not immediately obvious when A is not an
abelian category). Indeed, Theorem 1.2.3.7 allows us to assume that A, = DK, (B) for some chain complex
B, € Ch(A)>, in which case the result is obvious. The identifications above give maps v, : A, — N, (4)
for n > 0, which determine an epimorphism of chain complexes v : C.(A) — N,(A).

In the situation of Remark 1.2.3.16, it is easy to see that the map v : Ci,(A) — N.(A) is a left inverse to
the monomorphism u : N,(A) — C.(A): that is, the composition

N.(A) % O (A) 5 N.(4)

is the identity. Though v and v are not inverse to one another, one has the following closely related result:
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Proposition 1.2.3.17. Let A be an abelian category and let As be a simplicial object of A. Then the
canonical maps

u: Ny(A) = Ci(A) v:Cy(A) = N.(4)
are quasi-isomorphisms of chain complezes.

Proof. Since w is right inverse to v, it will suffice to show that v is a quasi-isomorphism. This is equivalent
to the assertion that the chain complex ker(v) is acyclic (since v is an epimorphism). Using Theorem 1.2.3.7,
we may assume that A, = DK, (B) for some chain complex B, € Ch(A)>o. For each n, we have a canonical
isomorphism C',(A) =~ @) x) Bk, where the sum is taken over all surjective maps o : [n] — [k]. For every
integer i, let C=%(A) be the subobject of C,,(A) generated by the summands By such that a(j) = a(j — 1)
for some j satisfying n — i < j < n. Then C='(A) is a subcomplex of ker(v), which coincides with ker(v)
in degrees < i + 1. It follows that the inclusion C='(A) — ker(v) induces an isomorphism on homology in
degrees < i (and an epimorphism in degree i + 1). It will therefore suffice to show that each of the chain
complexes C'(A) is acyclic. For this, we proceed by induction on i. If i < 0, then C5(A) ~ 0 and the
result is obvious. We may therefore assume that ¢ > 0. We have a short exact sequence of chain complexes

0— CSHA) - CSH(A) - K, =0

for some K, € Ch(A)>o. Using the associated long exact sequence together with the inductive hypoth-
esis, we are reduced to proving that the chain complex K, is acyclic. To prove this, consider the maps
{(-1)"= s, 1+ Ay = A1}, Tt is not difficult to see that these maps preserve the subcomplexes
CE 7Y A),CE(A) C C,(A), and therefore determine a map h : K, — K,,1. A simple calculation shows
that dh 4+ hd = idk, so that idx is chain homotopic to the zero map and K, is acyclic as desired. O

Remark 1.2.3.18. Let A be an idempotent complete additive category. The restriction functor
Fun(A°?, A) — Fun(A% A)

admits a left adjoint F', which carries each semisimplicial object A, of A to the simplicial object F'(A),
given by left Kan extension along the inclusion A — A°P. Unwinding the definitions, we see that F'(A4),
is described by the formula

F(A),= € A

a:[n]—[k]

where « ranges over all surjective maps in A. We observe that for k¥ < n, the corresponding summand of
F(A), lies in the image of some degeneracy map A,_1 — A,. Let v : C.(F(A)) — N.(F(A)) be as in
Remark 1.2.3.16; we conclude that the composite map

04 : C.(A) — C(F(A)) — N, (F(A))

is an isomorphism in Ch(A)>o.
Suppose now that A, can be extended to a simplicial object of A, which we will denote also by A,. We

then obtain a map of simplicial objects F'(A)s — Ao, which induces a map of chain complexes C,(A) b4
N.(F(A)) = N.(A,) which agrees with the map v of Remark 1.2.3.16.

We now discuss the behavior of the Dold-Kan correspondence with respect to tensor products.
Definition 1.2.3.19. Suppose we are given additive categories A, A%, ..., A" and B. We will say that a

functor F : A' x -+ x A™ — B is multi-additive if the functor F preserves direct sums separately in each
variable.



o0 CHAPTER 1. STABLE co-CATEGORIES

Remark 1.2.3.20. Let F': Al x - x A™ = B be a multi-additive functor, and suppose we choose objects
AP A" e A* for 1 < i < n. The induced map

JI Homu, (A%, A") — Homsg (F({A'}), F({A"}))
1<i<n
is additive in each variable: that is, it induces a map of abelian groups
&) Hom i (A, A") — Homsp (F({A'}), F({A"})).
1<i<n

Remark 1.2.3.21. Let F : A x -+ - x A™ — B be a multi-additive functor. Then F induces a multi-additive
functor
Ch(F)ZO : Ch(Al)Zo X o X Ch(.An)Zo — Ch('B)Z(),

which is given on objects by the formula

Ch(F)so((A",d"),....,(A"d"),= @ F(4},.... A7),
P=p1+:+pn
where the differential d is given on the summand F (A}D e Ay ) by the sum
Z (—1)p1+"'+p"’_1F(idA;1 go e ,ldA;;jl y di, ldAzril goen ’idAEn)'
1<i<n

Note that the direct sum is essentially finite, since the summand corresponding to a decomposition p =
p1+ -+ pp is zero unless py, ..., p, > 0. If the additive category B admits countable coproducts, then the
same formula defines a multi-additive functor Ch(F) : Ch(A') x --- x Ch(A™) — Ch(B).

If F: A" x--- x A" — B is a multi-additive functor, then F induces a functor
Fun(A%, A') x --- x Fun(A°, A") — Fun(A°?, B),
given by pointwise composition with F. In what follows, we will abuse notation by denoting this functor
also by F.

Construction 1.2.3.22. Let F : A'x--- x A" = B be a multi-additive functor between idempotent
complete additive categories. Suppose we are given simplicial objects A% of A" for 1 < i < n. For each p > 0,
let

AW, : F(AL, ..., A7) = Ch(F)>o(C.(A"),...,C.(A™)),

be the map given by the sum of the maps
Flaj,...,a)): F(Azl), s Ap) — F(AL e Ap ),

p1?

where «; denotes the map [p;] ~ {p1 + ... +pic1,p1+ ...+ pic1+1,...,p1 + ... + pic1 + i} — [p]
in A. Using Remark 1.2.3.16, we deduce the existence of a unique map AW, : N,F(A' ... A") —
Ch(F)>o(N«(AY),..., N.(A™)), such that the diagram

FAL. A CL(F)s(Cu(AY), ... C.(A™),

- |

N,F(AY, ... A") — Ch(F)>o(N. (A1), ..., N.(A")),.
commutes. Both of these maps commute with the differential and determine maps of chain complexes
AW : CL(F(AY, ..., A™)) — Ch(F)>o(Cy(AY),...,C.(A™))
AW : N, (F(AY,...,A™)) — Ch(F)>o(N.(AY),..., N.(A™)).

We will refer to these maps as the Alexander- Whitney maps associated to F'.
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Remark 1.2.3.23. Let F : A x--- x A" = B be a multi-additive functor between idempotent complete
additive categories. The Alexander-Whitney maps associated to F' depend on the choice of ordering of the
categories A', ... A"

Remark 1.2.3.24. Let F: A' x -+ x A" — B be a multi-additive functor. The Alexander-Whitney maps

AW : C.(F(AY, ..., A™)) — Ch(F)so(Ci(AY),...,C.(A™))
AW : N, (F(AY,..., A")) = Ch(F)>0(N«(AY),..., Ny(A"))
depend functorially on the sequence of simplicial objects {A% € Fun(AOp AN 1<i<n, and can therefore be

viewed as natural transformations of functors.

Remark 1.2.3.25. Let a: {1,...,n} — {1,...,m} be an order-preserving map, and suppose we are given
multi-additive functors

F: J[ 8—¢ G [] A/ >
1<i<m a(j)=i
between idempotent complete additive categories, and let H denote the composite functor
CTT. G .
M 4" [ #5e.
1<j<n 1<i<m
Then Ch(H)> is equivalent to the composition
; Ch(G?) h(F
IT chad)so S0 I on®)se 8 en(e)o.
1<j<n 1<i<m

Let AWE, AW, and AW g be the Alexander-Whitney natural transformations associated to F, G', and H
respectively. For any sequence of simplicial objects AL € Fun(A°?, A'), the map

AWy« No(H(AY, ..., A™)) — Ch(H)>o(N.(AY),..., N.(A™))
is given by the composition
N*(H(Al,,An)) ~ N*F(Gl({Aj}a(j)zl),...,Gm({Aj}a(j):m))
T Ch(F)20{ NG {A}aj)=i}
{AWgiti<

(
AV HE<n 0L ()50 {CR(GT)20{ N (A7) }agjy—i)}
Ch(H)so(N.(AY), ..., N.(A™)).

>

R

The analogous assertion is also true at the level of unnormalized chain complexes: the Alexander-Whitney
maps AW g associated to H can be obtained by composing the Alexander-Whitney maps AW and AW 4:
associated to F' and G*, respectively.

Example 1.2.3.26. Let A be a monoidal category. Assume that A is additive, idempotent complete, and
that the tensor product ® : A x A — A preserves finite products separately in each variable. Then the
category of chain complexes Ch(A)>( inherits a monoidal structure (from the construction described in
Remark 1.2.3.21). The Alexander-Whitney construction supplies maps

N.(Ae ® B,) = N,(As) ® N,(B,)
C.(Ae @ By) — C.(As) @ Ci(B,).

It follows from Remark 1.2.3.25 that these maps are compatible with the associativity constraints for the ten-
sor product operations on Fun(A“’, A) and Ch(A)>¢. In other words, the functors N,, C, : Fun(A°? A) —
Ch(A)>¢ can be promoted to left-lax monoidal functors, as defined in §T.A.1.3. It follows that the Dold-Kan
equivalence DK : Ch(A)>¢ — Fun(A°’, A) is right-lax monoidal (Definition T.A.1.3.5).
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Example 1.2.3.27. Let Latt denote the category of lattices: that is, the full subcategory of the category
of abelian groups spanned by those abelian groups which are isomorphic to Z" for some n > 0. For any
additive category A, there is an essentially unique multi-additive functor ® : Latt x A — A, which is given
on objects by Z" ® A ~ A™. If A is idempotent complete, the Alexander-Whitney construction determines
a map

N.(L® A) = N.(L)® N.(A),

for any simplicial objects Lo and A, in Latt and A, respectively. It follows from Remark 1.2.3.25 that if L/
is another simplicial object of Latt, then the diagram

N.(L'®L®A) ——— N,(L') @ N.(L® A)

| |

N (I’ ® L) ® Ny (A) — N, (L") ® N.(L) ® N.(A)

is commutative.

Proposition 1.2.3.28. Let F: A' x ... x A™ = B be a multi-additive functor between idempotent complete
additive categories, and assume that B is abelian. For every collection of simplicial objects AL of A*, the
Alexander- Whitney maps

AW : N, (F(A',...,A™)) = Ch(F)>o(N.(A"), ..., N.(A™))
are quasi-isomorphisms.

Proof. Assume that n > 0 (otherwise the result is obvious) and fix m > 0; we will show that AW induces
an isomorphism on homology in degrees < m. Using Theorem 1.2.3.7, we can assume that Al = DK, (X?),
where X! is a chain complex in A* for 1 <i < n. For k € Z, let X(k)! denote the quotient chain complex

of X}, given by
Xt oifj<i
Xk =400 I=T
0 otherwise.
We have commutative diagrams

N.(F(DK(X1),..., DK(x™))) — 2% Ch(F)so(X',...,X™)

| |

N.(F(DK(X (k)'),DK(X2),...,DK(X"))) — Ch(F)so(X (k)!, X2,..., X"

where the vertical maps are isomorphisms in degrees < k. It will therefore suffice to show that the lower
horizontal map is a quasi-isomorphism for some k& > m. We prove that the bottom horizontal map is a
quasi-isomorphism for all k, using induction on k. If £ < 0, then both sides vanish and there is nothing
to prove. If k& > 0, then the inductive hypothesis allows us to reduce to proving Proposition 1.2.3.28 after
replacing X} by X (k)1/X(k —1)!. In other words, we may assume that the chain complex X! = M1[p;]
consists of a single object M*! € Al concentrated in degree p; = k. Using the same argument, we may
assume that each X7 ~ M?[p;] for some M* € A", p; > 0. Then Ch(F)>o(X*,..., X") ~ F(M',...,M™)[p],
where p=p1 + ...+ pn.

Let us view B as tensored over the category of lattices Latt, as in Example 1.2.3.27. A mild vari-
ant of Example 1.2.3.6 shows that the simplicial object F(DK(X1!),..., DK(X™")) can be identified with
F{(ZAP JZO AP ) @ M'}) ~ Z([], AP)/Z(O ], AP) @ F(M*Y,...,M™). Let K =[], <,.,, AP" and let 0 K
denote the simplicial subset of K consisting of those simplices ¢ such that for some 1 <4 < n, the composite



1.2. STABLE 0o-CATEGORIES AND HOMOLOGICAL ALGEBRA 93

map 0 — K — APi is not surjective. Unwinding the definitions, we see that the Alexander-Whitney map
AW is obtained by tensoring F'(M?,..., M™) € B with a map

0 : N.(K)/N.(0K) — Z[p]

of chain complexes of abelian groups. It will therefore suffice to show that 8 admits a chain homotopy
inverse. Since the domain and codomain of # are finite chain complexes of free abelian groups, it will suffice
to show that 6 is a quasi-isomorphism. In other words, we must show that the relative homology H, (XK, 0 K)
vanishes for ¢ # p, and that 6 induces an isomorphism H, (K, 0 K) ~ Z. This follows from a straightforward
calculation. O

1.2.4 The oo-Categorical Dold-Kan Correspondence

Let A be an abelian category. Then the classical Dold-Kan correspondence (see [160]) asserts that the
category Fun(A°P  A) of simplicial objects of A is equivalent to the category Chso(A) of (homologically)
nonnegatively graded chain complexes

N P O/ PN}
In this section, we will prove an analogue of this result when the abelian category A is replaced by a stable
oo-category.
We begin by observing that if X, is a simplicial object in a stable co-category C, then X, determines a

simplicial object of the homotopy category hC. The category hC is not abelian, but it is additive and has the
following additional property (which follows easily from the fact that h€ admits a triangulated structure):

(%) Ifi : X — Y is a morphism in hC which admits a left inverse, then there is an isomorphism ¥ ~ X & X’
such that ¢ is identified with the map (id, 0).

These conditions are sufficient to construct a Dold-Kan correspondence in h€C. Consequently, every simplicial
object X, of € determines a chain complex

.= C1—>Cy—=0

in the homotopy category hC. In §1.2.2, we saw another construction which gives rise to the same type of
data. Namely, Lemma 1.2.2.4 and Remark 1.2.2.3 show that every Zx>q-filtered object

vy Bya ...

determines a chain complex C, with values in hC, where C), = cofib(f,,)[—n]. Thus, every Z>(-filtered object
of € determines a simplicial object of the homotopy category h€C. Our goal in this section is to prove the
following more precise result, whose proof will be given at the end of this section:

Theorem 1.2.4.1 (co-Categorical Dold-Kan Correspondence). Let C be a stable oo-category. Then the
oo-categories Fun(N(Zx>o), C) and Fun(N(A)P, C) are (canonically) equivalent to one another.

Remark 1.2.4.2. Let € be a stable co-category. We may informally describe the equivalence of Theorem
1.2.4.1 as follows. To a simplicial object X, of C, we assign the filtered object

D(0) - D(1) - D(2) — ...

where D(k) is the colimit of the k-skeleton of X,. In particular, the colimit ling(j) can be identified with
geometric realizations of the simplicial object X,.
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Remark 1.2.4.3. Let C be a stable co-category, and let X be a simplicial object of €. Using the Dold-Kan
correspondence, we can associate to X a chain complex

.= Cy—C1—>Cy—0

in the triangulated category hC. More precisely, for each n > 0, let L,, € € denote the nth latching object
of X (see §T.A.2.9), so that X determines a canonical map « : L, — X,. Then C,, ~ cofib(a), where the
cofiber can be formed either in the oo-category € or in its homotopy category hC (since L,, is actually a
direct summand of X,,).

Using Theorem 1.2.4.1, we can also associate to X a filtered object

D(0) - D(1) = D(2) — ...
of C. Using Lemma 1.2.2.4 and Remark 1.2.2.3, we can associate to this filtered object another chain complex
.2 Cl = CH—0

with values in h€. For each n > 0, let X (n) denote the restriction of X to N(AZ ), and let X'(n) be a left
Kan extension of X(n — 1) to N(A% ). Then we have a canonical map 3 : X’(n) — X(n), which induces
an equivalence X’(n), — X (n), for m < n, while X’(n),, can be identified with the latching object L,,.
Let X”'(n) = cofib(8). Then X" (n),, = 0 for m < n, while X" (n),, ~ C,,. Corollary 1.2.4.18 determines a
canonical isomorphism liﬂX”(n) ~ Cp[n] in the homotopy category h€. The map D(n— 1) — D(n) can be
identified with the composition

D(n —1) = lim X (n — 1) = lim X'(n) — lim X (n) ~ D(n).

It follows that C/ ~ cofib(D(n — 1) — D(n))[-n] ~ X" (n),[—n] is canonically isomorphic to Cy,. It is
not difficult to show that these isomorphisms are compatible with the differentials, so that we obtain an
isomorphism of chain complexes C, ~ C’ with values in the triangulated category hC.

*

Remark 1.2.4.4. Let C be a stable oo-category equipped with a t-structure, whose heart is equivalent to
(the nerve of) an abelian category A. Let X, be a simplicial object of €, and let

D(0) - D(1) = D(2) — ...

be the associated filtered object (Theorem 1.2.4.1). Using Definition 1.2.2.9 (and Lemma 1.2.2.4), we can
associate to this filtered object a spectral sequence {E??,d,},>1 in the abelian category A. In view of
Remarks 1.2.2.8 and 1.2.4.3, for each ¢ € Z we can identify the complex (E}*?,d;) with the normalized chain
complex associated to the simplicial object 7, X, of A.

In the situation of Remark 1.2.4.4, suppose that the co-category € admits small colimits and that the
t-structure on € is compatible with filtered colimits, so that the geometric realization | Xe| ~ h_ngD(n) e
is defined. Proposition 1.2.2.14 implies that the spectral sequence converges to a filtration on the homotopy
groups Mp4q h_r}n(D(n)) ~ 7ptq|Xe|. If we assume that X, is a simplicial object of C>¢, then we get a much
stronger notion of convergence (which requires weaker assumptions on €):

Proposition 1.2.4.5. Let € be a stable co-category equipped with a t-structure whose heart is equivalent to
the nerve of an abelian category A. Let Xo be a simplicial object of C>q, let D(0) — D(1) — D(2) — ... be
the associated filtered object of C (Theorem 1.2.4.1), and let {EP,d,},>1 be the associated spectral sequence
in A. Then:

(1) The objects EV"? € A vanish unless p,q > 0.

(2) For each r > 1, the objects EP'9 vanish unless p,q > 0.



1.2. STABLE 0o-CATEGORIES AND HOMOLOGICAL ALGEBRA %)

(3) Fizxp,q>0. Forr > p,q+ 1, we have canonical isomorphisms
EPl~ EPI ~ FPE o~

in the abelian category A. We let ED:? € A denote the colimit of this sequence of isomorphisms, so
that EX:2 ~ E%7 for all v’ > r.

(4) For 0 <m <n, we have cofib(D(m) — D(n)) € Cxpma1.

(5) Fiz an integer n. The map m,D(k) — m, D(k + 1) is an epimorphism for k = n and an isomorphism
for k > n. In particular, we have isomorphisms

mD(n+1)~m,D(n+2)~---

We let A, denote the colimit of this sequence of isomorphisms, so that we have isomorphisms A, ~
7w D(k) for k > n.

(6) For each integer n > 0, the object A, € A admits a finite filtration
OZF_lAngFOAanFnAn:Ana

where FPA,, is the image of the map 7, D(p) = m,D(n+ 1) ~ A,,. We have canonical isomorphisms
FP Ay o) FP Apypy = BRI

(7) Suppose either that C admits countable colimits, or that C is left complete. Then the simplicial object
Xeo of C has a geometric realization X € C>o. Moreover, we have canonical isomorphisms mp, X ~ A,
in the abelian category A.

Before giving the proof, we need a brief digression.
Lemma 1.2.4.6. Let C be a stable co-category. The following conditions are equivalent:
(1) The oco-category C is idempotent complete.
(2) The homotopy category hC is idempotent complete.

Proof. We first show that (2) = (1). Assume that hC is idempotent complete, and suppose that we are given
an idempotent p : Idem — € (where Idem denotes the oo-category of Definition T.4.4.5.2), which determines
an object X € Cand amap e : X — X such that e? is homotopic to e. We wish to show that p has a colimit
in €. Choosing a cofinal map N(Z>g) — Idem, we are reduced to showing that the diagram o :

X5x5...

has a colimit in C. Since e is idempotent in the homotopy category, so that assumption (2) implies that we
can write X as a direct sum X’ @ X", where e is given by composing the projection map X — X’ with the
inclusion X’ — X. In this case, we can write o as a direct sum of diagrams

id id
X5x 585X -

0 0
X" X" X"

each of which has a colimit in C.

We now show that (1) = (2). Without loss of generality, we may assume that C is given as a full stable
subcategory of a stable co-category D which admits sequential colimits (for example, if € is small, we can
take D = Ind(€); see Proposition 1.1.3.6). Let e : X — X be a morphism in € which is idempotent in the
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homotopy category hC (so that e? is homotopic to €). Let X’ denote the colimit (formed in the co-category
D) of the sequence

XS5X5x5....
For any object Y € D, composition with e induces an idempotent map from the abelian group Ext’, (X,Y") to
itself. We may therefore write Ext,(X,Y") as a direct sum Ext}, (X,Y) @ Ext], (X,Y)_, where composition
with e induces the identity map on Ext!, (X,Y )4 and vanishes on Ext},(X,Y)_. In particular, the tower of

abelian groups
= Bxth (X, Y) 25 Exth (X,Y) 25 Exth(X,Y)

splits as a direct sum of towers
oo Exth (X, YY) 23 Extd (X, V)4 23 Ext (X, V),

coo o Ext (X, V) 5 Ext (X, Y)_ 3 Exth (X, Y)_,

so that we have isomorphisms

lin{Exth (X, Y)} ~ Exth(X.Y)s  lm{Exth(X,V)} ~0.

It follows that composition with the canonical map X — X’ induces an isomorphism from Extf, (X', Y) to
the subgroup Ext, (X, Y ) C Ext;(X,Y). A similar calculation gives Exty, (X", Y) ~ Ext; (X,Y)_, where
X" denotes the colimit of the sequence

xS xS xs
In particular, we see that for each object Y € D, the natural map f : X — X’ & X" induces an isomorphism
Exth (X', Y) @ Exth (X", Y) — Exti (X,Y),

so that f is an equivalence. In particular, X', X" € D are retracts of X. Since C is idempotent complete,
we may assume without loss of generality that X’ and X" belong to €, so that e determines a splitting
X ~ X' ® X" in the homotopy category hC. O

Remark 1.2.4.7. Let C be a stable co-category, let X, be a simplicial object of C, let
D(0) - D(1) — ...

be the associated filtered object. Let €V denote the idempotent completion of €. It follows from Lemma
1.2.4.6 that the homotopy category h€" is an idempotent complete additive category. We may therefore
apply Theorem 1.2.4.1 to conclude that each X,, can be written as a finite coproduct of objects of the form
S ™ cofib(D(m — 1) — D(m)), where 0 < m < n (here D(—1) =~ 0 by convention).

Warning 1.2.4.8. The proof of Lemma 1.2.4.6 shows that if an co-category C is stable, then any idempotent
in the homotopy category hC can be lifted to an idempotent in the co-category €. The analogous statement
is not true for a general oco-category: for example, it is not true in the oco-category 8 of spaces. To see this,
let G denote the group of homeomorphism of the unit interval [0, 1] which fix its endpoints (which we regard
as a discrete group), and let A : G — G denote the group homomorphism given by the formula

Choose an element h € G such that h(t) = 2¢ for 0 <t < . Then A(g) o h = ho A(A(g)) for each g € G,
so that the group homomorphisms X, A2 : G — G are conjugate to one another. It follows that the induced
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map of classifying spaces e : BG — BG is homotopic to €2, and is therefore idempotent in the homotopy
category of spaces. However, we claim that e cannot be lifted to an idempotent in the co-category of spaces.
Otherwise, the natural map from BG to the colimit of the sequence

BG 5% BG S BG 5 BG — ---

would admit a left homotopy inverse. Passing to fundamental groups, it would follow that G surjects onto
the colimit of the sequence

adad ...
This is clearly impossible, since the homomorphism A is injective but not bijective.

Proof of Proposition 1.2.4.5. To prove (1), we to observe that EY"? is the pth term of the normalized chain
complex associated to the simplicial object m, X, in A. This homotopy group vanishes for p < 0 because
the chain complex is nonnegatively graded and for ¢ < 0 because we have assumed that each X, belongs to
C>o. Assertion (2) follows immediately from (1) using induction on r, since E?Y; can be identified with the
homology of the complex

Eptma-r+l &y EPA &g Epmmatr=1,

If r > pand r > g+ 1, then assertion (2) implies that the outer terms vanish, so that we have isomorphisms
EP1 ~ EP? which proves (3). Note that Remark 1.2.4.7 shows that cofib(D(m) — D(m + 1)) € C>p, 4 for
each m > 0. This proves (4) in the case n = m+1; the general case follows by induction on n —m. Assertion
(5) follows immediately from (4). If we define F? A,, to be the image of the map 7, D(p) — 7, D(n+1) ~ A,
then we clearly have inclusions

. CF A, CF°A,C.-- CF"A, CF"MA, C ...

Since D(p) ~ 0 for p < 0, we deduce that FPA, = 0 for p < 0. Similarly, the surjectivity of the map
T D(n) — m,D(n + 1) shows that F" A, = A,. To complete the proof of (6), we note that E%9 can be
described as the image of the morphism

0 : Tpyq cofib(D(p — r) — D(p)) = Tpyq cofib(D(p — 1) = D(p+1r — 1))

forr > 0. Ifr>p+qg+1,then D(p—r) ~0and D(p+7r —1) ~ A,y,, and we can describe EP'9 as the
image of mp1,D(p) in the quotient coker(my1qD(p — 1) = Apyq) =~ Apyq/FP~ 1Ay, which is isomorphic to
the quotient FPA,, ,/FP~ A, .

It remains to prove (7). Assume first that € admits countable colimits. Then the existence of X ~ |X,| ~
hAqD(n) is obvious. Moreover, for each m > 0, we deduce that

cofib(D(m) — X) ~ lim cofib(D(m) — D(n)) € Cxm41

(using (4)), so that mx X ~ mxD(m) =~ Ag for k < m. If we assume instead that € is left complete, then we
must work a bit harder. We first show that the sequence
D(0) - D(1) - D(2) — - --
has a colimit in €. Since € is a homotopy limit of the tower of co-categories
oo = C<o2 = €<y — C<o
under (colimit-preserving) truncation functors, it will suffice to show that for each n > 0, the sequence
T<nD(0) = 7<, D(1) = -+ = 7<p D(k) — - -

has a colimit in C<,. This is clear, since assertion (4) implies that this sequence is eventually constant.
This proves the existence of X =~ lim D(n). Moreover, for every integer n, we have m, X ~ m,(7<pX) =~
Tn (T<nD(k)) =~ m, D (k) for k > 0, which provides the desired isomorphisms 7, X ~ A,,. O
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Variant 1.2.4.9. Let C be a stable oco-category equipped with a t-structure, and let Xo : N(A;)%? — € be
a semisimplicial object of C. Let Y, : N(A)°? — € be the simplicial object of € obtained by the process of
left Kan extension, and let {E?9,d,},>1 be the spectral sequence associated to Y, by the construction of
Remark 1.2.4.4. Unwinding the definitions, we see that for every integer ¢, {E}*?} is the unnormalized chain
complex associated to the semisimplicial object 7, X, of the heart of €. More precisely, we have canonical
isomorphisms E?? ~ 7, X,,, and the differential d; : EP'? — EP~ "% is the alternating sum of the face maps
g Xp — TgXp—1 induced by the inclusions [p — 1] < [p].

Example 1.2.4.10. Let € be a stable co-category with a left complete t-structure, and let X, be a semisim-
plicial object of the heart of €. Proposition 1.2.4.5 implies that X, admits a colimit X € €>(, whose
homotopy groups 7, X are given by the homologies of the unnormalized chain complex

s = meXo = me X1 — meXo-

Corollary 1.2.4.11. Let C be a stable co-category equipped with a left complete t-structure, whose heart is
equivalent to (the nerve of ) an abelian category A. Let Xo be a semisimplicial object of C>o, and assume
that for every integer q the unnormalized chain complex

cee — 7TqX2 — 7TqX1 04 7TqX0
is an acyclic resolution of the object Ay = coker(6,;) € A. Then:

(1) There exists a geometric realization X = |X,| in C.

(2) The object X belongs to C>¢, and for ¢ > 0 the canonical map 7y X9 — mg X induces an isomorphism
Ay~ X.

Proof. Combine Proposition 1.2.4.5 with Variant 1.2.4.9. O

Corollary 1.2.4.12. Let C be a stable co-category equipped with a t-structure which is both right and left
complete whose heart is equivalent to (the nerve of ) an abelian category A. Let Xo be a semisimplicial object
of C, and assume that for every integer ¢ > 0 the unnormalized chain complex

= g X = e Xy % e X0
is an acyclic resolution of the object Ay = coker(0,) € A. Then:
(1) There exists a geometric realization X = |X,| in C.
(2) For every integer q, the canonical map 7y Xo — w4 X induces an isomorphism Ay ~ m, X.

Proof. Since C is right complete, we can write X, as the colimit of a sequence of semisimplicial objects
T>_nXe. Using Corollary 1.2.4.11, we deduce that each of the semisimplicial objects 7>_, X, admits a
geometric realization X (—n) € C>_,,, whose homotopy group objects are given by

A if g > —
mgX (—n) ~ 4 l ="
0 if g < —n.
The right completeness of € shows that the sequence

X(0) = X(-1) > X(-2) > -

has a colimit X € € such that, for each n > 0, the map X (—n) — X induces an equivalence X (—n) ~ 7>_,, X;
in particular, we canonical isomorphisms 7, X ~ 7, X(—n) ~ A, for any n > —q. It follows from Lemma
T.5.5.2.3 that we can identify X with a geometric realization |X,|. O
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We now turn to the proof of Theorem 1.2.4.1. Recall that if C is a stable co-category, then a diagram
Al x A — € is a pushout square if and only if it is a pullback square (Proposition 1.1.3.4). The main step
in the proof of Theorem 1.2.4.1 is the following generalization of Proposition 1.1.3.4 to cubical diagrams of
higher dimension:

Proposition 1.2.4.13. Let C be a stable oco-category, and let o : (AY)* — € be a diagram. Then o is a
colimit diagram if and only if o is a limit diagram.

The proof will require a few preliminaries.

Lemma 1.2.4.14. Let C be a stable co-category. A square
X —=X
lf’ lf
Y —=Y
in C is a pullback if and only if the induced map « : cofib(f’) — cofib(f) is an equivalence.

Proof. Form an expanded diagram
X' X 0

Pl

Y/ ——=Y —— cofib(J)

where the right square is a pushout. Since C is stable, the right square is also a pullback. Lemma T.4.4.2.1
implies that the left square is a pullback if and only if the outer square is a pullback, which is in turn
equivalent to the assertion that « is an equivalence. O

Lemma 1.2.4.15. Let C be a stable co-category, let K be a simplicial set, and suppose that C admits K-
indexed colimits. Let @ : K> x A' — € be a natural transformation between a pair of diagrams p,q : K> — €.
Then @ is a colimit diagram if and only if cofib(@) : K* — C is a colimit diagram.

Proof. Let p = p|K, ¢ = g|K, and a = a|K x Al. Since € admits K-indexed colimits, there exist colimit
diagrams p’, ¢ : K> — € extending p and g, respectively. We obtain a square

~

P

3|

~

<~
Q<R3

—_—

iS]]

in the co-category Fun(K™, C). Let oo denote the cone point of K”. Using Corollary T.4.2.3.10, we deduce
that @ is a colimit diagram if and only if the induced square

P'(00) ——p(0)

is a pushout. According to Lemma 1.2.4.14, this is equivalent to the assertion that the induced map S :
cofib(f’) — cofib(f) is an equivalence. We conclude by observing that § can be identified with the natural
map

lig(coﬁb(a)) — cofib(@)(00),

which is an equivalence if and only if cofib(@) is a colimit diagram. O
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Proof of Proposition 1.2.4.13. By symmetry, it will suffice to show that if ¢ is a colimit diagram, then o is
also a limit diagram. We work by induction on n. If n = 0, then we must show that every initial object of C
is also final, which follows from the assumption that € has a zero object. If n > 0, then we may identify o
with a natural transformation « : ¢/ — ¢’ in the co-category Fun((A)"~1,€). Assume that o is a colimit
diagram. Using Lemma 1.2.4.15, we deduce that cofib(«) is a colimit diagram. Since cofib(a) ~ fib(«)[1],
we conclude that fib(«) is a colimit diagram. Applying the inductive hypothesis, we deduce that fib(«) is a
limit diagram. The dual of Lemma 1.2.4.15 now implies that o is a limit diagram, as desired. O

We now turn to the proof of Theorem 1.2.4.1 itself.

Lemma 1.2.4.16. Fiz n > 0, and let S be a subset of the open interval (0,1) of cardinality < n. LetY
be the set of all sequences of real numbers 0 < y; < ... <y, <1 such that S C {y1,...,yn}. ThenY is a
contractible topological space.

Proof. Let S have cardinality m < n, and let Z denote the set of sequences of real numbers 0 < z; < ... <
Zn—m < 1. Then Z is homeomorphic to a topological (n —m)-simplex. Moreover, there is a homeomorphism
f:Z — Y, which carries a sequence {z;} to a suitable reordering of the sequence {z;} U S. O

Lemma 1.2.4.17. Let n > 0, let A<,, denote the full subcategory of A spanned by the objects {[m]}o<m<n,
and let J denote the full subcategory of (A<y)n) spanned by the injective maps [m] — [n]. Then the induced
map

N(J) = N(A<,)

is right cofinal.

Proof. Fix m < n, and let J denote the category of diagrams
[m] « [k] = [n]

where ¢ is injective. According to Theorem T.4.1.3.1, it will suffice to show that the simplicial set N(g) is
weakly contractible (for every m < n).

Let X denote the simplicial subset of A™ x A™ spanned by those nondegenerate simplices whose pro-
jection to A™ is also nondegenerate. Then N(J) can be identified with the barycentric subdivision of X.
Consequently, it will suffice to show that the topological space |X| is contractible. For this, we will show
that the fibers of the map ¢ : | X| — |A™| are contractible.

We will identify the topological m-simplex |A™| with the set of all sequences of real numbers 0 < x; <
... <&y < 1. Similarly, we may identify points of |A™| with sequences 0 < y; < ... <y, < 1. A pair of such
sequences determines a point of X if and only if each z; belongs to the set {0,y1,...,yn, 1}. Consequently,
the fiber of ¢ over the point (0 < z1 <... < x,, < 1) can be identified with the set

V={0<y <...<yn<1:{zr,...,2m} S{O,y1,...,yn, 1}} S |A",
which is contractible (Lemma 1.2.4.16). O

Corollary 1.2.4.18. Let C be a stable oo-category, and let F : N(A<,)? — € be a functor such that
F([m]) =0 for all m < n. Then there is a canonical isomorphism hﬂ(F) ~ X[n] in the homotopy category
hC, where X = F([n]).

Proof. Let J be as in Lemma 1.2.4.17, let G” denote the composition N(J)? — N(A<,,)°? L e, and let G
denote the constant map N(J)°? — € taking the value X. Let Jy denote the full subcategory of J obtained
by deleting the final object. There is a canonical map a : G — G”, and G’ = fib(a) is a left Kan extension
of G'|N(Jp)°P. We obtain a fiber sequence

lim(G) — lim(G) — limg(G”)
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in the homotopy category hC. Lemma 1.2.4.17 yields an equivalence lim(F) ~ li_r)n(G”)7 and Lemma T.4.3.2.7
implies the existence of an equivalence lim(G’) ~ lim(G’| N(Jy)°P).

We now observe that the simplicial set N(J)°? can be identified with the barycentric subdivision of the
standard n-simplex A", and that N(Jy)°? can be identified with the barycentric subdivision of its boundary
0 A™. Tt follows (see §T.4.4.4) that we may identify the map lig(G’) — h%(G) with the map 8 : X®(9 A™) —
X ® A™. The cofiber of S is canonically isomorphic (in h€) to the n-fold suspension X|[n] of X. O

Lemma 1.2.4.19. Let C be a stable co-category, let n >0, and let F': N(A4 <) — € be a functor (here
AL <, denotes the full subcategory of Ay spanned by the objects {[k]}—1<k<n ). The following conditions
are equivalent:

(i) The functor F is a left Kan extension of F|N(A<,)°P.
(13) The functor F is a right Kan extension of FIN(A 4 <,—1)°P.

Proof. Condition (i%) is equivalent to the assertion that the composition
F
F/ : N(A?‘:Sn_l)ﬁn]/ — N(Aiﬁsn) = C

is a limit diagram. Let J denote the full subcategory of N(A%'_, )., spanned by those maps [i] — [n]
which are injective. The inclusion J < N(Ai’i “n
Consequently, condition (i%) is equivalent to the requirement that the restriction £’ |9 is a limit diagram.
Since J° is isomorphic to (A!)"T! Proposition 1.2.4.13 asserts that F'|J“ is a limit diagram if and only
if F']J° is a colimit diagram. In view of Lemma 1.2.4.17, F’|J" is a colimit diagram if and only if F is a
colimit diagram, which is equivalent to (7). O

)in); admits a right adjoint, and is therefore right cofinal.

Proof of Theorem 1.2.4.1. Our first step is to describe the desired equivalence in more precise terms. Let
I+ denote the full subcategory of N(Z>q) x N(A )P spanned by those pairs (n, [m]), where m < n, and let
J be the full subcategory of I, spanned by those pairs (n,[m]) where 0 < m < n. We observe that there is
a natural projection p : J — N(A)°P, and a natural embedding ¢ : N(Z>¢) — J4, which carries n > 0 to the
object (n, [—1]).

Let Fun’(J, @) denote the full subcategory of Fun(J, C) spanned by those functors F : J — € such that,
for every s < m < n, the image under F of the natural map (m, [s]) — (n,[s]) is an equivalence in C. Let
Fun®(J, C) denote the full subcategory of Fun(J, €) spanned by functors F : I, — € such that F' = F|J
belongs to Fun’(J, @), and F, is a left Kan extension of F. Composition with p, composition with 7, and
restriction from J; to J yields a diagram of oo-categories

Fun(N(A)°?, €) S Fun® (3, €) & Fun®(J,, €) &5 Fun(N(Zso), ©).

We will prove that G, G’, and G” are equivalences of co-categories.

To show that G is an equivalence of oco-categories, we let 9=k denote the full subcategory of J spanned
by pairs (n,[m]) where m < n < k, and let J* denote the full subcategory of J spanned by those pairs
(n,[m]) where m < n = k. Then the projection p restricts to an equivalence 7% — N(A<)?. Let
Fun®(35%, @) denote the full subcategory of Fun(J=*, €) spanned by those functors F : 35F — € such that,
for every s < m < n < k, the image under F' of the natural map (m,[s]) — (n,[s]) is an equivalence in
C. We observe that this is equivalent to the condition that F' be a right Kan extension of F| g, Using
Proposition T.4.3.2.15, we deduce that the restriction map r : Funo(ﬂgk, C) — Fun(ka, C) is an equivalence
of oo-categories. Composition with p induces a functor Gy, : Fun(N(A <)%, €) — Fun’(J=", €) which is a
section of r. It follows that G} is an equivalence of oco-categories. We can identify G with the homotopy
inverse limit of the functors @(Gk), so that G is also an equivalence of co-categories.

The fact that G’ is an equivalence of co-categories follows immediately from Proposition T.4.3.2.15, since
for each n > 0 the simplicial set J,(,, [_1}) is finite and € admits finite colimits.
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We now show that G” is an equivalence of oco-categories. Let Jfk denote the full subcategory of Jt
spanned by pairs (n, [m]) where either m < n < k or m = —1. We let D(k) denote the full subcategory of
Fun(i]fk, C) spanned by those functors F : Jfk — C with the following pair of properties:

(¢) For every 0 < s < m < n < k, the image under F' of the natural map (m,[s]) = (n,[s]) is an
equivalence in C.

(i7) For every n < k, F is a left Kan extension of F|J=* at (n,[-1]).
Then Fun’(J,, @) is the inverse limit of the tower of restriction maps
...—~ D(1) - D(0) - D(—1) = Fun(N(Z>o), C).

To complete the proof, we will show that for each k > 0, the restriction map D(k) — D(k — 1) is a trivial
Kan fibration.
Let J§k be the full subcategory of Jf_k obtained by removing the object (k,[k]), and let D’(k) be the

full subcategory of Fun(ﬂgk, C) spanned by those functors F' which satisfy condition (i) and satisfy (i¢) for
n < k. We have restriction maps

D(k) % D' (k) %S D(k - 1).

We observe that a functor F : fJOSk — € belongs to D'(k) if and only if F| Jfk_l belongs to D(k — 1) and
F is a left Kan extension of F| Jf_k_l. Using Proposition T.4.3.2.15, we conclude that 6’ is a trivial Kan
fibration.

We will prove that 6 is a trivial Kan fibration by a similar argument. According to Proposition T.4.3.2.15,

it will suffice to show that a functor F : Jfk — @ belongs to D(k) if and only if F|J5" belongs to D’ (k) and
F' is a right Kan extension of F| J(?k. This follows immediately from Lemma 1.2.4.19 and the observation
that the inclusion 7% - I=F is left cofinal. O

1.3 Homological Algebra and Derived Categories

Homological algebra provides a rich supply of examples of stable co-categories. Suppose that A is an abelian
category with enough projective objects. In §1.3.2, we will explain how to associate to A an oco-category
D™ (A), which we call the derived co-category of A, whose objects can be identified with (right-bounded)
chain complexes with values in A. The oco-category D™ (A) is stable, and its homotopy category hD™ (A)
can be identified (as a triangulated category) with the usual derived category of A (as defined, for example,
in [160]). Our construction of D™ (A) uses a variant of the homotopy coherent nerve which is defined for
differential graded categories, which we describe in §1.3.1.

As we mentioned in §1.2, the stable oo-category D™ (A) is equipped with a t-structure, and there is a

canonical equivalence of abelian categories A — Df(ﬂ)v. In §1.3.3, we will show that D~ (A) is universal
with respect to these properties. More precisely, if C is any stable co-category equipped with a left-complete
t-structure, then any right exact functor A — €Y extends (in an essentially unique way) to an exact functor
D™ (A) — € (Proposition 1.3.3.12). This observation can be regarded as providing an abstract approach to
the theory of derived functors (see Example 1.3.3.4).

By an entirely parallel discussion, if A is abelian category with enough injective objects, we can associate
to A a left-bounded derived oco-category DT (A). This case is in some sense more fundamental: a theorem
of Grothendieck asserts that if A is a presentable abelian category in which filtered colimits are exact, then
A has enough injective objects (Corollary 1.3.5.7). In §1.3.5, we will explain how to associate to such an
abelian category an unbounded derived oo-category D(A), which contains D"‘(A) as a full subcategory (as
well as D™ (A), in case A has enough projective objects). The oo-category D(A) can be realized as the
underlying oo-category of a combinatorial model category A (whose underlying category is the category of
unbounded chain complexes in A). Here some words of caution are in order: A is not a simplicial model
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category in an obvious way, so that the results of [97] do not apply to A directly. We therefore devote
§1.3.4 to a general discussion of co-categories obtained from arbitrary model categories (or, more generally,
categories equipped with a distinguished class of weak equivalences or quasi-isomorphisms) which are not
assumed to be simplicial.

In §1.3.6, we specialize to the case where A is a locally Noetherian abelian category. In this case, there is an
enlargement of the co-category D(A) which is useful in many applications, whose objects are arbitrary chain
complexes @, of injective objects of A. Following Krause, we will show that this co-category is compactly
generated, and that its compact objects can be identified with bounded chain complexes whose homologies
are Noetherian objects of A (Theorem 1.3.6.7).

Remark 1.3.0.1. The derived category of an abelian category was introduced in Verdier’s thesis ([155]). A
good introductory reference is [160].

1.3.1 Nerves of Differential Graded Categories

Let A be an additive category. Then the collection of chain complexes with values in A can be organized
into an oo-category €, which may described informally as follows:

e The objects of C are chain complexes
o= My - My —->M_; —---
with values in C.

e Given objects M,, N, € C, morphisms from M, to N, are given by chain complex homomorphisms
f: M, — N,.

e Given a pair of morphisms f, g : M, — N, in C, 2-morphisms from f to g are given by chain homotopies:
that is, collections of maps h,, : M,, — N, 41 satisfying do h,, + hp_10d=f —g.

To make this description precise, we could proceed in several steps:

(1) Let Ch(A) denote the ordinary category introduced in Definition 1.2.3.1: the objects of Ch(A) are
chain complexes with values in A, and the morphisms in Ch(A) are morphisms of chain complexes.

(2) To every pair of objects M,, N, € Ch(A), we can associate a chain complex of abelian groups
Mapcy ) (Ms, Ni), whose homology groups Hy,(Mapcy(a)(Ms, Ni)) are isomorphic to the group of
chain homotopy classes of maps from M, into the shifted chain complex N,[m] (see Definition 1.3.2.1).
By means of this observation, we can regard Ch(A) as enriched over the category Ch(Ab) of chain
complexes of abelian groups.

(3) The truncation functor 7>¢ is a right-lax monoidal functor from the category Ch(Ab) to the category
Ch(Ab)>o of nonnegative graded chain complexes of abelian groups. Applying 7>¢ objectwise to
the morphism objects in Ch(A), we can regard Ch(A) as enriched over the category Ch(Ab)>¢ of
nonnegatively graded chain complexes.

(4) The Dold-Kan correspondence supplies an equivalence of Ch(Ab)>¢ with the category of simplicial
abelian groups (Theorem 1.2.3.7). By means of the Alexander-Whitney construction, we can regard
DK as a right-lax monoidal functor. We may therefore regard the category Ch(A) as enriched over the
category of Fun(A°P Ab) of simplicial abelian groups.

(5) Using the forgetful functor from simplicial abelian groups to simplicial sets, we can regard Ch(A) as
a simplicial category. Since every simplicial abelian group is automatically a Kan complex (Corollary
1.3.2.12), Ch(A) is automatically fibrant when viewed as a simplicial category.
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(6) Applying the homotopy coherent nerve construction (Definition T.1.1.5.5) to the simplicial category
Ch(A), we obtain an oo-category N(Ch(A)).

However, this turns out to be unnecessarily complicated. In this section, we will explain how to eliminate
steps (3), (4), and (5). That is, we describe how to proceed directly from a category € enriched over Ch(Ab)
to an oco-category Ngg(€), which we call the differential graded nerve of €. Our main result is that the
result of this procedure is canonically equivalent (though not isomorphic) to the homotopy coherent nerve
of simplicial category obtained by applying steps (3), (4), and (5) (Proposition 1.3.1.17).

We begin with some general definitions.

Definition 1.3.1.1. Let k£ be a commutative ring. A differential graded category C over k consists of the
following data:

e A collection {X,Y,...}, whose elements are called the objects of C.
e For every pair of objects X and Y, a chain complex of k-modules
-+ = Mape(X,Y)1 — Mape(X,Y)o = Mape(X,Y)-1 — -+,
which we will denote by Mape(X,Y)..
e For every triple of objects X, Y, and Z, a composition map
Mape (Y, Z). @ Mape(X,Y). — Mape(X, Z).,
which we can identify with a collection of k-bilinear maps
o : Mape(Y, Z), x Mape(X,Y)q = Mape (X, Z)p+q
satisfying the Leibniz rule d(go f) = dgo f + (—1)Pg o df.
e For each object X € €, an identity morphism idx € Mape(X, X)o such that
goidxy = f dxof =f
for all f € Mape(Y, X),, g € Mape(X,Y),.

The composition law is required to be associative in the following sense: for every triple f € Mape(W, X),,
g € Mape(X,Y),, and h € Mape(Y, Z),, we have

(hog)of=ho(gof)

In the special case where k = Z is the ring of integers, we will refer to a differential graded category over
k simply as a differential graded category.

Remark 1.3.1.2. Let C be a differential graded category. For every object X of C, the identity morphism
idx is a cycle: that is, didx = 0. This follows from the Leibniz rule

didy = d(idX Oidx) = (dldx) oidy +idx O(didx) = 2didyx .

Remark 1.3.1.3. Let ¢ : k — k’ be a homomorphism of commutative rings. Then every differential graded
category over k’ can be regarded as a differential graded category over k by neglect of structure. In particular,
every differential graded category over a commutative ring k can be regarded as a differential graded category
over the ring of integers Z.

Remark 1.3.1.4. If k£ is a commutative ring, we can identify differential graded categories over k with
categories enriched over the category Ch(k) of chain complexes of k-modules. In particular, every differential
graded category C can be regarded as an ordinary category, with morphisms given by Home(X,Y) = {f €
Mape (X, Y)o : df = 0.
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Remark 1.3.1.5. Let C be a differential graded category. There is another category canonically associated
to C, called the homotopy category of € and denoted by hC. It may be defined precisely as follows:

e The objects of hC are the objects of C.

e The morphisms in hC are given by the formula
Hompe(X,Y) = Ho(Mape(X,Y).) = coker(d : Mape(X,Y); — Home (X, Y)).

That is, a morphism in h€ is given by an equivalence class [f] of 0-cycles f € Mape(X,Y ), where two
O-cycles f,g € Mape(X,Y)o are regarded as equivalent if there exists an element z € Mape(X,Y);
with dz = f — g.

e Composition of morphisms in h€ is characterized by the formula [f o g] = [f] o [g]-

Construction 1.3.1.6. Let C be a differential graded category. We will associate to € a simplicial set Ngq(C),
which we call the differential graded nerve of C. For each n > 0, we define Ngg(C),, ~ Homge, (A™, Ngg(C))
to be the set of all ordered pairs ({X; }o<i<n, {fr}), where:

(a) For 0 <i <mn, X; denotes an object of the differential graded category C.

(b) For every subset I = {i_ < iy < @1 < -+ < 4y < iy} with m >0, f7 is an element of the abelian
group Mape(X;_, Xi, )m, satisfying the equation

dfr = Z (—1)j(f17{ij} = fij<.<im<isy © flio<ii<..<i;})- (1.1)

1<j<m

If a : [m] — [n] is a nondecreasing function, then the induced map Ngg(C),, — Nag(C),, is given by
{Xito<i<n, {f1}) = {Xag) Yo<i<m, {97}),

fa(sy if afJ is injective
where g; = {idy, if J = {j,5'} with a(j) = a(j') =i

0 otherwise.

Remark 1.3.1.7. The theory of differential graded categories can be regarded as a special case of the more
general theory of A -categories (see [131] for an exposition). Construction 1.3.1.6 (and many of the results
proven below) can be generalized to the case of an A..-category C: for this, one needs to replace equation
1.1 by a more elaborate version, involving the higher-order multiplications on C.

Example 1.3.1.8. Let C be a differential graded category. Then:
e A O-simplex of Ngg(C) is simply an object of C.

e A 1-simplex of Ny, (C) is a morphism of C: that is, a pair of objects X,Y € € together with an element
f € Mape(X,Y)o satisfying df = 0.

e A 2-simplex of Ny, (C) consists of a triple of objects X,Y, Z € C, a triple of morphisms
f € Mape(X,Y)o g € Mape (Y, Z)o h € Mape(X, Z)o
satisfying df = dg = dh = 0, together with an element z € Mape(X, Z); with dz = (g o f) — h.

Remark 1.3.1.9. Let C be a differential graded category and let Cy denote its underlying ordinary category
(see Remark 1.3.1.4). Then the simplicial set N(Cq) is isomorphic to the simplicial subset of the differential
graded nerve Ngg(€) whose n-simplices are given by pairs ({X; }o<i<n, {f1}), where f; = 0 whenever the set
I has more than two elements. In particular, the map N(Cy) — Ngg(C) is bijective on n-simplices for n < 1.
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Proposition 1.3.1.10. Let C be a differential graded category. Then the simplicial set Ngg(C) is an oo-
category.

Proof. Suppose we are given 0 < j < n and a map ¢ : A} — Ngg(€); we wish to show that ¢y can be
extended to an n-simplex of Ngg(C). Unwinding the definitions, we see that ¢¢ can be identified with the
data of a pair ({X;}o<i<n, {fr}), where {X, }o<i<n is a collection of objects of € and fr € Mape(X;,, X, Jk—1
is defined for every subset I = {i_ < iy, < ... <4y <iy} C [n] with m >0 and I # [n],[n] — {j}, satisfying
the equation 1.1 of Construction 1.3.1.6. This data extends uniquely to an n-simplex ({X;}, {fr}) of Nqg(€)
satisfying fi,) = 0, if we set

fu—ty = Y, D" fppirmy o fommy — O (D fr—qmy
0<p<g 0<p<k,p#j
f[n] = 0.
0

Remark 1.3.1.11. Let € be a differential graded category. Then the homotopy category hC of Remark
1.3.1.5 is canonically isomorphic to the homotopy category hNgg(€) of the co-category Ngg(C). To see this,
let Gy be the underlying category of €. Remark 1.3.1.9 supplies a map

€y ~ hN(Cy) — hNg4(€)

which is bijective on objects and surjective on morphisms. It therefore suffices to show that for every pair
of objects X,Y € €, the induced equivalence relation on Home,(X,Y") agrees with the relation of homology
(that is, two cycles f, g € Mape(X,Y ) are homologous if and only if f — g = dz for some z € Mape(X,Y);).
This follows immediately from the description of the 2-simplices in Ngg(C) supplied by Example 1.3.1.8.

Remark 1.3.1.12. Let D be an oco-category. Recall that for X,Y € D, the mapping space Homg(X, Y)
is defined as the simplicial set whose n-simplices are maps A”T! — D which carry the simplicial subset
A™ C A" to the vertex X and the opposite vertex {n+1} C A" t0 the vertex Y. Let @ be a differential
graded category containing objects X and Y. Unwinding the definitions, we see that an m-simplex of
Homﬁdg(@)(X, Y) is determined by specifying, for every subset I = {iy; < i1 < ... <ip <n+1} C[n+1]
with m > 0, an element f; € Mape(X,Y),, satisfying the equations

—dfr = > (=1 fr_gi)-

0<j<m

After a change of signs, we can identify n-simplices of Homgdg(e) (X,Y) with chain complex homomorphisms
N.(ZA™) — Mape(X,Y).. This identification is functorial in A™, and (using Lemma 1.2.3.12) yields an
isomorphism of simplicial sets

Homy, (¢)(X,Y) ~ DKo (720 Mape(X, Y)),
where DK, denotes the functor given by the Dold-Kan correspondence (see Construction 1.2.3.5).

Our next goal is to compare the formation of differential graded nerves of differential graded categories
(Construction 1.3.1.6) with the formation of homotopy coherent nerves of simplicial categories (§T.1.1.5).

Construction 1.3.1.13. Let Ab denote the category of abelian groups. Using the Alexander-Whitney
construction, we see that the composite functor

T>0

Ch(Ab) = Ch(Ab)so =5 Fun(A, Ab) — Fun(A, Set) = Seta

is right-lax monoidal (see Example 1.2.3.26). In particular, every differential graded category € determines
a simplicial category €a, which may be described more concretely as follows:
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e The objects of Ca are the objects of C.

e Given objects X,Y € €, the mapping space Mape, (X,Y’) is the underlying simplicial set of the
simplicial abelian group DK, (7>0 Mape(X,Y).).

We will refer to Ca as the underlying simplicial category of C.

Remark 1.3.1.14. For every differential graded category C, the underlying simplicial category Ca is auto-
matically fibrant (see Remark 1.2.3.14).

Notation 1.3.1.15. Let € be a simplicial category. Recall that the simplicial set N(C) is defined by the
formula

N(€)n = Homeat o (€[A"], €),
where €[A"] denotes the category with set of objects {0,1,...,n} and

0 ifi >j
Ma n(2,7) =
Pela }( 7) {N(Pi,j) ifi <,
where P, ; is the partially ordered set consisting of those subsets S C [n] having least element ¢ and greatest
element j. Composition in €[A"] is induced by the maps P; ; x P; — P, given by (S,T) — SUT.
Let I = {i— < ipm < ... < i3 < iy} be a subset of [n] and let o € ¥, be a permutation of the set
{1,...,m}. We let 77, denote the m-simplex of Mapg(anj(i—,i+) given by the chain

{i—vi-i-} c {i—ﬂia(l)ai—i-} c {i—via(l)aia(2)ai+} c---C {i—vio(l)v . 'aia'(m)vi-i-}

in the partially ordered set P;_ ;. .
Construction 1.3.1.16. Let C be a differential graded category. For every n-simplex 7 € Mape, (X,Y)n,
we let [7] € Mape(X,Y),, denote the corresponding n-chain. Let « : €[A"] — Ca be a functor of simplicial
categories. For every subset I = {i_ < i, <...<i; <iy} C[n], we set

fr="Y (-1)7[alr1,0)] € Mapg(a(i-), ali+))m

oEX

where 77 , is defined as in Notation 1.3.1.15 and (—1)° denotes the sign of the permutation o. A straight-
forward calculation shows that

de = Z (—1)j(f{ij<...<im<i+} Of{i_<i1<...<ij} - fIf{i]»})7

1<j<m

so that we can regard the pair ({a(7)}o<i<n,{fr}) as an n-simplex of Ngx(C). This construction determines
a map of sets N(€Ca), — Ngg(€),, which depends functorially on the linearly ordered set [n], and therefore
defines a functor of co-categories N(Ca) — Ngg(C).

If € is a differential graded category, then the map N(€a) — Ngg(C) of Construction 1.3.1.16 is bijective
when restricted to simplices of dimension < 2. It is generally not an isomorphism. However, we do have the
following result:

Proposition 1.3.1.17. Let C be o differential graded category. Then the functor 6 : N(Ca) — Nag(C) of
Construction 1.3.1.16 is an equivalence of co-categories.

Proof. Since 6 is bijective on vertices, it will suffice to show that 6 is fully faithful. Choose objects X,Y € C;
we claim that 6 induces a homotopy equivalence of Kan complexes ¢ : H01n§(e X Y) = Hompy dg(e)(X ,Y).



68 CHAPTER 1. STABLE co-CATEGORIES

Let Q°® be the cosimplicial object of Seta defined in §T.2.2.2, so that we have a canonical isomorphism of
simplicial sets

Hompy e,y (X,Y) ~ Singg. Mape, (X,Y) ~ Singge DK, (750 Mape (X, Y).)
(see Proposition T.2.2.2.13). Remark 1.3.1.12 yields an isomorphism of simplicial sets Homﬁdg(@)(X, Y) ~
DKe(7>0 Mape(X,Y).). Let A® denote the cosimplicial object of Seta given by [n] — A™, so that we
have a map Q* — A® of cosimplicial objects of Seta (see Proposition T.2.2.2.7) which induces a map
Yz : Z — Singge Z for every simplicial set Z. When Z = DK, (7>0 Mape (X, Y).), the composite map o)z

is an isomorphism of simplicial sets. It will therefore suffice to show that 1, is a homotopy equivalence.
Since Z is a Kan complex, this follows from Propositions T.2.2.2.9 and T.2.2.2.7. O

We now discuss the functoriality of the construction € — Ngg(C).

Definition 1.3.1.18. Let C and D be differential graded categories over a field k. A differential graded
functor F from € to D consists of the following data:

e For every object X € C, an object F(X) € D.

e For every pair of objects X,Y € €, a map of chain complexes

ax.y : Mape(X, Y ), — Mapy (F(X), F(Y))..

This data is required to be compatible with composition in the following sense:
e For every X € C, we have ax x(idx) = idp(x).

e For every triple of objects X,Y,Z € € and every f € Mape(X,Y),, g € Mape(Y,Z),, we have
ax.z(go f) =ayz(g) o ax,y(f)

The collection of differential graded categories over k forms a category Catq, k, whose morphisms are given
by differential graded functors.

Proposition 1.3.1.19. Let k be a commutative ring. There is a combinatorial model structure on the
category Catag k of differential graded categories over k, which is characterized by the following properties:

(W) A differential graded functor F : C — D is a weak equivalence if and only if F induces an equiv-
alence of homotopy categories hC — hD and, for every pair of objects X,Y € C, the induced map
Mape(X,Y ). = Mapy, (F(X), F(Y)). is a quasi-isomorphism of chain complexes of k-modules.

(F) A differential graded functor F : C — D is a fibration if and only if F satisfies the following pair of
conditions:

— The underlying functor hC — hD is a quasi-fibration. That is, given an object X € C and an
isomorphism B : F(X) =Y in hD, 8 can be lifted to an isomorphism B : X — Y in hC.

— For every pair of objects X, Y € C, the map of chain complezxes
Mape(X,Y), = Mapy, (FI(X), F(Y)).
is degreewise surjective.

For a proof, we refer the reader to [141] (in the case where k is a field, Proposition 1.3.1.19 can be deduced
from Proposition T.A.3.2.4 and Theorem T.A.3.2.24).

Proposition 1.3.1.20. Let k be a commutative ring. Then the formation of differential graded merves
C = Ngg(€C) determines a right Quillen functor from the category Catqg k (endowed with the model structure
of Proposition 1.8.1.19) to the category of simplicial sets (endowed with the Joyal model structure).
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Proof. The functor N4, preserves small limits and filtered colimits, and therefore admits admits a left
adjoint by virtue of the adjoint functor theorem (Corollary T.5.5.2.9). We next claim that the functor Ny,
preserves weak equivalences. Let F': € — D be a weak equivalence of differential graded categories over
k. Then F induces an equivalence of homotopy categories h€ — hD. Using Remark 1.3.1.11, we deduce
that Ngg(F') : Ngg(€) — Ngg(D) induces an equivalence of homotopy categories. To prove that Ngg(F) is
an equivalence of co-categories, it suffices to show that it is fully faithful. In other words, we must show
that for every pair of objects X,Y € C, the induced map Homllz}dg(e)(X, Y)— Homlli‘]dg(D)(F(X), F())isa
homotopy equivalence of Kan complexes. This follows immediately from Remark 1.3.1.12, since the map of
chain complexes Mape(X,Y ). — Mapq (F(X), F(Y)). is a quasi-isomorphism.

To complete the proof, it will suffice to show that the functor Ng, preserves fibrations. Let F': € — D be
a fibration of differential graded categories over k. We wish to prove that F' induces a categorical fibration of
simplicial sets Ngg(€C) — Ngg(D). The functor F' induces a quasi-fibration of ordinary categories h€ — hD,
and therefore also a quasi-fibration hNg,(€) — hNgg(D) (Remark 1.3.1.11). It will therefore suffice to show
that the map Ngg(F) is an inner fibration of simplicial sets (Corollary T.2.4.6.5). That is, we must show
that for 0 < j < n, every lifting problem of the form

.
A —— Ngg(€)

o 7
Ve

Ve
s

¢
A" — Ngg(D)

admits a solution. The map ¢y determines objects Xg, X1,...,X,, € C together with elements f; €
Mape (Xi_, Xi, )m for every subset I = {i_ < i, < ... < iy < iy} C [n] with at least two elements
such that [n] # I # [n] — {j}, satisfying equation 1.1 of Construction 1.3.1.6. For every I, let f; denote the
image of f7 in Mapq (F(X;_), F(X;,))m. The extension ¢ determines a pair of elements

?[n] € Mapy, (F'(Xo), F(Xn))n—lf[n]f{j} € Mapy, (F(Xo), F'(Xn))n—2

df = Z (D" (Fru—tiy = Ftinmy © Frooiy)-
1<i<n—1
Since F' is a fibration, we can lift ?[n] to an element fp,,; € Mape(Xo, Xy )n—1. This choice of lift extends
uniquely to an n-simplex of Ngg(€) lifting ¢, by setting

f[”]—{j} = (_1)n_jdf[n] + Z (_1)i_jf{i,...,n} o f{o,...,i} - Z (—1)i_jf[n]_{i}.

1<i<n—1 1<i<n—1,i#j

1.3.2 Derived oco-Categories

Let A be an abelian category. To every pair of objects X,Y € A and every integer n > 0, one can define a
(Yoneda) Ext-group Ext’; (X,Y). If A has enough projective objects, then X admits a projective resolution

o> P> P — Py — X,

and the Ext-groups Ext’; (X,Y") are given by the cohomologies of the cochain complex Hom 4 (P,,Y"). The
functors Ext’; are examples of derived functors: that is, they are functors which can be computed by choosing
a projective (or injective) resolution of one of their arguments. In working with derived functors, it is often
convenient to replace the abelian category A by its derived category: that is, to work not with objects of A
but with chain complexes of objects of A. In this section, we will study a slightly more elaborate object:
the derived oco-category D (A) of an abelian category A. Roughly speaking, D™ (A) is an oo-category whose
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objects are (projective and right-bounded) chain complexes with values in A, whose morphisms are given by
maps of chain complexes, 2-morphisms are given by chain homotopies, and so forth. Our goal in this section
is to define the stable co-category D™ (A) and establish some of its basic properties. In particular, we will
show that D~ (A) is stable (Corollary 1.3.2.18) and admits a t-structure, whose heart can be identified with
the abelian category A (Proposition 1.3.2.19).

Definition 1.3.2.1. Let A be an additive category, and let M, and N, be chain complexes with val-
ues in A (see Definition 1.2.3.1). For each integer p, we let Mapcya)(Ms, Ni)p denote the product
[,z Homu (Mp, Nyyp). We will regard the collection

{MapCh(A)(M*a Ni)plpez

as a chain complex of abelian groups, with differential given by the formula

(df)(x) = d(f(x)) = (=1)"f(dx)

for f € MapCh(A) (M*7 N*)I)
Given a triple of chain complexes M., N,, P, € Ch(A), composition gives a bilinear map

Mapcp ) (Ne, Pe)p x Mapey,ay (Me, Ni)g = Mapena) (M, Pi)p+q

satisfying the Leibniz rule d(f o g) = df o g+ (=1)Pf o dg. Using this notion of composition, we can regard
Ch(A) as a differential graded category.

Remark 1.3.2.2. For every additive category A, we can apply Construction 1.3.1.6 to the differential
graded category Ch(A) to obtain an oco-category Ngg(Ch(A)). Note that the objects of Ngg(Ch(A)) are
chain complexes M, with values in A and the morphisms in Ngqg(Ch(A)) are morphisms of chain complexes.
Two morphisms f, g : M, — N, are homotopic in Ngg(Ch(A)) if and only if there exists a chain homotopy
from f to g: that is, if and only if there is a sequence of maps h,, : M,, — N, satisfying

dohn'i_hnflod:f_g'
Remark 1.3.2.3. Let A be an additive category, and let X, Y, € Ch(A). The homotopy group
T Mapcy ) (X, Ys)
can be identified with the group of chain-homotopy classes of maps from X, to the shifted complex Y.

Definition 1.3.2.4. Let A be an abelian category. An object P € A is said to be projective if, for every
epimorphism M — N in A, the induced map Hom 4 (P, M) — Homy (P, N) is surjective. We say that A
has enough projective objects if, for every object M € A, there exists an epimorphism P — M, where P is a
projective object of A.

Remark 1.3.2.5. Let A be an abelian category. Then an object P € A is projective in the sense of
Definition 1.3.2.4 if and only if it is projective in the sense of Definition T.5.5.8.18, when regarded as an
object of the co-category N(A) (see Example T.5.5.8.21).

Notation 1.3.2.6. Let A be an additive category. We let Ch™ (A) denote the full subcategory of Ch(A)
spanned by those chain complexes M, such that M, ~ 0 for n < 0, and Ch™(A) the full subcategory of
Ch(A) spanned by those chain complexes such that M,, ~ 0 for n > 0.

Definition 1.3.2.7. Let A be an abelian category with enough projective objects. We let D™ (A) denote
the oo-category Ngg(Ch™ (Aproj)). We will refer to D™ (A) as the derived co-category of A.

Variant 1.3.2.8. If A is an abelian category with enough injective objects, we let ®+(A) denote the nerve
ng(Ch+ (Ainj)), where Ajipj denotes the full subcategory of A spanned by the injective objects. We have a
canonical equivalence DT (A)P ~ D™ (AP).
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Remark 1.3.2.9. The homotopy category hD™ (A) can be described as follows: objects are given by (right
bounded) chain complexes of projective objects of A, and morphisms are given by homotopy classes of
chain maps. Consequently, hD™(A) can be identified with the derived category of A studied in classical
homological algebra (with appropriate boundedness conditions imposed).

Our first goal in this section is to verify the stability of the derived category of an abelian category. We
begin by studying a more general situation.

Proposition 1.3.2.10. Let A be an additive category. Then the co-category Ngg(Ch(A)) is stable.

The proof of Proposition 1.3.2.10 will require some preliminary calculations. We will need the following
simple observation:

Proposition 1.3.2.11. Let f : Ay — Be be a map of simplicial abelian groups. Then f is a Kan fibration
if and only if the associated map of chain complexes N,(A) — N, (B) induces a surjection N,(A) — N, (B)
forn > 0.

Proof. For every integer n, let E(n). denote the acyclic chain complex given by

E(n)e = Z ifke{nn-1}
"o otherwise,

where the differential E(n), — F(n),—1 is an isomorphism. We note that E(n). enjoys the following
universal property: if M, is any chain complex in the category Ab of abelian groups, then there is a canonical
isomorphism Homcpap) (E(n)«, My) =~ My In particular, there is a map 6 : £(n). — N,(A") corresponding
to a generator of the group N, (A™) ~ Z. Assume that n > 0. For any 0 < ¢ < n, the map 6 determines
an isomorphism N, (A) @ E(n). — N.(A™). Consequently, the map N,(A) — N,(B) has the right lifting
property with respect to the inclusion N,(A}) — N,(A"™) if and only if it has the extension property with
respect to E(n).. Invoking the universal property of E(n)., we see that this lifting property is equivalent to
the requirement that the map N, (A) — N, (B) is surjective. O

Corollary 1.3.2.12. Let A, be a simplicial abelian group. Then Ao is a Kan complex.

Notation 1.3.2.13. Let A be an additive category. We let Ch(A)a underlying simplicial category of the
differential graded category Ch(A) (see Construction 1.3.1.13).

Suppose we are given a map f : M, — M of chain complexes with values in an additive category A, and
let Q. € Ch(A) be another chain complex. Composition with f induces a map of chain complexes

0 : Mapcy,a) (M, Qx) — Mapeya) (M, Q).

Suppose that, for every pair of integers p < ¢, f induces a surjection Hom4 (M, Q) — Homa (M, Q). Tt
follows from Proposition 1.3.2.11 that f induces a Kan fibration of simplicial sets MapCh(A)A(MfF, Q.) —
Mapcp(ay, (Ms, Q«). In particular, we have the following result:

Corollary 1.3.2.14. Let A be an additive category. Suppose we are given a map of chain complexes f :
M, — M in Ch(A) and another chain complex Q. in Ch(A). Assume that, for every pair of integers p < q,
composition with f induces a surjection Hom 4 (M, Q) — Homua (M, Q). Then f induces a Kan fibration

of simplicial sets Mapcy(ay, (ML, Q) = Mapcp ), (Me, Q).
Remark 1.3.2.15. The hypotheses of Corollary 1.3.2.14 are satisfied in either of the following situations:
(a) The map f is degreewise split: that is, each of the maps M, — MZ’, admits a left inverse.

(b) The category A is abelian, each of the maps M, — M), is a monomorphism, and each of the objects
Q4 € A is injective.
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Corollary 1.3.2.16. Let A be an additive category, and suppose we are given a pushout diagram o :

M, —L o M

|

N, ——= N!

in Ch(A). If f is degreewise split (as in Remark 1.3.2.15), then o is a homotopy pushout diagram in the
simplicial category Ch(A)a.

Proof. We must show that for any @, € Ch(A), the diagram of Kan complexes

Mapcya)a (N, Qi) —— Mapcya) (Na, Qx)

| i

g
Mapcy(ay, (My; @«) —— Mapcy ), (Me, Q)

is a homotopy pullback square. This diagram is evidently a pullback square. Since the Kan model structure
on Seta is right proper, it suffices to observe that the map g is a Kan fibration (by Corollary 1.3.2.14). O

Remark 1.3.2.17. Let A be an additive category, and suppose we are given any map f : M, — M. in
Ch(A). We have a pushout diagram of chain complexes

L

M ———C(f)~,

where C(f). is the mapping cone of f (so that C(f), ~ M), & M,,—1). It follows from Corollary 1.3.2.16,
Theorem T.4.2.4.1, and Proposition 1.3.1.17 that C(f). can be identified with a cofiber of f in the oo-category
Nag(Ch(A)).

Proof of Proposition 1.3.2.10. Let A be an additive category. We first claim that the co-category Ngg(Ch(A))
admits pushouts. Using Proposition 1.3.1.17 and Theorem T.4.2.4.1, we are reduced to proving that the
simplicial category Ch(A)a admits homotopy pushouts. This follows from Corollary 1.3.2.16, since any map
of chain complexes f : M, — M, is chain homotopy-equivalent to a map which is degreewise split (replace
M by the mapping cylinder of f).

It is obvious that Ngg(Ch(A)) has a zero object (since Ch(A) has a zero object). We can describe the
suspension functor explicitly as follows. Let E(1),. be the chain complex of abelian groups described in
Proposition 1.3.2.11. There is a pushout diagram of differential graded functors from Ch(A) to itself, which
carries each M, € Ch(A) to the diagram

M,——FE(1). ® M,

Y

— M, _;.

The above arguments show that this diagram determines a pushout diagram in the oco-category of functors
from Ngg(Ch(A)) to itself. Note that (1), ® M, is chain homotopy contractible and therefore a zero object
of Ngg(Ch(A)). It follows that the suspension functor ¥ : Ngg(Ch(A)) — Ngg(Ch(A)) is induced by the
shift functor M, — M,_;. Since the shift functor is an equivalence of differential graded categories, ¥ is an
equivalence of co-categories. Using Proposition 1.4.2.27, we deduce that Ngz(Ch(A)) is stable, as desired. [
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In the situation of Proposition 1.3.2.10, suppose that € is a full subcategory of Ch(A), which is closed
under the formation of shifts and under the formation of mapping cones. Then the differential graded nerve
Nag(C) is a stable subcategory of Nqg(Ch(A)), and is therefore itself a stable co-category. In particular, we
obtain the following result:

Corollary 1.3.2.18. Let A be an abelian category with enough projective objects. Then the co-category
D™ (A) is stable.

We next construct a t-structure on the stable oo-category D™ (A).

Proposition 1.3.2.19. Let A be an abelian category with enough projective objects. Let DEO(A) denote the

full subcategory of D™ (A) spanned by those chain complexes A, such that the homology objects H,(A) € A
vanish for n < 0, and define D_,(A) similarly. Then the pair (DSy(A), D<o(A)) determines a t-structure

on D™ (A). Moreover, the heart of D™ (A) is canonically equivalent to (the nerve of) the abelian category A.

Lemma 1.3.2.20. Let A be an abelian category, and let P, € Ch(A) be a complex of projective objects of A
such that P, ~ 0 for n < 0. Let Q. — Q. be a quasi-isomorphism in Ch(A). Then the induced map

Mapcya) (Pe, @«) — Mapeya)(Py, Q)
18 a quasi-isomorphism.
Proof. We observe that P, is a homotopy colimit of its naive truncations
. —=0—=P,—>P,_1—....

It therefore suffices to prove the result for each of these truncations, so we may assume that P, is concentrated
in finitely many degrees. Working by induction, we can reduce to the case where P, is concentrated in a single
degree. Shifting, we can reduce to the case where P, consists of a single projective object P concentrated in
degree zero. Since P is projective, we have isomorphisms

H; Mapcy, ) (Pe, Q) =~ Homa (P, Hi(Qx)) ~ Homa (P, H;(Q)) ~ Mapcy, ) (Ps, Q%)
O
Lemma 1.3.2.21. Let A be an abelian category. Suppose that Py, Q. € Ch(A) have the following properties:
(1) Fach P, is projective, and P, ~ 0 for n < 0.
(2) The homologies H,,(Q.) vanish for n > 0.

Then the space Madeg(Ch(A))(P*, Q) is discrete, and we have a canonical isomorphism of abelian groups
ExtO(P*, Q+) ~ Hom 4 (Ho(Px), Ho(Qx))-
Proof. Let @, be the complex
.= 0= coker(Q1 = Qo) > Q-1 — ...

Condition (2) implies that the canonical map Q. — @, is a quasi-isomorphism. In view of (1) and Lemma
1.3.2.20, it will suffice to prove the result after replacing Q. by Q.. In this case, we have

0 ifm>0

Mapcn(a) (P Q)m {HomA(Po,Qo) it m = 0.

Unwinding the definitions, we see that Ho(Mapcya)(Ps, @«)) is the subgroup of Hom (Fo, Qo) given by
Hom 4 (coker(P; — Pp), ker(Qo - Q1)) ~ HomA(HO( ), Ho(@)). The desired result now follows from
Remark 1.3.1.12. O
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Proof of Proposition 1.3.2.19. We begin with the following observation:

(¥) For any object A, € Ch(A), there exists a map f : P, — A, where each P, is projective, P, ~ 0 for
n < 0, and the induced map Hy(P.) — Hy(A,) is an isomorphism for k& > 0.

To prove (), we construct projective objects P, € A, differentials d,, : P, = P,_1, and maps f, : P, = A,
which are compatible with the differentials, using induction on n. For n < 0 set P, = 0 (so that f,, and d,
are uniquely determined). Suppose that n > 0 and that P,,_1, d,,—1, and f,,—1 have already been defined.
Since A has enough projective objects, we can choose a projective object P, equipped with an epimorphism

g: Pn — An Xker(An,lﬁAn,g) ker(Pn—l - Pn—2)~

We now define f,, : P, — A, to be the composition of g with the projection onto the first factor, and
d, : P, — P,_1 to be the composition of g with the projection onto the second factor (followed by the
inclusion of ker(P,_1 — P,_2) into P,_1). It is easy to see that this construction yields a map of chain
complexes f : P, — A, with the desired properties. Note also that if A, € D™ (A) and the homologies
H,, (A,) vanish for n < 0, then f is a quasi-isomorphism between projective complexes and therefore a chain
homotopy equivalence.

It is clear that D_(A)[—1] € D y(A) and DS, (A)[1] € D<y(A). Suppose now that A, € DI, (A) and
B, € D__,(A); we wish to show that Ext%f(ﬂ)(A*, B.) ~ 0. Using (*), we may reduce to the case where
A, ~ 0 for n < 0. The desired result now follows immediately from Lemma 1.3.2.21. Finally, choose an
arbitrary object A, € D™ (A), and let f : P. — A, be as in (x). Using the construction of cofibers given
in the proof of Proposition 1.3.2.10, we deduce that cofib(f)[1] € D_y(A). This completes the proof that
(DSo(A),DZy(A)) is a t-structure on D~ (A).

It remains to describe the heart of the stable co-category D™ (A). Note that the construction A, — Hy(A)
determines a functor 6 : Ngg(Ch(A)) — N(A). Let € C Ngg(Ch(A)) be the full subcategory spanned by
complexes P, such that each P, is projective, P, ~ 0 for n < 0, and H,,(P,) ~ 0 for n # 0. Assertion (x)
implies that the inclusion @ C D~ (A)" is an equivalence of co-categories. Lemma 1.3.2.21 implies that 6| C
is fully faithful. Finally, we can apply () in the case where A, is concentrated in degree zero to deduce that
6| € is essentially surjective. It follows that 6 restricts to an equivalence D™ (A)Y — N(A). O

If A is an abelian category with enough projective objects, then the full subcategory D<,(A) C D™ (A)
admits an alternative description by means of the Dold-Kan correspondence. Note first that for any additive
category B, the category of simplicial objects Fun(A°” B) is naturally tensored over the category of finite
simplicial sets: the tensor product of a simplicial object P, with a simplicial set K is given by [n] —
(ZK,) ® P,. We may therefore view Fun(A°’ B) as a simplicial category, whose mapping spaces are
characterized by the formula

HomSetA (K7 MapF‘un(ADP,B)(PM Pol)) = HomFun(A"p,B) (ZKO ® P07 Po/)
for every finite simplicial set K. The following result will play an important role in §1.3.3:

Proposition 1.3.2.22. Let A be an abelian category with enough projective objects and let Apro; denote
the full subcategory of A spanned by the projective objects. Then D;O(A) is equivalent to the underlying
oo-category of the simplicial category Fun(A°?, Ap,yo;).

The proof of Proposition 1.3.2.22 will require some preliminary remarks. Suppose that A is an idempotent
complete additive category, so that the Dold-Kan correspondence supplies an equivalence of categories DK :
Ch(A)>o — Fun(A°?, A) (Theorem 1.2.3.7). For every pair of chain complexes M., M € Ch(A)>( and any
finite simplicial set K, a morphism of simplicial sets ¢ : K — Mapcy, A)(M*,M,ﬁ) determines a composite
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map
ZK @DKeM =~ (DK,oN,)(ZK @ DK,(M))
AW DK, (N, (K) ® N, DK, (M))
~ DK.(N.K @ M,)
% DK.(M));

here AW denotes the Alexander-Whitney map of Construction 1.2.3.22. This construction is natural in K
and therefore determines a map of simplicial sets

MapCh(ﬂ) (M*7 Mi) - MapFun(AOP,A) (DK' (M)7 DK, (M,))

Using the associativity properties of the Alexander-Whitney construction (Remark 1.2.3.25), we see that
these maps are compatible with composition and therefore endow DK : Ch(A)>¢ — Fun(A° A) with
the structure of a simplicial functor (where we view Ch(A)>o as a simplicial category using Construction
1.3.1.13). Although DK is an equivalence of ordinary categories, it is not an equivalence of simplicial
categories, because the Alexander-Whitney maps are not isomorphisms. Nevertheless, we have the following
result:

Proposition 1.3.2.23. Let A be an idempotent complete additive category. Then the functor
DK : Ch(A)>9 — Fun(A?, A)
is a weak equivalence of simplicial categories.

Proof. Since Theorem 1.2.3.7 implies that DK is essentially surjective, it will suffice to show that for every
pair of chain complexes P,, Q. € Ch(A)>q, the map

Op : Mapcy(ay, (Prs @) = Mappyy(acr a) (DKe(Pi), DKe(Q4))

is a weak homotopy equivalence. In the argument which follows, we will regard @, as fixed. For each object
A € A, let A[n] € Ch(A) denote the chain complex consisting of the single object A, concentrated in degree
n. Let us say that a chain complex M, is good if the map 60,; is a weak homotopy equivalence. We now
proceed as follows:

(1) Let A be an object of A. For any simplicial set K, the Alexander-Whitney map AW : N, (K ®
DK(A[0])) — N.(K) ® A[0] is an isomorphism of chain complexes. It follows that A[0] is good:
in fact, the map €4)o) is an isomorphism of simplicial sets. In particular, the simplicial set X =
Mapgyn(acr a)(DKe(A[0]), DKe(Q)) is a Kan complex.

(2) Let A be an object of A and n > 0. Then the map

Mappy,(acr 4)(ZA™ @ DK (A[0]), DKo(Q)) ~ Fun(A", X) — Fun(Ag, X)
Mapgy(ace 4y (ZAg © DK, (A[0]), DKo (Q))

12

is a trivial Kan fibration. Let E(n), be defined as in the proof of Proposition 1.3.2.11, so that we
have an isomorphism of simplicial abelian groups N.(A™) ~ N,(A}) ® E(n).. We conclude that
the mapping space Mapg,,(acr 4)(DK(E(n) ® A[0]), DK(M’)) is a contractible Kan complex. Since
the zero map from F(n). ® A[0] to itself is chain homotopic to the identity, we conclude also that
Mapcyp ) (E(n). ® A[0], M) is a contractible Kan complex. In particular, E(n). ® A[0] is good.
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Let n > 1, and regard Z[n — 1] as a subcomplex of E(n).. A choice of isomorphism N, (A") ~ Z ~
E(n), extends uniquely to a map of chain complexes N,(A™) — FE(n), which fits into a pushout
diagram

N.(O0A™) —— N,(A™)

Zn — 1] —— E(n)..
It follows that for any A € A, the induced map
Mappuy(acr,a) (DKo (E(n) @ A),DKe(Q)) = Mappy,acr 4)(DKe(Aln —1]), DKo (Q))
is a pullback of the map Fun(A”, X) — Fun(d A", X), and therefore a Kan fibration.

Let P, € Ch(A)>¢, and suppose we are given an object A € A and a map A — P,_; for n > 0. Form
a pushout diagram of chain complexes

Aln — 1] ——= E(n). ® A[0]
P,——= P
We obtain diagrams of mapping spaces

Mapeyay, (P @) Mapcyay, (P @)

l |

MapCh(A)A(E(n)* ® A0}, Qs) — MapCh(A)A(A[n —1],Q.)

MapFun(A"P,A) (DK(P/)a DK(Q)) MapFun(A"‘“,A) (DK(P)a DK(Q))

| l

Mappyy(acr,a) (DK(E(n). @ A[0]), DK(Q)) —— Mappypacr 4) (DK (A[n — 1]), DK(Q).

The first diagram is a homotopy pullback square by Corollary 1.3.2.16, and the second diagram is a
homotopy pullback square by (3). Since E(n).® A[0] is good by (2), we conclude that if P, and A[n—1]
are good, then P, is also good.

*

Taking P, = 0 in (4), we conclude that if A[n — 1] is good then A[n] is good. Combining this with (1),
we deduce that each A[n] is good using induction on n.

Let P, be arbitrary. For each n > 0, let P(n), be the chain complex
.= 0=>PFP, =Py —= =P =0
We have an evident pushout diagram
P,jn—1]——=E(n).® P,
P(n—1), — P(n)..

Using (4) and (5), we conclude that each P(n), is good using induction on n. Then 6p is the homotopy
limit of a tower of homotopy equivalences {#p~}. It follows that 0p is itself a homotopy equivalence:
that is, Py is good.
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O

Remark 1.3.2.24. Let A be an arbitrary additive category. Then A admits a fully faithful embed-
ding into an idempotent complete additive category. It follows from Proposition 1.3.2.23 that the func-
tor DK : Ch(A)>¢o — Fun(A°,A) induces a fully faithful embedding of co-categories N(Ch(A)>o) —
N(Fun(A°P A)).

Proof of Proposition 1.3.2.22. Let A be an abelian category with enough projective objects. If P, is an
object of DS (A), then assertion (x) appearing in the proof of Proposition 1.3.2.19 guarantees the exis-
tence of a quasi-isomorphism P, — P, where P, € Ch(Aproj)>0. Such a map is automatically a chain
homotopy equivalence, and therefore an equivalence in the oo-category D<(A). It follows that the in-
clusion Ngg(Ch(Aproj)>0) — D=((A) is an equivalence of oo-categories. Combining this observation with
Propositions 1.3.2.23 and 1.3.1.17, we obtain equivalences

D3o(A) <> Nag(Ch(Aproj)>0) + N(Ch(Aproj)>0) = N(Fun(A”, Aproj))-

1.3.3 The Universal Property of D™ (A)

Let A be an abelian category with enough projective objects. In §1.3.2, we introduced the derived oco-
category D™ (A), whose objects are right-bounded chain complexes of projective objects of A. Our goal in
this section is to characterize the oo-category D™ (A) by a universal mapping property. To formulate this
property, we need to introduce a bit of terminology.

Definition 1.3.3.1. Let € and €' be stable oo-categories equipped with t-structures. We will say that a
functor f: € — € is right t-ezact if it is exact and carries C> into Glzo. We say that f is left t-exact if it is
exact and carries C<( into Glgo-

Our main result can now be stated as follows:

Theorem 1.3.3.2. Let A be an abelian category with enough projective objects, let C be a stable co-category
equipped with a left complete t-structure, and let &€ C Fun(D™ (A),C) be the full subcategory spanned by
those right t-exact functors which carry projective objects of A into the heart of C. The construction F +—
7<0 0 (F| D™ (A)Y) determines an equivalence from € to (the nerve of) the ordinary category of right exact

functors from A to the heart ev of C.

Remark 1.3.3.3. Let A be an abelian category with enough projective objects. We will prove below that the
oo-category D™ (A) is left complete (with respect to the t-structure of Proposition 1.3.2.19); see Proposition
1.3.3.16. Tt follows that D~ (A) is determined (up to canonical equivalence) by the universal property of
Theorem 1.3.3.2.

If A and C are as in Theorem 1.3.3.2, then any right exact functor from A to €Y can be extended (in
an essentially unique way) to a functor D~ (A) — C. In particular, if the abelian category €% has enough
projective objects, then we obtain an induced map ZD_(GO) — C.

Example 1.3.3.4. Let A and B be abelian categories equipped with enough projective objects. Then any
right-exact functor f : A — B extends to a right t-exact functor F' : D™ (A) — D™ (B). One typically refers
to F' as the left derived functor of f.

Example 1.3.3.5. Let Sp be the stable oco-category of spectra (see §1.4.3), with its natural t-structure. Then
the heart of Sp is equivalent to the category A of abelian groups. We therefore obtain a functor D™ (A) — Sp,
which carries a complex of abelian groups to the corresponding generalized Filenberg-MacLane spectrum.
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Remark 1.3.3.6. Let A be an abelian category with enough projective objects, let € be a stable oco-category
equipped with a left-complete t-structure, and let F': D™ (A) — C be a right t-exact functor which carries
projective objects of A into the heart of €. Then the following conditions are equivalent:

(¢) The functor F is left t-exact: that is, F' carries D™ (A)<( into C<o.
(#4) The functor F carries N(A) C D™ (A) into the heart of C.
(#47) The underlying right-exact functor f : A — €Y is exact.

The implication (i) = (i7) is obvious. To prove that (i4) = (i), we prove by induction on n that for every
object A € D™ (A)<o N D™ (A)>_n, we have F(A) € C<o. If n = 0, this follows from (¢¢). More generally,
we have a fiber sequence

Al — A — A"
where A’ € D™ (A)<o N D (A)>1-n and A”[n] € D™ (A)Y =~ N(A). Then F(A’) € C<y by the inductive
hypothesis, and F(A”) = F(A"[n])[-n] € C<_,, C C<¢ by virtue of (i), so that F/(A) € C<q.

To prove (ii) = (4i7), we note that every short exact sequence
054 5A—-A"—0

in A gives rise to a fiber sequence
F(A") = F(A) — F(A")

in €>¢, hence a short exact sequence

mE(A") = f(A) S F(A) = F(A) =0

in the abelian category h€”. If (i) is satisfied, then m F/(A”) =~ 0, so that the map ¢ is injective.

It remains to prove that (iéi) implies (i7). Assume that (ii7) is satisfied. Using induction on n > 0, we
prove that for each A € A, the object 7, F(A) € €Y vanishes. Since € is left-complete, this will guarantee
that 7>1F(A) vanishes, so that F'(A) belongs to the heart of €. To carry out the induction, we choose a
short exact sequence

05 A AP A0

in the abelian category A, where P is projective, so that we have an exact sequence
T F(P) = 1, F(A) = 7 1 F(A') = 71 F(P).

If n > 1, then 7, F(P) ~ 7,1 F(P) ~ 0, so that m, F(A) ~ m,_1 A’ vanishes by the inductive hypothesis. If
n = 1, then 7, F(P) vanishes so that 7, F/(A) can be identified with the kernel of the map f(v) : moF(A4’) —
moF(P). If the functor f is exact, then f(1) is a monomorphism so that 7, F(A) ~ 0.

We have the following recognition criterion for derived categories:

Proposition 1.3.3.7. Let C be a stable oo-category equipped with a left complete t-structure. Suppose that
the abelian category A = he” has enough projective objects. Then there exists an essentially unique t-exact
functor F: D™ (A) — C extending the inclusion [ : N(A) ~ €Y C C. Moreover, the following conditions are
equivalent:

(i) The functor F is fully faithful.

(ii) For every pair of objects X,Y € A, if X is projective, then the abelian groups Exto(X,Y) vanish for
1> 0.

(iii) For every pair of objects X,Y € A, if X is projective, then there exists a monomorphismY — Z such
that the abelian groups Exte (X, Z) vanish for i > 0.
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Moreover, if these conditions are satisfied, then the essential image of F' is the full subcategory |J,, C>—n of
right-bounded objects of C.

Proof. The existence of F follows from Theorem 1.3.3.2 and Remark 1.3.3.6. The implications (i) = (ii) =
(7i1) are obvious. We prove that (ii4) = (i) by induction on ¢ > 0. Assume that X, Y € A where X is
projective, and choose a monomorphism Y < Z satisfying (i7¢). Then we have an exact sequence

Exth (X, Z) — Exts (X, Z/Y) — Exte(X,Y) — Exti(X, 2).

If i > 2, then we have Extl; '(X, Z) ~ Ext((X, Z) ~ 0, so that Ext,(X,Y) ~ Exty '(X, Z/Y) vanishes by
the inductive hypothesis. If i = 1, then Ext(X,Y) can be identified with the cokernel of the map

Ext$(X, Z) ~ Homy (X, Z) — Homu (X, Z/Y) ~ Ext2(X, Z/Y).

Since X is a projective object of A, this map is a surjection, so that Extbs(X,Y") vanishes as required.
We now prove that (i¢) implies (¢). Choose any pair of objects X, Y € D™ (A); we wish to prove that F'
induces a homotopy equivalence

Ox,y : Mapp- (0)(X,Y) — Mape(FX, FY).

Since D™ (A) and € are both left-complete (see Proposition 1.3.3.16), both sides can be identified with a
homotopy limit of the tower of maps

Map‘D*(A) (Tan7 TSnY) — Map@(FTSnX, FTSHY).

It therefore suffices to show that each of these maps is a homotopy equivalence. We may therefore replace
Y by 7<,Y and thereby reduce to the case where Y belongs to the full subcategory DP(A) = U, D (A)<n
spanned by the (homologically) bounded objects of D™ (A).

Let D’ denote the full subcategory of @b(A) spanned by those objects Y for which the map fxy is a
homotopy equivalence, for every object X € D™ (A). We wish to prove that D’ = @b(A). Since D’ is stable
under translations and extensions in D’(A), it will suffice to show that D’ contains the heart of D’(A). We
may therefore reduce to the case where Y is in the heart of D™ (A).

The object X can be represented by a chain complex of projective objects

o> PP —-FP—>P1—>Py— -
in the abelian category A. Let X’ denote the truncated chain complex
"'—>O—)P1—)P0—>P,1—>P,2—>"',

so that we have a fiber sequence
X' =X =X

in D™ (A) with X" € C>2. We have a commutative diagram

0
Mapy-(4)(X,Y) —> Mape(FX, FY)

| |

[/
Mapyp - (4y(X,Y) ——> Mape(FX', FY)

where the vertical maps are homotopy equivalences. Consequently, to prove that §x y is a homotopy equiv-
alence, it suffices to show that 6x- y is a homotopy equivalence. We may therefore replace X by X’ and
thereby reduce to the case where X belongs to the full subcategory &€ C D™ (A) spanned by finite-length
chain complexes of projective objects. Let & C &€ be the full subcategory spanned by those objects X for
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which the functor I induces an isomorphism of abelian groups Ext, - 4)(X,Y) — Extg(FX, FY) for every

integer n. We wish to prove that & = &. Since &’ is stable under extensions and translations, it will suffice
to show that &' contains every projective object of A. In other words, we must show that if X,Y € A and
X is projective, then F' induces an isomorphism

Ext}4)(X,Y) = Extg(FX, FY).

If n < 0, then both sides vanish; if n = 0, then both sides can be identified with Homu (X,Y). If n > 0,
then the left side vanishes since X is projective, and the right side vanishes by virtue of assumption (7).

We now complete the proof by describing the essential image of F. Replacing € by |J,, C>_,, we may
assume that € is right-bounded; we wish to prove that F' is an equivalence. Since D™ (A) and € are both
left-complete, we can identify F' with a homotopy limit of a tower of fully faithful functors {F,, : D~ (A)<, —
C<n }n>0; it will therefore suffice to show that each F,, is an equivalence of co-categories. Each of the functors
F,, is a restriction of F', and therefore fully faithful. It therefore suffices to show that each F), is essentially
surjective. Let C' be an object of C<,. Since € is right-bounded, we may suppose that C' € C>,,, for some
integer m. We will prove that C' belongs to the essential image of F}, using descending induction on m. If
m > n, then C' >~ 0 and the result is obvious. Otherwise, we choose a distinguished triangle

C'—C—C"lm] S ')

where C’ € C>py41 and C” € €Y note that ¢’ and C”[m] both belong to C<pn. The inductive hypothesis
guarantees that C’ ~ F(X) for some object X € D™ (A)<,, and we can identify C” with an object A of the
abelian category A. Since F is fully faithful, the map « is represented by a morphism g : A[m] — X[1] in
D™ (A). Let Y = fib(5), so that we have a fiber sequence

X =Y — A[m]

which proves that Y € D™ (A)<,. Since F' is exact, we deduce that F'Y ~ fib(F(8)) ~ C, so that C belongs
to the essential image of Fj, as required. O

We will deduce Theorem 1.3.3.2 from the following more precise characterization of the oo-category
D3o(A):

Theorem 1.3.3.8. Let A be an abelian category with enough projective objects, Apro; C A the full subcategory
spanned by the projective objects, and C an arbitrary oo-category which admits geometric realizations of
simplicial objects. Let Fun'(D3,(A), C) denote the full subcategory of Fun(D3,(A),C) spanned by those
functors which preserve geometric realizations of simplicial objects. Then: B

(1) The restriction functor Fun'(D3y(A), €) = Fun(N(Aproj), C) is an equivalence of co-categories.

(2) A functor F € Fun/(ﬂgo(ﬂ)ﬁ) preserves preserves finite coproducts if and only if the restriction
F|IN(Aproj) preserves finite coproducts.

Let us assume Theorem 1.3.3.8 for the moment, and explain how to use it to deduce Theorem 1.3.3.2.
The proof of Theorem 1.3.3.8 itself will be given at the end of this section.

Lemma 1.3.3.9. Let A be an abelian category with enough projective objects, and let B be an arbitrary
category which admits finite colimits. Let C be the category of right exact functors from A to B, and let €
be the category of coproduct-preserving functors from Apwo; to B (here Apwoj denotes the full subcategory of
A spanned by the projective objects). Then the restriction functor 6 : @ — €' is an equivalence of categories.

Proof. We will give an explicit construction of an inverse functor. Let f : Apj — B be a functor which
preserves finite coproducts. Let A € A be an arbitrary object. Since A has enough projectives, there exists
a projective resolution

.= P S Py A0
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We now define F'(A4) to be the coequalizer of the map

£(0)
f(ﬂ)ﬁ;ﬂpo)-

Of course, this definition appears to depend not only on A but on a choice of projective resolution. However,
because any two projective resolutions of A are chain homotopy equivalent to one another, F(A) is well-
defined up to canonical isomorphism. It is easy to see that F' : A — B is a right exact functor which extends
f, and that F' is uniquely determined (up to unique isomorphism) by these properties. O

Lemma 1.3.3.10. (1) Let C be an oco-category which admits finite coproducts and geometric realizations
of simplicial objects. Then C admits all finite colimits. Conversely, if C is an n-category which admits
finite colimits, then C admits geometric realizations of simplicial objects.

(2) Let F : € — D be a functor between oo-categories which admit finite coproducts and geometric real-
izations of simplicial objects. If ' preserves finite coproducts and geometric realizations of simplicial
objects, then F' is right exact. The converse holds if C and D are n-categories.

Proof. We will prove (1); the proof of (2) follows by the same argument. Now suppose that C admits
finite coproducts and geometric realizations of simplicial objects. We wish to show that € admits all finite
colimits. According to Proposition T.4.4.3.2, it will suffice to show that € admits coequalizers. Let A, <1
be the subcategory of A spanned by the objects [0] and [1] and injective maps between them, so that a
coequalizer diagram in € can be identified with a functor N(A; <1)?” — C. Let j : N(A; <1)°” — N(A)P
be the inclusion functor. We claim that every diagram f : N(A; <1)°? — C has a left Kan extension along
j. To prove this, it suffices to show that for each n > 0, the associated diagram

N(AS,Sl)Op XN(A)np (N(A[n]/)Op) — @

has a colimit. We now observe that this last colimit is equivalent to a coproduct: more precisely, we have
() =~ FAODTTFAID LT - - - 11 f([1]), where there are precisely n summands equivalent to f([1]). Since C
admits finite coproducts, the desired Kan extension j f exists. We now observe that lim(f) can be identified
with H_I}n(j! f), and the latter exists in virtue of our assumption that € admits geometric realizations for
simplicial objects.

Now suppose that C is an n-category which admits finite colimits; we wish to show that € admits geometric
realizations. Passing to a larger universe if necessary, we may suppose that € is small. Let D = Ind(€), and
let @ C D denote the essential image of the Yoneda embedding j : @ — D. Then D admits small colimits
(Theorem T.5.5.1.1) and j is fully faithful (Proposition T.5.1.3.1); it will therefore suffice to show that €’ is
stable under geometric realization of simplicial objects in D.

Fix a simplicial object U, : N(A)? — € C D. Let Vo : N(A)? — D be a left Kan extension of
U.|N(AS”)"1”7 and e : Vo — U, the induced map. The geometric realization of V, can be identified
with the colimit of Us| N(AS™)?, and therefore belongs to €’ since € is stable under finite colimits in D
(Proposition T.5.3.5.14). Consequently, it will suffice to prove that «, induces an equivalence from the
geometric realization of V4 to the geometric realization of U,.

Let L : P(C) — D be a left adjoint to the inclusion. Let |Us| and |V4| be colimits of U, and V, in the oo-
category P(C), and let |ae| : |Va| — |Us| be the induced map. We wish to show that L|a,| is an equivalence in
D. Since € is an n-category, we have inclusions Ind(€) C Fun(C”?,7<,,—1 8) C P(€). It follows that L factors
through the truncation functor 7<,_1 : P(€) — P(€). Consequently, it will suffice to prove that 7<,_1|c|
is an equivalence in P(€). For this, it will suffice to show that the morphism |as| is n-connective (in the
sense of Definition T.6.5.1.10). This follows from Lemma T.6.5.3.10, since ay, : Vi — Uy is an equivalence
for k < n. O

Lemma 1.3.3.11. Let C and €' be stable co-categories equipped with t-structures. Let § : Fun(C,€") —
Fun(Cso, C") be the restriction map. Then:
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(1) If € is right-bounded, then 0 induces an equivalence from the full subcategory of Fun(€, €") spanned by
the right t-exact functors to the full subcategory of Fun(Cxg, 6/20) spanned by the right exact functors.

(2) Let € and € be left complete. Then the co-categories C>qo and (‘3'20 admit geometric realizations of
stmplicial objects. Furthermore, a functor F': C>¢ — (‘1'20 18 right exact if and only if it preserves finite
coproducts and geometric realizations of simplicial objects.

Proof. We first prove (1). If € is right bounded, then Fun(C, €') is the (homotopy) inverse limit of the tower
of co-categories
. Fun(@z_l, C") — Fun(@zo, G’),

where the functors are given by restriction. The full subcategory of right t-exact functors is then given by
the homotopy inverse limit

A Fun’(@z_l, 6/2_1) 0&)}) Fun’((?zo, C/ZO)

where Fun’(C, D) denotes the full subcategory of Fun(€, D) spanned by the right exact functors. To complete
the proof, it will suffice to show that this tower is essentially constant; in other words, that each 0(n) is an
equivalence of co-categories. Without loss of generality, we may suppose that n = 0. Choose shift functors
on the oo-categories € and €, and define

1/) : Fun’(@zo, GIZO) — Fun’((?z_l, 6/2_1)

by the formula 1(F) = X710 FoX. We claim that 1 is a homotopy inverse to #(0). To prove this, we observe
that the right exactness of F € Fun'(€x,€%), G € Fun’(C>_1, €5 ;) determines canonical equivalences

00) o)(F)~F  (400(0))(G) ~G.

We now prove (2). Since C is left complete, C>¢ is the (homotopy) inverse limit of the tower of co-
categories {(C>0)<n } with transition maps given by right exact truncation functors. Lemma 1.3.3.10 implies
that each (C>0)<, admits geometric realizations of simplicial objects, and that each of the truncation functors
preserves geometric realizations of simplicial objects. It follows that C>( admits geometric realizations for
simplicial objects. Similarly, %, admits geometric realizations for simplicial objects.

If F preserves finite coproducts and geometric realizations of simplicial objects, then F' is right exact
(Lemma 1.3.3.10). Conversely, suppose that F' is right exact; we wish to prove that F preserves geometric
realizations of simplicial objects. It will suffice to show that each composition

F 5 T<n ’
C>0 = €59 = (Cxp)<n

preserves geometric realizations of simplicial objects. We observe that, in virtue of the right exactness of F,
this functor is equivalent to the composition

T<n T<noF

€0 = (Cx0)<n = (€5¢)<n:

It will therefore suffice to prove that 7<, o F' preserves geometric realizations of simplicial objects, which
follows from Lemma 1.3.3.10 since both the source and target are equivalent to n-categories. O

Proposition 1.3.3.12. Let A be an abelian category with enough projective objects, and let C be a stable
oco-category equipped with a left complete t-structure. Then the restriction functor

Fun(D~ (A), €) = Fun(N(Apwoj), €)

induces an equivalence from the full subcategory of Fun(D™ (A), C) spanned by the right t-exact functors to
the full subcategory of Fun(N(Apwo;), C>0) spanned by functors which preserve finite coproducts (here Aproj
denotes the full subcategory of A spanned by the projective objects).
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Proof. Let Fun’ (D™ (A), €) be the full subcategory of Fun(D~ (A), €) spanned by the right t-exact functors.
Lemma 1.3.3.11 implies that Fun’'(D~ (A), €) is equivalent (via restriction) to the full subcategory

Fun’(Dgo(.A), 620) - FUH(DEO(‘A), 620)

spanned by those functors which preserve finite coproducts and geometric realizations of simplicial objects.
Theorem 1.3.3.8 allows us to identify F‘un'(D;O(.A), C>0) with the co-category of finite-coproduct preserving
functors from N(Ap,e;) into Cxg. O

We now return to the proof of our main result.

Proof of Theorem 1.5.5.2. Proposition 1.3.3.12 implies that the restriction map & — Fun(N(Aproj), €Y is
fully faithful, and that the essential image of 8 consists of the collection of coproduct-preserving functors from
N(Aproj) to €Y. Lemma 1.3.3.9 allows us to identify the latter co-category with the nerve of the category of
right exact functors from A to the heart of C. O

We now turn to the proof of Theorem 1.3.3.8. Passing to a larger universe if necessary, we may assume
without loss of generality that the abelian category A is small. We will analyze the oo-category D™ (A)>o by
embedding it into a larger co-category which admits sifted colimits. To this end, let Ap.o; C A denote the
full subcategory of A spanned by the projective objects, and let A denote the category of product-preserving
functors from A;foj to the category of simplicial sets, as in §T.5.5.9. Let A" denote the category of product-
preserving functors from A7 .

A”. Our first goal is to understand the category A".

to sets, so that we can identify A with the category of simplicial objects of

Proposition 1.3.3.13. Let A be a small abelian category with enough projective objects. Then:
(1) The category A" can be identified with the category of Ind-objects of A.
(2) The category A" is abelian.
(3) The abelian category A" has enough projective objects.

Proof. Assertion (1) follows immediately from Lemma 1.3.3.9 (taking B to be the opposite of the category
of sets). Assertion (2) follows formally from (1) and the assumption that A is an abelian category (see, for
example, [5]). We may identify A with a full subcategory of A" via the Yoneda embedding. Moreover, if P
is a projective object of A, then P is also projective when viewed as an object of A”. An arbitrary object
of A" can be written as a filtered colimit A = M{Aa}, where each A, € A. Using the assumption that A
has enough projective objects, we can choose epimorphisms P, — A,, where each P, is projective. We then
have an epimorphism ®P, — A. Since @ P, is projective, we conclude that A" has enough projectives. [

In what follows, we fix an abelian category A with enough projective objects, and let A denote the
category of product-preserving functors F : Agfoj — Seta. We will regard A as endowed with the simplicial
model structure described in Proposition T.5.5.9.1. Note that A can be identified with the category of
simplicial objects of the abelian category A”. Corollary 1.3.2.12 implies that every object of A is fibrant.
An object M, of A is cofibrant if and only if the chain complex N, (M,) consists of projective objects of A".
Using Proposition 1.3.2.22, we obtain an equivalence of oco-categories

DEO(AA) ~ N(A®).
Composing with the equivalence of Corollary T.5.5.9.3, we obtain the following result:

Proposition 1.3.3.14. Let A be an abelian category with enough projective objects. Then there exists an
equivalence of co-categories
¥ D3o(A") = Ps(N(Aproj))

whose composition with the inclusion N(Apj) ~ D~ (A C @go(ﬂ/\) is equivalent to the Yoneda embed-
dmg N(Aproj) — fpg (N(Aproj)).
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Remark 1.3.3.15. We can identify D~ (A) with a full subcategory of D~ (A"). Moreover, an object P, €
D (A") belongs to the essential image of D~ (A) if and only if the homologies H, (P,) belong to A, for all
n € Z.

Proposition 1.3.3.16. Let A be an abelian category with enough projective objects. Then the t-structure
on D™ (A) is right bounded and left complete.

Proof. The right boundedness of D™ (A) is obvious. To prove the left completeness, we must show that
D™ (A) is a homotopy inverse limit of the tower of co-categories

o= DT (At DT (A)<o — -

Invoking the right boundedness of D™ (A), we may reduce to proving that for each n € Z, D™ (A)>, is a
homotopy inverse limit of the tower

o= DT (A)<i s = DT (A)<o5n = -

Shifting if necessary, we may suppose that n = 0. Using Remark 1.3.3.15, we can replace A by A”. For each
k>0, we let CP;’C(N(.AprOj)) denote the co-category of product-preserving functors from N(Apyoj)% to < 8;
equivalently, we can define T;k(N(ﬂproj)) to be the co-category of k-truncated objects of Px(N(Aproj)). We
observe that the equivalence 1 of Proposition 1.3.3.14 restricts to an equivalence

(k) : D3o(A") N D (A") = PFF(N(Aprog)-
Consequently, it will suffice to show that Px(N(Apwoj)) is a homotopy inverse limit for the tower
= PE (N (Aprog)) = P5" (N(Aproj)-

Since the truncation functors on 8 commute with finite products (Lemma T.6.5.1.2), this follows from the
observation that 8 is a homotopy inverse limit of the tower

o= T<18 = T<0 &
see Proposition T.7.2.1.10. O

Lemma 1.3.3.17. Let A be a small abelian category with enough projective objects, and let € C Px(N(Aproj))
be the essential image of DS,(A) C DIy (A") under the equivalence ¢ : DI (A") — Pe(N(Apwoj)) of
Proposition 1.3.3.14. Then C is the smallest full subcategory of P(N(Aproj)) which is closed under geometric
realizations and contains the essential image of the Yoneda embedding.

Proof. 1t is clear that C contains the essential image of the Yoneda embedding. Lemma 1.3.3.11 implies
that D3,(A) admits geometric realizations and that the inclusion D3, (A) C D (A") preserves geometric
realizations. It follows that € is closed under geometric realizations in P(N(Apro;))-

To complete the proof, we will show that every object of X € DS ,(A) can be obtained as the geometric
realization, in D3 (A"), of a simplicial object P, such that each P, € DI (A") consists of a projective
object of A, concentrated in degree zero. In fact, we can take P, to be the simplicial object of Aproj which
corresponds to X € ChZO(Aproj) under the Dold-Kan correspondence. It follows from Theorem T.4.2.4.1
and Proposition T.5.5.9.14 that X can be identified with the geometric realization of P,. O

We are now ready to establish our characterization of D3 (A).

Proof of Theorem 1.3.3.8. Part (1) follows by combining Lemma 1.3.3.17, Remark T.5.3.5.9, and Proposition
T.4.3.2.15. The “only if” direction of (2) is obvious. To prove the “if” direction, let us suppose that F'| N(Ap)
preserves finite coproducts. We may assume without loss of generality that € admits filtered colimits (Lemma
T.5.3.5.7), so that F' extends to a functor F’ : DS, (A”") — € which preserves filtered colimits and geometric

realizations (Propositions 1.3.3.14 and T.5.5.8.15). It follows from Proposition T.5.5.8.15 that F’ preserves
finite coproducts, so that F' = | DS (A) also preserves finite coproducts. O
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1.3.4 Inverting Quasi-Isomorphisms

Let A be an abelian category with enough projective objects, and let D denote its (right-bounded) derived
category. The category D admits multiple descriptions:

(a) We can define D explicitly as the category whose objects are chain complexes P, with each P, a
projective object of A, and P, ~ 0 for n < 0; the morphisms in D are given by chain homotopy
equivalence classes of morphisms of chain complexes.

(b) The category D can be obtained by starting with the category Ch™(A) of all right bounded chain
complexes with values in A, and formally inverting quasi-isomorphisms.

In §1.3.2, we defined an oo-category D~ (A), whose homotopy category hD ™ (A) is canonically equivalent
to the derived category D. Our definition D™ (A) can be regarded as an elaboration of (a): objects of
D™ (A) are right-bounded chain complexes of projective objects of A, morphisms are given by chain maps,
2-morphisms by chain homotopies, and so forth (see Definition 1.3.2.7). In this section, we will obtain an
alternative description of the oo-category D™ (A), which can be regarded as a generalization of (b). To
formulate this description, we will need a bit of notation.

Definition 1.3.4.1. Let € be an co-category and let W be a collection of morphisms in €. We will say that
a morphism f : € — D exhibits D as the co-category obtained from C by inverting the set of morphisms W if,
for every oo-category &, composition with f induces a fully faithful embedding Fun(D, &) — Fun(C, &), whose
essential image is the collection of functors F' : € — € which carry each morphism in W to an equivalence
in €. In this case, the oo-category D is determined uniquely up to equivalence by € and W, and will be
denoted by C[W 1.

If € is an ordinary category and W is a collection of morphisms in €, we let C[W ~1] denote the oo-category
N(C)[W1.

Remark 1.3.4.2. For any oco-category C and any collection W of morphisms of €, the oo-category C[W 1]
is defined: that is, there exists a functor f : € — D which exhibits D as the co-category obtained from € by
inverting W. To prove this, we can assume without loss of generality that W contains all degenerate edges
of €, in which case €[W ~!] can be identified with a fibrant replacement for the pair (€, W) in the category
Set{ of marked simplicial sets (see §T.3.1).

Example 1.3.4.3. Let C be an oo-category, and let 3 C € be a localization of C: that is, Cy is a full
subcategory of €, and the inclusion €y — € admits a left adjoint L. Let W be the collection of those
morphisms « in € such that L(a) is an equivalence. Then the composite functor €q < € — C[W 1] is
an equivalence of oo-categories, so that we can identify Gy with the co-category C[W ~!] (see Proposition
T.5.2.7.12).

We now can formulate our main result as follows:

Theorem 1.3.4.4. Let A be an abelian category with enough projective objects, let A = Ch™ (A) (regarded
as an ordinary category), and let W be the collection of morphisms in A which are quasi-isomorphisms of
chain complezes (that is, the collection of all morphisms which induce isomorphisms on homology). Then
there is a canonical equivalence of co-categories A[W 1] ~ D~ (A).

The main ingredient in the proof of Theorem 1.3.4.4 is the following result, which we will prove later in
this section:

Proposition 1.3.4.5. Let A be an additive category, let Ch'(A) be a full subcategory of Ch(A), let A denote
the underlying discrete category of Ch'(A), and let W be the collection of chain homotopy equivalences in A.
Assume that for every object M, € Ch'(A), the tensor product N,(A') @ M, (that is, the mapping cylinder
of the identity map id : M, — M, ) also belongs to Ch'(A). Then the inclusion 6 : N(A) < Ngg(Ch'(A)) of
Remark 1.8.1.9 induces an equivalence of oo-categories 0’ : A[W 1] ~ Nyg(Ch'(A)) (see Notation 4.1.3.3).
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We will also need the following observation:
Proposition 1.3.4.6. Let A be an abelian category with enough projective objects. Then:
(1) The inclusion of co-categories D™ (A) < Ngg(Ch™ (A)) admits a right adjoint G.

(2) Let o be a morphism in Ngg(Ch™ (A)). Then G(«) is an equivalence in D~ (A) if and only if a is a
quasi-isomorphism of chain complezes.

(3) Let W be the collection of all morphisms in Nag(Ch™ (A)) which are quasi-isomorphisms of chain
complexes. Then we have a canonical equivalence of oco-categories

Nag(Ch™ (AW ~ D™ (A).

Proof. We first note that if f : M, — N, is a quasi-isomorphism of chain complexes with values in A, then
Lemma 1.3.2.20 implies that f induces a quasi-isomorphism

Mapcpa)(Ps; M) = Mapeyay (Ps, Ni)

for of chain complexes of abelian groups, for every object P, € D™ (A). Assertion (%) in the proof of
Proposition 1.3.2.19 shows that for every object N, € Ch™ (A), we can choose a quasi-isomorphism f :
M, — N., where M, € D™ (A). Assertion (1) now follows from Proposition T.5.2.7.8. Moreover, we
immediately deduce the “if” direction of (2). For the converse, suppose that f : M, — N, is a morphism in
Nag(Ch™(A)) and that G(f) is an equivalence; we wish to prove that f is a quasi-isomorphism. We have a
commutative diagram

aon) 2% qov,)

L,

M, ——— N,

in the oo-category Ngg(Ch™ (A)). The vertical maps are quasi-isomorphisms by construction, and the upper
horizontal map is a chain homotopy equivalence. It follows that f is also a quasi-isomorphism. This completes
the proof of (2); assertion (3) now follows from Example 1.3.4.3. O

Proof of Theorem 1.3.4.4. Let A denote the ordinary category underlying Ch™ (A), let W be the collection
of quasi-isomorphisms in A, and let Wy C W be the collection of chain homotopy equivalences in A.
Propositions 1.3.4.5 and 1.3.4.6 supply equivalences of co-categories

Nag(Ch™(A)) ~ AWy '] D™ (A) ~ Nag(Ch™ (A)[W ],
from which we immediately obtain an equivalence of co-categories D™ (A) ~ A[W ~1]. O

We now turn to the proof of Proposition 1.3.4.5. We have already seen that the differential graded nerve
Nag(Ch'(A)) is equivalent to the nerve of the simplicial category underlying Ch'(A) (Proposition 1.3.1.17).
We therefore ask the following general question: given a simplicial category €, under what circumstances
can we recover the homotopy coherent nerve N(C) from the underlying ordinary category of C, by inverting
the class of homotopy equivalences? The following result provides a useful criterion:

Proposition 1.3.4.7. Let C be a simplicial category and let W be a collection of morphisms in C. Assume
that the following conditions are satisfied:

(1) Every isomorphism in C belongs to W.
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(2) Given a commutative diagram

X/hXZ

in C, if any two of the morphisms f, g, and h belong to W, then so does the third.

(3) For every object X € @, there exists an interval object A' @ X equipped with a map h : Al —
Mape (X, Al @ X) having the following universal property: for every object Y € €, composition with h
determines an isomorphism of simplicial sets

Mape(A' ® X,Y) — Mapg,,, (A', Mape(X,Y)).

(4) For each X € €, the canomnical map A' ® X — X belongs to W.

Let @y denote the underlying ordinary category of C and let €' be a fibrant replacement for C (in the
category Cata of simplicial categories). Then the canonical map 0 : (N(Co), W) — (N(€'), W) is a weak
equivalence of marked simplicial sets.

Example 1.3.4.8. If € is a fibrant simplicial category, then we can take €’ = €. Assume that C admits
interval objects (that is, € satisfies condition (3) of Proposition 1.3.4.7), and let W be the collection of
homotopy equivalences in €. Then Proposition 1.3.4.7 provides an equivalence of oo-categories Co[W 1] ~
N(©).

Warning 1.3.4.9. As stated, Proposition 1.3.4.7 does quite apply to the underlying simplicial category of
the differential graded category Ch’(A) appearing in Proposition 1.3.4.5. The problem is with hypothesis (3):
the construction (K, M,) — N,.(K)® M, does not exhibit Ch(A) as tensored over the category of simplicial
sets (see Warning 1.3.5.4). However, we obtain a proof of Proposition 1.3.4.5 by slightly modifying the proof
of Proposition 1.3.4.7 given below.

The proof of Proposition 1.3.4.7 will require some preliminaries.

Lemma 1.3.4.10. Let J be a category and suppose we are given a diagram u : J — Cata, which we will
denote by a — Cq, together with a map of simplicial categories 6 : @Ga — C. Suppose furthermore that
the following conditions are satisfied:

(1) For every index «, the simplicial functor fo : Co, — C is bijective on objects.

(2) For every pair of objects x,y € C, the canonical map

@Mapea (f;lxa fojly) — Map@(xay)

exhibits Mape(z,y) as a homotopy colimit of the diagram of simplicial sets {Mape_(fa 2, f3'y)}aes-
(3) The oco-category N(J) is sifted.
Then 0 exhibits C as a homotopy colimit of the diagram {C,}.

Proof. Let S be the set of objects of C. Let A = Setixs be the category whose objects are collections
of simplicial sets {Xs+}stes. The standard model structure on Seta determines a model structure on the
category A, where fibrations, cofibrations, and weak equivalences are given pointwise. Note that A has the
structure of a monoidal model category, where the tensor product is given by the formula

(X ® Y)S,t = H Xs,u X Yu,t~
uesS
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Since every object of A is cofibrant, Proposition 4.1.4.3 implies that Alg(A) inherits the structure of a
combinatorial model category. The objects of Alg(A) can be identified simplicial categories whose underlying
set of objects is S. Consequently, we have a forgetful functor F' : Alg(A) — (Cata)g, (where we regard S as a

AY ifs=t
0 if s #1¢.

Condition (1) implies that « is isomorphic to a functor given by the composition J LR Alg(A) EN Cata, and
that @ is obtained from a map ¢’ : hﬂ(u’ ) — Ain Alg(A). Since F is a left Quillen functor which preserves
weak equivalences, it preserves homotopy colimits; consequently, it will suffice to show that 6’ exhibits A
as a homotopy colimit of «’ in the model category Alg(A). Using condition (3) and Lemma 4.1.4.13, we
are reduced to proving that 6’ exhibits A as a homotopy colimit of u’ in the model category A, which is
equivalent to condition (2). O

simplicial category via the formula Mapg(s,t) = { ). Note that € ~ F(A) for some A € Alg(A).

Notation 1.3.4.11. Let C be a simplicial category. We can regard C as a simplicial object in the cate-
gory Cat: that is, for each [n] € A, let C, denote the category whose objects are the objects of €, with
Home, (z,y) = Homget , (A™, Mape (2, y)).

For [n] € A, let tf,) : Seta — Seta be the translation functor described by the formula

}IOIIl‘getA (AX7 t[n}Y) ~ }IOIngetA (An * X, Y)

Then t},,) preserves products and therefore induces a functor T}, : Cata — Cata. For any simplicial category
@, there is an evident pair of maps
Cp < Tjny € — C.

Allowing [n] to vary, we obtain a simplicial object T, € of Cata, equipped with a map of simplicial objects
Te C — C4 and a map of simplicial categories @T, C—C.

Lemma 1.3.4.12. Let X be a simplicial set. Then for each m > 0, the canonical map
t[m]X — Homget (Am, X)
is a homotopy equivalence.

Proof. Unwinding the definitions, we have an isomorphism [, X ~ [],.Am_,x Xo/, Where each summand
is weakly contractible. O

Lemma 1.3.4.13. Let X be a simplicial set. Then the canonical map ligt[n] (X) = X exhibits X as a
homotopy colimit of the diagram [n] = t,)(X).

Proof. Since the collection of homotopy colimit diagrams is stable under filtered colimits, we may assume
without loss of generality that X is finite. We work by induction on the dimension n of X and the number
of nondegenerate n-simplices of X. If X is empty, the result is obvious; otherwise, we have a homotopy
pushout diagram

aATL - > A?’L

]

X ——X.

Using the inductive hypothesis, we deduce that X’ and 9 A™ can be identified with the homotopy colimit
of the diagrams ¢, X’ and t,(0 A™). Consequently, to prove that X is the homotopy colimit of t¢X, it
suffices to show that A" is a homotopy colimit of tA™: in other words, we wish to show that the homotopy
colimit of ¢, A™ is contractible. Using Lemma 1.3.4.12, we are reduced to showing that the diagram [m] —
Homget , (A™, A™) has a contractible homotopy colimit, which follows from Corollary T.A.2.9.30. O
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Proposition 1.3.4.14. Let C be a simplicial category. Then C can be identified with the geometric realization
of the simplicial object Cq in Cat C Cata. More precisely, the map Ty C — Co is a weak equivalence of
simplicial objects of Cata, and the map ligT. C — C exhibits C as a homotopy colimit of the simplicial
object T4 C.

Proof. We first claim that for n > 0, the canonical map T},; € — C, is a weak equivalence of simplicial
categories. Since this map is bijective on objects, it suffices to show that for every pair of objects x,y € C,
the map Mapy, ., ¢(#,y) — Home, (2,y) is a weak homotopy equivalence, which follows from Lemma 1.3.4.12.

We next show that € can be identified with the homotopy colimit of the diagram 7T, €. Using Lemma
1.3.4.10, we are reduced to proving that for every pair of objects x,y € €, the Mape(z,y) is a homotopy
colimit of the diagram [n] — t[,) Mape(x,y); this follows from Lemma 1.3.4.13. O

Proof of Proposition 1.3.4.7. We let | C| denote the topological category obtained from the simplicial cat-
egory € by geometric realization (that is, | €| has the same objects as €, with morphism spaces given by
Map| ¢ |(X,Y) = | Mape(X,Y)| ). We may assume without loss of generality that @ is the underlying simpli-
cial category of | €|, so that the homotopy coherent nerve N(€’) is isomorphic to the nerve of the topological
category | C|.

Fix an object X € €, and let h : A’ — Mape (X, Al ® X) be as in (3). Restricting to vertices, we obtain
a pair of morphisms hg, h; : X = A'® X. These maps are both right inverse to the projection A'® X — X.
Using (1), (2), and (4), we deduce that hy and h; belong to W. Suppose that f: X — Y is a morphism in
€ which belongs to W, and that f/ : X — Y is another morphism which is connected to f by an edge of
Mape(X,Y). This edge determines a map F : A' ® X — Y such that f = Fohg and f/ = Foh,. Using (2)
we deduce that F' € W and therefore f' € W. It follows that if g : X — Y is any morphism which belongs
to the same connected component of Mape(X,Y) as f, then g € W.

For each n > 0 let W,, be the collection of morphisms in €,, which correspond to maps A™ — Mape(X,Y)
which carry each vertex to an element of W, and let W), be the collection of morphisms in the simplicial
category Tj,) € whose image in €, belongs to W,,. The map 6 factors as a composition

(N(€o), W) & hocolim(N(|Tw €), W) & (N(| € ), W).

It will therefore suffice to prove that 6’ and 0" are weak equivalences. For the map 6", this is an immediate
consequence of Proposition 1.3.4.14.
We now show that 6 is a weak equivalence. Consider the composite map

(N(Cp), W) 9, hocolim(N(|T, € ), W) % hocolim(N(C,), Ws).

Each of the maps T,, € — C,, is a weak equivalence of simplicial categories, so that ¢ is a weak equivalence
of marked simplicial sets. It therefore suffices to show that the composite map ¢ o 6 is a weak equivalence.
Since N(A)°P is weakly contractible, it will suffice to show that [n] — (N(C,,), W,,) determines a constant
diagram in the homotopy category hSetX. Equivalently, we must show that for each n > 0, the map
[n] — [0] induces a weak equivalence of marked simplicial sets F' : (N(Cp), W) — (N(C,,), W,,). Let
G : (N(C,),W,) — (N(Cp),Wy) be the map induced by the inclusion [0] < [n]. Then G o F = id. To
complete the proof, it will suffice to show that F' o G is homotopic to the identity map. To this end, we
define a functor U : G,, — G,, as follows:

e On objects, U is given by U(X) = A' ® X.

e Let @ : X — Y be a morphism in C, corresponding to a map A"™ — Mape(X,Y). Then U(a)
corresponds to the map A™ — Mape (Al ® X, A ® Y) given by

A" x AT 5 A" x A 3 Mape(X,Y) x Al — Mape(X, A @Y),
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where 7 is given on vertices by the formula

{00 ifj=0
T(Z’])_{(m) ifj = 1.

The inclusions {0} < A! <> {1} determine natural transformations F o G — U <« id. Conditions (1),
(2), and (4) guarantee that these transformations are given by morphisms in W;,, and therefore determine a
homotopy from F o G to the identity. O

We now prove Proposition 1.3.4.5 using a similar strategy.

Proof of Proposition 1.3.4.5. For each [n] € A, let €,, denote the category whose objects are the objects of
Ch’(A), with morphisms given by

Home,, (M., M) ~ Homcpa) (N« (A") @ M., MY).

Then C, is a simplicial object of Cat arising from a simplicial category €, and Proposition 1.3.1.17 supplies
an equivalence of oo-categories N(C) — Ngg(Ch'(A)). It will therefore suffice to show that the inclusion
N(€p) = N(€) induces an equivalence Co[W~!] — N(€). For each n > 0, let W, be the collection of
morphisms in the category €, defined as in the proof of Proposition 1.3.4.7.

Let T, C be the simplicial object of Cata introduced in Notation 1.3.4.11, and let W,, be the collection
of morphisms in T}, ¢ whose images in €, belong to W,,. Proposition 1.3.4.14 yields weak equivalences of
simplicial categories

hocolim €4 < hocolim Ty Ch’(A) — Ch'(A).

Moreover, the map on the right carries each morphism in W,, to a homotopy equivalence in Ch’(A), so we
obtain categorical equivalences

hocolim N(€4)[W,™] + hocolim N(T, Ch'(A))[W, '] — N(Ch'(A)).

The map 6 factors naturally through N(7p Ch’(A)) so that the composite map N(A) — N(Tp Ch'(A)) —
N(Cp) is an isomorphism. Consequently, to prove that 6’ is an equivalence of oo-categories, it will suffice
to show that the natural map N(Co)[W, '] — hocolim N(C,)[W, '] is a categorical equivalence. We will
prove this by showing that the diagram N(C,)[W, 1] is essentially constant: that is, for each n > 0, the map
[n] = [0] in A induces a weak equivalence of marked simplicial sets
F: (N(Co), Wo ') = (N(€n), W, ).

Let G : (N(C,), W,) — (N(Cy), Wp) be the map induced by the inclusion [0] < [r]. Then G o F' = id. To
complete the proof, it will suffice to show that F o G is homotopic to the identity map in the model category
Setz. We will prove this by an explicit construction.

Given a sequence ig < i1 < - < i}, corresponding to a nondegenerate k-simplex of A™, we let [ig, ..., k]

denote the corresponding generator for the free abelian group N,(A¥). We define a map of chain complexes
X i Nu(A™) @ N, (AY) — N.(A') ® N.(A"™) by the formula

O®[0] ifk=0
0 otherwise.

X([io, - ik] ® [1]) = [1] ® [io, - - -, ik]

(=1)*[0,1] ® [ig, - - -, ik] if ip =0

X([iOv e ,ik] ® [0, ]-]) = {(—l)k[o, 1] ® [io, e ,ik] + (—l)k[O} ® [O,io, R ,ik} if 79 > 0.
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For objects M,, M. € Ch'(A), every morphism ¢ € Home, (M,, M!) determines a map

¢ @ No(A™) @ N.(AY) @ M, 5 N,(A)) @ N.(A") @ M, % N,(AY) @ M.

The construction ¢ — ¢’ determines a functor U from G, to itself, given on objects by M, — N,(A) @ M,.
Moreover, the inclusions {0} < A! «= {1} determine natural transformations

FoG—U«<«id.

Since the underlying maps M, — N,(A') ® M, are chain homotopy equivalences, these natural transforma-
tions show that id and F o G are both homotopic to U, and are therefore homotopic to each other. O

We conclude this section by describing some other applications of Proposition 1.3.4.7. Recall that we can
associate an oo-category to each simplicial model category A, via the construction A — N(A°) (here A°
denotes the full subcategory of A spanned by the fibrant-cofibrant objects). However, many model categories
which naturally arise which are not simplicial (we will study some examples in §1.3.5). In these cases, we
cannot produce an oo-category directly using the homotopy coherent nerve. However, we can still associate
an underlying oo-category via the following procedure:

Definition 1.3.4.15. Let A be a model category. We let A€ denote the full subcategory of A spanned by
the cofibrant objects. Let C be an co-category. We will say that a functor f : N(A°) — C exhibits C as the
underlying co-category of A if f induces an equivalence N(A€)[W 1] ~ €, where W is the collection of weak
equivalences in A°.

Remark 1.3.4.16. In Definition 1.3.4.15, we restrict our attention to cofibrant objects of A in order to
facilitate applications to the study of monoidal model categories: if A is a monoidal model category, then the
tensor product on A€ preserves weak equivalences. Other variations on Definition 1.3.4.15 are possible. For
example, we could define the underlying oo-category of A to be the co-category obtained from A, from the
fibrant objects of A, or from the fibrant-cofibrant objects of A, by formally inverting all weak equivalences.
If we assume that the morphisms f: X — Y in A admit factorizations

xsuply xavply

(where « is a cofibration, o’ a trivial cofibration, 8 a trivial fibration, and ' a fibration) which can be
chosen functorially in f, then all of these approaches are equivalent to Definition 1.3.4.15. The functorial
factorization condition is always satisfied in practice (and is sometimes taken as part of the definition of a
model category); it is automatic, for example, if A is a combinatorial model category.

Our goal now is to show that if A is a simplicial model category, then the underlying co-category of A is
given by the homotopy coherent nerve N(A°) (Theorem 1.3.4.20). We begin by constructing a functor from
the ordinary category A€ to the oco-category N(A®).

Notation 1.3.4.17. In what follows, we will always regard A€ as a discrete category, even in cases where
A is equipped with the structure of a simplicial model category.

Construction 1.3.4.18. Let A be a simplicial model category. We define a simplicial category M as follows:

(1) An object of M is a pair (i, A), where i € {0,1} and A is a cofibrant object of A, which is fibrant when
1=1.

(2) Given a pair of objects (i, A) and (j, B) in M, we have
Mapa(A,B) ifj=1

Mapy((¢,A), (4, B)) = { Homa (A,B) ifi=3=0
0 ifj=0<1=1.
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We note that the mapping spaces in M are fibrant, so that N(M) is an co-category. There is an evident
forgetful functor p : N(M) — Al which exhibits N(M) as a correspondence from N(M)y =~ N(A€) to
N(M); ~ N(A®°).

Lemma 1.3.4.19. Let A be a simplicial model category, and let M be defined as in Construction 1.8.4.18.
Then the projection map p : N(M) — Al is a coCartesian fibration. Moreover, if f : (i,A) — (j, B) is a
morphism in N(M) with i =0 < 1 = j, then f is p-coCartesian if and only if the induced map A — B is a
weak equivalence in A.

Proof. Choose an object (0,A) € N(M)y, and choose a trivial cofibration A — B where B is a fibrant
object of A. We will show that the induced map (0,4) — (1,B) in N(M) is p-coCartesian. This will
prove that p is a coCartesian fibration and the “if” direction of the final assertion; the “only if” will then
follow from the uniqueness of coCartesian morphisms up to equivalence. Using Proposition T.2.4.4.3, we
are reduced to proving the following assertion: for every object C' € A°, composition with f induces a
homotopy equivalence Map, (B,C) — Mapy (A, C). This follows from the fact that C is fibrant and f is a
weak equivalence between cofibrant objects. O

It follows from Lemma 1.3.4.19 that the correspondence N(M) — Al determines a functor 6 : N(A€) —
N(A®°), which is well-defined up to equivalence. We now have the following result:

Theorem 1.3.4.20. [Dwyer-Kan] Let A be a simplicial model category, let 6 : N(A°) — N(A°) be the
functor constructed above, and let W be the collection of weak equivalences in A€. Then 6 induces an
equivalence AW~ — N(A°) (that is, 0 exhibits N(A°) as the underlying oo-category of A, in the sense
of Definition 1.3.4.15).

Before giving the proof of Theorem 1.3.4.20, let us collect a few consequences concerning the structure
of the underlying oco-category of an arbitrary combinatorial model category.

Lemma 1.3.4.21. Let F : A — B be a left Quillen equivalence between combinatorial model categories.
Let A° and B¢ denote the full subcategories of A and B spanned by the cofibrant objects, and let Wa and
Wg be the collection of weak equivalences in A° and B¢, respectively. Then F induces a weak equivalence of
marked simplicial sets

[ (N(A?),Wa) — (N(B), Wa).

In other words, a left Quillen equivalence between combinatorial model categories induces an equivalence
between their underlying oco-categories.

Proof. Since A is combinatorial, there exists a cofibrant replacement functor P : A — A. That is, P is a
functor equipped with a natural transformation u : P — id such that, for every object X € A, the induced
map uyx : P(X) — X is a weak equivalence and P(X) is cofibrant. Similarly, we can choose a fibrant
replacement functor @ : B — B. Let G be a right adjoint to F', and let G’ : B¢ — A€ be the functor given
by the composition

B°2BS AL A
Since P and @ preserve weak equivalences and G preserves weak equivalences between fibrant objects, we
conclude that G’ carries Wg into Wa, and therefore induces a map of marked simplicial sets

g : (N(B),Wg) — (N(A), Wa).

We claim that this map is homotopy inverse to f. We will argue that ¢’ o f is homotopic to the identity; the
proof for f o g’ is similar. We have a diagram of natural transformations

idpac < P—Po(GoF)— (PoGoQ)oF~G' oF.
It will therefore suffice to show that for every cofibrant object X € A€, the resulting maps
X ¥ P(X)3 (G o F)(X)
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are weak equivalences. For the map ux, this is clear. The map vy fits into a commutative diagram

P(X) —2 > (G’ o F)(X)

.

X —* > (GoQoF)(X)

where the vertical maps are weak equivalences. It will therefore suffice to show that v’y is a weak equivalence.
Since X is cofibrant and (Q o F)(X) is a fibrant object of B, our assumption that F' is a Quillen equivalence
shows that v’y is a weak equivalence if and only if the adjoint map F(X) — (QoF)(X) is a weak equivalence,
which is clear. O

It follows from the main result of [36] that every combinatorial model category is Quillen equivalent to
a combinatorial simplicial model category. Combining this result, Lemma 1.3.4.21, Theorem 1.3.4.20, and
Proposition T.A.3.7.6, we obtain the following;:

Proposition 1.3.4.22. Let A be a combinatorial model category. Then the underlying co-category of A is
presentable.

Similarly, Theorem T.4.2.4.1 implies the following:
Proposition 1.3.4.23. Let A be a combinatorial model category, let J be a small category, let ' :J — A€

be a functor, and let o : X — @Iej F(I) be a morphism in A°. The following conditions are equivalent:

(1) The map « exhibits X as a homotopy limit of the diagram F (in the model category A ).

(2) The induced map
N(7)* = N(A®) — N(A°) W]

is a limit diagram in the underlying co-category N(A€)[W~1] of A.

Proposition 1.3.4.24. Let A be a combinatorial model category, let J be a small category, let F: J — A°
be a functor, and let « : hﬂlej F(I) — X be a morphism in A°. The following conditions are equivalent:

(1) The map « exhibits X as a homotopy colimit of the diagram F (in the model category A ).

(2) The induced map
N(J)” = N(A®) = N(A) W]

is a colimit diagram in the underlying co-category N(A€)[W 1] of A.
Finally, by reducing to the simplicial case and invoking Proposition T.4.2.4.4, we obtain:

Proposition 1.3.4.25. Let A be a combinatorial model category and let J be a small category. Let A” be
the category of functors from J to A (endowed with either the injective or projective model structure), let
(A”)¢ be the full subcategory of A’ spanned by the cofibrant objects, and let W' be the collection of weak
equivalences in (A”)¢. Then the evident map

N(9) x N((A%)%) = N(A°)
induces an equivalence of co-categories
N((A")9)[W'™!] — Fun(N(3), N(A)[W1]).

Corollary 1.3.4.26. Let F : A — B be a left Quillen functor between combinatorial model categories. Let
A€ and B¢ denote the full subcategories of A and B spanned by the cofibrant objects, and let Wa and Wy be
the collection of weak equivalences in A° and B®, respectively. Then the induced functor f : N(A®)[Wx'] —
N(B¢)[Wg'] preserves small colimits.
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Proof. In view of Proposition T.4.4.2.7, it will suffice to show that f preserves small colimits indexed by
N(J), where J is a small category. By virtue of Proposition 1.3.4.25, it suffices consider colimits of diagrams
which arise from functors J — A°. This follows from Proposition 1.3.4.24, since F' preserves homotopy
colimits. O

Remark 1.3.4.27. Let F : A — B be as in Corollary 1.3.4.26. Using Proposition 1.3.4.22 and Corollary
T.5.5.2.9, we conclude that the induced map of oo-categories f : N(A)[Wx'] — N(B¢)[Wg'] admits a
right adjoint ¢g. It is not hard to construct g explicitly, by composing a right adjoint to F' with a fibrant
replacement functor in B and a cofibrant replacement functor in A (as in the proof of Lemma 1.3.4.21).

We conclude this section by giving the proof of Theorem 1.3.4.20.

Proof of Theorem 1.3.4.20. Let A be a simplicial model category and let 6 : N(A¢) — N(A°) be the functor
determined by Lemma 1.3.4.19. Let W be the collection of weak equivalences in A¢ and W° the collection
of weak equivalences in A°. We wish to show that 6 induces a weak equivalence of marked simplicial sets
(N(A°), W) — (N(A°),W?°). Let C = A°, regarded as a simplicial category, and let ¢ denote the composite
map

N(A¢) % N(A°) = N(|€])

(here | €| denotes the topological category associated to C, as in the proof of Proposition 1.3.4.7). There
is an evident natural transformation ¢’ — ¢, where ¢’ is the inclusion N(A€) C N(|€|). It follows from
Lemma 1.3.4.19 that this natural transformation is given by morphisms belonging to W, so that ¢ and ¢’
induce the same morphism (N(A°), W) — (N(] €]), W) in the homotopy category of marked simplicial sets.
Proposition 1.3.4.7 implies that ¢’ determines a weak equivalence of marked simplicial sets, so that ¢ is also
a weak equivalence of marked simplicial sets. It will therefore suffice to show that the composite map

(N(A%), °) & N(|A°, W) % (N(| e]), W)

is a weak equivalence of marked simplicial sets. It is clear that ¢’ is a weak equivalence (since A° is a fibrant
simplicial category). The argument above shows that 1) o4’ (and therefore also ¥) admits a right homotopy
inverse. We will complete the proof by constructing a left homotopy inverse to .

We claim that the inclusion N(|A°|) C N(|€|) admits a left adjoint. To prove this, it suffices to show
that for every cofibrant object X € A, there exists a morphism f : X — Y where Y € A° which induces
a homotopy equivalence Map (Y, Z) — Mapy (X, Z) for each Z € A°. For this, it suffices to take f to be
any weak equivalence from X to a fibrant-cofibrant object of Y. Let L : N(] €|) — N(|A®]|) be a left adjoint
to the inclusion. The above argument shows that the unit transformation v : id — L carries each cofibrant
object X € A to a weak equivalence f : X — Y in A. It follows that L carries W into W°, and therefore
induces a map of marked simplicial sets ¢ : (N(|C|), W) — (N(A°), W®) which is the desired left homotopy
inverse to . O

1.3.5 Grothendieck Abelian Categories

In §1.3.3, we studied the right-bounded derived oco-category D~ (A) of an abelian category A with enough
projective objects. If A instead has enough injective objects, then we can consider instead its left-bounded
derived oo-category DT (A) ~ D~ (AP)° (see Variant 1.3.2.8). For many applications, it is convenient
to work with chain complexes which are unbounded in both directions. In this section, we will study an
unbounded version of the derived co-category introduced in §1.3.3, following ideas introduced in [136]. We
will discuss a variant of this construction in §1.3.6. We begin by singling out a convenient class of abelian
categories to work with.

Definition 1.3.5.1. Let A be an abelian category. We say that A is Grothendieck if it is presentable and
the collection of monomorphisms in A is closed under small filtered colimits.
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Remark 1.3.5.2. The notion of a Grothendieck abelian category was introduced by Grothendieck in the
paper [64].

Proposition 1.3.5.3. Let A be a Grothendieck abelian category. Then Ch(A) admits a left proper combi-
natorial model structure, which can be described as follows:

(C) A map of chain complexes f : M. — N, is a cofibration if, for every integer k, the induced map
My, — N is a monomorphism in A.

map of chain complexes f : M, — N, is a weak equivalence if it is a quasi-isomorphism: that is, 1
W) A h l M. N, k l t h that
it induces an isomorphism on homology.

(F) A map of chain complexes f : M, — N, is a fibration if it has the right lifting property with respect to
every map which is both a cofibration and a weak equivalence.

Proof. Since A is presentable, there exists a small collection of objects X; € A which generate A under
small colimits. Let X = @ X;. Then each X; is a retract of X, so that the object X generates A under
small colimits. In particular, for every object Y € A the canonical map [[,.y_,, X — Y is an epimorphism.
Every subobject of Y is the image of a coproduct [, .g X for some subset S C Homyu (X, Y); it follows that
the category of subobjects of Y is essentially small.

For every monomorphism u : Xg < X and every integer n, let E(u,n). denote the chain complex given
by

E(un)y=<¢X ifk=n-1
0 otherwise,

where the differential is given by the map u. Let Cy be the collection of all monomorphisms of the form
E(u,n). — E(idx,n).. We first claim that the collection of cofibrations in Ch(A) is the smallest collection
of morphisms containing Cy which is weakly saturated, in the sense of Definition T.A.1.2.2. It is clear
that the collection of cofibrations contains Cy and is weakly saturated. Conversely, suppose we are given
a cofibration of chain complexes f : M, — N.. We define a compatible sequence of monomorphisms
fa : M(a)x — N, by transfinite induction. Set fy = f, and for a a nonzero limit ordinal let f, be the
induced map hgl s<a M(B)« — N, (our assumption that A is Grothendieck guarantees that this map is

again a monomorphism).
Assume that f, has been defined. We can choose a map A : X — N,, which does not factor through

M («),. Replacing A by the composite map X A N, 4 N,,_1 if necessary, we may assume in addition
that the composite map do A : X — N,,_; does factor through M(a),—1. Let Xg = M (), xXn, X and let
u: Xo — X be the projection onto the second factor. Then we have a commutative diagram

E(u,n), — E(idx,n).

L

M(a), —*—~ N,.

Taking M (a4 1). to be the pushout M ()« [1p(q4,,, E(idx, 1), we obtain a monomorphism fa41 : M (o +
1)x — N, compatible with a.. Moreover, the map A factors through f,41, so that M («a), and M(a+ 1), are
not isomorphic as subobjects of N,.

Since the collection of subobjects of IV, is bounded, this process must eventually terminate. In other
words, for « sufficiently large, the map f, is an equivalence. This implies that the map f can be obtained as
a transfinite composition of monomorphisms M (3). — M(8+ 1), each of which is a pushout of a morphism
belonging to Cy. It follows that f belongs to the smallest weakly saturated class of morphisms containing
Cy, as desired.

To complete the proof, it will suffice to show that the class of cofibrations and weak equivalences satisfy
the hypotheses of Proposition T.A.2.6.13:
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The class of weak equivalences is perfect. To prove this, we note that a morphism f : M, — N, is
a weak equivalence if and only if its image under the homology functor H, : Ch(A) — [], .z A is
an isomorphism. Since A is a Grothendieck abelian category, the functor H, commutes with filtered
colimits and the result follows from Corollary T.A.2.6.12.

Suppose we are given a pushout diagram of chain complexes o :

M —L o,

P,k

N —L N,

where f is a cofibration and g is a weak equivalence; we must show that ¢’ is a weak equivalence. For
every integer n, we have a map of exact sequences

Hpy1(M/M') ——Hp(M') —— Hp (M) —— H,(M/M") —— H,,—1(M")

o S |

Hyp1 (N/N') ——= H, (N) H,(N) H,(N/N') —=H,_,(N").

Since g is a quasi-isomorphism, the maps #; and 6, are isomorphisms. The maps 6y and 63 are induced
by the map of chain complexes (M/M’), — (N/N')., which is an isomorphism because o is assumed
to be a pushout diagram. It follows that 65 is also an isomorphism, as desired.

Let f: M, — N, be a map of chain complexes which has the right lifting property with respect to
every cofibration. We must show that f is a quasi-isomorphism. Fix an integer n and let Z denote the
kernel of the differential d : N, — N,,_1. Let Z[n] denote the chain complex consisting of the object
Z € A, concentrated in degree n. Then the inclusion 0 < Z[n] is a cofibration, so that f has the
right lifting property with respect to f. It follows that the monomorphism Z[n] < N,, lifts to a map
Z — 7', where Z' denotes the kernel of the differential M,, — M,,_;. This guarantees that the map
on homology 6 : H,(M) — H,(N) is an epimorphism. We now show that 6 is a monomorphism. To
prove this, let Z” denote the fiber product Z’ x n, Np41, and let w: 0 — Z” be the zero map. Then f
has the right lifting property with respect to the cofibration F(u,n+ 1), — E(idz»,n+ 1),. It follows

that there exists a map p : Z” — M, 41 such that Z” %5 M, ., EN N,,41 is given by the projection onto

the second factor, and the map Z” %5 M, 4 A M, is given by the projection onto the first factor Z’
(which we view as a subobject of M,,). We note that Z” is given by the fiber product Z xy, (ar) ker(0),
so the map Z” — ker() is an epimorphism. However, the existence of the map p shows that the map
7" — ker(0) is zero, so that 6 is a monomorphism as desired.

O

Warning 1.3.5.4. Let A be a Grothendieck abelian category. The category Ch(A) is endowed with both
a model structure and a simplicial enrichment (via Construction 1.3.1.13). However, it is not a simplicial
model category in the sense of Definition T.A.3.1.5, because it is not tensored over the category of simplicial
sets. For every simplicial set K and any pair of objects M,, M. € Ch(A), we have a canonical bijection

Homep ) (Nu(K) @ M., M) ~ Homse, (K, Mapaya),, (Me, My)).

This bijection extends to a map of simplicial sets

Mapcya), (Ne(K) @ M., M) = Mapge . (K, Mapey ) (M., M),

which is generally not an isomorphism (because the Alexander-Whitney map N, (K x K') — N, (K)®QN,(K')
generally fails to be an isomorphism).
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Remark 1.3.5.5. In the situation of Proposition 1.3.5.3, the collection of weak equivalences in Ch(A) is
closed under filtered colimits (since the formation of homology commutes with filtered colimits).

If A is a Grothendieck abelian category, then every object of Ch(A) is cofibrant. Our next goal is to say
something about the fibrant objects.

Proposition 1.3.5.6. Let A be a Grothendieck abelian category and let M, € Ch(A) be a chain complez.
If M, is fibrant (with respect to the model structure described in Proposition 1.8.5.3), then each M,, is an
injective object of A. Conversely, if each M, is injective and M, ~ 0 for n > 0, then M, is a fibrant object
of Ch(A).

Corollary 1.3.5.7 (Grothendieck). Let A be a Grothendieck abelian category. Then A has enough injective
objects: that is, for every object M € A, there exists a monomorphism M — Q, where QQ € A is injective.

Proof. Let M0] denote the chain complex consisting of object M € A, concentrated in degree zero. Choose
a trivial cofibration M[0] — Q., where Q). € Ch(A) is fibrant. Then the induced map M — Qo is a
monomorphism, and Qg € A is injective by Proposition 1.3.5.6. O

Proof of Proposition 1.3.5.6. For every object X € A, we let E(X,n). denote the chain complex given by
X itke{nn-1}
0 otherwise,

X — Y is a monomorphism in A, then the induced map i : E(X,n). — E(Y,n), is a trivial cofibration in
Ch(A). If M, is fibrant, then M, has the extension property with respect to ¢, so that every map X — M,
extends to a map Y — M,,; this proves that M, is injective.

Conversely, suppose that each M, is injective and that M, ~ 0 for n > 0. We wish to show that M, is
fibrant. Choose a trivial cofibration u : A, — A/, and suppose we are given a chain map f : A, — M,; we
must show that f can be extended to a chain map f': A, — M,. For each n € Z, we let Z,,(A) denote the
kernel of the differential A,, — A,,_1 and B, (A) the image of the differential A, 1 — A,, let A(n). denote
the chain complex

E(X,n), = where the differential is given by the identity map idx : X — X. If

oo =3 Apro 2 Ap1 > B(A) 00— -,

and let f, = f|A(n).. We define B,(4"), Z,(A’), and A’(n), similarly. For n > 0, the map f, is zero
and therefore extends to a map f; : A'(n), — M,.. We will construct a compatible sequence of maps
{fl + A(1)« = M.,};<, extending the map f,; passing to the limit, we will obtain the desired chain map
f' A — M, extending f. Assume therefore that ¢ < n and that the map f/ has already been constructed.
We show that it is possible to construct a chain map f/_; : A’(i — 1), — M, which extends both f/ and
fi—1. Our assumption that u is a quasi-isomorphism guarantees that the diagram

L

is a pushout square in A, so that the maps f|Z;(A) and f/|B,(A’) determine a unique map g : Z;(4") — M.
The map ¢ carries Z;(A) into the kernel of the differential d : M; — M;_; (since f is a chain map) and
B;(A’) into the image of the differential M;; 1 — M; (since f! is a chain map). Since B;_(A") ~ A}, /Z, A,
we conclude that giving a chain map f/_, : A'(i). — M. compatible with both f/ and g is equivalent to
choosing a map g : A, — M; extending g. To complete the construction, we must show that it is possible to
choose g so that the composite map

A AL S M,
is given by f. We note that f and g determine a map

Z;(A)
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Since M; is an injective object of A, to prove the existence of g it will suffice to show that the map
0:A; [ z:(4A) — A
Zi(A)

is a monomorphism. This map fits into a diagram of short exact sequences

0— Z,L<A/) E—— Ai HZi(A) ZZ(A/) E—— Bifl(A) —0

X ie |

0— Zi(A") A; Bi1(A) —=0

The map ¢ is an isomorphism and the map #” is a monomorphism (since « is a cofibration), so that 4 is a
monomorphism by the snake lemma. O

Definition 1.3.5.8. Let A be a Grothendieck abelian category. We let Ch(A)° denote the full subcategory
of Ch(A) spanned by the fibrant objects (which are automatically cofibrant). We let D(A) denote the
differential graded nerve Ngz(Ch(A)®). We will refer to D(A) as the derived co-category of A.

Proposition 1.3.5.9. Let A be a Grothendieck abelian category. Then the co-category D(A) is stable.

Proof. The oo-category Nqg(Ch(A)) is stable, by Proposition 1.3.2.10. It will therefore suffice to show that
D(A) is a stable subcategory of Ngg(Ch(A)). Since D(A) is evidently invariant under translation, it will
suffice to show that it is closed under taking cofibers. For this, it suffices to show that if f : M, — N,
is a map between fibrant objects of Ch(A), then the mapping cone C.(f) of f is also a fibrant object of
Ch(A). Since M,[1] is fibrant, it suffices to show that the epimorphism of chain complexes C,(f) — M.,[1]
is a fibration. For this, we must show that every lifting problem of the form

A, —C.(f)

L

B, — M,[1]

has a solution, provided that i is both a monomorphism and a quasi-isomorphism. To prove this, it suffices
to show that the chain complex N,[1] has the right lifting property with respect to the monomorphism
j: Cx(i) <= Cy(idp). This follows from our assumption that N, is fibrant, since j is a trivial cofibration in

Ch(A). O

Remark 1.3.5.10. Let A be a Grothendieck abelian category. Then A has enough injectives (Corollary
1.3.5.7), so that the co-category DT (A) is defined as in Variant 1.3.2.8. The characterization of the fibrant
objects of Ch(A) supplied by Proposition 1.3.5.6 implies that D (A) is a full subcategory of D(A).

Lemma 1.3.5.11. Let A be a Grothendieck abelian category. If M, € Ch(A) is acyclic and Q. € Ch(A) is
fibrant, then the chain complex Mapcya)y(M., Q) is acyclic.

Proof. Let n be an n-cycle in Mapcy,(4)(Mx, @), given by a map of chain complexes fo : M.[—n] — Q.. Let
C. denote the cone on M,[—n]. To prove that 7 is homologous to zero, it will suffice to show that fy extends
to amap f: Cy — Q.. Since Q, is fibrant, we are reduced to proving that the inclusion j : M,[—n] < C
is a trivial cofibration. The map j is evidently a monomorphism; it is a quasi-isomorphism by virtue of our
assumption that M, is acyclic (which implies that the complexes M,[—n] and C, are also acyclic). O

Lemma 1.3.5.12. Let A be a Grothendieck abelian category and let f : M. — M, be a trivial cofibration in
Ch(A). For every fibrant object Q. € Ch(A), the induced map

0 : Mapcya) (M, Qx) = Mapeya) (M, Qx)

is a quasi-isomorphism of chain complexes.
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Proof. Proposition 1.3.5.6 implies that each @, is injective, so that each of the maps Homy (M,, Q,) —
Hom 4 (M,,, Q) is surjective. It follows that 6 is a surjection of chain complexes. It will therefore suffice to
show that the chain complex ker(€) ~ Mapcy,4)((M/M’)., Q«) is acyclic. This follows from Lemma 1.3.5.11
(the complex (M/M’), is acyclic by virtue of our assumption that f is a quasi-isomorphism). O

Proposition 1.3.5.13. Let A be a Grothendieck abelian category. Then D(A) is a localization of the oo-
category Ngg(Ch(A)).

Proof. For every object M, € Ch(A), we can choose a trivial cofibration f : M, — Q., where Q. is fibrant.
Lemma 1.3.5.12 implies that f exhibits Q. as a D(A)-localization of M,. O

Proposition 1.3.5.14. Let A be a Grothendieck abelian category and let f : M, — M. be a map of chain
complezes. If f is a quasi-isomorphism and Q. € Ch(A) is fibrant, then [ induces a quasi-isomorphism
0 : Mapcpa) (M, Q<) — Mapcpay (M, Q). In particular, if f is a quasi-isomorphism between fibrant
chain complexes, then f is a chain homotopy equivalence (and therefore induces an equivalence in D(A)).

Proof. The map f admits a factorization
ML omr Do

where f’ is a trivial cofibration in Ch(A) and f” is a trivial fibration in Ch(A). We may therefore assume
either that f is a trivial cofibration or a trivial fibration. If f is a trivial cofibration, the result follows from
Lemma 1.3.5.12. If f is a trivial fibration, then it admits a section s (since M, is cofibrant). The map s is then
a trivial cofibration, and therefore induces a quasi-isomorphism Mapey,a) (M, Qx) — Mapepa) (M, Qx)
which is left inverse to 6, so that 6 is also a quasi-isomorphism.

Our next goal is to prove that the derived oo-category D(A) can be identified with the underlying oo-
category of the model category Ch(A), in the sense of Definition 1.3.4.15: that is, we can regard D(A) as the
oo-category obtained from the ordinary category of chain complexes over A by inverting quasi-isomorphisms.
This does not follow formally from Theorem 1.3.4.20, because Ch(A) is not a simplicial model category
(Warning 1.3.5.4). Nevertheless, we have the following result:

Proposition 1.3.5.15. Let A be a Grothendieck abelian category, and let A denote the category of chain

complexes Ch(A), regarded as a discrete category. Then the composite map N(A) — Ngg(Ch(A)) S D(A)
exhibits D(A) as the underlying co-category of the model category A; here L : Ngg(Ch(A)) — D(A) denotes
a left adjoint to the inclusion D(A) — Ngg(Ch(A)).

Proof. Let A° be the full subcategory of A spanned by the fibrant chain complexes, and let W be the
collection of weak equivalences in A°. It is easy to see that A° is closed under tensor product by the
finite chain complex N,(A') (note that tensor product with N,(A!) is a right Quillen functor, since it is
right adjoint to the left Quillen functor given by tensor product with the dual chain complex N,(A!)Y).
Using Propositions 1.3.5.14 and 1.3.4.5, we deduce that the map N(A°)[W '] — D(A) is an equivalence of
oo-categories. This is equivalent to the asserted result, by virtue of Remark 1.3.4.16. O

Definition 1.3.5.16. Let A be a Grothendieck abelian category. For each integer n, we let Ngg(Ch(A))>n
denote the full subcategory of Ng,(Ch(A)) spanned by those chain complexes M, such that Hy (M) ~ 0 for
k < n, and Ngg(Ch(A))<, the full subcategory of Nge(Ch(A)) spanned by those chain complexes M, such
that Hi (M) ~ 0 for k > n. Set

D(A)>n = Nag(Ch(A))>n N D(A)  D(A)<n = Nag(Ch(A))<n N D(A).

Remark 1.3.5.17. In the situation of Definition 1.3.5.16, suppose we are given an object M. € D(A)<y,.
Then there exists an equivalence M, ~ M, in D(A)<,, where M] ~ 0 for k& > n. To prove this, we
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note that our assumption that Hy(M) ~ 0 for k& > n implies that the canonical map M, — 7<, M, is a
quasi-isomorphism, where 7<,, M, denotes the truncated chain complex

o= 0= My d(Myi1) = Mp—1 — Mp_9 — -+

This complex may not be fibrant, but the fact that A has enough injectives (Corollary 1.3.5.7) guarantees
that we can construct a quasi-isomorphism 7<, M, — M, where M ~ 0 for k > n and each Mj, is injective
(see the proof of Proposition 1.3.2.19). Then M, is fibrant by Proposition 1.3.5.6, and the composite map
M, — 7<p M, — M is a quasi-isomorphism.

Proposition 1.3.5.18. Let A be a Grothendieck abelian category. Then the full subcategories
Nag(Ch(A))>0, Nag(A)<o € Nag(Ch(A))
determine a t-structure on the stable co-category Ngg(Ch(A)).

Proof. Fix any object M, € Ch(A). Let X, be the truncated chain complex
o0 M_q/d(My) > M_g — M_35— ---

and choose a quasi-isomorphism X, — M/, where M/ is a chain complex of injective objects of A and

M]! ~ 0 for k > 0. Let f: M, — M be the composite map and let M, denote the shifted mapping cone
C(f)[—1]. We have a termwise split exact sequence of chain complexes

M[-1] = M, — M,

which gives a fiber sequence

M, — M, — M
in Ngg(Ch(A)), where M| € Ngg(Ch(A))>o and M € D(A)<_1. To complete the proof, it will suffice
to show that if M, € Ngg(Ch(A))>o and Q. € D(A)<_1, then the mapping space MapCh(A)(M*,Q*) is
contractible. In view of Remark 1.3.5.17, we may assume without loss of generality that Qx ~ 0 for £ > 0.
Let Y, denote the chain complex

coo = My — My — ker(d: Mg — M_1) -0 — ---

Since M, € Ngg(Ch(A))>0, the monomorphism Y, — M, is a quasi-isomorphism. It follows from Lemma
1.3.5.12 that the map

Mapey,ay (M, @x) = Mapcya)(Ye, @)

is a quasi-isomorphism, so that Mapy,_(cn(a)) (M, Q«) = Mapy, (cna))(Ys, @+) is a contractible Kan com-
plex. [

Remark 1.3.5.19. Let A be a Grothendieck abelian category and suppose that M, € Ngz(Ch(A))>o and
Q@+« € D(A)<o. Then the canonical map

(Ch(ay) (Ms, Qi) — Homyu (Ho (M), Ho(Q))

is a homotopy equivalence. To see this, we use Remark 1.3.5.17 to reduce to the case where Q. € Ch(A)<o,
and Lemma 1.3.5.12 to reduce to the case where M, € Ch(A)>¢, in which case the result is obvious. It
follows that the functor M ~ Ho(M) induces an equivalence of abelian categories Ngg(Ch(A))® — A (the
homotopy inverse functor can be described as assigning to each object M € A an injective resolution of M).

Mapy

dg

Definition 1.3.5.20. Let C be a stable co-category which admits small filtered colimits. We will say that
a t-structure (C>¢, C<o) on C is compatible with filtered colimits if C< is closed under small filtered colimits
in C.
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Proposition 1.3.5.21. Let A be a Grothendieck abelian category. Then:
(1) The co-category D(A) is presentable.
(2) The pair of subcategories (D(A)>o, D(A)<o) determines a t-structure on D(A).

(3) The t-structure of (2) is accessible, right complete, and compatible with filtered colimits.

Proof. Assertion (1) follows from Propositions 1.3.5.15 and 1.3.4.22, and assertion (2) is an immediate
consequence of Proposition 1.3.5.18. To prove (3), we note an object of D(A) belongs to D(A)<o if and
only if its image under the homology functor J], ., H, : D(A) — (]],,»o N(A)) vanishes. Using Propositions
1.3.4.24, 1.3.4.25, and our assumption that filtered colimits in A are left exact, we conclude that each of the
functors H,, commutes with filtered colimits. It is now obvious that D(A)<¢ is closed under filtered colimits,
and Proposition T.5.4.6.6 guarantees that D(A)<( is accessible. The right completeness of D(A) follows
from the dual of Proposition 1.2.1.19. O

Warning 1.3.5.22. The stable oo-category D(A) is generally not left complete.

Remark 1.3.5.23. Let C be a presentable stable co-category equipped with an accessible t-structure (see
Definition 1.4.4.12) which is compatible with filtered colimits. Then the heart Y isa presentable abelian
category, and the canonical map N(GQ) — C preserves filtered colimits. If {f, : Aa — Ba} is a filtered
diagram of monomorphisms in €Y, then we have a filtered diagram of fiber sequences
Ay = Bo — B /A,
in C. Passing to filtered colimits, we obtain an fiber sequence
A— B— BJ/A

where A, B, and B/A belong to the heart of €, so that f = h&l fa is again a monomorphism. It follows that

€Y is a Grothendieck abelian category.
Assume that [),,~, C<_, contains only zero objects of €. Using Proposition 1.2.1.19, we conclude that €

is right complete. It follows from Theorem 1.3.3.2 and Remark 1.3.3.6 that the inclusion N(GO) C C extends
in an essentially unique way to a t-exact functor D+(€®) — C.

Suppose that A is a Grothendieck abelian category with enough projective objects (for example, the
category of R-modules for some ring R). Then, in addition to the derived co-category D(A), we can consider
the derived oco-category D~ (A) introduced in Definition 1.3.2.7. These two oo-categories are a priori quite
different from one another: one is defined using complexes of injective objects of A, the other using complexes
of projective objects of A. Nevertheless we have the following result:

Proposition 1.3.5.24. Let A be a Grothendieck abelian category with enough projective objects, and let
L : Ngg(Ch(A)) = D(A) be a left adjoint to the inclusion. Then the composite functor

F:D™(A) = Ngg(Ch(A)) 5 D(A)
is a fully faithful embedding, whose essential image is the subcategory UnZO D(A)>_n CD(A).
Proof. Let My, M, € D™ (A). We will show that the composite map

9 o
Mapeya) (M, M) = Mapeya) (M, LM) = Mapey,q)(LM.., LMY)

is a quasi-isomorphism of chain complexes of abelian groups. The map 6 is a quasi-isomorphism by Lemma
1.3.2.20, and the definition of L guarantees that 6’ is a quasi-isomorphism. This proves that F is fully
faithful. It is obvious that the essential image of F' is contained in (J,,~,D(A)>—_n. Conversely, suppose

that M, € D(A)>_,. Since A has enough projective objects, we can choose an object P, € D™ (A) and a
quasi-isomorphism from P, to the subcomplex

oo 3> My, —wker(d: M_p, > M_1_,) > 0— -
of M,. Using Lemma 1.3.2.20, we conclude that M, ~ LP, belongs to the essential image of L. O
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1.3.6 Complexes of Injective Objects

Let A be an abelian category with enough injective objects. In §1.3.2 we introduced the derived co-category
DT (A), whose objects are left-bounded chain complexes of injective objects of A. The restriction to left-
bounded complexes is sometimes overly restrictive: for example, the category D™ (A) generally does not
admit infinite limits and colimits, even if the abelian category A is well-behaved. We can attempt to correct
this defect by enlarging the oco-category D1 (A). For example, if A is a Grothendieck abelian category, we can
replace DV (A) by the larger co-category D(A) introduced in §1.3.5. The co-category D(A) is presentable
(Proposition 1.3.5.21), and therefore admits small limits and colimits. However, for some purposes it is more
convenient to work with a different enlargement of D(A). For example, if A is a locally Noetherian abelian
category (see Definition 1.3.6.5), then DT (A) is equipped with a good supply of “finite” objects: namely,
those chain complexes ). whose homologies H,, (Q.) are compact objects of A, which vanish for almost every
n € Z. The collection of chain complexes satisfying this condition span a full subcategory Dy C D1 (A).
We will prove below that D' (A) can be identified with a full subcategory of Ind(Dg). In particular, we
can regard Ind(Dy) as an enlargement of DT (A). The oo-category Ind(Dy) is not only presentable: it is
compactly generated, which is often very useful in applications. Our goal in this section is to study the
oo-category Ind(Dy). Following work of Krause ([90]), we show that this co-category admits an explicit
description in terms of homological algebra: namely, it can be identified with the differential graded nerve
of Ch(Ainj), where Ajy; denotes the full subcategory A spanned by the injective objects (Theorem 1.3.6.7).

Definition 1.3.6.1. Let A be a Grothendieck ‘abelian category, and let Ai,; denote the full subcategory of
A spanned by the injective objects. We let D™ (A) denote the oo-category Ngg(Ch(Ainj))-

Proposition 1.3.6.2. Let A be a Grothendieck abelian category. Then:
(1) The oco-category D™ (A) is stable.
(2) The co-category D™ (A) contains D(A) as a full subcategory.

(3) Let D;% (A) denote the mtcirtsection DM (A) N Nyg(Ch(A))so, where ng(Ch(A))Zo is as in Definition
1.3.5.16. Then the pair (DL)(A), DE((A)) determines a t-structure on D™ (A).

Proof. Assertion (1) is a special case of Proposition 1.3.2.10, assertion (2) follows from Proposition 1.3.5.6,
and assertion (3) follows from Proposition 1.3.5.18. O

Remark 1.3.6.3. Let A be a Grothendieck abelian category, and regard D(A) and D™ (A) as endowed
with the t-structures described in Propositions 1.3.5.21 and 1.3.6.2, respectively. Then the inclusion D(A) —
D™ (A) is t-exact, and induces an isomorphism D(A)<g ~ D™ (A)<g = D y(A). In particular, the heart of
D™ (A) is equivalent to (the nerve of) the abelian category A (see Remark 1.3.5.23).

Remark 1.3.6.4. Let A be a Grothendieck abelian category. Proposition 1.3.5.13 implies that the inclusion
functor D(A) — D™ (A) admits a left adjoint L. If f: Q. — Q) is a morphism in D™ (A), then Lf is an
equivalence if and only if f is a quasi-isomorphism of chain complexes. In particular, we have LQ, ~ 0 in
the oo-category D(A) if and only if the chain complex @, is acyclic. The collection of chain complexes Q.
satisfying this condition span the full subcategory (), Dlsil (A). We can summarize the situation as follows:

the stable oo-category D(A) is obtained from the larger stable co-category D™ (A) by dividing out by the
stable subcategory 1, D3, (A) € D™ (A).

We now review some finiteness conditions on an abelian category A which guarantee the good behavior
of the stable co-category D™ (A).

Definition 1.3.6.5. Let A be an abelian category containing an object M. We say that M is Noetherian if
every nonempty collection of subobjects of M contains a maximal element. We say that an abelian category
A is locally Noetherian if it is a Grothendieck abelian category and every object M € A can be written as a
filtered colimit of Noetherian subobjects of M.
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Remark 1.3.6.6. Let A be an abelian category. Then an object M € A is Noetherian if and only if it
satisfies the following condition: for every ascending chain of subobjects

My — My — -+ —= M,
we have M,, ~ M,, 1 for n > 0.
We can now state the main result of this section:

Theorem 1.3.6.7 (Krause). Let A be a locally Noetherian abelian category. Then the oo-category DM(A)
is compactly generated. Moreover, an object Q. € D™ (A) is compact if and only if it satisfies the following
conditions:

(a) The object Q. lies in the essential image of the inclusion DV (A) < D™(A); in particular, H,(Q,) ~ 0
forn>0.

(b) The homology objects H,, (@) vanish for n < 0.
(¢) For every integer n, H,(Q.) is a Noetherian object of the abelian category A.

Corollary 1.3.6.8. Let A be a locally Noetherian abelian category. Then the co-category D™ (A) is pre-
sentable.

The proof of Theorem 1.3.6.7 will be given at the end of this section. Let us begin by reviewing the
theory of locally Noetherian abelian categories.

Proposition 1.3.6.9. Let A be an abelian category, and let Ay C A be the full subcategory spanned by the
Noetherian objects. Then:

(1) The subcategory Ay C A is closed under the formation of subobjects, quotient objects, and extensions.
In particular, Ag is an abelian category, and the inclusion Ag — A is injective.

(2) If the abelian category A is locally Noetherian, then Ag is essentially small, and the inclusion Ay — A
induces an equivalence of categories Ind(Ag) ~ A.

Proof. We first note that if N € A is a subobject or quotient of an object M € A, then the partially
ordered set of isomorphism classes of subobjects of N can be regarded as a subset of the partially ordered
set of isomorphism classes of subobjects of M. It follows immediately that if M is Noetherian, then N is
Noetherian. To complete the proof of (1), suppose that we are given an exact sequence

0= M —-M-—M'"—0

where M’ and M" are Noetherian; we wish to prove that M is Noetherian. Suppose we are given a
nonempty collection {M,}aeca of subobjects of M. Since M" is Noetherian, the collection of subobjects
{im(M, — M")}aca contains a maximal element N. Let B = {a € A : im(M, — M") ~ N}. Since M’ is
Noetherian, the collection {Mg xar M'}sep of subobjects of M’ contains a maximal element Mg x5 M.
It is now easy to see that Mg is a maximal element of the collection of subobjects {Ma}aca-

We now prove (2). Assume that A is locally Noetherian. Fix a small collection of objects {M; };cr which
generates A under colimits. Then, for every object M € A, there exists an epimorphism [[ N, — M, where
each N, belongs to the set {M;};cr. It follows that the canonical map

]_[ M; - M
i€l f:M;—M

is an epimorphism. In particular, every subobject M’ of M can be identified with the image of the map
[icr st —sar My — M. Tt follows that M " is determined (up to canonical isomorphism) by the images of
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the injective group homomorphisms {Hom4 (M;, M’) — Hom 4 (M;, M) }icr. In particular, there exists a set
of representatives for the collection of all isomorphism classes of subobjects of M.

We now prove that Ag is locally small. Let M & A be Noetherian, and choose an epimorphism
,c; No — M where each N, belongs to {M;}ic;. For every finite subset J' C J, let M denote the

image of the composite map
H N, — H N, — M.
agJ’ acJ

Since A is a Grothendieck abelian category, the formation of images in A commutes with filtered colimits,
so that M is given by the filtered colimit hgq iy M. Since M is Noetherian, the collection of subobjects

{Mj} contains a maximal element. Tt follows that there exists a finite subset J’ C J such that My ~ M.
Replacing J by J’, we may assume that J is finite. Then M =~ coker(K — [[,c; Na), for some subobject K
of [],c; Na. Since there are only a bounded number of choices for the isomorphism type of the coproduct
[I,c; No and a bounded number of choices for the subobject J, we conclude that there are only a bounded
number of possibilities for the isomorphism class of M: that is, the category Ag is essentially small.

We next claim that if M € A is Noetherian, then M is a compact object of A. To prove this, suppose
we are given a diagram {N,}aca indexed by a filtered partially ordered set A, having colimit N € A. We
wish to prove that the canonical map

0 : ligHomA(M,Na) — Hom 4 (M, N)

is bijective. We first show that 6 is injective. Suppose we are given a map ¢ : M — N, such that
the composite map ¢’ : M R N, — N vanishes. For each 8 > «, let ¢3 denote the composite map

M N, — Ng. Since A is a Grothendieck abelian category, we have M =~ ker(¢’) ~ limker(¢g). Since M
is Noetherian, we conclude that M ~ Mg for some 8 > «: that is, the map ¢g is zero. This completes the
proof that 6 is injective. -
We now verify the surjectivity of . Fix a morphism ¢ : M — N. For each index a € A, let M, =
M xXn N,. Then M can be identified with the filtered colimit Tgim(M — M). Since M is Noetherian,

there exists an index a € A such that the map M — M is an epimorphism. Write M as a filtered colimit
of Noetherian subobjects M, ~- Then M ~ lgnﬁ Hn(Ma ~ — M). Since M is Noetherian, we can choose v

such that Ma ~ — M is an epimorphism. Set M = Ma,«,, and let K denote the kernel of the epimorphism
M — M. Then the composite map L
MM, — N, — N

annihilates K. For each 3 > a, let Kg denote the kernel of the composite map
K — Z\A]a — N, — N.

Then K ~ ligﬁ Kp. Since K is a subobject of M, it is Noetherian. We therefore have K ~ Kz for some

B > a. It follows that the map M — N, — Nj factors through M /K ~ M, so that ¢ lies in the image of
Homy (M, Ng).

Applying Proposition T.5.3.5.11, we deduce that the inclusion Ay — A extend to a fully faithful embed-
ding F : Ind(Ap) — A. Since A is locally Noetherian, it is generated by Ag under filtered colimits; it follows
immediately that F'is an equivalence of categories. O

Remark 1.3.6.10. Proposition 1.3.6.9 has a converse. Suppose that Ag is a small abelian category in which
every object is Noetherian. Then Ind(Ap) is a locally Noetherian abelian category, and an object of Ind(Ap)
is Noetherian if and only if it belongs to the essential image of the fully faithful embedding j : Ao < Ind(Ay).
To prove this, we first note that Ind(Ap) compactly generated. It follows that filtered colimits in Ind(Ag)
are left exact and therefore Ind(Ap) is a Grothendieck abelian category. We next claim that if M € Ind(Aop)
belongs to the essential image of j, then every subobject of M belongs to the essential image of j. To prove
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this, write M = j(N) for some N € Ag. Let M’ be a subobject of M, and write M’ ~ li_r)naeAj(Na) where
the colimit is taken over some filtered partially ordered set A. Then M’ ~ lim . j(im(N, — N)). Since N
is Noetherian, we deduce that there exists o € A such that M’ ~ im(N, — N), so that M’ belongs to the
image of j.

The above argument shows that for each object N € A, the partially ordered set of isomorphism
classes of subobjects of IV is isomorphic to the partially ordered set of isomorphism classes of subobjects
of j(N). Since N € Ay is Noetherian, we conclude that j(N) € Ind(Ap) is Noetherian. Now suppose
that M ~ Mae A Jj(Ny) is an arbitrary object of Ind(Ag). Then M is equivalent to the filtered colimit
of subobjects ligaeAim(j(Na) — M). Each of these subobjects is a quotient of j(N,), and therefore
Noetherian. This proves that the abelian category Ind(Ag) is locally Noetherian. If the object M above is
Noetherian, then there exists an index o € A such that M ~ im(j(N,) — M). Then M is a quotient of
J(Ng). Since ker(j(Ny) — M) is a subobject of j(N,), it belongs to the essential image of j. It follows that
every Noetherian object M € Ind(Ap) belongs to the essential image of j.

Proposition 1.3.6.9 implies that a locally Noetherian abelian category A is “controlled” by the full sub-
category Ay C A spanned by the Noetherian objects. In particular, we have the following characterization
of injective objects of A:

Proposition 1.3.6.11. Let A be a locally Noetherian abelian category, and let Q € A be an object. The
following conditions are equivalent:

(1) The object Q € A is injective.

(2) For every Noetherian object M € A and every subobject M’ of M, the restriction map Hom4 (M, Q) —
Hom 4 (M’, Q) is surjective.

Proof. The implication (1) = (2) is obvious. Conversely, suppose that (2) is satisfied; we wish to show that
@ is injective. Let ig : My — M be a monomorphism in A and suppose we are given a map fo : My — Q; we
wish to show that fy factors through ig. Let P be set of all isomorphism classes of pairs (i1 : My — M, f1),
where i is a monomorphism, the map iy factors (automatically uniquely) as a composition M LMy B M,
and fi; : M7 — @ is a map satisfying f1 o j = fo. Using Zorn’s Lemma, we deduce that P has a maximal
element (i; : M7 — M, f1). We will complete the proof by showing that ¢; is an isomorphism. Since A is
locally Noetherian, M can be written as a filtered colimit of Noetherian subobjects. It will therefore suffice
to show that M; contains every Noetherian subobject N of M. Assume otherwise, and let N’ = M; x5; N.
Then My = M; [[5, N is a subobject of M properly containing M;. By maximality, the map f; : M1 — Q
cannot be extended to a map fo : My — Q. It follows that the restriction of f; to N’ cannot be extended to
a map from N into @, contradicting assumption (2). O

Corollary 1.3.6.12. Let A be a locally Noetherian abelian category. Then the collection of injective objects
of A is closed under filtered colimits.

Corollary 1.3.6.13. Let A be a locally Noetherian abelian category. Then the collection of injective objects
of A is closed under (possibly infinite) sums.

Proof. 1t is clear that the collection of injective objects is closed under finite sums, and an arbitrary sum
can be written as a filtered colimit of finite sums. O

Corollary 1.3.6.14. Let A be a locally Noetherian abelian category, and suppose we are given a collection
of objects {Q(a)« € Ch(Ainj)}aca. Then:

(1) The coproduct Q. ~ [],c 4 Q()« is a chain complex of injective objects of A.

(2) The canonical maps Q(a)« — Q. exhibit Q. as a coproduct of the objects Q(). in the co-category
DM (A).
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Proof. Assertion (1) follows from Corollary 1.3.6.13, and assertion (2) from the description of mapping spaces
in D™ (A) supplied by Remark 1.3.1.12. O

Corollary 1.3.6.15. Let A be a locally Noetherian abelian category. Then the co-category D™ (A) admits
small colimits.

Proof. Combine Corollary 1.3.6.14 with Proposition 1.4.4.1. O
We now turn to the problem of computing mapping spaces in D™ (A).

Proposition 1.3.6.16. Let A be a Grothendieck abelian category, let i : M. — M, be a quasi-isomorphism
in Ch<o(A), and let Q. be a complex of injective objects of A. Then composition with i induces a quasi-
isomorphism of chain complexes

MapCh(A)(M*a Q«) — MaPCh(A)(Mi, Q).
Proof. Since @, is degreewise injective, we have a short exact sequence of chain complexes
0 = Mapcy,a)(M«/M, Qx) = Mapeya) (M, Q) = Mapcya) (M, Qx) — 0.

It will therefore suffice to show that the chain complex of abelian groups Mapcy,4)(M./M;, Q.) is acyclic.
In other words, we must show that for every integer n, every chain map M, /M. — Q.[n] is nullhomotopic.
To prove this, we are free to replace @, by the chain complex

..._>0_>Q1_n_>Q_n_)...

In this case, Q. is fibrant with respect to the model structure of Proposition 1.3.5.3 (see Proposition 1.3.5.6),
so the desired result follows from Proposition 1.3.5.11 (since the quotient M, /M) is acyclic). O

Example 1.3.6.17. Let A be a locally Noetherian abelian category. The identification of A with the heart
of D™ (A) determines a functor f : N(A) — D™ (A). Unwinding the definitions, we see that this functor
carries an object M € A to a chain complex

..._>0_)Q0_>Q_1_>...

which is an injective resolution of M. Using Proposition 1.3.6.16, we conclude that for every complex
Q' € D™(A), we can identify the mapping space Mappimi 4 (f (M), Q’) with the simplicial set obtained by
applying the Dold-Kan correspondence to the truncation of the chain complex

e = HOHIA(M, Q/l) — HOH’IA(M, Qéj) — HOIn.A(Mv Ql—l) —
In particular, we have canonical isomorphisms
Extlsus ) (F(M), QL) = H_, (Homa (M, Q.)).

Corollary 1.3.6.18. Let A be a locally Noetherian abelian category. Then every Noetherian object of the
heart D™ (A)Y =~ N(A) is compact when viewed as an object of D™ (A).

Proof. Let f: N(A) — D™ (A) be as in Example 1.3.6.17, and let M be a Noetherian object of A. We wish
to show that f(M) € D™(A) is compact. Using Proposition 1.4.4.1, we are reduced to proving that for
every collection of objects Q(a), € D™ (A) having coproduct Q., the canonical map

@Eth)inJ (A)(f(M)v Qa)y) — Ext%;nj(ﬂ)(f(M), Q+)

is an isomorphism. Using Corollary 1.3.6.13, we can take Q). to be the direct sum of the chain complexes
Q(«@).« in the ordinary category Ch(A). In this case, the desired result follows immediately from the descrip-
tion of the relevant Ext-groups supplied by Example 1.3.6.17. O
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Proposition 1.3.6.19. Let A be a locally Noetherian abelian category, and let f : N(A) — DM(A) be the
functor determined by the identification of A with the heart of D™ (A). Then f preserves filtered colimits.

Proof. Let Ay denote the full subcategory of A spanned by the Noetherian objects, and let fy be the
restriction of f to N(Ag). Let f' : N(A) — D™ (A) be a left Kan extension of fy, so that f/ commutes
with filtered colimits (Lemma T.5.3.5.8). The identity map from f/| N(Ag) to f|N(A) extends to a natural
transformation of functors ¢ : f* — f. We will complete the proof by showing that v is an equivalence.

Let M be an object of A; we wish to show that ¢ induces an equivalence f'(M) — f(M) in the co-category
D™ (A). We define a transfinite sequence {M,} of subobjects of M as follows:

o Let Mo =0.
e If ) is a limit ordinal, set My = liﬂa<A M,,.

e Suppose that M, is defined and not isomorphic to M. Since A is locally Noetherian, there exists a
nonzero Noetherian subobject N of the quotient M/M,. Let M,+1 be the inverse image of N in M.

Since the collection of all isomorphism classes of subobjects of M is bounded in size (see the proof of
Proposition 1.3.6.9), this construction must eventually stop: that is, there exists an ordinal « such that
M, ~ M. For each § < a, let ¢g be the morphism from f'(Mg) to f(Mp) determined by ¢. We will prove
that each of the maps ¢3 is an equivalence. When f = 0, this is clear (since My ~ 0 is a Noetherian object
of A). We now proceed by induction on /3. There are two cases to consider:

e Suppose that 8 < a and that ¢g is an equivalence. We will show that ¢311 is an equivalence. By
construction, Mg, is the inverse image of a Noetherian subobject N C M/Mg. Since A is locally
Noetherian, there exists a Noetherian subobject N of Mg, such that the composite map

N < Mgy — N

is an epimorphism. Let Ny denote the fiber product N x Mg, Mp. We then have a pushout diagram
o:
No—N

|

Mg —— Mg+

in the abelian category A, where the horizontal maps are monomorphisms. It follows that f(o) is a
pushout diagram in D™ (A). Since Ny and N are Noetherian, the natural transformation ¢ induces
equivalences

F(N) = f(N)  f'(No) = f(No).
Consequently, to prove that ¢g41 is an equivalence, it will suffice to show that the diagram f/(o) is a
pushout diagram in D™ (A). Since A is locally Noetherian, we can write Mg as a filtered colimit of
Noetherian subobjects M3 ; which contain Ny. For every such index 7, form a pushout diagram

No——N

|

Mg, ——P;

in the abelian category A. Then o ~ li S Oi- Since the functor f’ preserves filtered colimits, we have
fl(o) =~ lim, f'(0;). Tt will therefore suffice to show that each of the diagrams f’(c;) is a pushout

square in D™ (A). This is clear, since o; is a diagram of Noetherian objects of A so that ¢ induces an
equivalence f'(c;) — f(0y).
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e Suppose that A < « is a limit ordinal, and that ¢ is an equivalence for all ordinals 5 < A. We wish
to show that ¢, is an equivalence. For this, it suffices to show that ¢y =~ @§<A ¢3. Because the

functor f’ preserves filtered colimits, we are reduced to proving that f(M,) is a filtered colimit of the
diagram {f(Mg)}g<r. For each object N € A, let Q.(N) € Ch(Ainj) denote a (functorial) choice
of injective resolution of N. Using Theorem T.4.2.4.1, we are reduced to proving that Q.(M,) is a
homotopy colimit of the diagram {Q.(M3z)}s<x in the underlying simplicial category of Ch(Ainj). Let
Q’, € Ch(Ainj). Using Example 1.3.6.17, we are reduced to proving that the canonical map

0 : DK (>0 Homy (M, Q))) — lim DK(7>0 Hom 4 (Mjg, QL))

exhibits the simplicial set DK(7>¢ Hom4 (My, Q%)) as a homotopy limit of the tower of simplicial sets
{DK(r>0Hom4 (Mg, Q’))}s<r. Since My ~ lim Mg, the map 6 is an isomorphism. It will therefore
suffice to show that the diagram of simplicial sets {DK(7>¢ Hom4 (Mga, Q’,))}s<x is fibrant. Using the
criterion given in Corollary T.A.2.9.24, we are reduced to proving that for 8 < A, the map

0" : DK(7>0 Homu (M3, Q) — gn DK(7s>0 Hom4 (M., Q%))
v<B

is a Kan fibration. This is obvious if S is a limit ordinal (in this case, 8’ is an isomorphism). If 5 = y+1
is a successor ordinal, the desired result follows from Proposition 1.3.2.11.

O
We are now ready to prove our main result:

Proof of Theorem 1.3.6.7. Let € denote the full subcategory of D™ (A) spanned by those objects which
satisfy conditions (1), (2), and (3). It follows from Corollary 1.3.6.18 that € consists of compact objects of
D™ (A). Using Proposition T.5.3.5.11, we see that the inclusion f : € < D™ (A) extends to a fully faithful
embedding F': Ind(C) — pini (A) which preserves filtered colimits. Since f is exact, the functor F' preserves
small colimits. We will complete the proof by showing that F is essentially surjective (since € is idempotent
complete, this will imply that F' induces an equivalence from € to the full subcategory of D™ (A) spanned
by the compact objects).

Let C denote the essential image of the functor F' (equivalently, € can be described as the full subcategory
of DM (A) generated by C under small colimits). We wish to show that every chain complex Q. of injective
objects of A belongs to €. Let Ch(Ainj)a denote the underlying simplicial category of the differential graded
category Ch(Ainj). Note that Q. can be identified with the homotopy colimit (in the simplicial category
Ch(Ainj)a) of chain complexes of the form

"'_>O_>O_>Qn_>Qn—1_>Qn72_>"'

It will therefore suffice to show that every such chain complex belongs to €: that is, we may suppose that
Q. € DT(A).

Replacing Q. by a shift, we may suppose that Q. € ‘DJ<FO(A). Since the t-structure on DT (A) is right
complete, Q. is given by the colimit of the sequence 7>_,,Q. It will therefore suffice to show that each
truncation 7>_,,Q. belongs to ©. We proceed by induction on m, the case m < 0 being trivial. We have a
fiber sequence

To1-m@s = To>_m@Qs — M[-m],

where M is an object belonging to the heart of D™ (A) (which we can identify with an object of A). Using
the inductive hypothesis, we are reduced to proving that M € C. For this, it suffices to show that € contains
the heart of D™ (A), which follows immediately from Proposition 1.3.6.19. O

We conclude this section with an additional remark about the t-structure on D™ (A).
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Proposition 1.3.6.20. Let A be a locally Noetherian abelian category. Then the t-structure on D™ (A)
is accessible _(gee Definition 1.4.4.12) and compatible with filtered colimits (that is, the full subcategory
DZY(A) € D™(A) is closed under filtered colimits).

Proof. To prove that the t-structure on Dini (A) is accessible, it will suffice to show that the fu_ll subcategory
DZY(A) is presentable. This follows from Proposition 1.3.5.21, since the inclusion D(A) < D™ (A) induces
aniequivalence D(A)<o >~ Dié%( ).

We now show that the full subcategory D' (A) C D™ (A) is closed under filtered colimits. Applying

Corollary 1.3.6.13, we deduce that D' (A) is closed under (possibly infinite) coproducts in D™ (A). Suppose
next that we are given a sequence

Q) — Q1) — Q(2) —

of objects of @mj J(A), having a colimit Q. in D™ (A). Then Q. can be identified with the cofiber of a
map [[Q(n). — [[Q(n)., and therefore belongs to Dl<r”1 (A). In particular, Q. is a colimit of the sequence
{Q(n).} in the full subcategory D(A) C D™ (A), so that Q. € DI (A) by virtue of Proposition 1.3.5.21.

Now let @, be an arbitrary object of D””( ). The above arg?urnent shows that lim 7> _,Q. belongs to
Dlé% (A). Since the t-structure on DT (A) is right complete, we deduce that Q, is a colimit of the sequence
{T_Z,nQ*} in the oo-category DT (A), and therefore also in the larger co-category D™ (A).

Now suppose we are given a filtered diagram {Q(a).} of objects of DZ%(.A). We wish to show that
lim Q(a). belongs to ij 0(A). We have

lin Q(a). = lim limy 7> _, Q().. = ling limg 7>, Q(c)...

It will therefore suffice to show that each of the colimits 1&1 T>_nQ ()« belongs to ‘DmJ We proceed by
induction on n, the case n < 0 being trivial. To carry out the inductive step, we observe that there is a
cofiber sequence

li%lTZl—nQ(Oé)* — h%TZ—nQ(OZ)* — (h?nlﬂ-—nQ(O‘)*)[in}

Using the inductive hypothesis, we are reduced to proving that hga m_nQ(a)s belongs to @Z“L Q). In
fact, Proposition 1.3.6.19 gives the stronger statement lim T_nQ(a)« € @iff) (A). O

1.4 Spectra and Stabilization

One very broad goal of homotopy theory is to classify continuous maps between topological spaces up to
homotopy. To formulate the problem more precisely, let X and Y be topological spaces equipped with
base points, let Map, (X,Y’) denote the space of continuous pointed maps from X to Y, and let [X,Y] =
mo Map, (X,Y") be the set of homotopy classes of pointed maps from X to Y; one would like to describe the
set [X,Y]. This is difficult in part because the problem is essentially nonlinear: in general, the set [X,Y]
does not have any algebraic structure. However, the situation is better in some special cases. For example, if
X is the suspension of another pointed space X', then [X,Y] ~ 7m; Map, (X’,Y) admits a group structure. If
X' is itself the suspension of another space X", then the group [X, Y] ~ m Map, (X”,Y) is abelian. One can
attempt to use these observations to study the mapping sets [X, Y] in general: the construction X — X(X)
is functorial in X, so we have natural maps

[X,Y] = [2(X), 5(Y)] = [Z*(X), Z*(Y)] — -+

In particular, we can view each [X"(X),X"(Y)] as an approximation to [X,Y]; these approximations are
often easier to study, since they admit group structures for n > 0 (and are abelian for n > 1). If X and YV
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are finite pointed CW complexes, the direct limit lim [Z™(X),X"(Y)] is an abelian group, called the group
of homotopy classes of stable maps from X to Y; we will denote this group by [X, Y];.

The abelian groups [X, Y] can be regarded as simplified (or linearized) versions of the homotopy sets
[X,Y]. To study them systematically, it is useful to linearize the homotopy category H. of (pointed) spaces
itself: that is, to work with a version of the homotopy category where the morphisms are given by homotopy
classes of stable maps, rather than homotopy classes of maps. The relevant category is often called the stable
homotopy category, or the homotopy category of spectra. It can be described in several different ways:

(A) There is an obvious candidate for a category €y which satisfies the requirement given above: namely, we
take the objects of €y to be finite pointed CW complexes, and the morphisms to be given by the formula
Home, (X,Y) = [X,Y]s. By construction, we have canonical bijections [X,Y]; ~ [E(X),X(Y)]s: in
other words, the suspension functor X — (X)) determines a fully faithful embedding from Cy to itself.
For many purposes, it is convenient to work in a slightly larger category €, on which the suspension
functor X — X(X) is an equivalence of categories. One can achieve this end by formally introducing
objects of the form ¥ (X) for all integers n. More precisely, we let € be the category whose objects
are pairs (X, n), where X is a pointed finite CW complex and n € Z an integer, with morphisms given
by the formula

Home((X,m), (Y,n)) = Lim[S™*(X), 5" (Y)].

The construction X — (X,0) determines a fully faithful embedding €, — €, and the suspension
functor X — 3(X) on €y extends (up to isomorphism) to an equivalence of € with itself, given by the
formula (X,n) — (X,n +1).

We will refer to € as the homotopy category of finite spectra. Unlike the homotopy category of spaces
(or pointed spaces), it possesses a rich algebraic structure: for example, it is a triangulated category.
To prove this, it suffices (by Theorem 1.1.2.15) to realize € as the homotopy category of a stable co-
category. This co-category can be obtained by the same formal procedure used to define €. Namely,
we begin with the co-category 8" of finite pointed spaces (Notation 1.4.2.5), and formally invert the
suspension functor by passing to the colimit of the sequence

> 3
glin = gfin = ...

We will denote this colimit by Spﬁ“, and refer to it as the co-category of finite spectra. We denote the
the Ind-completion of Sp™ by Sp, and refer to it as the co-category of spectra. As we will see, Sp is
a stable oco-category, whose homotopy category can be identified with the classical stable homotopy
category.

(B) The passage from the co-category Spfi™ to its Ind-completion Sp is important if we wish to work with
an oo-category which admits arbitrary limits and colimits. This is clear, since the oo-category Sp™
has strong finiteness conditions built into its definition. We can attempt to remove these conditions by
beginning not with the co-category 8" of finite pointed spaces, but its Ind-completion Ind(8fi*) ~ §,.
A formal argument shows that the Ind-completion of the direct limit

fin X ofin X eofin X
S8 S80S
is equivalent to the homotopy inverse limit of the tower
Ind(8f") & md(sin) & ...
where  denotes the loop space functor (the right adjoint of the suspension ). We can therefore

describe Sp as an oo-category of infinite loop spaces: that is, infinite sequences of pointed spaces
{E(n)} equipped with homotopy equivalences E(n) ~ QE(n + 1).
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(C) Another approach to the subject of stable homotopy theory is to study invariants of (pointed) topolog-
ical spaces which are invariant under suspension. For example, singular cohomology has this property:
for every pointed topological space X, there are canonical isomorphisms ﬁn(X )~ ﬁn+1(Z(X )), where
H denotes the functor of reduced (integral) cohomology. More generally, one can consider generalized
cohomology theories: that is, sequences of functors {h"},cz from the homotopy category of pointed
spaces to the category of abelian groups, together with natural isomorphisms 7, : /"X ~ h"T13(X),
satisfying a suitable collection of axioms (see Definition 5.5.3.8). The celebrated Brown representability
theorem (Theorem 1.4.1.2) guarantees that each of the functors ™ is representable by a pointed space
E(n), and the natural isomorphisms ,, give homotopy equivalences E(n) ~ QE(n+1). In other words,
any cohomology theory {h"},cz can be represented by a spectrum {F(n)},ez: we can therefore regard
Sp as an oo-category whose objects are cohomology theories. (This perspective merits a word of cau-
tion: every morphism f : E — E’ in Sp induces a natural transformation between the corresponding
cohomology theories, but this latter map can be zero even if f is not nullhomotopic. In other words,
passage from a spectrum F to the underlying cohomology theory is not faithful in general.)

(D) Let {E(n)}nez be a spectrum. Then E(0) ~ QF(1) is a loop space: in particular, it admits a
multiplication E(0) x E(0) — E(0) given by concatenation of loops, which is associative up to coherent
homotopy. However, much more is true: the identifications F(0) ~ Q™FE(n) show that F(0) has the
structure of an n-fold loop space for each n > 0. This structure allows us to view E(0) as a commutative
monoid object of the oo-category 8 of spaces. In fact, there is a converse to this observation: the
construction {E(n)} — E(0) determines an equivalence between the full subcategory Sp™ C Sp of
connective spectra and the co-category Mon%%mg(S) of grouplike commutative monoids in 8 (see §5.2.6
for further discussion). This provides an algebraic way of thinking about the oco-category of spectra:
roughly speaking, the co-category of spectra bears the same relationship to the co-category of spaces as
the ordinary category of abelian groups bears to the ordinary category of sets. Later in this book, we
will elaborate on this analogy by describing homotopy-theoretic analogues of the theory of commutative
and associative rings.

Our goal in this section is to provide a quick introduction to stable homotopy theory by elaborating on
perspectives (A) through (C) (we will return to (D) briefly later in the book, once we have the technology to
discuss algebraic structures in an oco-categorical context; see Remark 5.2.6.26). We will begin in §1.4.1 with
a review of Brown’s representability theorem. More precisely, we will show that if C is a pointed oo-category
satisfying some mild hypotheses, then it is possible to give necessary and sufficient conditions for a functor
F : hC — Set to be representable by an object of €. We can apply this to give a classification of cohomology
theories on € in terms of infinite loop objects of C: that is, sequences of objects {E(n) € C},cz equipped
with equivalences E(n) ~ QFE(n + 1). The collection of such infinite loop objects can be organized into an
oo-category Sp(C); we will refer to Sp(C) as the co-category of spectrum objects of €. We will define this
oo-category in §1.4.2, and show that it is a stable co-category. Of greatest interest to us is the case where C
is the oo-category 8 of spaces. In this case, we will denote the co-category Sp(€) by Sp, and refer to it as
the oo-category of spectra. We will study this co-category in §1.4.3, and show that it can be identified with
the oo-category Ind(Sp™) described in (A).

It should be emphasized that there are many definitions of the stable homotopy category hSp in the
literature, some of which look quite different from the definition given in this book. To facilitate the
comparison of our approach with others, it is convenient to have not only a construction of the co-category
Sp, but also an abstract characterization of it. We will provide such a characterization by showing that
Sp(@) is in some sense universal among stable co-categories equipped with a forgetful functor Sp(€) — €
(Corollary 1.4.2.23).

There is another characterization of the co-category Sp which is worthy of mention: among stable oo-
categories, it is freely generated by one object (the sphere spectrum) under small colimits. We will prove
this result in §1.4.4 (see Corollary 1.4.4.6), after embarking on a general study of the behavior of colimits in
stable oco-categories.
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1.4.1 The Brown Representability Theorem

Let D be a category. A functor F : D°? — 8et is said to be representable if there exists an object X € D
and a point n € F'(X) which induces bijections Homp (Y, X)) — F(Y") for every object Y € D. If we assume
that the category D is presentable, then the functor F' is representable if and only if it carries colimits in D
to limits in Set (see Proposition T.5.5.2.2). Our goal in this section is to study representability in a slightly
different situation: namely, we will suppose that D is given as the homotopy category of a presentable co-
category C. In this case, the category D need not admit colimits. Nevertheless, one can often characterize the
representable functors on D in terms of the behavior with respect to colimits in the underlying oo-category
C.

We begin by recalling a bit of terminology. Let D be a category which admits finite coproducts. A
cogroup object of D is an object X € D equipped with a comultiplication X — X II X with the following
property: for every object Y € D, the induced multiplication

Homq (X,Y) x Homp(X,Y) ~ Homp (X I X,Y) — Homp(X,Y)
determines a group structure on the set Homqp (X,Y).

Example 1.4.1.1. Let € be an oo-category which admits finite colimits, let ) denote the initial object of
©, and suppose we are given a map € : X — (). Then the pushout X(X) = (@ IIx @ is a cogroup object of the
homotopy category hC. Namely, there is a “fold” map

which, for every object Y € C, induces the canonical group structure on the set Hompe(X(X),Y) =~
71 (Mape(X,Y), f). Here f € Mape(X,Y) is the point given by the composition X = () — Y.

The main result of this section is the following;:

Theorem 1.4.1.2 (Brown Representability). Let C be a presentable co-category containing a set of objects
{Sa}taca with the following properties:

(i) Each object S, is a cogroup object of the homotopy category hC.

(i3) Each object Sy, € € is compact.

(#i1) The oo-category C is generated by the objects S, under small colimits.

Then a functor F' : hC°? — 8et is representable if and only if it satisfies the following conditions:
(a) For every collection of objects Cg in €, the map F(][5Cg) — [15 F(Cp) is a bijection.

(b) For every pushout square
C——C'

D——=D
in C, the induced map F(D') — F(C") X p(cy F(D) is surjective.
We will give the proof of Theorem 1.4.1.2 at the end of this section.

Example 1.4.1.3. Let C be a presentable stable co-category. Then the homotopy category of € is additive
(Lemma 1.1.2.10), so every object of C is a cogroup object of hC. If € is compactly generated, then it satisfies
the hypotheses of Theorem 1.4.1.2.
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Example 1.4.1.4. Let 8, denote the co-category of pointed spaces, and let 8*21 denote the full subcategory
spanned by the connected spaces. We claim that 5*21 satisfies the hypotheses of Theorem 1.4.1.2: that is,
8*21 is generated under colimits by connective cogroup objects. In fact, 8*21 is generated under colimits by
the 1-sphere S! (which corepresents the group-valued functor X + m;(X), and is therefore a cogroup object
of the homotopy category thZ ). This is equivalent to the assertion that a map of connected pointed spaces
f:X — Y is a homotopy equivalence if and only if the induced map Mapg_(S*, X) — Mapg_(S*,Y) is a
homotopy equivalence. This is clear, since we have isomorphisms

X =~ 1,1 Mapg_ (S, X) Y ~ 7,1 Mapg (1Y)
for n > 0.

Remark 1.4.1.5. In the special case C = 5*20, the conclusion of Theorem 1.4.1.2 reproduces the classical
Brown representability theorem (see [27]).

We now discuss some of consequences of Theorem 1.4.1.2 for the classification of cohomology theories.

Definition 1.4.1.6. Let C be a pointed oo-category which admits small colimits and let ¥ : € — € be the
suspension functor. A cohomology theory on € is a sequence of functors {H™ : hC°? — Set},cz together
with isomorphisms 6" : H" ~ H"*! o ¥, satisfying the following pair of conditions:

(1) For every collection of objects {Cy } in €, the canonical map H" (][ Co) — [[ H"(C,) is a bijection. In
particular, if * denotes a zero object of €, then H™(x) consists of a single point. For any object C € C,
the canonical map C' — * induces a map H"(x*) — H"(C) which we can identify with an element
0e H*(C).

(2) Suppose we are given a cofiber sequence
C'—C—c”

in the oco-category C. If n € H™(C) has image 0 € H™(C"), then 7 lies in the image of the map
H"(C") —» H™(C).

Remark 1.4.1.7. Let € be a pointed oco-category which admits small colimits, and let C' be an object of
€. The two-fold suspension ¥2(C) is a commutative cogroup object of the homotopy category hC (we have
canonical isomorphisms Homye(32(C), D) ~ m3 Mape(C, D)). Let {H™, 6"} be a cohomology theory on €.
Since the functor H"*+2 carries coproducts in h€ to products of sets, it carries commutative cogroup objects
of hC to abelian groups. In particular, for every object C € €, the set H"(C) ~ H"t2(3?(C)) has the
structure of an abelian group, depending functorially on the object C: that is, we can regard each H" as
a functor from the homotopy category hC to the category of abelian groups. In particular, for every object
C € @, the map H™(x) — H"(C) carries the unique element of H"(x) to the identity element 0 € H™(C).

Remark 1.4.1.8. Let C be a pointed oo-category which admits small colimits, and suppose we are given

a cofiber sequence C’ Lo % ¢ i e Sucha triangle induces a map C” — 3(C"), well-defined up to
homotopy. If we are given a cohomology theory {H™,0"} on €, we obtain a boundary map

8: HM(C) S HM L (2(C") — HMHL(O).
These boundary maps can be used to splice together a sequence of abelian groups
s BN S Hr ) S HYC) D B () S HY ()

We claim that this sequence is exact. Exactness at H™(C) follows immediately from condition (2) of
Definition 1.4.1.6. Exactness at H™(C") follows by applying the same argument to the cofiber sequence
C — C" — X(C") (which gives rise to the same abelian groups and the same group homomorphisms up to
sign, by virtue of Lemma 1.1.2.14), and exactness at H™(C") follows by applying the same argument to the
cofiber sequence C” — X(C") — X(C).
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Remark 1.4.1.9. Let € be a pointed oo-category which admits small colimits, and let {H",d"} be a
cohomology theory on €. Then each of the functors H™ : hC°? — Set satisfies conditions (a) and (b) of
Theorem 1.4.1.2. Condition (a) is obvious. To prove (b), suppose we are given a pushout square

c—tsc

L,

DD
Let E = cofib(f) ~ cofib(g). Using Remark 1.4.1.8, we get a map of exact sequences

H"(E) —> H"(D') —> H"(D) — H"+\(E)

)

H"(E) — H"(C") — H"(C) —> H"(E).

Using the injectivity of ¢ and the surjectivity of ¢, we deduce that the map H"(D") — H™(C") X gn(cyH" (D)
is surjective.

Combining Remark 1.4.1.9 with Theorem 1.4.1.2, we obtain the following result:

Corollary 1.4.1.10. Let C be a presentable pointed co-category. Assume that C is generated under colimits
by compact objects which are cogroup objects of the homotopy category hC, and let {H™, 6™} be a cohomology
theory on C. Then for every integer n, the functor H™ : hC°? — 8et is representable by an object F(n) € C.

Remark 1.4.1.11. In the situation of Corollary 1.4.1.10, the isomorphisms 6" : H® ~ H"*! o ¥ determine
canonical isomorphisms E(n) ~ QFE(n + 1) in the homotopy category hC. Choosing equivalences in € which
represent these isomorphisms, we can promote the sequence {E(n)} to an object E in the homotopy limit
Sp(€) of the tower

L 3elelel ..

The object E is well-defined up to (non-unique) isomorphism in the homotopy category hSp(€). We will
return to the study of the co-category Sp(€) in §1.4.2.

Proof of Theorem 1.4.1.2. The necessity of conditions (a) and (b) is obvious. We will prove that these
conditions are sufficient. Let () denote an initial object of €. If S is an object of € equipped with a map
€ : S — 0, we define the suspension %(S) to be the pushout @ ITg (), so that 3(S) has the structure of a
cogroup in h€ (Example 1.4.1.1). Each of the objects S, is equipped with a counit map S, — @ (by virtue
of (7)), so that the suspension X(S,) is well-defined. Enlarging the collection {S,} if necessary, we may
assume that this collection is stable under the formation of suspensions.

We first prove the following:

(x) Let f:C — C' be a morphism in € such that the induced map Homype(Sq, C) — Hompe(Sa, C’) is an
isomorphism, for every index . Then f is an equivalence in C.

To prove (x), it will suffice to show that for every object X € €, the map f induces a homotopy
equivalence ¢x : Mape (X, C) — Mape(X,C’). Let € denote the full subcategory of € spanned by those
objects X for which ¢x is an equivalence. The full subcategory €' C € is stable under colimits; we wish to
prove that ¢’ = €. By virtue of assumption (#44), it suffices to show that each of the objects S, belongs to
€. Since S, is a cogroup object of hC, ¢s. is a map between group objects of the homotopy category 3
of spaces. It follows that ¢, is a homotopy equivalence if and only if it induces an isomorphism of groups
7 Mape(X, C) = m, Mape(X, C') for each n > 0 (here the homotopy groups are taken with respect to the
base points given by the group structures). Replacing S, by X"(S,), we can reduce to the case n = 0: that
is, to the bijectivity of the maps Homye(Sy, C') = Homype(Sq, C').

Now suppose that F is a functor satisfying conditions (a) and (b). We will prove the following:
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(#) Let X € Candlet n € F(X). Then there exists amap f : X — X’ in € and an object ¥ € F(X’) lifting
1 with the following property: for every index a € A, i’ induces a bijection Homye(Sq, X') — F(S4).

To prove (*'), we begin by defining X, to be the coproduct of X with HaeA,wEF(Sa) So. Using (a),
we deduce the existence of an element 1y € F(Xj) lifting n. By construction, 7y induces a surjection
Homype(Sq, Xo) = F(Sa) for each index a.

We now define a sequence of morphisms Xy — X; — Xo — --- and a compatible family of elements
nn € F(X,,) using induction on n. Suppose that X,, and 7, have already been constructed. For each index
a € A, let K, be the kernel of the group homomorphism Homye(Sy, X,) — F(S4), and define X,,11 to fit
into a pushout diagram

HaEA,’yGK(, Sa (Z)

| |

Xy — Xop

where the upper horizontal map is given by the counit on each S,. The existence of a point 7,11 € F(X,41)
lifting 1,, follows from assumption (a).
Let X' = hgnn X,. We have a pushout diagram

Hn Xn — Hn X2n

l |

Hn X2n+1 —— X/-

Using (a) and (b), we deduce the existence of a point ' € F(X’) lifting the sequence {n, € F(X,)}.
We claim that n’ satisfies the condition described in (). Fix an index a; we wish to prove that the
map ¢ : Hompe(Sa, X') — F(S,) is bijective. It is clear that 1 is surjective (since the composite map
Homye(Sq, Xo) — Hompe(Sq, X') — F(S.) is surjective by construction). To prove that ¢ is injective,
it will suffice to show that the kernel of v is trivial (since % is a group homomorphism, using the cogroup
structure on S, given by (i)). Fix an element « € ker(¢), represented by a map f : S, — X’. Assumption
(i) guarantees that S, is compact, so that f factors through some map f : S, — X,,, which determines
an element of the kernel K of the map Homye(Sa, X,) — F(Sa). It follows from our construction that the
composite map S, — X,, = X, 41 factors through the counit of S, so that f is the unit element of ker(v)).
This completes the proof of (x).

Assertion (b) guarantees that F'(()) consists of a single element. Applying (+') in the case X = (), we obtain
an element 7' € F(X') which induces isomorphisms Homye(Sa, X') — F(S,) for each index a. We will
complete the proof by showing that 7’ exhibits F' as the functor on hC represented by the object X’. In other
words, we claim that for every object Y € €, the element 1’ induces a bijection 6 : Hompe(Y, X') — F(Y).

We begin by showing that 6 is surjective. Fix an element n” € F(Y). Assumption (b) guarantees
that (1/,n") determines an element of F(Y [[ X’). Applying assertion (x') to this element, we deduce the
existence of amap X' [[Y — Z and an element 77 € F(Z) lifting the pair (', ") which induces isomorphisms
Homype(Sa, Z) = F(Sy) for each index a. We have a commutative diagram

Maphe(sa,X/) Maphe(SO”Z)

T~

F(Sa)

for each index «, in which the vertical maps are bijective. It follows that the horizontal map is also bijective.
Invoking (), we deduce that X’ — Z is an equivalence. The composite map Y — Z ~ X’ is then a preimage
of " in the set Hompe(Y, X').
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We now complete the proof by showing that 6 is injective. Fix a pair of maps f,g : Y — X’ which
determine the same element of F(Y). Form a pushout diagram

Y]_[Y(fg) X/

]

Y — 7.

Using assumption (b), we deduce that n’ € F(X') can be lifted to an element 77 € F(Z). Applying ('),
we deduce the existence of a map Z — Z’ and an element 77 € F(Z’) lifting 77 and inducing bijections
Hompe(Sa, Z') — F(S,) for each index ov. We have commutative diagrams

Maphe SOMX Maphe Sa,Z)

T

in which the vertical maps are bijective. It follows that the horizontal maps are also bijective, so that (x)
guarantees that the map h : X’ — Z’ is an equivalence in €. Since the compositions h o f and h o g are
homotopic, we deduce that f and g are homotopic and therefore represent the same element of Homye (Y, X'),
as desired. O

1.4.2 Spectrum Objects

In this section, we will describe a method for constructing stable co-categories: for any oo-category € which
admits finite limits, one can consider an co-category Sp(C) of spectrum objects of C. In the special case where
C is the oo-category of spaces, this construction will recover classical stable homotopy theory; we will discuss
this example in more detail in §1.4.3.

If the oo-category € is pointed, then the co-category Sp(C) of spectrum objects of € can be described as
the homotopy inverse limit of the tower of co-categories

seZee.

As we saw in §1.4.1, the objects of this homotopy inverse limit are closely related to cohomology theories
defined on the oo-category €. In this section, it will be more convenient to adopt a dual perspective: we will
identify spectrum objects of € with homology theories defined on pointed spaces, taking values in C.

Before giving any formal definitions, let us consider the most classical example of a homology theory: the
singular homology of topological spaces. This theory associates to every topological space X the singular
homology groups H,,(X;Z). These groups are covariantly functorial in X, and have the following additional
property: for every pair of open sets U,V C X which cover X, we have a long exact Mayer-Vietoris sequence

Note that the singular homology H,,(X;Z) can be defined as the homology of the (normalized or unnormal-
ized) chain complex associated to the simplicial abelian group Z Sing(X),. freely generated by the simplicial
set Sing(X).. As such, they can be viewed as the homotopy groups of Z Sing(X)., regarded as a Kan
complex. The above long exact sequence results from the observation that that diagram

ZSing(UNV)e —— ZSing(U),

l l

Z Sing(V)e — Z Sing(X).
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is a homotopy pullback square of Kan complexes. This is a consequence of the following more general fact:
the construction X +— Z Sing(X), carries homotopy pushout diagrams (of topological spaces) to homotopy
pullback diagrams (of Kan complexes). We now proceed to axiomatize this phenomenon:

Definition 1.4.2.1. Let F : € — D be a functor between oo-categories.

(7) If € admits pushouts, then we will say that F is excisive if F' carries pushout squares in € to pullback
squares in D.

(i) If € admits a final object *, we will say that F' is reduced if F'(x) is a final object of D.

If € admits pushouts, we let Exc(C, D) denote the full subcategory of Fun(€, D) spanned by the excisive
functors. If € admits a final object, we let Fun,(C,D) denote the full subcategory of Fun(€, D) spanned
by the reduced functors. If € admits pushouts and a final object, we let Exc,(C, D) denote the intersection
Exc(€, D) N Fun,(C, D).

Remark 1.4.2.2. Let F : € — D be a functor between oco-categories, and suppose that € is a pointed
oo-category which admits finite colimits. If € is stable, then F' is reduced and excisive if and only if it is left
exact (Proposition 1.1.3.4). If instead D is stable, then F' is reduced and excisive if and only if it is right
exact. In particular, if both € and D are stable, then F' is reduced and excisive if and only if it is exact
(Proposition 1.1.4.1).

Remark 1.4.2.3. Let K be a simplicial set, let € be an co-category which admits pushouts, and let D be
an oo-category which admits K-indexed limits. Then Fun(C,D) admits K-indexed limits. Moreover, the
collection of excisive functors from € to D is closed under K-indexed limits. Similarly, if € has a final object
*, the the full subcategory Fun, (€, D) C Fun(C, D) is closed under K-indexed limits.

Remark 1.4.2.4. Suppose that € is a small pointed oco-category which admits finite colimits, and let D be
a presentable oo-category. Then Fun,(C, D), Exc(C, D), and Exc.(C, D) are accessible localizations of the
oo-category Fun(C, D) (Lemmas T.5.5.4.18 and T.5.5.4.19). In particular, each is a presentable oo-category.

Notation 1.4.2.5. Let 8, denote the oco-category of pointed objects of 8. That is, 8, denotes the full
subcategory of Fun(A!,8) spanned by those morphisms f : X — Y for which X is a final object of 8
(Definition T.7.2.2.1). Let 8" denote the smallest full subcategory of § which contains the final object *
and is stable under finite colimits. We will refer to 8 as the co-category of finite spaces. We let 8i» C 8,
denote the co-category of pointed objects of 8. We observe that the suspension functor ¥ : 8, — 8, carries
8fin to itself. For each n > 0, we let S™ € 8, denote a representative for the (pointed) n-sphere.

Remark 1.4.2.6. It follows from Remark T.5.3.5.9 and Proposition T.4.3.2.15 that 8 is characterized by
the following universal property: for every oco-category D which admits finite colimits, evaluation at * induces
an equivalence of co-categories Fun™*(8fi*, D) — D. Here Fun®*™ (8" D) denotes the full subcategory of
Fun(8fi®, D) spanned by the right exact functors. More informally: the oco-category 8" is freely generated
by a single object (the space *) under finite colimits.

Warning 1.4.2.7. The oo-category 8" does not coincide with the co-category of compact objects 8¢ C 8.
Instead, there is an inclusion 8" C 8¢, which realizes 8¢ as an idempotent completion of 8. An object of
X € 8 belongs to 8" if and only if its Wall finiteness obstruction vanishes. We refer the reader to [159] for
further details.

Definition 1.4.2.8. Let € be an oco-category which admits finite limits. A spectrum object of € is a reduced,
excisive functor X : 8" — €. Let Sp(C) = Exc, (8", €) denote the full subcategory of Fun(8f», €) spanned
by the spectrum objects of C.

Remark 1.4.2.9. Let C be an oco-category which admits finite limits, and K an arbitrary simplicial set.
Then we have a canonical isomorphism Sp(Fun(K, C)) ~ Fun(K, Sp(C)).
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We next show that if € is an oo-category which admits finite limits, then the co-category Sp(C) is stable.
We begin with the following observation:

Lemma 1.4.2.10. Let C be a pointed oco-category which admits finite colimits, and let D be an oco-category
which admits finite limits. Then the co-category Exc.(C, D) is pointed and admits finite limits.

Proof. The existence of finite limits in Exc,(C, D) follows from Remark 1.4.2.3. Let * denote a final object
of € and #’ a final object of D. Let X : € — D be the constant functor taking the value *’. Then X is a
final object of Fun(C, D), and in particular a final object of Exc,(€, D). We claim that X is also an initial
object of Fun,(C,D) (and in particular an initial object of Exc,(C,D)). To prove this, choose any other
object Y € Fun, (€, D); we wish to show that the mapping space Mapp,,e n)(X,Y) is contractible. Since
the functor Y is reduced, the mapping space Mappy, (e py(X (*), Y (*)) is contractible. It will therefore suffice
to show that the restriction map

MapFun(C,D)(Xv Y) = MapFun(@,’.D)(‘X(*)v Y (%))

is a homotopy equivalence. This follows from the observation that X is a left Kan extension of its restriction
along the inclusion {*} — C. O

We will deduce the stability of Sp(€) using the following general criterion:

Proposition 1.4.2.11. Let C be a pointed oco-category which admits finite limits and colimits. Then:
(1) If the suspension functor e is fully faithful, then every pushout square in C is a pullback square.
(2) If the loop functor Qe is fully faithful, then every pullback square in C is a pushout square.

(3) If the loop functor Qe is an equivalence of co-categories, then C is stable.

We will deduce Proposition 1.4.2.11 from a more general assertion regarding functors between pointed
oo-categories. The formulation of this result will require a bit of terminology.

Notation 1.4.2.12. Let F': € — D be a functor between oco-categories, and assume that D admits finite
limits. For every commutative square 7:
W——X

,

Y ——=7

in C, we obtain a commutative square F(7):

in D. This diagram determines a map 7, : F(W) — F(X) xp(z) F(Y) in the oo-category D, which is
well-defined up to homotopy. If we suppose further that X and Y are zero objects of €, that F(X) and
F(Y') are zero objects of D, and that 7 is a pushout diagram, then we obtain a map F(W) — QpF(XeW),
which we will denote simply by nw .

Proposition 1.4.2.13. Let C be a pointed co-category which admits finite colimits, D a pointed co-category
which admits finite limits, and let F': € — D a reduced functor. The following conditions are equivalent:

(1) The functor F is excisive (Definition 1.4.2.1): that is, F carries pushout squares in C to pullback
squares in D.
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(2) For every object X € C, the canonical map nx : F(X) = QpF(XeX) is an equivalence in D (see
Notation 1.4.2.12).

Assuming Proposition 1.4.2.13 for the moment, it is easy to verify Proposition 1.4.2.11:
Proof of Proposition 1.4.2.11. Assertion (1) follows by applying Proposition 1.4.2.13 to the identity functor
ide, and assertion (2) follows from (1) by passing to the opposite oco-category. Assertion (3) is an immediate
consequence of (1) and (2) (note that if Qe is an equivalence of co-categories, then its left adjoint Ye is also
an equivalence of oo-categories). O
Restricting our attention to stable co-categories, Proposition 1.4.2.13 yields the following:

Corollary 1.4.2.14. Let F : C — D be a functor between stable co-categories. Then F is exact if and only
if the following conditions are satisfied:

(1) The functor F carries zero objects of C to zero objects of D.
(2) For every object X € C, the canonical map LpF(X) — F(EeX) is an equivalence in D.
The proof of Proposition 1.4.2.13 makes use of the following lemma:

Lemma 1.4.2.15. Let C be a pointed oo-category which admits finite colimits, D a pointed co-category which
admits finite limits, and F : C — D a reduced functor. Suppose given a pushout diagram T:

W——X

,

Y ——7
in C. Then there exists a map 0; : F(X) Xp(z) F(Y) = QpF(XeW) with the following properties:
(1) The composition 0. o n, is homotopic to ny . Here 0. and nyw are defined as in Notation 1.4.2.12.
(2) Let Xe(T) denote the induced diagram
YW ——=3eX

L

YeY ——XeZ.

Then there is a pullback square
Nse(r) ©0r —>1nx

_—

ny Nz
in the co-category Fun(Al, D) of morphisms in D.

Proof. In the co-category €, we have the following commutative diagram (in which every square is a pushout):

w X 0

|

Y — XY —0lpy Y —— 0

| |

0— = XTIy 0 YeW YeV

0 SeX Se(X Iy Y).
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Applying the functor F', and replacing the upper left square by a pullback, we obtain a new diagram

F(X) Xpz) F(Y) F(X) 0
F(Y) F(Z) FOIyY) —=0

| |

0 ———— F(X Iy 0) — F(SeW) — F(SeY)

|

0— > F(SeX) — F(Se2).

Restricting attention to the large square in the upper left, we obtain the desired map 0, : F(X)xp7 F(Y) —
Qp F(ZeW). Tt is easy to verify that 6, has the desired properties. O

Proof of Proposition 1.4.2.13. The implication (1) = (2) is obvious. Conversely, suppose that (2) is satisfied.
We must show that for every pushout square 7 :

X Y

.

Z——Y1lx Z

in the oco-category €, the induced map 7, is an equivalence in D. Let 6, be as in the statement of Lemma
1.4.2.15. Then 6, o1, is homotopic to nx, and is therefore an equivalence (by virtue of assumption (2)). It
will therefore suffice to show that 6, is an equivalence. The preceding argument shows that 6, has a right
homotopy inverse. To show that 6, admits a left homotopy inverse, it will suffice to show that ns.- 06, is an
equivalence. This follows from the second assertion of Lemma 1.4.2.15, since the maps 1y, 1z, and ny1, z
are equivalences (by assumption (2)). O

Proposition 1.4.2.16. Let C be a pointed oo-category which admits finite colimits and D an oco-category
which admits finite limits. Then the co-category Exc.(C, D) is stable.

Proof. We may assume without loss of generality that € is small. Suppose first that D is presentable. Let
S : Fun(C, D) — Fun(C, D) be given by F' +— F o¥Xe, where ¥ : € — € denotes the suspension functor. Then
S carries Exc,(C, D) to itself. Using the definition of excisive functors, we conclude that S is a homotopy
inverse to the functor Qgy., (¢, ). Since Exc,(C, D) is pointed (Lemma 1.4.2.10) and admits finite limits and
colimits (Remark 1.4.2.4), we conclude from Proposition 1.4.2.11 that it is stable.

To handle the general case, we may assume without loss of generality that D is small. Let D’ = P(D)
be the oo-category of presheaves on D and let j : D — D’ be the Yoneda embedding. Since j is left exact,
it induces a fully faithful embedding Exc. (€, D) — Exc.(C,D"). Then Exc.(C,D) is equivalent to a full
subcategory of the stable oo-category Exc.(C,D’), which is closed under finite limits and suspensions. It
follows from Lemma 1.1.3.3 that Exc,.(C, D) is stable. O

Corollary 1.4.2.17. Let C be an co-category which admits finite limits. Then the co-category Sp(C) of
spectrum objects of C is stable.

Remark 1.4.2.18. Let € be an oco-category which admits finite limits, and let C, denote the co-category of
pointed objects of €. Then the forgetful functor €, — € induces an equivalence of oo-categories Sp(C,) —
Sp(C€). To see this, we observe that there is a canonical isomorphism of simplicial sets Sp(C.) ~ Sp(C).. We
are therefore reduced to proving that the forgetful functor Sp(€). — Sp(C) is an equivalence of oo-categories,
which follows from the fact that Sp(€) is pointed (Corollary 1.4.2.17).
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Our next goal is to characterize the co-category Sp(€) by means of a universal property.

Lemma 1.4.2.19. Let C be an oo-category which admits finite colimits and a final object, let f : € — C,
be a left adjoint to the forgetful functor, and let D be a stable co-category. Let Exc'(C, D) denote the full
subcategory of Exc(C, D) spanned by those functors which carry the initial object of C to a final object of D.
Then composition with f induces an equivalence of co-categories ¢ : Exc,(Cy, D) — Exc'(C, D).

Proof. Consider the composite functor

cofib
—

6 : Fun(€, D) x €, C Fun(€, D) x Fun(A', @) — Fun(A', D) D.

We can identify 6 with a map Fun(C, D) — Fun(C,, D). Since the collection of pullback squares in D is a
stable subcategory of Fun(A! x Al D), we conclude @ restricts to a map v : Exc'(€, D) — Exc,(Cy, D). It
is not difficult to verify that v is a homotopy inverse to ¢. O

Notation 1.4.2.20. Let S° denote the 0-sphere, regarded as an object of the co-category 8™ of pointed
finite spaces. If C is an oo-category which admits finite limits, we let Q°° : Sp(€) — € denote the functor
given by evaluation at S € 8. More generally, in n € Z is an integer, we let Q=" : Sp(C) — € denote
the functor given by composing Q°° : Sp(€) — € with the shift functor X — X|[n] on Sp(€) (if n > 0, then
the functor Q=" : Sp(€C) — C is given by evaluation on the n-sphere S™).

Proposition 1.4.2.21. Let D be an oo-category which admits finite limits. The following conditions are
equivalent:

(1) The oco-category D is stable.
(2) The functor Q% : Sp(D) — D is an equivalence of co-categories.

Proof. The implication (2) = (1) follows from Corollary 1.4.2.17. Conversely, suppose that (1) is satisfied,
and let f : 8" — 8fi" be a left adjoint to the forgetful functor (obtained by adding a disjoint base point).
Using Lemma 1.4.2.19, we are reduced to proving that evaluation at the object * € 8" induces an equivalence
of oo-categories Exc’ (8%, D). Note that a functor X : 8 — D belongs to Exc’(8", D) if and only if it is
right exact. The desired result now follows from Remark 1.4.2.6. O

Proposition 1.4.2.22. Let C be a pointed co-category which admits finite colimits and D an oco-category
which admits finite limits. Then composition with the functor Q°° : Sp(D) — D induces an equivalence of
oo-categories

0 : Exc.(C,Sp(D)) — Exc.(C, D).

Proof. Under the canonical isomorphism Exc, (€, Sp(D)) ~ Sp(Exc.(C, D)), the functor 6 corresponds to
evaluation map Q% : Sp(Exc.(C, D)) — Exc.(C, D). Since Exc.(C,D) is stable by Proposition 1.4.2.16,
Proposition 1.4.2.21 implies that 6 is an equivalence of co-categories. O

Corollary 1.4.2.23. Let C be a stable co-category, let D an co-category which admits finite limits, and let
Fun’(€, D) C Fun(€, D) Fun’(C, Sp(D)) € Fun(C,Sp(D))

denote the full subcategories spanned by the left-exact functors. Then composition with the functor Q°° :
Sp(D) — D induces an equivalence of co-categories

Fun’(€,Sp(D)) — Fun'(C, D).

Proposition 1.4.2.24. Let C be a pointed co-category which admits finite limits. Then the functor Q° :
Sp(€C) — € can be lifted to an equivalence of Sp(C) with the homotopy limit of the tower of co-categories

s eZe%e.
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Remark 1.4.2.25. Let € be an co-category which admits finite limits. Combining Remark 1.4.2.18 with
Proposition 1.4.2.24, we can identify the oo-category Sp(C) of spectrum objects of € with the homotopy limit
of the tower

e de Be,.

Lemma 1.4.2.26. Let C be a small pointed co-category, and let P,.(C) denote the full subcategory of P(C) =
Fun(C,8) spanned by those functors which carry zero objects of C to final objects of 8. Then:

(1) Let S denote the set consisting of a single morphism from an initial object of P(C) to a final object of
P(€). Then P.(C) = S~LP(C).

(2) The co-category P.(C) is an accessible localization of P(C). In particular, P.(C) is presentable.

(3) The Yoneda embedding € — P(C) factors through P.(C), and the induced embedding j : € — P,(C)
preserves zero objects.

(4) Let D be an oo-category which admits small colimits, and let Fun® (P, (), D) denote the full subcategory
of Fun(P,(€), D) spanned by those functors which preserve small colimits. Then composition with j
induces an equivalence of co-categories Fun® (P, (€), D) — Fung(€, D), where Fung(€, D) denotes the
full subcategory of Fun(@, D) spanned by those functors which carry zero objects of C to initial objects
of D.

(5) The oco-category P.(C) is pointed.

(6) The full subcategory P.(C) C P(C) is closed under small limits and under small colimits parametrized
by weakly contractible simplicial sets. In particular, P.(C) is stable under small filtered colimits in

P(C).
(7) The functor j : C — P.(C) preserves all small limits which exist in C.
(8) The co-category P.(C) is compactly generated.

Proof. For every object X € 8, let Fx € P(C) denote the constant functor taking the value X. Then Fx is
a left Kan extension of Fx|{0}, where 0 denotes a zero object of C. It follows that for any object G € P(C),
evaluation at 0 induces a homotopy equivalence

Mapg(e) (Fx, G) = Mapg (Fx (0), G(0)) = Mapg (X, G(0)).

We observe that the inclusion ) C A® induces a map Fy — Fao from an initial object of P(C) to a final
object of P(€). It follows that an object G of P(€) is S-local if and only if the induced map

G(0) ~ Mapg(A°, G(0)) — Mapg (B, G(0)) ~ A°

is a homotopy equivalence: that is, if and only if G € P,(€). This proves (1).

Assertion (2) follows immediately from (1), and assertion (3) is obvious. Assertion (4) follows from
(1), Theorem T.5.1.5.6, and Proposition T.5.5.4.20. To prove (5), we observe that Fao is a final object
of P(€), and therefore a final object of P,(€). It therefore suffices to show that Fao is an initial object
of P,(€). This follows from the observation that for every G € P(€), we have homotopy equivalences
Mapy ey (Fao, G) =~ Mapg (A, G(0)) ~ G(0) so that the mapping space Mapgp e (Fao, G) is contractible if
G € P.(C). Assertion (6) is obvious, and (7) follows from (6) together with Proposition T.5.1.3.2. We deduce
(8) from (6) together with Corollary T.5.5.7.3. O

Proof of Proposition 1.4.2.24. Let C denote a homotopy limit of the tower

s eZe%e.
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We begin by showing that C is a stable co-category.

Assume first that € is presentable. Applying Theorem T.5.5.3.18, we deduce that € is presentable. In
particular, € admits small limits and colimits. By construction, € is pointed and the loop functor 0z is an
equivalence of co-categories. Applying Proposition 1.4.2.11, we deduce that C is stable.

We now prove that C is stable in general. Without loss of generality, we may assume that € is small. Let
j:€— P.(C) be as in Lemma 1.4.2.26, and let P,(C) denote a homotopy limit of the tower

e 2.0 S0,

The functor j is fully faithful and left exact, and therefore induces a fully faithful left exact embedding
€ — P.(€). Then C is closed under finite limits and shifts in the stable co-category P, (€), and is therefore
stable by Lemma 1.1.3.3.

Let G : € — @ be the the canonical map. Then G is left exact. Applying Corollary 1.4.2.23, we deduce
that G factors as a composition

c%spe) L e.
We will complete the proof by showing that G’ is an equivalence of co-categories. To prove this, it will suffice
to show that for every stable co-category D, composition with G’ induces an equivalence

Fun’(D, €) — Fun’(D, Sp(C)),

where Fun’(D,X) denotes the full subcategory of Fun(D,X) spanned by the left exact functors. Using
Corollary 1.4.2.23, we are reduced to proving that composition with G' induces an equivalence Fun’(D, €) —
Fun’(D,C). For this, it suffices to show that the loop functor Qe induces an equivalence Fun'(D,€) —
Fun’(D, €). A homotopy inverse to this functor is given by precomposition with the suspension functor ¥q
(as in the proof of Proposition 1.4.2.16). O

Using Proposition 1.4.2.24, we can obtain a slight improvement on Proposition 1.4.2.11:

Corollary 1.4.2.27. Let C be a pointed oco-category. The following conditions are equivalent:

(1) The co-category C is stable.
(2) The co-category C admits finite colimits and the suspension functor Ye : C — € is an equivalence.

(3) The co-category C admits finite limits and the loop functor Qe : € — C is an equivalence.

Proof. We will show that (1) < (3); the dual argument will prove that (1) < (2). The implication (1) = (3)
is clear. Conversely, suppose that € admits finite limits and that Qe is an equivalence. Proposition 1.4.2.24
implies that Sp(€) can be identified with the homotopy inverse limit of the tower

L% e,

If (3) is satisfied, then the loop functor Qe is an equivalence, so this tower is essentially constant. It follows
that Q% : Sp(€) — € is an equivalence of oco-categories. Since Sp(€) is stable (Corollary 1.4.2.17), so is
C. O

1.4.3 The oco-Category of Spectra

In this section, we will discuss what is perhaps the most important example of a stable co-category: the
oo-category of spectra. In classical homotopy theory, one defines a spectrum to be a sequence of pointed
spaces {X,,}n>0, equipped with homotopy equivalences (or homeomorphisms, depending on the author)
Xn — QXpy1) for all n > 0. By virtue of Remark 1.4.2.25, this admits the following oo-categorical
translation:
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Definition 1.4.3.1. A spectrum is a spectrum object of the oo-category 8 of spaces. We let Sp = Sp(8.)
denote the co-category of spectra.

Remark 1.4.3.2. The homotopy category hSp of spectra can be identified with the classical stable homotopy
category. There are many different constructions of the stable homotopy category in the literature. For a
discussion of some other modern approaches, we refer the reader to [51] and [73].

Remark 1.4.3.3. According to Definition 1.4.3.1, a spectrum FE is a reduced, excisive functor from the
oo-category 8™ of pointed finite spaces to the co-category 8 of spaces. As suggested in §1.4.2, we can think
of such a functor as defining a homology theory A. More precisely, given a pair of finite spaces Xg C X, we
can define the relative homology group A, (X, Xo) to be 7, F(X/Xy), where X/ X, denotes the pointed space
obtained from X by collapsing Xy to a point (here the homotopy group is taken with base point provided
by the map x ~ F(x) — FE(X/Xp) ). The assumption that F is excisive guarantees the existence of excision
and Mayer-Vietoris sequences for A.

It follows from Corollary 1.4.2.17 that the co-category Sp of spectra is stable. To analyze this co-category
further, we observe that there is a t-structure on Sp. This is a special case of the following general observation:

Proposition 1.4.3.4. Let C be a presentable co-category, and let Sp(C)<_1 be the full subcategory of Sp(C)
spanned by those objects X such that Q> (X) is a final object of €. Then Sp(C)<_1 determines an accessible
t-structure on Sp(C) (see Definition 1.4.4.12).

Proof. Note that the forgetful functor Q> : Sp(€) — C is accessible and preserves small limits, and therefore
admits a left adjoint ¥.3° (Corollary T.5.5.2.9). Choose a small collection of objects {C, } which generates €
under colimits. We observe that an object X € Sp(€) belongs to Sp(C)<_; if and only if each of the spaces

Mape(Ca, 27 (X)) ~ Mapg,, ) (57(Ca), X)

is contractible. Let Sp(€)>o be the smallest full subcategory of Sp(€) which is stable under colimits and
extensions, and contains each ¥°°(C,). Proposition 1.4.4.11 implies that Sp(€)>¢ is the collection of non-
negative objects of the desired t-structure on Sp(C). O

Remark 1.4.3.5. The proof of Proposition 1.4.3.4 gives another characterization of the t-structure on
Sp(€): the full subcategory Sp(C€)>¢ is generated, under extensions and colimits, by the essential image of
the functor ¥ : € — Sp(C).

We now apply Proposition 1.4.3.4 to the study of the co-category Sp:
Proposition 1.4.3.6. (1) The oo-category Sp is stable.

(2) Let (Sp)<—1 denote the full subcategory of Sp spanned by those objects X such that the space Q> (X) € 8
is contractible. Then (Sp)<_1 determines an accessible t-structure on Sp (see Definition 1.4.4.12).

(3) The t-structure on Sp is both left complete and right complete, and the heart Spo s canonically equiv-
alent to the (nerve of the) category of abelian groups.

Proof. Assertion (1) follows immediately from Corollary 1.4.2.17 and assertion (2) from Proposition 1.4.3.4.
We will prove (3). Note that a spectrum X can be identified with a sequence of pointed spaces {X(n)},
equipped with equivalences X (n) ~ QX(n + 1) for all n > 0. We observe that X € (Sp)<,, if and only
if each X (n) is (n + m)-truncated. In general, the sequence {7<,4mX(n)} itself determines a spectrum,
which we can identify with the truncation 7<,, X. It follows that X € (Sp)>m+1 if and only if each X (n)
is (n +m + 1)-connective. In particular, X lies in the heart of Sp if and only if each X (n) is an Eilenberg-
MacLane object of § of degree n (see Definition T.7.2.2.1). It follows that the heart of Sp can be identified
with the homotopy inverse limit of the tower of co-categories

B M (8) B ey (8),



1.4. SPECTRA AND STABILIZATION 125

where EM,,(8) denotes the full subcategory of 8. spanned by the Eilenberg-MacLane objects of degree n.
Proposition T.7.2.2.12 asserts that after the second term, this tower is equivalent to the constant diagram
taking the value N(Ab), where Ab is category of abelian groups.

It remains to prove that Sp is both right and left complete. We begin by observing that if X € Sp is
such that 7, X ~ 0 for all n € Z, then X is a zero object of Sp (since each X (n) € § has vanishing homotopy
groups, and is therefore contractible by Whitehead’s theorem). Consequently, both ((Sp)<_, and ()(Sp)>x
coincide with the collection of zero objects of Sp. It follows that

(Sp)20 = {X €Sp: (¥n < 0)[m, X ~ 0]}

(Sp)<o ={X € Sp: (Yn > 0)[m, X ~0]}.

According to Proposition 1.2.1.19, to prove that Sp is left and right complete it will suffice to show that the
subcategories (Sp)>o and (Sp)<g are stable under products and coproducts. In view of the above formulas,
it will suffice to show that the homotopy group functors 7, : Sp — N(Ab) preserve products and coproducts.
Since 7, obviously commutes with finite coproducts, it will suffice to show that 7, commutes with products
and filtered colimits. Shifting if necessary, we may reduce to the case n = 0. Since products and filtered
colimits in the category of abelian groups can be computed at the level of the underlying sets, we are reduced
to proving that the composition

Sp &5 8 T8 N(Set)

preserves products and filtered colimits. This is clear, since each of the factors individually preserves products
and filtered colimits. O

Our next goal is to show that the oo-category Sp is compactly generated. This is a consequence of the
following more general result:

Proposition 1.4.3.7. Let C be a compactly generated co-category. Then the co-category Sp(C) is compactly
generated.

Proof. Let D be the full subcategory of Sp(€) spanned by the compact objects. Since Sp(C) is presentable,
the oco-category D is essentially small. It follows that the inclusion D < Sp(C) extends to a fully faithful
embedding ¢ : Ind(D) — Sp(C) (Proposition T.5.3.5.10). We wish to show that 0 is an equivalence of
oo-categories. Since 6 preserves small colimits (Proposition T.5.5.1.9), it admits a right adjoint G; it will
therefore suffice to show that the functor G is conservative. Let o : X — Y be a morphism in Sp(€) such
that G(«) is an equivalence. We wish to show that « is an equivalence. For this, it will suffice to show
that for every integer n, the induced map Q"X — Q°°7"Y is an equivalence in €. Since C is compactly
generated, it will suffice to show that o induces a homotopy equivalence

0 : Mape(C, Q% X) — Mape(C, Q°°Y)

for every compact object C' € C. To prove this, we note that filtered colimits in C are left exact, so
that the full subcategory Sp(€) C Fun(8f", €) is closed under filtered colimits. It follows that the functor
0> : Sp(€) — C admits a left adjoint X5° : € — Sp(C) which carries compact objects of € to compact
objects of Sp(€). We can identify 6 with the map Mapg,e) (X3 (C), X) — Mapg,e)(X(C),Y) given by
composition with a. Since ¥°(C') is compact, our assumption that G(«) is an equivalence guarantees that
f is a homotopy equivalence as desired. O

Remark 1.4.3.8. Let Ab denote the category of abelian groups. For each n € Z, the construction X — 7, X
determines a functor Sp — N(Ab). Note that if n > 2, then m,, can be identified with the composition

Sp 23 8. ™ N(AD)

where the second map is the usual homotopy group functor. Since Sp is both left and right complete,
we conclude that a map f : X — Y of spectra is an equivalence if and only if it induces isomorphisms
X — m,Y for all n € Z.
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We close this section with the following useful result, which relates colimits in the oco-categories Sp and

S:
Proposition 1.4.3.9. The functor Q° : Sp>o — 8 preserves sifted colimits.

Proof. Since every sifted simplicial set is weakly contractible, the forgetful functor 8, — 8 preserves sifted
colimits (Proposition T.4.4.2.9). It will therefore suffice to prove that the functor Q$°| Sp~, — 8. preserves
sifted colimits. -

For each n > 0, let $=" denote the full subcategory of § spanned by the n-connective objects, and let 8*2"
be the co-category of pointed objects of $=™. We observe that Sp~ can be identified with the homotopy
inverse limit of the tower B

B g2t B g20

> 2 i
Zntl 5 82" preserves sifted

It will therefore suffice to prove that for every n > 0, the loop functor €2 : 8§
colimits.

The co-category $=" is the preimage (under 7<y,_1) of the full subcategory of 7<,_1 8 spanned by the
final objects. Since this full subcategory is stable under sifted colimits and since 7<,,—; commutes with all
colimits, we conclude that 8§z C § is stable under sifted colimits.

According to Lemmas T.7.2.2.11 and T.7.2.2.10, there is an equivalence of 8*21 with the oco-category of
group objects Grp(8.). This restricts to an equivalence of $2"+ with Srp(an) for all n > 0. Moreover,

under this equivalence, the loop functor €2 can be identified with the composition
Grp(87") € Fun(N(A),87") — 87",

where the second map is given by evaluation at the object [1] € A. This evaluation map commutes with sifted
colimits ( Proposition T.5.1.2.2). Consequently, it will suffice to show that Grp(82") C Fun(N(A)%, 82" is
stable under sifted colimits.

Without loss of generality, we may suppose n = 0; now we are reduced to showing that Grp(S.) C
Fun(N(A)°P,8,) is stable under sifted colimits. In view of Lemma T.7.2.2.10, it will suffice to show that
Grp(8) C Fun(N(A)°P,§) is stable under sifted colimits. Invoking Proposition T.7.2.2.4, we are reduced to
proving that the formation of sifted colimits 8 commutes with finite products, which follows from Lemma
T.5.5.8.11. O

1.4.4 Presentable Stable co-Categories

In this section, we will study the class of presentable stable co-categories: that is, stable co-categories which
admit small colimits and are generated (under colimits) by a set of small objects. In the stable setting, the
condition of presentability can be formulated in a particularly simple way.

Proposition 1.4.4.1. (1) A stable co-category C admits small colimits if and only if C admits small
coproducts.

(2) Let F : C — D be an exact functor between stable oo-categories which admit small colimits. Then F
preserves small colimits if and only if F preserves small coproducts.

(3) Let C be a stable co-category which admits small colimits, and let X be an object of C. Then X is
compact if and only if the following condition is satisfied:

(x) For every map f : X — [[,ca Ya in C, there exists a finite subset Ag C A such that f factors (up
to homotopy) through [ ,c 4, Ya-

Proof. The “only if” direction of (1) is obvious, and the converse follows from Proposition T.4.4.3.2. Assertion
(2) can be proven in the same way.

The “only if” direction of (3) follows from the fact that an arbitrary coproduct [
as a filtered colimit of finite coproducts [ |

acAa Yo can be obtained
aea, Yo (see §T.4.2.3). Conversely, suppose that an object X € C
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satisfies (x); we wish to show that X is compact. Let f: C — S be the functor corepresented by X (recall
that 8 denotes the oo-category of spaces which are not necessarily small). Proposition T.5.1.3.2 implies that
[ is left exact. According to Proposition 1.4.2.22, we can assume that f = Q° o F, where F': € — §f) is
an exact functor; here Sp denotes the co-category of spectra which are not necessarily small. We wish to
prove that f preserves filtered colimits. Since (2> preserves filtered colimits, it will suffice to show that F'
preserves all colimits. In view of (2), it will suffice to show that F' preserves coproducts. In virtue of Remark
1.4.3.8, we are reduced to showing that each of the induced functors

e 5 Sp ™3 N(Ab)

preserves coproducts, where Ab denotes the category of (not necessarily small) abelian groups. Shifting if
necessary, we may suppose n = 0. In other words, we must show that for any collection of objects {Y }aca,
the natural map

0 : @D Exty(X,Ya) — Extg(X, [] Ya)

is an isomorphism of abelian groups. The surjectivity of @ amounts to the assumption (x), while the injectivity
follows from the observations that each Y, is a retract of the coproduct J]Y, and that the natural map
D Ext2(X,Y,) — []Ext2(X,Y,) is injective. O

If C is a stable oco-category, then we will say that an object X € C generates C if the condition
mo Mape(X,Y) ~ % implies that Y is a zero object of C.

Corollary 1.4.4.2. Let C be a stable co-category. Then € is presentable if and only if the following conditions
are satisfied:

(1) The co-category C admits small coproducts.
(2) The homotopy category hC is locally small.
(3) There exists a reqular cardinal k and a k-compact generator X € C.

Proof. Suppose first that € is presentable. Conditions (1) and (2) are obvious. To establish (3), we may
assume without loss of generality that € is an accessible localization of P(D), for some small co-category D.
Let F : P(D) — € be the localization functor and G its right adjoint. Let j : D — P(D) be the Yoneda
embedding, and let X be a coproduct of all suspensions (see §1.1.2) of objects of the form F'(j(D)), where
D € D. Since C is presentable, X is x-compact provided that k is sufficiently large. We claim that X
generates €. To prove this, we consider an arbitrary Y € € such that mo Mape(X,Y) ~ . It follows that
the space
Mape(F((D)), Y) = Mapp) ((D), G(Y)) = G(Y)(D)

is contractible for all D € D, so that G(Y)) is a final object of P(D). Since G is fully faithful, we conclude
that Y is a final object of €, as desired.

Conversely, suppose that (1), (2), and (3) are satisfied. We first claim that € is itself locally small.
It will suffice to show that for every morphism f : X — Y in € and every n > 0, the homotopy group
7o (Homg (X, Y), f) is small. We note that Hom{ (X, Y) is equivalent to the loop space of Homg (X, Y'[1]); the
question is therefore independent of base point, so we may assume that f is the zero map. We conclude that
the relevant homotopy group can be identified with Hompe(X[n],Y"), which is small by virtue of assumption
(2).

Fix a regular cardinal x and a k-compact object X which generates C. We now define a transfinite
sequence of full subcategories

co)cel)c...

as follows. Let C(0) be the full subcategory of C spanned by the objects {X[n]|}nez. If A is a limit ordinal,
let C(A) = Ug~, €(8). Finally, let C(a + 1) be the full subcategory of € spanned by all objects which can
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be obtained as the colimit of k-small diagrams in C(«). Since € is locally small, it follows that each C(«) is
essentially small. Tt follows by induction that each C(«) consists of k-compact objects of € and is stable under
translation. Finally, we observe that C(x) is stable under x-small colimits. It follows from Lemma 1.1.3.3
that C(k) is a stable subcategory of €. Choose a small co-category D and an equivalence f : D — C(k).
According to Proposition T.5.3.5.11, we may suppose that f factors as a composition

D % Ind,. (D) 5 €

where j is the Yoneda embedding and F is a k-continuous, fully faithful functor. We will complete the proof
by showing that F' is an equivalence.

Proposition T.5.5.1.9 implies that F' preserves small colimits. It follows that F' admits a right adjoint
G : € — Ind,(D) (Remark T.5.5.2.10). We wish to show that the counit map u : FoG — ide is an equivalence
of functors. Choose an object Z € C, and let Y be a cofiber for the induced map uz : (F o G)(Z) — Z.
Since F is fully faithful, G(uz) is an equivalence. Because G is an exact functor, we deduce that G(Y) = 0.
It follows that Mape(F(D),Y) ~ Mapy,g, (p) (D, G(Y)) =~ x for all D € Ind,(D). In particular, we conclude
that mo Mape(X,Y) ~ *. Since X generates €, we deduce that Y ~ 0. Thus uy is an equivalence as
desired. O

Remark 1.4.4.3. In view of Proposition 1.4.4.1 and Corollary 1.4.4.2, the hypothesis that a stable oco-
category C be compactly generated can be formulated entirely in terms of the homotopy category hC.
Consequently, one can study this condition entirely in the setting of triangulated categories, without making
reference to (or assuming the existence of) an underlying stable co-category. We refer the reader to [114] for
further discussion.

Our next result provides a large class of examples of presentable stable co-categories.
Proposition 1.4.4.4. Let C and D be presentable co-categories, and suppose that D is stable.
(1) The oco-category Sp(C) is presentable.
(2) The functor Q> : Sp(C) — € admits a left adjoint X3° : C — Sp(C).

(3) An exact functor G : D — Sp(C) admits a left adjoint if and only if ° o G : D — C admits a left
adjoint.

Proof. We first prove (1). Assume that € is presentable, and let 1 be a final object of €. Then C, is
equivalent to Cy/, and therefore presentable (Proposition T.5.5.3.11). The loop functor Q : C, — €, admits
a left adjoint ¥ : €, — C,.. Consequently, we may view the tower

Q Q
.= Gy — 6

as a diagram in the oo-category Pr®. Invoking Theorem T.5.5.3.18 and Remark 1.4.2.25, we deduce (1) and
the following modified versions of (2) and (3):

(2") The functor Q2 : Sp(€) — €, admits a left adjoint X*° : €, — Sp(C).

(3') An exact functor G : D — Sp(€) admits a left adjoint if and only if Q° o G : D — C, admits a left
adjoint.

To complete the proof, it will suffice to verify the following:

(2"”) The forgetful functor €, — € admits a left adjoint C — C..

(3") A functor G : D — €, admits a left adjoint if and only if the composition D £ e, — € admits a left
adjoint.
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To prove (2") and (3"), we recall that a functor G between presentable co-categories admits a left adjoint
if and only if G preserves small limits and small, x-filtered colimits, for some regular cardinal x (Corollary
T.5.5.2.9). The desired results now follow from Propositions T.4.4.2.9 and T.1.2.13.8. O

In what follows, if € and D are presentable co-categories, we let F‘unL(G, D) denote the full subcategory
of Fun(@, D) spanned by those functors which admit right adjoints, and Fun®™(€, D) the full subcategory
spanned by those functors which admit left adjoints.

Corollary 1.4.4.5. Let C and D be presentable co-categories, and suppose that D is stable. Then composition
with £ : € — Sp(C) induces an equivalence

Fun®™(Sp(€), D) — Fun®™(€, D).
Proof. This is equivalent to the assertion that composition with 2°° induces an equivalence
Fun®(D, Sp(€)) — Fun®(D, @),
which follows from Propositions 1.4.2.22 and 1.4.4.4. O

Using Corollary 1.4.4.5, we obtain another characterization of the co-category of spectra. Let S € Sp
denote the image under 3> : § — Sp of the final object * € 8. We will refer to .S as the sphere spectrum.

Corollary 1.4.4.6. Let D be a presentable stable co-category. Then evaluation on the sphere spectrum
induces an equivalence of co-categories

6 : Fun"(Sp,D) — D.

In other words, we may regard the oo-category Sp as the stable co-category which is freely generated,
under colimits, by a single object.

Proof. We can factor the evaluation map 6 as a composition
Fun®(Sp(8), D) & Fun™(8, D) & D

where ¢ is given by composition with ¥ and 6" by evaluation at the final object of 8. We now observe
that 6’ and 6" are both equivalences of oo-categories (Corollary 1.4.4.5 and Theorem T.5.1.5.6). O

We conclude this section with yet another characterization of the class of presentable stable co-categories.

Lemma 1.4.4.7. Let C be a stable co-category, and let € C € be a localization of €. Let L : C — € be a
left adjoint to the inclusion. Then L is left exact if and only if €' is stable.

Proof. The “if” direction follows from Proposition 1.1.4.1, since L is right exact. Conversely, suppose that
L is left exact. Since € is a localization of €, it is closed under finite limits. In particular, it is closed under
the formation of fibers and contains a zero object of €. To complete the proof, it will suffice to show that €
is stable under the formation of pushouts in €. Choose a pushout diagram o : A! x A = @

X —X

,

Y —Y'

in @, where X, X', Y € @. Proposition 1.1.3.4 implies that ¢ is also a pullback square. Let L : @ — € be a
left adjoint to the inclusion. Since L is left exact, we obtain a pullback square L(o):

LX —=LX'

L

LY ——= LY.
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Applying Proposition 1.1.3.4 again, we deduce that L(o) is a pushout square in €. The natural transformation
o — L(o) is an equivalence when restricted to A3, and therefore induces an equivalence Y’ — LY. Tt follows
that Y’ belongs to the essential image of €, as desired. O

Lemma 1.4.4.8. Let C be a stable co-category, D an oco-category which admits finite limits, and G : C —
Sp(D) an exact functor. Suppose that g = 0 o G : C — D is fully faithful. Then G is fully faithful.

Proof. Tt will suffice to show that each of the composite maps

co—n

gn: €= Sp(D) s D,

is fully faithful. Since g, can be identified with g,11 o £, where © : € — € denotes the loop functor,
we can reduce to the case n = 0. Fix objects C,C" € C; we will show that the map Mape(C,C") —
Mapq,, (90(C), go(C")) is a homotopy equivalence. We have a homotopy fiber sequence

Mapy_ (90(C), 90(C")) % Mapa (9(C), g(C")) — Mapap (%, 9(C")).

Here * denotes a final object of D. Since ¢ is fully faithful, it will suffice to prove that 6 is a homotopy
equivalence. For this, it suffices to show that Mapg (*,g(C")) is contractible. Since g is left exact, this
space can be identified with Map., (g(*), g(C”)), where * is the final object of €. Invoking once again our
assumption that g is fully faithful, we are reduced to proving that Mape(*, C’) is contractible. This follows
from the assumption that € is pointed (since * is also an initial object of €). O

Proposition 1.4.4.9. Let C be an oo-category. The following conditions are equivalent:
(1) The oco-category C is presentable and stable.
(2) There exists a presentable, stable co-category D and an accessible left-exact localization L : D — C.

(3) There exists a small co-category & such that € is equivalent to an accessible left-exact localization of
Fun(&, Sp).

Proof. The oo-category Sp is stable and presentable. It follows that for every small co-category &, the
functor co-category Fun(&, Sp) is also stable (Proposition 1.1.3.1) and presentable (Proposition T.5.5.3.6).
This proves (3) = (2). The implication (2) = (1) follows from Lemma 1.4.4.7. We will complete the proof
by showing that (1) = (3).

Since C is presentable, there exists a small co-category € and a fully faithful embedding g : € — P(€),
which admits a left adjoint (Theorem T.5.5.1.1 ). Propositions 1.4.2.22 and 1.4.4.4 implies that g is equivalent
to a composition

e % sp(P(e)) & p(e),

where the functor G admits a left adjoint. Lemma 1.4.4.8 implies that G is fully faithful. It follows that € is
an (accessible) left exact localization of Sp(P(€)). We now invoke Remark 1.4.2.9 to identify Sp(P(€)) with
Fun(&°?, Sp). O

Remark 1.4.4.10. Proposition 1.4.4.9 can be regarded as an analogue of Giraud’s characterization of topoi
as left exact localizations of presheaf categories ([56]). Other variations on this theme include the oo-
categorical version of Giraud’s theorem (Theorem T.6.1.0.6) and the Gabriel-Popesco theorem for abelian
categories (see [111]).

If C is a presentable stable co-category, then it is reasonably easy to construct t-structures on C: for any
small collection of objects { X, } of C, there exists a t-structure generated by the objects X,. More precisely,
we have the following result:

Proposition 1.4.4.11. Let C be a presentable stable co-category.
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(1) If € C € is a full subcategory which is presentable, closed under small colimits, and closed under
extensions, then there exists a t-structure on C such that € = C>o.

(2) Let {X,} be a small collection of objects of C, and let €' be the smallest full subcategory of C which
contains each X, and is closed under extensions and small colimits. Then €' is presentable.

Proof. We will give the proof of (1) and defer the (somewhat technical) proof of (2) until the end of this
section. Fix X € €, and let (?//X denote the fiber product €, x x¢ €. Using Proposition T.5.5.3.12, we
deduce that G// x is presentable, so that it admits a final object f : Y — X. It follows that composition with

f induces a homotopy equivalence
Map@(Zv Y) — Map@’(za X)

for each Z € @'. Proposition T.5.2.7.8 implies that € is a colocalization of €. Since €’ is stable under
extensions, Proposition 1.2.1.16 implies the existence of a (uniquely determined) t-structure such that €’ =
C>o. O

Definition 1.4.4.12. Let C be a presentable stable co-category. We will say that a t-structure on € is
accessible if the subcategory €>¢ C € is presentable.

Proposition 1.4.4.11 can be summarized as follows: any small collection of objects {X,} of a presentable
stable oco-category € determines an accessible t-structure on €, which is minimal among t-structures such
that each X, belongs to C>g.

Definition 1.4.4.12 has a number of reformulations:

Proposition 1.4.4.13. Let C be a presentable stable co-category equipped with a t-structure. The following
conditions are equivalent:

1) The co-category Cxg is presentable (equivalently: the t-structure on C is accessible).

2) The oo-category C>q s accessible.

3

The oo-category C<g is presentable.

5

(1)

(2)

3)

(4) The oo-category C<q is accessible.

(5) The truncation functor 7<¢ : € — C is accessible.
(6)

6) The truncation functor 7> : € = € is accessible.

Proof. We observe that C>( is stable under all colimits which exist in €, and that €< is a localization of C.
It follows that C>o and C<o admit small colimits, so that (1) < (2) and (3) < (4). We have a fiber sequence
of functors

TZO ﬁ> ide E) Tgfl.

The collection of accessible functors from € to itself is stable under shifts and under small colimits. Since
T<o =~ cofib()[1] and 7>¢ =~ cofib(8)[—1], we conclude that (5) < (6). The equivalence (1) < (5) follows
from Proposition T.5.5.1.2. We will complete the proof by showing that (1) < (3).

Suppose first that (1) is satisfied. Then €>1 = Cx¢[1] is generated under colimits by a set of objects
{X4}. Let S be the collection of all morphisms f in € such that 7<¢(f) is an equivalence. Using Proposition
1.2.1.16, we conclude that S is generated by {0 — X, } as a quasisaturated class of morphisms, and therefore
also as a strongly saturated class of morphisms (Definition T.5.5.4.5). We now apply Proposition T.5.5.4.15
to conclude that <o = S~! € is presentable; this proves (3).

We now complete the proof by showing that (3) = (1). If C<_; = C<¢[—1] is presentable, then Proposition
T.5.5.4.16 implies that S is of small generation (as a strongly saturated class of morphisms). Proposition
1.2.1.16 implies that S is generated (as a strongly saturated class) by the morphisms {0 — X, }oca, where
X, ranges over the collection of all objects of €>g. It follows that there is a small subcollection Ay C A
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such that S is generated by the morphisms {0 — X,}aca,- Let D be the smallest full subcategory of €
which contains the objects {Xq}aca, and is closed under colimits and extensions. Since Cx¢ is closed under
colimits and extensions, we have D C €>(. Consequently, C<_; can be characterized as full subcategory of
C spanned by those objects Y € € such that Ext]é(X,Y) for all K < 0 and X € D. Propositions 1.4.4.11
implies that D is the collection of nonnegative objects for some accessible t-structure on €. Since the negative
objects of this new t-structure coincide with the negative objects of the original t-structure, we conclude
that D = €, which proves (1). O

We conclude this section by completing the proof of Proposition 1.4.4.11.

Proof of part (2) of Proposition 1.4.4.11. Choose a regular cardinal x such that every object of X, is k-
compact, and let @" denote the full subcategory of € spanned by the sx-compact objects. Let € = €' N e~
and let " be the smallest full subcategory of €' which contains €’* and is closed under small colimits. The
oo-category C” is k-accessible, and therefore presentable. To complete the proof, we will show that ¢’ C €”.
For this, it will suffice to show that €” is stable under extensions.

Let D be the full subcategory of Fun(A!,€) spanned by those morphisms f : X — Y where Y € €,
X € €"[~1]. We wish to prove that the cofiber functor cofib : D — € factors through C”. Let D" be the full
subcategory of D spanned by those morphisms f : X — Y where both X and Y are k-compact objects of C.
By construction, cofib | D* factors through €”. Since cofib : D — € preserves small colimits, it will suffice to
show that D is generated (under small colimits) by D".

Fix an object f : X — Y in D. To complete the proof, it will suffice to show that the canonical
map (D;)” — D is a colimit diagram. Since D is stable under colimits in Fun(A',€) and colimits in
Fun(A', €) are computed pointwise (Proposition T.5.1.2.2), it will suffice to show that composition with the
evaluation maps give colimit diagrams (D7) — €. Lemma T.5.3.5.8 implies that the maps (G 1})7){ — G,

((3”")7}, — € are colimit diagrams. It will therefore suffice to show that the evaluation maps

@ -1))x & (@5 % ©))

are left cofinal.
We first show that 6 is left cofinal. According to Theorem T.4.1.3.1, it will suffice to show that for every
morphism «a : X’ — X in €'[~1], where X' is k-compact, the co-category

89 : D7f XG”‘[fl]/X<e,H[_1]/X)X//

is weakly contractible. For this, it is sufficient to show that &g is filtered (Lemma T.5.3.1.18).
We will show that £y is x-filtered. Let K be a k-small simplicial set, and p : K — &y a diagram; we will
extend p to a diagram p : K* — &y. We can identify p with two pieces of data:

(i) Amapp' : K¥— €"[-1]/x.

(ii) A map p” : (K x {oco}) x Al — €, with the properties that p”|(K x {oo}) x {0} can be identified with

P, p""|[{oo} x Al can be identified with f, and p”|K x {1} factors through €.
Let p' : (K9)> — €"[—1],x be a colimit of p’. To complete the proof that €y is r-filtered, it will suffice to
show that we can find a compatible extension p” : (K” x {co}) x A! — € with the appropriate properties.
Let L denote the full simplicial subset of (K> x {co}) x Al spanned by every vertex except (v,1), where v
denotes the cone point of K”. We first choose a map ¢ : L — € compatible with p” and p’. This is equivalent
to solving the lifting problem
Crs

7
Ve
g \L
s

K* H(B/X,
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which is possible since the vertical arrow is a trivial fibration. Let L' = LN (K> x A'). Then ¢ determines
amap qo : L' = €/y. Finding the desired extension 7" is equivalent to finding a map g, : L™ — €y, which
carries the cone point into €.

Let g : Z — Y be a colimit of g (in the oo-category €,y ). We observe that Z is a s-small colimit
of k-compact objects of €, and therefore x-compact. Since Y € €”, Y can be written as the colimit of a
k-filtered diagram {Y,}, taking values in €. Since Z is x-compact, the map g factors through some Y,; it
follows that there exists an extension g, as above, which carries the cone point to Y,. This completes the
proof that &y is k-filtered, and also the proof that 6 is left cofinal.

The proof that ¢’ is left cofinal is similar but slightly easier: it suffices to show that for every map Y’ — Y
in @, where Y’ is k-compact, the fiber product

€y =DJy xer, (Cfy )y,

is filtered. For this, we can either argue as above, or simply observe that €y, admits x-small colimits. O
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Chapter 2
oco-Operads

Recall that a commutative monoid is a set M equipped with a multiplication M x M — M and a unit object
1 € M satisfying the identities
le=a azy=yx xz(yz)= (zy)z

for all z,y,z € M. Roughly speaking, a symmetric monoidal category is a category C equipped with the
same type of structure: a unit object 1 € C and a functor ® : € x € — €. However, in the categorical setting,
it is unnatural to require the identities displayed above to hold as equalities. For example, we do not expect
X® (Y ®Z) to be equal to (X ®Y) ® Z. Instead, these identities should be formulated by requiring the
existence of isomorphisms

ax 1 X ~X B}Qin@YEY@X

Yxyvz: (XQY)®Z~X®(Y®Z).

Moreover, these isomorphisms should be regarded as additional data, and are required to satisfy further
conditions (such as naturality in the objects X, Y, and Z). If we try to generalize this definition to higher
categories, then the equations satisfied by the isomorphisms ax, Sx,y, and vx, v,z should themselves hold
only up to isomorphism. It quickly becomes prohibitively complicated to explicitly specify all of the coherence
conditions that these isomorphisms must satisfy. Consequently, to develop an co-categorical analogue of the
theory of symmetric monoidal categories, it will be more convenient for us to proceed in another way.

We begin by considering an example of a symmetric monoidal category. Let C be the category of complex
vector spaces, with monoidal structure given by tensor products of vector spaces. Given a pair of vector
spaces U and V, the tensor product U ® V is characterized by the requirement that Home (U ® V, W) can
be identified with the set of bilinear maps U x V' — W. In fact, this property really only determines U ® V'
up to canonical isomorphism: in order to build an actual tensor product functor, we need to choose some
particular construction of U ® V. Because this requires making certain decisions in an ad-hoc manner, it is
unrealistic to expect an equality of vector spaces U ® (V@ W) = (U ® V) ® W. However, the existence of a
canonical isomorphism between U @ (V@ W) and (U ® V) @ W is easily explained: linear maps from either
into a fourth vector space X can be identified with trilinear maps U x V. x W — X.

The above example suggests that we might reformulate the definition of a symmetric monoidal category
as follows. Rather than give a bifunctor ® : € x € — €, we instead specify, for each n-tuple (C1,...,C,)
of objects of € and each D € @, the collection of morphisms Cy ® ... ® C,, — D. Of course, we also need
to specify how such morphisms are to be composed. The relevant data can be encoded in a new category,
which we will denote by C%.

Construction 2.0.0.1. Let (€, ®) be a symmetric monoidal category. We define a new category e% as
follows:

(i) An object of €% is a finite (possibly empty) sequence of objects of C, which we will denote by
[Cla AR Cn]
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(i) A morphism from [Cy,...,C,] to [C},...,C" ] in €% consists of a subset S C {1,...,n}, a map of
finite sets @ : S — {1,...,m}, and a collection of morphisms {f; : ®a(i):j Ci — Cjti<j<m in the
category C. (Here the tensor product ®a(i): y C; is well-defined up to canonical isomorphism, since €
is a symmetric monoidal category.)

(#44) Suppose we are given morphisms f : [Cq,...,C,] = [C],...,Cl ] and g : [C1,...,C).] = [CY,...,C}]
in €%, determining subsets S C {1,...,n} and T C {1,...,m} together with maps o : S — {1,...,m}
and B8 : T — {1,...,1}. The composition g o f is given by the subset U = o~ 'T C {1,...,n}, the

composite map foa: U — {1,...,1}, and the maps
® =@ ®a- @ cct
(Boor)(i)=k Bl)=k a(@)=j B(j)=k
for 1 <k <I.

To analyze this construction, we begin by recalling the definition of Segal’s category Fin, of pointed finite
sets:

Notation 2.0.0.2. For any finite set I, let I, denote the set I II {*} obtained from I by adjoining a new
element *. For each n > 0, we let (n)° denote the set {1,2,...,n —1,n} and (n) = (n); = {*,1,...,n} the
pointed set obtained by adjoining a disjoint base point x to (n)°. We define a category Fin, as follows:

(1) The objects of Fin, are the sets (n), where n > 0.

(2) Given a pair of objects (m), (n) € Fin,, a morphism from (m) to (n) in Fin, is a map a : (m) — (n)
such that a(x) = *.

For every pair of integers 1 < i < n, we let p’ : (n) — (1) denote the morphism given by the formula

x  otherwise.

Remark 2.0.0.3. The category Fin, is equivalent to the category of all finite sets equipped with a distin-
guished point *. We will often invoke this equivalence implicitly, using the following device. Let I be a finite
linearly ordered set. Then there is a canonical bijection « : I, ~ (n), where n is the cardinality of I; the bi-
jection « is determined uniquely by the requirement that the restriction of a determines an order-preserving
bijection of I with (n)°. We will generally identify I, with the object (n) € Fin, via this isomorphism.

Remark 2.0.0.4. If o : (n) — (m) is a morphism in Fin,, it is convenient to think of o as a partially defined
map from (n)° to (m)°: namely, « is given by specifying a subset S = a~1(m)° C (n)° together with a map
S — (m)°.

For every symmetric monoidal category C, the category €% of Construction 2.0.0.1 comes equipped with
a forgetful functor €® — Fin,, which carries an object [C1, ..., C,] to the pointed finite set (n).

Remark 2.0.0.5. Let Cy be the category [0], containing a unique object and a unique morphism. Then Cqy
admits a unique symmetric monoidal structure. Moreover, the forgetful functor Gg) — Fin, described above
is an isomorphism of categories. In other words, we may view Fin, as obtained by applying Construction
2.0.0.1 in the simplest possible example. Moreover, for any symmetric monoidal category C, the forgetful
functor €% — Fin, can be viewed as obtained from the (unique) symmetric monoidal functor € — €y by
means of the functoriality implicit in Construction 2.0.0.1.

For any symmetric monoidal category C, the forgetful functor €% — Fin, enjoys two special features:
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M1) The functor p is an op-fibration of categories. In other words, for every object [C4,...,C,] € €% and
( p 74 g ; y obj e

every morphism f : (n) — (m) in Fin,, there exists a morphism f:lC,....C,) = [C4,...,C! ] which
covers f, and is universal in the sense that composition with f induces a bijection
Homee ([C1,...,CL)[CY,....,C)])
Homee ([C1, ..., Cul, [CT, .-, C7']) XHomgs, ((n),@y) Homgin, ((m), (1))
for every object [CY', ..., C/'] € C®. To achieve this, it suffices to choose a morphism f which determines

isomorphisms C} ~ @ ;) _; Ci for 1 < j <m.

Remark 2.0.0.6. It follows from Condition (M1) that every morphism « : (m) — (n) in Fin, induces a
functor between the fibers G’%M — e%"a)’ which is well-defined up to canonical isomorphism.

(M2) Let @f% denote the fiber of p over the object (n) € Fin,. Then 6%1) is equivalent to C. More generally,
G%@n) is equivalent to an n-fold product of copies of €. This equivalence is induced by the functors
associated to the maps {p’ : (n) — (1) h1<i<, in Fin,.

We now observe that the symmetric monoidal structure on a category C is determined, up to symmetric
monoidal equivalence, by the category C® together with its forgetful functor € — Fin,. More precisely,
suppose we are given a functor p : D — Fin, satisfying conditions (M1) and (M2), and let € denote the
fiber Dyy. Then:

(a) Condition (M2) implies that Dy has a single object, up to equivalence. The unique morphism
(0) = (1) in JFin, determines a functor Dy — Dy = €, which we can identify with an object 1 € C.

(b) Let a: (2) — (1) be the morphism given by
a(l)y=a(2)=1 ax) = *.

By virtue of (M1), the functors a, p', and p? determine functors

1,2
CxC= D<1> X D<1> p(ﬁ 'D<2> ﬁ> ®<1> =C.

Condition (M?2) guarantees that the map on the left is an equivalence of categories, so that we obtain
a functor € x € — € (well-defined up to canonical isomorphism), which we will denote by ®.

(¢) Let o:(2) = (2) denote the automorphism which exchanges the elements 1,2 € (2). Then avo o = «,
while p? o o = p?(). Tt follows that there is a canonical isomorphism between the functors (X,Y) —
X®Yand (X, Y)Y ®X.

(d) For 1 <i<mn,let 7:(n) — (n— 1) denote the map given by the formula

j if1<j<i
(i) =4j-1 ii<j<n
* if j ==
The commutative diagram
T3
(3) —=(2)
I
2 1
T2
(2) — (1)
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in Fin, determines a diagram of categories and functors (which commutes up to canonical isomorphism):
Dz —— Dy

L

Doy —= Dy -

Combining this with the equivalences D,y ~ €", we obtain a functorial isomorphism
YaBc: (A®B)®@C~A® (B ().
A similar argument can be used to construct canonical isomorphisms

1 X ~2X~X®I1.

It is not difficult to see that (a), (b), (¢), and (d) endow € with the structure of a monoidal category. For
example, MacLane’s pentagon axiom asserts that the diagram

(A B)®C)®D

NA®B,C,D
A,B,c®idp

(A (B®C)®D (A® B)® (C® D)

\L"']A,B@C,D i"'lA,B,C@D

ida ®nB,c,D

A® ((B®C)® D) AR (B® (C® D))

is commutative. This follows from the fact that all five expressions can be canonically identified with the
image of (A, B,C, D) under the composite functor e ~ Dy — Dy ~ €, where the middle map is induced
by a map a : (4) — (1) in Fin,, characterized by the requirement that a~*{1} = (4)°. In the case where
D = €% is given by Construction 2.0.0.1, it is easy to see that the data provided by (a) through (d) recovers
the original symmetric monoidal structure on € (up to canonical isomorphism). Conversely, an arbitrary
functor D — Fin, satisfying (M1) and (M2) determines a symmetric monoidal structure on € = D;y and
an equivalence D ~ €%, In other words, giving a symmetric monoidal category is equivalent to giving a
functor €% — Fin, satisfying (M1) and (M2). However, the second definition enjoys several advantages:

e As we saw above in the case of vector spaces, it is sometimes easier to specify the category €% than to
specify the bifunctor ®, in the sense that it requires fewer arbitrary choices.

e Axioms (M1) and (M2) concerning the functor €° — Fin, are a bit simpler than the usual definition
of a (symmetric) monoidal category. Complicated assertions, such as the commutativity of MacLane’s
pentagon, are consequences of (M1) and (M2).

The significance of the latter point becomes more apparent in the co-categorical setting, where we expect
the MacLane pentagon to be only the first step in a hierarchy of coherence conditions of ever-increasing
complexity. Fortunately, the above discussion suggests an approach which does not require us to formulate
these conditions explicitly:

Definition 2.0.0.7. A symmetric monoidal co-category is a coCartesian fibration of simplicial sets p : €% —
N(&Fin,) with the following property:
(x) For each n > 0, the maps {p’ : (n) — (1)}1<i<y, induce functors pi : (?f9

ny G% which determine an

equivalence (‘3%> o~ ((‘3%)".
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One of our main goals in this book is to show that Definition 2.0.0.7 is reasonable: that is, it provides
a robust generalization of the classical theory of symmetric monoidal categories. Moreover, by relaxing the
assumption that p is a coCartesian fibration in Definition 2.0.0.7, one obtains a more general theory of oco-
operads (see Definition 2.1.1.10), which generalizes the classical theory of colored operads (or multicategories,
as some authors refer to them).

Our objective in this chapter is to lay down the foundations for the study of co-operads. We begin in §2.1
by introducing the basic definitions. Roughly speaking, we can think of an co-operad O% as consisting of
an underlying oo-category O, together with mapping spaces Mulg ({X; }icr, Y) (for any finite set of objects
{X; € O};cr and any object Y € O) equipped with a coherently associative composition law (see Remark
2.1.1.17), which reduce to the usual mapping spaces in O when I has a single element. An oo-operad can be
regarded as a kind of generalized oo-category: we recover the usual theory of co-categories if we require that
Muly ({X;}ier,Y) be empty when I is of cardinality # 1 (see Proposition 2.1.4.11). Many oco-categorical
constructions can be generalized to the setting of co-operads: we will study a number of examples in §2.2.

In practice, it is quite common to encounter a family of symmetric monoidal co-categories which depend
on some parameter. For example, to every commutative ring A we can associate the symmetric monoidal
category of A-modules, which depends functorially on A. In §2.3 we will axiomatize this phenomenon by
introducing the definition of a generalized co-operad. This notion will be useful when we discuss co-categories
of modules in §3.3 and when we consider variants on the little cubes operads of Boardman-Vogt in §5.4.

One can obtain a rich source of examples of symmetric monoidal co-categories by purely categorical
considerations: if € is an oo-category which admits finite products (coproducts), then € can be promoted to
a symmetric monoidal co-category C* ( @H) in which the tensor product operation is given by the Cartesian
product (coproduct). We will close this chapter with a detailed discussion of these examples (§2.4).

Remark 2.0.0.8. An alternate approach to the theory of co-operads has been proposed by Cisinski and
Moerdijk, based on the formalism of dendroidal sets (see [31] and [32]). It seems overwhelmingly likely that
their theory is equivalent to the one presented in this chapter. More precisely, there should be a Quillen
equivalence between the category of dendroidal sets and the category POps, of co-preoperads which we
describe in §2.4.

Nevertheless, the two perspectives differ somewhat at the level of technical detail. Our approach has
the advantage of being phrased entirely in the language of simplicial sets, which allows us to draw heavily
upon the preexisting theory of oco-categories (as described in [97]) and to avoid direct contact with the
combinatorics of trees (which play an essential role in the definition of a dendroidal set). However, the
advantage comes at a cost: though our co-operads can be described using the relatively pedestrian language
of simplicial sets, the actual simplicial sets which we need are somewhat unwieldy and tend to encode
information in a inefficient way. Consequently, some of the proofs presented here are perhaps more difficult
than they need to be: for example, we suspect that Theorems 3.1.2.3 and 3.4.4.3 admit much shorter proofs
in the dendroidal setting.

2.1 Foundations

Our goal in this section is to introduce an oco-categorical version of the classical theory of operads. We begin
in §2.1.1 by reviewing the classical definition of a colored operad. The structure of an arbitrary colored
operad O is completely encoded by a category which we will denote by O® (defined by a generalization of
Construction 2.0.0.1), together with a forgetful functor from O® to Segal’s category Fin,. Motivated by
this observation, we will define an co-operad to be an oo-category O® equipped with a map 0% — N(&Fin,),
satisfying an appropriate set of axioms (Definition 2.1.1.10).

To any oc-operad O%, one can associate a theory of O-monoidal co-categories: namely, one considers
coCartesian fibrations €% — 0% satisfying an appropriate analogue of condition (*) appearing in Definition
2.0.0.7. The relevant definitions will be given in §2.1.2. An important special case is obtained when we take
0% to be the commutative co-operad: in this case, we recover the notion of symmetric monoidal co-category
given in Definition 2.0.0.7. If C® is a symmetric monoidal co-category, then there is an associated theory
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of commutative algebra objects of @%: these can be defined as sections of the fibration €% — N(&in,) which
satisfy a mild additional condition. More generally, to any fibration of co-operads €% — 0% we can associate
an oo-category Alg, 0(€) of O-algebras in €. We will give some basic definitions in §2.1.3, and undertake a
much more comprehensive study in §3.

The collection of all co-operads can be organized into an co-category, where we take morphisms from
an oo-operad O% to another oo-operad O’ to be given by O-algebra objects of ©'. We will denote this oo-
category by Opeo and refer to it as the co-category of co-operads. In §2.1.4 we will illuminate the structure
of Op, by showing that it can be realized as the underlying oo-category of a combinatorial simplicial model
category. The construction of this model category uses a general existence result which we discuss in §B.4.

2.1.1 From Colored Operads to co-Operads

Our goal in this section is to introduce the definition of an co-operad (Definition 2.1.1.10), which will play a
fundamental role throughout this book. We begin with a review of the classical theory of colored operads.

Definition 2.1.1.1. A colored operad O consists of the following data:

(1) A collection {X,Y,Z,...} which we will refer to as the collection of objects or colors of O. We will
indicate that X is an object of O by writing X € O.

(2) For every finite set I, every I-indexed collection of objects {X;};cr in O, and every object Y € O, a
set Mule ({X;}ier, Y), which we call the set of morphisms from {X,;},cr to Y.

3) For every map of finite sets I — J having fibers {I;},c;, every finite collection of objects {X;}icr,
VBg
every finite collection of objects {Y;},cs, and every object Z € O, a composition map

[ Mulo({Xi}ier,, V5) x Mulo({Y;} e, Z) — Mulo ({XiYier, 2).
jed

(4) A collection of morphisms {idx € Mulp({X}, X)}xco which are both left and right units for the
composition on O in the following sense: for every finite collection of objects { X, };c; and every objects
Y € O, the compositions

Mulo({Xi}¢€[7Y) ~ Mulo({Xi}iGI,Y) X {ldy}
C Mulp({Xi}ier,Y) x Mulo({Y},Y)
— MUIO({Xi}iebY)

Mulo ({X:}ier, Y) = (J{idx.}) x Mulo({Xi}ier, Y)

iel

(] Mulo({X:}, Xi)) x Mulo({Xi}ier, V)
il

—  Mulo({X;}ier, Y)

N

both coincide with the identity map from Mule ({X;}icr, Y) to itself.

(5) Composition is required to be associative in the following sense: for every sequence of maps I — J — K
of finite sets together with collections of objects {W; }icr, {X;}jers, {Yi}rer, and every object Z € O,
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the diagram

[1jes Mulo({Witier;, Xj) * Tlpe x Mulo({Xj}je i, Yie) X Mulo ({Yi}rer, 2)

/\

HkEK Mulo({W }161kaYk X Mulo {Yk}kesz HJEJ Mulo {W }161]5 ) X Mulo({ }jeJ,Z)

\/

Mulo ({W }1617

is commutative.

Remark 2.1.1.2. Every colored operad O has an underlying category (which we will also denote by O) whose
objects are the colors of O and whose morphisms are defined by the formula Home (X,Y) = Mulp({X},Y).
Consequently, we can view a colored operad as a category with some additional structure: namely, the
collections of “multilinear” maps Mulg ({X;}icr,Y). Some authors choose to emphasize this analogy by
using the term multicategory for what we refer to here as a colored operad.

Variant 2.1.1.3. We obtain a notion of a simplicial colored operad by replacing the morphism sets
Mulo ({Xi}ier, Y)
by simplicial sets in Definition 2.1.1.1.

Remark 2.1.1.4. Remark 2.1.1.2 describes a forgetful functor from the category COp of (small) colored
operads to the category Cat of (small) categories. This functor has a left adjoint: every category € can be
regarded as a colored operad by defining

Hom(X4,Y ifn=1
Mule({X;}1<i<n,Y) = { 41,7) .

0 otherwise.
This construction exhibits Cat as a full subcategory of COp: namely, the full subcategory spanned by those
colored operads O for which the sets Mulg ({X;}icr,Y) are empty unless I has exactly one element.

Example 2.1.1.5. Let € be a symmetric monoidal category: that is, a category equipped with a tensor
product functor ® : € x € — € which is commutative and associative up to coherent isomorphism (see [99]
for a careful definition). Then we can regard € as a colored operad by setting

Mule({Xi}ieb Y) = HOHI@((X)ieIXZ‘, Y)

We can recover the symmetric monoidal structure on € (up to canonical isomorphism) via Yoneda’s lemma.
For example, for every pair of objects X,Y € C, the tensor product X ® Y is characterized up to canonical
isomorphism by the fact that it corepresents the functor Z — Mule({X,Y}, Z). It follows from this analysis
that we can regard the notion of a symmetric monoidal category as a special case of the notion of a colored
operad.

Example 2.1.1.6. An operad is a colored operad O having only a single color 1. For every nonnegative
integer n we let O, = Mul({1}1<i<n,1). We sometimes refer to O,, as the set of n-ary operations of O.
The structure of O as a colored operad is determined by the sets {Oy, },>0 together with the actions of the
symmetric groups X, on O,, and the “substitution maps”

x( H On;) = Onygotmy, -

1<i<m
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Definition 2.1.1.1 is phrased in a somewhat complicated way because the notion of morphism in a colored
operad O is asymetrical: the domain of a morphism consists of a finite collection of object, while the codomain
consists of only a single object. We can correct this asymetry by packaging the data of a colored operad in
a different way.

Construction 2.1.1.7. Let O be a colored operad. We define a category O% as follows:
(1) The objects of O are finite sequences of colors X1,..., X,, € O.

(2) Given two sequences of objects
X,...,.Xn€0 Yy,...,Y, €0,

a morphism from {X;}1<i<m to {Y;}i<j<n is given by a map a : (m) — (n) in Fin, together with a
collection of morphisms
{¢; € Mulo({Xi}ica—1(5}: Yi) hicjcn

in O.

(3) Composition of morphisms in 0% is determined by the composition laws on Fin, and on the colored
operad O.

Let O be a colored operad. By construction, the category O% comes equipped with a forgetful functor
7 : 0% — Fin,. Using the functor 7, we can reconstruct the colored operad O up to canonical equivalence.

For example, the underlying category of O can be identified with the fiber O% = 771{(1)}. More generally,

suppose that n > 0. For 1 < i < n, let p’ : (n) — (1) be as in Notation 2.0.0.2, so that p’ induces a
functor pi : O%Q — (9‘%1> ~ O and these functors together determine an equivalence of categories O%w ~ 0",

Given a finite sequence of colors X1,..., X, € O, let X denote the corresponding object of O%w (which is
well-defined up to equivalence). For every color Y € O, the set Mulo ({X;}1<i<n,Y) can be identified with
the set of morphisms f : X — Y in 0% such that 7(f) : (n) — (1) satisfies 7(f)~*{*} = {*}. This shows
that 7 : O® — Fin, determines the morphism sets Mulo ({X;}1<i<n,Y) in the colored operad O; a more
elaborate argument shows that the composition law for morphisms in the colored operad O can be recovered
from the composition law for morphisms in the category O%.

The above construction suggests that it is possible to give an alternate version of Definition 2.1.1.1:
rather than thinking of a colored operad as a category-like structure O equipped with an elaborate notion of
morphism, we can think of a colored operad as an ordinary category O® equipped with a forgetful functor
7 : 0% — Fin,. Of course, we do not want to consider an arbitrary functor m: we only want to consider
those functors which induce equivalences O%w o (0%91))”, so that the category O = O% inherits the structure
described in Definition 2.1.1.1. This is one drawback of the second approach: it requires us to formulate a
somewhat complicated-looking assumption on the functor w. The virtue of the second approach is that it
can be phrased entirely in the language of category theory. This allows us to generalize the theory of colored
operads to the co-categorical setting. First, we need to introduce a bit of terminology.

o]

Definition 2.1.1.8. We will say that a morphism f : (m) — (n) in Fin, is inert if, for each element i € (n)",
the inverse image f~!{i} has exactly one element.

Remark 2.1.1.9. Every inert morphism f : (m) — (n) in Fin, induces an injective map of sets a : (n)° —

(m)°, characterized by the formula f=1{i} = {a(i)}.

Definition 2.1.1.10. An co-operad is a functor p : O® — N(Fin,) between co-categories which satisfies the
following conditions:

(1) For every inert morphiim f: {m) = (n) in N(Fin,) and every object C' € O%M, there exists a p-
coCartesian morphism f : C' — C’ in O lifting f. In particular, f induces a functor f; : O%m — an
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(2) Let C € O%m and C' € Oa) be objects, let f : (m) — (n) be a morphism in Fin,, and let Mapé®(C’, )
be the union of those connected components of Mapge (C, C’) which lie over f € Homgiy,, ((m), (n)).
Choose p-coCartesian morphisms C' — C! lying over the inert morphisms p’ : (n) — (1) for 1 <i < n.
Then the induced map v

Map(o (C,C") =[] Mapge!(C.0)
1<i<n

is a homotopy equivalence.

®

(n

(3) For every finite collection of objects C1,...,C, € (‘)%@1), there exists an object C' € O
of p-coCartesian morphisms C' — C; covering p’ : (n) — (1).

) and a collection

Remark 2.1.1.11. Definition 2.1.1.10 is really an co-categorical generalization of the notion of a colored
operad, rather than that of an operad. Our choice of terminology is motivated by a desire to avoid awkward
language. To obtain an oco-categorical analogue of the notion of an operad, we should consider instead

oc-operads ¥ — N(Jin,) equipped with an essentially surjective functor A® — O(ﬁ).

Remark 2.1.1.12. Let p: 0¥ — N(&in,) be an oc-operad. We will often abuse terminology by referring
to O® as an oo-operad (in this case, it is implicitly assumed that we are supplied with a map p satisfying
the conditions listed in Definition 2.1.1.10). We will usually denote the fiber O%D ~p~1{(1)} by O. We will

sometimes refer to O as the underlying co-category of O%.

Remark 2.1.1.13. Let p : O® — N(Fin,) be an oo-operad. Then p is a categorical fibration. To prove
this, we first observe that p is an inner fibration (this follows from Proposition T.2.3.1.5 since 0% is an
oo-category and N(Fin,) is the nerve of an ordinary category). In view of Corollary T.2.4.6.5, it will suffice
to show that if C € O(?m) and a : (m) — (n) is an isomorphism in Fin,, then we can lift o to an equivalence
@:C — C" in 0. Since « is inert, we can choose @ to be p-coCartesian; it then follows from Proposition
T.2.4.1.5 that @ is an equivalence.

Remark 2.1.1.14. Let p: O® — N(Jin,) be a functor between oco-categories which satisfies conditions (1)
and (2) of Definition 2.1.1.10. Then (3) is equivalent to the following apparently stronger condition:

(3') For each n > 0, the functors {p! : O%ﬂ — O}i<i<n determine an equivalence of oco-categories ¢ :
07, — 0",
(n)

It follows easily from (2) that ¢ is fully faithful, and condition (3) guarantees that ¢ is essentially surjective.

Remark 2.1.1.15. Let p : 0% — N(Fin,) be an oo-operad and O = O% the underlying oo-category. It

follows from Remark 2.1.1.14 that we have a canonical equivalence O(?m ~ O". Using this equivalence, we

can identify objects of (9%% with finite sequences (X1, Xs, ..., X, ) of objects of O. We will sometimes denote

the corresponding object of O® by X1 ® Xo @ --- & X, (this object is well-defined up to equivalence). More
generally, given objects X € O%M and Y € O%L> corresponding to sequences (X1,...,X,) and (Y7,...,Y},),

we let X @Y denote an object of O(?ern) corresponding to the sequence (X1,..., X, Y1,...,Y,). We will
discuss the operation & more systematically in §2.2.4.

Notation 2.1.1.16. Let O%® be an oo-operad, and suppose we are given a finite sequence of objects
{Xi}i<i<n of O and another object Y € 0. We let Mulp ({X;}1<i<n,Y) denote the union of those compo-
nents of Mapge (X1®...® X,,Y) which lie over the unique morphism 3 : (n) — (1) such that 371{x} = {*}.
We regard Mulg ({X;}1<i<n,Y) as an object in the homotopy category H of spaces, which is well-defined
up to canonical isomorphism.

Remark 2.1.1.17. Let O® be an oc-operad. Then we should imagine that O% consists of an ordinary
oo-category O which comes equipped with a more elaborate notion of morphism supplied by the spaces
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Mulg (e, ®) of Notation 2.1.1.16. These morphism spaces are equipped with a composition law satisfying the
axiomatics of Definition 2.1.1.1 up to coherent homotopy. A precise formulation of this idea is cumbersome,
and Definition 2.1.1.10 provides an efficient substitute.

Example 2.1.1.18. The identity map exhibits Comm® = N(Jin,) as an oc-operad, whose underlying oo-
category Comm is isomorphic to A?. We will refer to this co-operad as the commutative co-operad. When
we wish to emphasize its role as an oo-operad, we will sometimes denote it by Comm®.

Example 2.1.1.19. Let Fin'™ denote the subcategory of Fin, spanned by all objects together with those
morphisms f : (m) — (n) such that f~'{i} has at most one element for 1 < i < n. The nerve N(Finy") is
an oo-operad, which we will denote by Eg@.

Example 2.1.1.20. Let Triv be the subcategory of Fin, whose objects are the objects of Fin,, and whose
morphisms are the inert morphisms in Fin,. Let J1iv® = N(Triv). Then the inclusion Triv C Fin, induces
a functor Jriv® — N(Fin,) which exhibits Triv® as an oo-operad; we will refer to Triv® as the trivial
oo-operad.

Example 2.1.1.21. Let O be a colored operad in the sense of Definition 2.1.1.1, and let O% be the ordinary
category given by Construction 2.1.1.7. Then the forgetful functor N(O®) — N(Jin,) is an oo-operad.
Examples 2.1.1.18, 2.1.1.19, and 2.1.1.20 all arise as special cases of this construction.

Notation 2.1.1.22. Example 2.1.1.21 admits a generalization to simplicial colored operads. If O is a
simplicial colored operad (see Variation 2.1.1.3 on Definition 2.1.1.1), we let O% denote the simplicial category
given by Construction 2.1.1.7:

(i) The objects of O are pairs ((n), (Ci,...,Cy)), where (n) € Fin, and C4,...,C, are colors of .

(43) Given a pair of objects C' = ((m), (C1,...,Cp)) to C" = ({n), (CY,...,C")) in O%, the simplicial set
Mapye (C,C") is defined to be

IT I Mulo(Citaw=sC))-

a:(m)—(n) 1<j<n

(i4i) Composition in O% is defined in the obvious way.

Definition 2.1.1.23. Let O be a simplicial colored operad. We will denote the simplicial nerve of the
category O® by N®(0); we will refer to N®(0) as the operadic nerve of O.

Remark 2.1.1.24. Let O be a simplicial colored operad. Then there is an evident forgetful functor from 0%
to the ordinary category Fin, (regarded as a simplicial category). This forgetful functor induces a canonical
map N®(0) — N(Fin,). We may therefore regard N® as a functor from the category MCata of simplicial
colored operads to the category (8eta ), n(Fin,)-

Remark 2.1.1.25. Let O be a simplicial colored operad. The fiber product N®(O) xx(in,) {(1)} is canon-
ically isomorphic to the nerve of the simplicial category underlying O; we will denote this simplicial set by
N(0O).

Definition 2.1.1.26. We will say that a simplicial colored operad O is fibrant if each of the simplicial sets
Mulp ({X;}ier, Y) is fibrant.

Proposition 2.1.1.27. Let O be a fibrant simplicial colored operad. Then the operadic nerve N®(0O) is an
oo-operad.
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Proof. If O is a fibrant simplicial colored operad, then O% is a fibrant simplicial category so that N®(0)
is an oo-category. Let C' = ((m),(C1,...,Cn)) be an object of N¥(€) and let a : (m) — (n) be an inert
morphism in Fin,. Then we have a canonical map C' — C' = ((n),(Cq-1(1),-..,Ca-1())) in O, which
we can identify with an edge @ of N®(0O) lying over . Using Proposition T.2.4.1.10, we deduce that @ is
p-coCartesian, where p : N®(0) — N(Fin,).

As a special case, we observe that there are p-coCartesian morphisms @ (™" : C' — ((1),C;) covering
ot C — C; for 1 < i < m. To prove that N®(0) is an oo-operad, we must show that these maps
determine a p-limit diagram (m)°" — N®(O). Unwinding the definitions, we must show that for every
object D = ({n),(D1,...,D,)) and every morphism £ : (n) — (m), the canonical map

Mapl, (D,C) = [ Maphe®(D, ((1),Cy)

1<i<m

is a homotopy equivalence; here Mapg[@(D,C) denotes the inverse image of {#} in Mapye(D,C) and

Map‘(f)zgﬁ(D7 ((1),C;)) the inverse image of {p’ o 8} in Mapye (D, ((1),C;)). We now observe that this map
is an isomorphism of simplicial sets.

To complete the proof that N®(0) is an oo-operad, it suffices to show that for each m > 0 the functors
pi associated to p induces an essentially surjective map

N2(0) xn(gin.) {(m)} = [ N(O).

1<i<m

In fact, N®(0) Xx(gin,) {(m)} is canonically isomorphic with N(O)™ and this isomorphism identifies the
above map with the identity. O

2.1.2 Maps of co-Operads

In order to make effective use of the theory of co-operads, we must understand them not only in isolation but
also in relation to one another. To this end, we will introduce the notion of co-operad fibration (Definition
2.1.2.10). We begin with the more general notion of an co-operad map, which we will study in more detail
in §2.1.3.

We begin with a brief digression on the structure of morphisms in an co-operad. According to Definition
2.1.1.8, amorphism v : (m) — (n) in Fin, is inert if exhibits (n) as the quotient of (m) obtained by identifying
a subset of (m)° with the base point *. In this case, v~ determines an injective map from (n)° to (m)°.
By design, for any co-operad O, the morphism + induces a functor ¥, : O%m — O(a). This functor can be
identified with the projection map O™ — O" determined by y~!. Our choice of terminology is intended to
emphasize the role of v as a forgetful functor, which is not really encoding the essential structure of O%.
We now introduce a class of morphisms which lies at the other extreme:

Definition 2.1.2.1. A morphism f : (m) — (n) in Fin, is active if f=1{x} = {x}.

Remark 2.1.2.2. Every morphism f in Fin, admits a factorization f = f’o f”, where f” is inert and f’ is
active; moreover, this factorization is unique up to (unique) isomorphism. In other words, the collections of
inert and active morphisms determine a factorization system on Fin,.

The classes of active and inert morphisms determine a factorization system on the category Fin, which
induces an analogous factorization system on any oo-operad O%.

Definition 2.1.2.3. Let p: 0® — N(&in,) be an co-operad. We will say that a morphism f in 0% is inert
if p(f) is inert and f is p-coCartesian. We will say that a morphism f in 0% is active if p(f) is active.

Proposition 2.1.2.4. Let O% be an oo-operad. Then the collections of active and inert morphisms determine
a factorization system on OF.
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Proposition 2.1.2.4 is an immediate consequence of Remark 2.1.2.2 together with the following general
assertion:

Proposition 2.1.2.5. Let p : € — D be an inner fibration of co-categories. Suppose that D admits a
factorization system (S, Sgr) satisfying the following condition:

(%) For every object C' € € and every morphism « : p(C) — D in D which belongs to St there exists a
p-coCartesian morphism & : C' — D lifting «.

Let ?Lilengte the collection of all p-coCartesian morphisms & in C such that p(a) € Sr, and let Sg = p~1Sg.
Then (S, SR) is a factorization system on C.

Proof. We will prove that (S, Sr) satisfies conditions (1) through (3) of Definition T.5.2.8.8:

(1) The collections Sy and Sg are stable under retracts. This follows from the stability of S; and Sg
under retracts, together with the observation that the collection of p-coCartesian morphisms is stable
under retracts.

(2) Every morphism in SL is left orthogonal to every morphism in Sg. To prove this, let @ : A — B
belong to Si and 8 : X — Y belong to Sg. Let «: A — B and f: X — Y denote the images of @
and 8 under the functor p. We wish to prove that the space Mape_ (B, X) is contractible. Using

A/ )Y

the fact that @ is p-coCartesian, we deduce that the map Mapej/ /?(E, X) — MapDA//Y(B,X) is a

trivial Kan fibration. The desired result now follows from the fact that o € Sy, is left orthogonal to
B € Sg.
(3) Every morphism @ : X — Z admits a factorization @ = o7, where ¥ € S and 3 € Si. To prove

this, let a : X — Z denote the image of o under p. Using the fact that (Sr,Sg) is a factorization
system on D, we deduce that « fits into a commutative diagram

Y
N
X« .7z

where v € Sz and B € Sg. Using assumption (x), we can lift v to a p-coCartesian morphism 7 € Sx.
Using the fact that 7 is p-coCartesian, we can lift the above diagram to a commutative triangle

7 X

X———=7
in € having the desired properties.

O

Remark 2.1.2.6. Let p : O® — N(Fin,) be an co-operad, and suppose we are given a collection of
inert morphisms {f; : X — X;}1<i<m in O covering maps (n) — (n;) in Fin, which induce a bijection
[Ticicm (n:)° — (n)°. These morphisms determine a p-limit diagram ¢ : ((m)°)? — 0%. To prove this,
choose inert morphisms g; ; : X; — X, ; covering the maps p’ : (n;) — (1) for 1 < j < n,;. Using the
fact that O% is an co-category, we obtain a diagram G : ([[;<;<,,((n:)°)9)¢ — O%. Since the inclusion
(m)° C Hicicm (n;)°" is left cofinal, it will suffice to show that g is a p-limit diagram. Using the assumption
that O is an oo-operad, we deduce that Gl(1T1<s<m((n4)°)7) is a p-right Kan extension of g|(n)°. According
to Lemma T.4.3.2.7, it will suffice to show that §|<n>°q is a p-limit diagram, which again follows from the
assumption that O® is an co-operad.
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We are now ready to discuss a notion of map between oco-operads.

Definition 2.1.2.7. Let O° and O’® be co-operads. An co-operad map from O% to ©O'® is a map of simplicial
sets f: 0% — O'® satisfying the following conditions:

(1) The diagram
f

~N

N(Fin.)

O® (9/®

commutes.
(2) The functor f carries inert morphisms in O to inert morphisms in 0’%.
We let Alg,(O’) denote the full subcategory of FunN(:Trin*)(C)@, O'®) spanned by the co-operad maps.

Warning 2.1.2.8. The notation Alge (O') is somewhat abusive, since it depends on the oc-operads 0% and
o'® (and their maps to N(Jin,)) and not only on the underlying co-categories O and O’.

Remark 2.1.2.9. Let 0% and O'® be oo-operads, and let F : 0% — O'® be a functor satisfying condition
(1) of Definition 2.1.2.7. Then F' preserves all inert morphisms if and only if it preserves inert morphisms
in 0% lying over the maps p’ : (n) — (1). For suppose that X — Y is an inert morphism in 0% lying
over 3 : (m) — (n); we wish to prove that the induced map /i F(X) — F(Y) is an equivalence. Since O'®
is an oo-operad, it suffices to show that the induced map piB3F(X) — piF(Y) is an equivalence in O for
1 < i < n. Our hypothesis allows us to identify this with the morphism F(p{3X) — F(p}Y’), which is an
equivalence since Y ~ 5 X.

Definition 2.1.2.10. We will say that a map of co-operads ¢ : €% — 0% is a fibration of co-operads if q is
a categorical fibration.

Remark 2.1.2.11. Let p : €% — O be a fibration of co-operads, and suppose we are given a collection
of inert morphisms {f; : X — X;}1<i<m in €% covering maps (n) — (n;) in Fin, which induce a bijection
ITi<icm (i) — (n)°. Then these morphisms determine a p-limit diagram g : (m)°" — €%, This follows
from Remark 2.1.2.6 and Proposition T.4.3.1.5.

The following result describes an important special class of co-operad fibrations:

Proposition 2.1.2.12. Let O% be an oc-operad, and let p : €2 — O% be a coCartesian fibration. The
following conditions are equivalent:

(a) The composite map q : % — OF — N(Fin,) exhibits C¥ as an co-operad.

b) For every object T ~ Ty @ --- & T, € OF ., the inert morphisms T — T; induce an equivalence o
(n)
co-categories CF — [licicn 3.

Proof. Suppose that (a) is satisfied. We first claim that p preserves inert morphisms. To prove this, choose
an inert morphism f : C — C” in €. Let g : p(C) — X be an inert morphism in O% lifting ¢(f), and let
g : C — X be a p-coCartesian lift of g. It follows from Proposition T.2.4.1.3 that g is a g-coCartesian lift of
q(f) and therefore equivalent to f. We conclude that p(f) is equivalent to p(g) = ¢g and is therefore inert.

The above argument guarantees that for each n > 0, the maps {p’}1<;<, determine a homotopy commu-
tative diagram

®
Ciny

Lo

en on

®
— Oy
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and the assumption that €% and O® are oco-operads guarantees that the vertical maps are categorical
equivalences. Let T be an object of O%m. Passing to the homotopy fibers over the vertices T and (7;)1<i<n
(which are equivalent to the actual fibers by virtue of Corollary T.3.3.1.4), we deduce that the canonical
map CF — [],,~, €7, is an equivalence, which proves (b).

Now suppose that (b) is satisfied. We will prove that the functor q : % — N(&in,) satisfies the conditions
of Definition 2.1.1.10. To prove (1), consider an object C' € €® and an inert morphism « : ¢(C) — (n) in
Fin,. Since O® — N(Fin, ) is an co-operad, there exists an inert morphism & : p(C') — X in O% lying over a.
Since p is a coCartesian fibration, we can lift & to a p-coCartesian morphism @ : C' — X in C¥. Proposition
T.2.4.1.3 implies that @ is p-coCartesian, which proves (1).

Now let C € G%mw C e G%W and f : (m) — (n) be as in condition (2) of Definition 2.1.1.10. Set
T = p(C), set T' = p(C"), choose inert morphisms g; : T/ — T/ lying over p’ for 1 < i < n, and choose
p-coCartesian morphisms g; : C — C! lying over g; for 1 <i < n. Let f; = p' o f for 1 <i < n. We have a
homotopy coherent diagram

Mapé@ (07 Cl) - ngign Mapg@ (07 Cz/)

| |

Mapé® (T,17") — H1§i§n Mapf;% (T, 17).

Since 0% is an oo-operad, the bottom horizontal map is a homotopy equivalence. Consequently, to prove
that the top map is a homotopy equivalence, it will suffice to show that it induces a homotopy equivalence
after passing to the homotopy fiber over any h : T — T’ lying over f. Let D = hC and let D; = (g; 1D for
1 <4 < n. Using the assumption that p is a coCartesian fibration and Proposition T.2.4.4.2, we see that the
map of homotopy fibers can be identified with

Mapee, (D,C) =[] Mapeg (D, Ci),

1<i<n

which is a homotopy equivalence by virtue of assumption (b).

We now prove (3). Fix a sequence of objects {C; € G%)}lgign, and set T; = p(C;). Since O% is an oo-
operad, we can choose an object T € O equipped with inert morphisms f; : T — T} lifting p* for 1 < i < n.
Invoking (b), we conclude that there exists an object C together with p-coCartesian morphisms f; : C — C;
lifting f;. It follows from Proposition T.2.4.1.3 that each f, is g-coCartesian, so that condition (3) is satisfied
and the proof is complete. O

Definition 2.1.2.13. Let O be an oo-operad. We will say that a map p : €® — 0% is a coCartesian
fibration of co-operads if it satisfies the hypotheses of Proposition 2.1.2.12. In this case, we also say that p
exhibits C¥ as a O-monoidal co-category.

Remark 2.1.2.14. Let O® be an co-operad and let p : €® — 0% be a coCartesian fibration of co-operads.
Then p is a map of co-operads: this follows from the first step of the proof of Proposition 2.1.2.12. Combining
this observation with Proposition T.3.3.1.7, we conclude that p is a fibration of co-operads in the sense of
Definition 2.1.2.10.

Remark 2.1.2.15. In the situation of Definition 2.1.2.13, we will generally denote the fiber product
C® X ye O by €, and abuse terminology by saying that C is an O-monoidal co-category.

Remark 2.1.2.16. Let O® be an co-operad and let p : €% — 0% be a coCartesian fibration of co-operads.
For every object X € 0%, we let 8?} denote the inverse image of T under p. If X € O, we will also denote
this co-category by Cx. Note that if X € O%L> corresponds to a sequence of objects {X;}1<i<n in O, then

we have a canonical equivalence G?} ~ [Ti<i<n Cx

i
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Given a morphism f € Mulp ({X;}1<i<n,Y) in O, the coCartesian fibration p determines a functor

II ex =ce% —ey

1<i<n
which is well-defined up to equivalence; we will sometimes denote this functor by ®;.

Remark 2.1.2.17. Let O® be an oc-operad, and let €% — O%® be a O-monoidal oo-category. Then the
underlying map € — O is a coCartesian fibration of co-categories, which is classified by a functor xy : O —
Cateo. In other words, we can think of a O-monoidal co-category as assigning to each color X € O an
oo-category x(X) of X -colored objects. We will later see that y can be extended to a map of co-operads, and
that this map of co-operads determines C¥ up to equivalence (Example 2.4.2.4 and Proposition 2.4.2.5).

Example 2.1.2.18. A symmetric monoidal co-category is an oo-category €% equipped with a coCartesian
fibration of cc-operads p : €® — N(Fin,) (Definition 2.0.0.7).

Remark 2.1.2.19. In other words, a symmetric monoidal co-category is a coCartesian fibration p : €® —
N(Fin,) which induces equivalences of oco-categories ng ~ C" for each n > 0, where € denotes the oo-

®
category €<1> .

Remark 2.1.2.20. Let €% — N(&in,) be a symmetric monoidal co-category. We will refer to the fiber 8%1)

as the underlying oo-category of €%; it will often be denoted by €. We will sometimes abuse terminology
by referring to C as a symmetric monoidal co-category, or say that €% determines a symmetric monoidal
structure on C.
Using the constructions of Remark 2.1.2.16, we see that the active morphisms « : (0) — (1) and g :
(2) — (1) determine functors
A’ e CxC—C,

which are well-defined up to a contractible space of choice. The first of these functors determines an object
of € which we will denote by 1 (or sometimes 1¢ if we wish to emphasize the dependence on €) and refer to
as the unit object of C.

It is not difficult to verify that the unit object 1 € € and the tensor product ® on € satisfy all of the
usual axioms for a symmetric monoidal category up to homotopy. In particular, these operations endow the
homotopy category h€C with a symmetric monoidal structure.

Example 2.1.2.21. Let € be a symmetric monoidal category (see [99]), so that we can regard C as a
colored operad as in Example 2.1.1.5. The oo-operad N(€%) of Example 2.1.1.21 is a symmetric monoidal
oo-category (whose underlying oo-category is the nerve N(C)).

We conclude this section with a useful criterion for detecting oc-operad fibrations:

Proposition 2.1.2.22. Let ¢ : €% — 0% be a map of co-operads which is an inner fibration. The following
conditions are equivalent:

(1) The map q is a fibration of co-operads.

(2) For every object C € e® and every inert morphism f : ¢(C) — X in OP, there exists an inert morphism
f:C — X inC® such that f = q(f).

Moreover, if these conditions are satisfied, then the inert morphisms of C¥ are precisely the q-coCartesian
morphisms in €2 whose image in O% is inert.

Proof. According to Corollary T.2.4.6.5, condition (1) is satisfied if and only if condition (2) is satisfied
whenever f is an equivalence; this proves that (2) = (1). For the reverse implication, suppose that ¢ is a
categorical fibration and let f : ¢(C') — X be asin (2). Let fo : (m) — (n) denote the image of f in N(Fin,),
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and let 7 : C — X be an inert morphism in C¥ lifting fy. Since f and q(?l) are both inert lifts of the
morphism fy, we can find a 2-simplex

in O® where ¢ is an equivalence. Since ¢ is a categorical fibration, Corollary T.2.4.6.5 guarantees that we
can choose an equivalence g : X = Xinc® lifting g. Using the fact that ¢ is an inner fibration, we can lift

the above diagram to a 2-simplex
—

X

in C®. Since ? is the composition of an inert morphism with an equivalence, it is an inert morphism which lifts
f, as desired. This completes the proof of the implication (1) = (2); the final assertion follows immediately
from Proposition T.2.4.1.3 (and the assumption that ¢ preserves inert morphisms). O

|

C X

2.1.3 Algebra Objects

In this section, we will undertake a more systematic study of maps between oc-operads. We begin by
introducing a variation on Definition 2.1.2.7.

Definition 2.1.3.1. Let p : €® — 0% be a fibration of co-operads, and suppose we are given oco-operads
a: 0% = 0% Welet Algy ,o(C) denote the full subcategory of Funge (0'®, €¥) spanned by the maps
of co-operads. Equivalently, Algq, / 0(€) can be described as the fiber over the vertex a of the categorical
fibration Alge, (€) — Algy (O) given by composition with p. In the special case where O'® = 0% and « is
the identity map, we will denote the oo-category Algy: ,o(C) by Alg, o(C).

In the special case where O'® = O® = N(Fin, ), we will denote the co-category Alg, ;0(€)=Alg, (€)=
Algy(€) by CAlg(€). We will refer to CAlg(C) as the co-category of commutative algebra objects of C.

Remark 2.1.3.2. In the situation of Definition 2.1.3.1, we will sometimes abuse terminology by referring
to Algo//o(e) as the oo-category of O’-algebra objects of C. Note that this co-category is generally not

equivalent to the co-category Algy, (€) of Definition 2.1.2.7 (except in the special case O® = N(Jin,)).

Example 2.1.3.3. Let € be a symmetric monoidal category, and let us regard N(C) as a symmetric monoidal
oo-category via the construction described in Example 2.1.2.21. Then CAlg(N(C)) can be identified with the
nerve of the category of commutative algebra objects of C: that is, objects A € € equipped with a unit map
le — A and a multiplication A ® A — A which is commutative, unital, and associative.

Remark 2.1.3.4. Let O® be an oo-operad, let €% — 0% be a coCartesian fibration of co-operads, and let
K be an arbitrary simplicial set. Then the induced map

Fun(K, €%) X gk 09y 0F — 0%

is again a coCartesian fibration of co-operads. For every object X € O, we have a canonical isomorphism
Dy ~ Fun(K, Cx), and the operations ®; of Remark 2.1.2.16 are computed pointwise. We have a canonical
isomorphism

Alg, (D) ~ Fun(K, Alg, o (C€)).
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Example 2.1.3.5. Let ¢ : 0% — N(ZFin,) be an oc-operad such that the image of ¢ is contained in
Triv® C N(Fin,), and let p : €% — O be a O-monoidal co-category. We observe that a section 4 : 0% — €%
of p is a O-algebra if and only if A is a p-right Kan extension of its restriction to @ C O%. Using Proposition
T.4.3.2.15, we deduce that the restriction map Alg, (€C) — Funp(0,C) is a trivial Kan fibration. In

particular, taking O® to be the trivial co-operad Triv®, we obtain a trivial Kan fibration Algs,;, (C) — €.

Remark 2.1.3.6. Let O% be an co-operad. Since Triv® can be identified with a simplicial subset of N(Fin,),
an co-operad map p : 0% — Triv® is unique if it exists. If this condition is satisfied, then p is automatically
a coCartesian fibration.

Now let O® be a general oco-operad. The co-category Algq.,(O) can be identified with the collection of
Triv-algebras in co-category O% X N(Fin.) Triv®. By virtue of Example 2.1.3.5, we deduce that evaluation at
(1) induces a trivial Kan fibration Algs.,,(0) — O.

Suppose that p : €% — N(Fin,) and ¢ : D¥ — N(JFin,) are symmetric monoidal co-categories. An oo-
operad map F € Alge(D) can be thought of as a functor F': € — D which is compatible with the symmetric
monoidal structures in the lax sense that we are given maps

FC)®F(C')—»F(C®C") 1—F(1)

which are compatible with the commutativity and associativity properties of the tensor products on € and
D. Our next definition singles out a special class of co-category maps for which the morphisms above are
required to be equivalences.

Definition 2.1.3.7. Let 0% be an oo-operad, and let p : €% — 0% and ¢ : D® — O® be coCartesian
fibrations of co-operads. We will say that an co-operad map f € Alge(D) is a O-monoidal functor if it carries
p-coCartesian morphisms to g-coCartesian morphisms. We let Fun%)(G,D) denote the full subcategories
Fungs (€%, D®) spanned by the O-monoidal functors.

In the special case where 0¥ = N(Jin.), we will denote Funf (€, D) by Fun®(€, D); we will refer to
objects of Fun®(C, D) as symmetric monoidal functors from €% to D®.

Remark 2.1.3.8. Let F': €% — D® be a O-monoidal functor between O-monoidal co-categories, where O%
is an oo-operad. Using Corollary T.2.4.4.4, we deduce that the following conditions are equivalent:

(1) The functor F' is an equivalence.

(2) The underlying map of oco-categories C — D is an equivalence.

(3) For every object X € O, the induced map of fibers Cx — Dy is an equivalence.
The analogous statement fails if we assume only that F' € Alge / o(D).

We conclude this section by considering a variant on Example 2.1.3.5, which can be used to describe
algebras over the oco-operad E§ of Example 2.1.1.19.

Proposition 2.1.3.9. Let p : 0% — IE%Z’ be a fibration of oco-operads, and consider the map Al — Egz’
corresponding to the unique morphism « : (0) — (1) of Finy" C Fin,. Then the restriction functor

6 : Alg /g, (0) — Funge (A, 0%)

is a trivial Kan fibration.

Remark 2.1.3.10. Suppose that C® is a symmetric monoidal co-category with unit object 1. Proposition
2.1.3.9 implies that we can identify Alg g, (€) with the oo-category €y, consisting of maps 1 — A in C. In
other words, an Eg-algebra object of € is an object A € € equipped with a unit map 1 — A, but no other
additional structures.
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Proof. Since p is a categorical fibration, the map @ is also a categorical fibration. The morphism « determines
a functor s : [1] — Fini¥. Let J denote the categorical mapping cylinder of s. More precisely, we define the

category J as follows:
e An object of J is either an object (n) € Finl™ or an object i € [1].
e Morphisms in J are described by the formulas
Homg ((m), (n)) = Homg, i ((m), (n))  Homg((m), ) = Hom mi ((m), s(i))
Homy (4, j) = Hompy (i, j) Homy (i, (m)) = 0.

Note that there is a canonical retraction r of N(J) onto the simplicial subset EZ = N(Fin¥). We let € denote
the full subcategory of FunEgg (N(9),0%) spanned by those functors F satisfying the following conditions:

(a) For i € [1], the morphism F(s(i)) — F(i) is an equivalence in O%.
(b) The restriction F'|Eq belongs to Alg g, (C).

We observe that a functor F' satisfies condition (x) if and only if it is a left Kan extension of F|Ey. Using
Proposition T.4.3.2.15, we deduce that the restriction map ¢ : € — Algg (C) is a trivial Kan fibration. Let
0 :C— Funge (A',0%®) be the map given by restriction to A ~ N([1]). The map # can be written as a
composition

Alg g, (0) = € % Funge (AL, 09),

where the first map is the section of ¢ given by composition with r (and therefore a categorical equivalence).
By a two-out-of-three argument, we are reduced to proving that 6’ is a categorical equivalence.

We will show that ¢’ is a trivial Kan fibration. By virtue of Proposition T.4.3.2.15, it will suffice to prove
the following;:

(7) A functor Funge (N(9),0%) belongs to € if and only if F' is a p-right Kan extension of F|A!,
(#4) Every functor Fy € Funge (A',0%) admits a p-right Kan extension F € Funge (N(9),0%).

To see this, fix an object F' € Funge (N(9), 0®) and consider an object (n) € Finl™. Let J = Jiny) Xg[1], let
Jo denote the full subcategory of J obtained by omitting the map (n) — 1 corresponding to the nonsurjective
map (n) — (1) in Fin'™, and let J; denote the full subcategory of Jy obtained by omitting the unique map
(n) — 0. We observe that the inclusion N(Jg) C N(J) is right cofinal and that the restriction F|N(Jp) is a
p-right Kan extension of F|N(J;). Using Lemma T.4.3.2.7, we deduce that F' is a p-right Kan extension of

F|A! at (n) if and only if the induced map
N(31)® = N(g) 5 0®

is a p-limit diagram. Combining this with the observation that J; is a discrete category (whose objects can
be identified with the elements of (n)°), we obtain the following version of (i):

(i) A functor F' € Funge (N(9),0%) is a p-right Kan extension of F|A! if and only if, for every nonnegative
integer n, the maps F(p’) : F((n)) — F(1) exhibit F((n)) as a p-product of the objects {F(1)}1<i<n.

Since O% is an cc-operad, condition (i’) is equivalent to the requirement that each of the maps F(p’) :
F((n)) — F(1) is inert.

We now prove (7). Suppose first that F' is a p-right Kan extension of F|A!. We will show that F € C.
We first show that the map F(s(i)) — F(i) is an equivalence in O® for i € [1]. If 4 = 0 this is clear (the
oo-category Of%) is a contractible Kan complex, so every morphism in O% is an equivalence). If i = 1, we
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apply condition (¢') in the case n = 1. Using this observation, we see that the condition of (i) is equivalent
to the requirement that the maps p’ : (n) — (1) induce inert morphisms F({n)) — F((1)) for 1 <i < n, so
that F|ES’ € Algg, (O). This proves that F € € as desired.
Conversely, suppose that F € €. If 1 < i < n, then the map F(p) : F({n)) — F(1) factors as a
composition
F((n)) > F((1) = F(1).

The first map is inert by virtue of our assumption that F|]E8§ € Alg/Eo((‘))7 and the second map is an
equivalence since F satisfies condition (a). It follows that F' satisfies the hypothesis of (i) and is therefore
a p-right Kan extension of F|A!. This completes the proof of (4).

The proof of (ii) is similar: using Lemma T.4.3.2.7, we can reduce to showing that for each n > 0 the
composite map

N(7y) — {1} € A B8 9®

can be extended to a p-limit diagram (lying over the canonical map N(J;)¢ — N(J) — ES). The existence
of such a diagram follows immediately from Proposition 2.1.2.12. O

2.1.4 oo-Preoperads

The collection of all co-operads can be organized into a simplicial category OpZ4, which we define as follows:

e The objects of OpZ are (small) oo-operads O® — N(Fin,).

e For every pair of oo-operads 0%, 0'® ¢ Op%,, we define Mapg,a ((9®7 O/®) to be the Kan complex

Algo(O0")* of oc-operad maps from 0% to O'%.

Definition 2.1.4.1. We define Op,, to be the nerve of the simplicial category OpZ. We will refer to Opo.
as the oco-category of co-operads.

Because the mapping spaces in Op%, are Kan complexes, the simplicial set Ops, is an oco-category
(Proposition T.1.1.5.10). Our goal in this section is to study the co-category Opo,. We will show that Ope
is a presentable co-category: in particular, it admits small limits and colimits. To prove this, we will exhibit
Opso as the underlying oo-category of a combinatorial simplicial model category POp,, which we call the
category of oco-preoperads.

Recall that a marked simplicial set is a pair (X, M), where X is a simplicial set and M is a collection of
edges of X, which contains all degenerate edges (see §T.3.1). If X is a simplicial set, we let X* denote the
marked simplicial set (X, M) where M consists of all edges of X, and X the marked simplicial set (X, M)
where M consists of all the degenerate edges of X. The category of marked simplicial sets will be denoted
by SetX.

Definition 2.1.4.2. An co-preoperad is a marked simplicial set (X, M) equipped with a map of simplicial
sets f : X — N(Fin,) with the following property: for each edge e of X which belongs to M, the image f(e)
is an inert morphism in Fin,.

A morphism from an co-preoperad (X, M) to an co-preoperad (Y, N) is a map of marked simplicial sets
(X, M) — (Y, N) such that the diagram

X Y

N

N(Fin,)

commutes. The collection of co-preoperads (and oco-preoperad morphisms) forms a category, which we will
denote by POpxo.
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Remark 2.1.4.3. The category POp,, can be identified with the overcategory Setj(N(rﬂn*) M) where M is
the collection of all inert morphisms in N(Fin,).

Remark 2.1.4.4. The category POps of oo-preoperads is naturally tensored over simplicial sets: if X is
an oo-preoperad and K is a simplicial set, we let X ® K = X x K% This construction endows POp, with
the structure of a simplicial category.

Notation 2.1.4.5. Let O% be an oo-operad. We let O®*% denote the oo-preoperad (0%, M), where M is the
collection of all inert morphisms in O%.

Proposition 2.1.4.6. There exists a left proper combinatorial simplicial model structure on POps, which
may be characterized as follows:

(C) A morphism f: X —Y in POp is a cofibration if and only if it induces a monomorphism between
the underlying simplicial sets of X and Y.

(W) A morphism f : X — Y in POps is a weak equivalence if and only if, for every oo-operad O, the
induced map - o
Mapyo,_ (V,0%%) = Mapyg,  (X,09%)

is a weak homotopy equivalence of simplicial sets.

This model structure is compatible with the simplicial structure of Remark 2.1.4.4. Moreover, if O is an
oo-operad, then a map o : X — 0% in POpso is a fibration if and only if there exists a fibration of co-
operads €% — 0% (see Definition 2.1.2.10) such that o is induced by an equivalence X =~ C®5. In particular
(taking O = N(Fin,)), we deduce that an object X € POpo is fibrant if and only if it has the form C®*,
for some oo-operad 2.

Proposition 2.1.4.6 can be deduced from much more general results which we will prove in §B.4. In what
follows, we will freely use the terminology developed in the appendix.

Proof of Proposition 2.1.4.6. Let P = (M, T,{po : A3 — N(Fin.)}aca) be the categorical pattern on
N(Fin,) where M consists of all inert morphisms, 7" the collection of all 2-simplices, and A ranges over
all diagrams

(p) = (n) = ()

where the maps are inert and determine a bijection (p)° [[{q)° — (n)°. The main result now follows from
Theorem B.0.20, and the characterization of fibrations between fibrant objects follows from Proposition
B.2.7. [

Remark 2.1.4.7. We will refer to the model structure of Proposition 2.1.4.6 as the co-operadic model
structure on POpo,.

Example 2.1.4.8. The inclusion {(1)}’ C Triv®’ is a weak equivalence of oo-preoperads. This is an
immediate consequence of Example 2.1.3.5. In other words, we can view Triv®*? as a fibrant replacement for
the object {(1)}> € POpn..

Example 2.1.4.9. Using Proposition 2.1.3.9, we deduce that the morphism (0) — (1) in Fin, induces a
weak equivalence of co-preoperads (A')” C E? ’h7 so that E?’h can be viewed as a fibrant replacement for the
oo-preoperad (Al)°.

Remark 2.1.4.10. The co-operadic model structure on POp,, induces a model structure on the category
(POpoo) /iy = SetZ. Unwinding the definitions, we see that a morphism of marked simplicial sets « :
(X, M) — (X', M) is a cofibration (with respect to this model structure) if and only if the underlying map
of simplicial sets X — X’ is a monomorphism, and is a weak equivalence if and only if it induces a homotopy
equivalence Mapsetz (X', M"),Y) — MapSetX (X, M),Y) whenever Y is a marked simplicial set of the form
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0% XN(gin*)h{<1>}b, for some oo-operad O, This is true if and only if ¥ has the form (€, M), where € is
an oo-category and M is the collection of all equivalences in C (the “only if” assertion is obvious, and the
converse implication follows by taking O® to be the oc-operad €* of Proposition 2.4.1.5). Tt follows that
the induced model structure on SetJAr coincides with the marked model structure of §T.3.1, so that we can
identify the underlying co-category N((SetX)°) with Cate,.
Composing with the inclusion {(1)}” < N(JFin,)?, we obtain a left Quillen functor
F . Set+ ~ (?Opoo)/{u)}b — fPOpOO .

This functor has a right adjoint G : POps, — SetX, which assigns to an oco-preoperad X the fiber product
X X N(Fin,)s {(1)}*. Passing to the underlying co-categories, we see that G induces the functor g : Ops, —
Cat., which assigns to each co-operad O% its underlying oo-category O. The left Quillen functor F' induces
a left adjoint f : Catee — Opeo.

Proposition 2.1.4.11. The functor f : Catoe — Opes is fully faithful. An oco-operad q : OF — N(Finy)
belongs to the essential image of f if and only if the functor q factors through the subcategory Jriv® C
N(Fin.).

Proof. Let Op’_, € Ope be the full subcategory spanned by those oo-operads ¢ : 0% — N(Fin,) such that ¢
factors through Triv®. It is easy to see that the inclusion f’: Op., C Op., admits a right adjoint ¢’, given
by 0% — 0% X N(Fin.) Triv®. The evaluation functor ¢ : Ops, — Cate, factors as a composition

Opse &> Op., 25 Catoe,

where g” = g| Op’,.. Tt follows that f ~ f’of” where f” is a left adjoint to ¢”. Note that if ¢ : O® — N(Fin,)
belongs to Op._, then ¢ is a coCartesian fibration; moreover, every morphism in Op._ corresponds to a
commutative diagram

Triv®
where T carries g-coCartesian morphisms to ¢’-coCartesian morphisms. Using Theorem T.3.2.0.1, we deduce
that Op/, is equivalent to a full subcategory Fun’(Triv®, Caty,) — Fun(Triv®, Caty,): namely, the full
subcategory consisting of those functors x : Jriv® — Cat,, which are right Kan extensions of x|{(1)}.
Using Proposition T.4.3.2.15, we deduce that evaluation at {(1)} induces an equivalence of co-categories
Fun'(Triv®, Caty,) — Cats. It follows that ¢” is an equivalence of oo-categories, so that f” ~ (¢"”)~! is an
equivalence and f ~ f’ o f” is fully faithful. O

Remark 2.1.4.12. Proposition 2.1.4.11 is equivalent to the assertion that the weak equivalence {(1)}* C
Triv®F? of Example 2.1.4.8 induces a left Quillen equivalence of model categories
(POPo) /g (1y3> = (PODPoo) ) grives-

This statement is not completely formal: the model category POpy, is not right proper, and the object
{{1)}> € POp., is not fibrant.

Variant 2.1.4.13. We define a subcategory Gatg C Opeo as follows:

e An object €% of Ops, belongs to Gat?; if and only if it is a symmetric monoidal co-category.

e A morphism €% — D® in Op, belongs to Cat® if and only if it is a symmetric monoidal functor.

We will refer to Gatg as the oco-category of symmetric monoidal co-categories. Using Theorem B.0.20, we
deduce that Gat;eg can be realized as the underlying oo-category of the combinatorial simplicial model category
(Setk), s, where B denotes the categorical pattern (M’,T,{ps : A3 — N(Fin.)}aca) on the simplicial set
N(Fin,), where T and {p, : A3 — N(Fin,)}aeca are defined as in the proof of Proposition 2.1.4.6, while M’
consists of all edges of .
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2.2 Constructions of co-Operads

In this section, we will describe how various categorical constructions can be generalized to the setting
of symmetric monoidal co-categories (or the more general setting of oo-operads). Suppose that € is an
oo-category equipped with a symmetric monoidal structure, and that D is another oo-category which is
obtained from € via some natural procedure; under what conditions does D inherit a symmetric monoidal
structure?

We will begin in §2.2.1 by considering the construction of full subcategories. If € is a symmetric monoidal
oo-category and S is a collection of objects of €, then we can consider the full subcategory €y C € spanned
by the objects of S (see §T.1.2.11). If the collection of objects S is stable under tensor products, then C
inherits a symmetric monoidal structure (Proposition 2.2.1.1). However, there are other situations where the
same phenomenon occurs: for example, if Cy is a localization of C, then a symmetric monoidal structure on
C sometimes yields a symmetric monoidal structure on Cy by passage to the quotient (Proposition 2.2.1.9).

If € is a symmetric monoidal co-category and X € € is an object, then the co-categories Cx, and €, x
generally do not inherit symmetric monoidal structures. However, if X is a commutative algebra object
of €, then the situation is somewhat better. In §2.2.2, we will show that the overcategory €,y inherits
a symmetric monoidal structure when X is a commutative algebra object of C. In this situation, the
undercategory Cx, generally does not inherit a symmetric monoidal structure, but it can nevertheless be
regarded as an oo-operad (see Theorem 2.2.2.4). Some other categorical constructions are better behaved
at the level of co-operads. For example, suppose we are given a pair of oo-operad O® and O’®, having
underlying oco-categories O and O’. In §2.2.3, we will show that the disjoint union OII O’ is equivalent to
the underlying oo-category of an oco-operad which we will denote by O% mo’®. Moreover, the oo-operad
0®@mo’® plays the role of the coproduct in the setting of co-operads (Theorem 2.2.3.6).

In §2.2.4, we will study the interplay between the theories of symmetric monoidal oco-categories and
oc-operads. By definition, every symmetric monoidal co-category €® — N(JFin,) can be regarded as an
oo-operad. The resulting forgetful functor from symmetric monoidal co-categories to co-operads has a left
adjoint: that is, to every oo-operad O%, one can associate a symmetric monoidal co-category Env(0)®, so
that Fun® (Env(0, €)) ~ Alg,(€) for any symmetric monoidal co-category C¥ (see Proposition 2.2.4.9).

Some categorical constructions admit more than one generalization to the oco-operadic setting. For
example, the formation of Cartesian products of co-categories admits two natural generalizations: in addition
to the Cartesian product, the oco-category Opes, admits a symmetric monoidal structure ® which can be
described informally as follows: for every pair of oco-operads O% and O'®, the tensor product 0% ®0'® =
0”% is characterized by the requirement that for every symmetric monoidal oo-category C®, we have an
equivalence of co-categories

Algoi (€) ~ Algy(Algy (C));

here we view Algy/(C) as a symmetric monoidal co-category via pointwise tensor product. We will give a
careful definition of this tensor product (and prove that it endows Ope, with a symmetric monoidal structure)
in §2.2.5, essentially by formalizing the universal property stated above.

Remark 2.2.0.1. Our tensor product of cc-operads O% ®0'® is a version of the Boardman-Vogt tensor
product. For more details, we refer the reader to [19], [20], and [41].

2.2.1 Subcategories of O-Monoidal co-Categories

Let C® be an oco-operad, and let D C € be a full subcategory of the underlying co-category of C¥ which is
stable under equivalence. In this case, we let D® denote the full subcategory of C¥ spanned by those objects
D e €% having the form Dy @ - -- & D,,, where each object D; belongs to D. It follows immediately from the
definitions that D® is again an oo-operad, and that the inclusion D® C €% is a map of co-operads. In this
section, we will consider some refinements of the preceding statement: namely, we will suppose that there
exists a coCartesian fibration of co-operads p : ¥ — 0%, and obtain criteria which guarantee that Pl DY is
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again a coCartesian fibration of co-operads. The most obvious case to consider is that in which D is stable
under the relevant tensor product operations on C.

Proposition 2.2.1.1. Let p : C®¥ — 0% be a coCartesian fibration of co-operads, let D C € be a full
subcategory which is stable under equivalence, and let D® C C® be defined as above. Suppose that, for
every operation f € Mulo({X;},Y), the functor @ : [[,<;<,, Cx, = Cy defined in Remark 2.1.2.16 carries
[li<;<, Dx, into Dy. Then: o

(1) The restricted map D® — 0% is a coCartesian fibration of co-operads.
(2) The inclusion D¥ C €% is a O-monoidal functor.

(3) Suppose that, for every object X € O, the inclusion Dx C Cx admits a right adjoint Lx (so that Dx
is a colocalization of Cx). Then there exists a commutative diagram

—>D®

\/

and a natural transformation of functors o : L® — idee which exhibits L% as a colocalization functor
(see Proposition T.5.2.7.4) and such that, for every object C € C%, the image p(a(C)) is a degenerate
edge of O%.

(4) Under the hypothesis of (3), the functor L® is a map of co-operads.

Remark 2.2.1.2. Assume that 0% is the commutative oco-operad, and let €® — O% be a symmetric
monoidal oo-category. A full subcategory D C € (stable under equivalence) satisfies the hypotheses of
Proposition 2.2.1.1 if and only if D contains the unit object of € and is closed under the tensor product
functor ® : € x € — C.

Example 2.2.1.3. Let O% be an oc-operad, and suppose we are given a coCartesian fibration of co-operads
p: C® = 0% Assume that for each X € O, the co-category Cx is stable, and that for every operation
¢ € Mulp({X;}ier,Y) the associated functor ®¢ : [[;c; Cx, — Cy is exact in each variable. We will say
that a family of t-structures ((Cx)>0, (Cx)<o) is compatible with p if, for each ¢ € Mulp({X;}ier,Y), the
functor ®g carries [[,.;(€x,)>o0 into (Cy)>o. Let €2, C €% be the full subcategory spanned by the objects
C € €% such that, for every inert morphism C' — C’, where C’ € Cx for some X € O, the object C’ belongs
to (Cx)>o. Proposition 2.2.1.1 implies that the induced map €§0 — 0% is again a coCartesian fibration of
oo-operads. -

Remark 2.2.1.4. Let €® — Ass® be a coCartesian fibration of oo-operads satisfying the hypotheses of
Example 2.2.1.3. Then, for every pair of integers m,n € Z, the tensor product functor ® carries €>,, x C>,,
into €>y,4m. This follows immediately from the exactness of the tensor product in each variable, and the
assumption that the desired result holds in the case m =n = 0.

Proof of Proposition 2.2.1.1. Assertions (1) and (2) follow immediately from the definitions. Now suppose
that the hypotheses of (3) are satisfied. Let us say that a morphism f : D — C in C% is colocalizing if
D € D%, and the projection map

¥ : D¥ xgo CF = DY xes €,

is a trivial Kan fibration. Since ¢ is automatically a right fibration (Proposition T.2.1.2.1), the map f is
colocalizing if and only if the fibers of ¢ are contractible (Lemma T.2.1.3.4). For this, it suffices to show
that for each D’ € D?, the induced map of fibers

{D}xe®€ —{D'} Xee G/C
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has contractible fibers. Since ¢ p- is a right fibration between Kan complexes, it is a Kan fibration (Lemma
T.2.1.3.3). Consequently, ¢p, has contractible fibers if and only if it is a homotopy equivalence. In other
words, f is colocalizing if and only if composition with f induces a homotopy equivalence Mapee (D', D) —
Mapes (D', C) for all D' € D®.

Suppose now that f : D — C is a morphism belonging to a particular fiber (‘3?} of p. Then, for every
object D’ € (3;6?7 we have canonical maps

Mapees (D', D) — Mapye (Y, X) < Mapes (D', C)
whose homotopy fibers over a morphisms g : ¥ — X in O% can be identified with Mapeg (9D, D) and
Mape§ (gD, C) (Proposition T.2.4.4.2). Our hypothesis that D is stable under the tensor operations on C
implies that gD’ € @?}. It follows that f is colocalizing in €% if and only if it is colocalizing in G?}.

To prove (3), we need to construct a commutative diagram

C¥xAl — & L e®

with «af e® x {1} equal to the identity, and having the property that, for every object C € €?®, the restriction
al{C} x Al is colocalizing. For this, we construct o one simplex at a time. To define a on a vertex
C e G?é where X € ng corresponds to a sequence of objects {X;}1<i<n in O, we use the equivalence

C% ~ ngiSX Cx, and the assumption that each Dx, C Cx, is a colocalization. For simplices of higher
dimension, we need to solve extensions problems of the form

(0 A" x AN Ty any 1y (A" x {1}) —2> €%

—
—
—
—
— p
—~
—~
—

A" x Al 0%,

where n > 0 and «q carries each of the edges {i} x A' to a colocalizing morphism in €¥. We now observe
that A" x Al admits a filtration

XOQXl g~-~gX'rLan+1 = A" XA17
where X = (0 A" x Al) Lo anx g1y (A™ x {1}) and there exist pushout diagrams

An_:rll( s An-{-l
4

|

Xi —— Xi+1.

We now argue, by induction on 4, that the map ag admits an extension to X; (compatible with the projection
p). For i < n, this follows from the fact that p is an inner fibration. For ¢ = n+1, it follows from the definition
of a colocalizing morphism. This completes the proof of (3). Assertion (4) follows from the construction. [

Remark 2.2.1.5. Let D% C C® be as in the statement of Proposition 2.2.1.1, and suppose that each
inclusion Dx C Cx admits a right adjoint Lyx. The inclusion i : D® C €% is a O-monoidal functor, and
therefore induces a fully faithful embedding Alg, (D) C Alg, o(€). Let L® be the functor constructed in
Proposition 2.2.1.1. Since L® is a map of co-operads, it also induces a functor f : Alg,o(C) = Alg, (D). Ttis
not difficult to see that f is right adjoint to the inclusion Alg, o (D) C Alg, o(€). Moreover, if 6 : Alg, o(€) —
Cx denotes the evaluation functor associated to an object X € O, then for each A € Alg,4(C) the map
0(f(A)) — 0(A) induced by the colocalization map f(A) — A determines an equivalence 8(f(A)) ~ Lx0(A).
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Proposition 2.2.1.1 has an obvious converse: if i : D® — €% is a fully faithful O-monoidal functor between
O-monoidal co-categories, then then the essential image of D in € is stable under the tensor operations of
Remark 2.1.2.16. However, it is possible for this converse to fail if we assume only that ¢ is lax monoidal.
We now discuss a general class of examples where D is not stable under tensor products, yet D nonetheless
inherits a O-monoidal structure from that of C.

Definition 2.2.1.6. Let €® — O be a coCartesian fibration of co-operads and suppose we are given a
family of localization functors Lx : Cx — Cx for X € 0. We will say that the family {Lx } xco is compatible
with the O-monoidal structure on C if the following condition is satisfied:

() Let f € Mulp({X;}1<i<n,Y) be an operation in O, and suppose we are given morphisms g; in Cx, for
1 <i < n. Ifeach g; is a Lx,-equivalence, then the morphism ® {g; }1<i<n in Cy is an Ly-equivalence.

Example 2.2.1.7. In the situation where O is the commutative co-operad, the condition of Definition
2.2.1.6 can be simplified: a localization functor L : € — C is compatible with a symmetric monoidal
structure on C if and only if, for every L-equivalence X — Y in C and every object Z € €, the induced map
X®Z —Y ®Z is again an L-equivalence.

Proposition 2.2.1.8. Let p : €% — 0% be a coCartesian fibration of co-operads. Assume that for each
X € 0, the co-category Cx is stable, and that for every operation ¢ € Mulg({X;}icr,Y) the associated
functor @4 : [[;c; Cx, — Cy is exact in each variable. Suppose we are given a collection of t-structures
on the co-categories Cx which are compatible with p (in the sense of Example 2.2.1.3), so that we have an
induced coCartesian fibration S, — O%. Then the collection of localization functors T<, : (Cx)>0 — (Cx)s0
is compatible with the O-monoidal structure on C>q (in the sense of Definition 2.2.1.6).

Proof. Suppose we are given an operation ¢ € Mulg ({X;}ier,Y), so that ¢ induces a tensor product functor
®¢ : [[;er €x, — Cy. We must show that if we are given a collection of morphisms «; : C; — Cj in (Cx,)>o0
which induce equivalences 7<,C; — 7<xC/, then the induced map

<k @y ({Ci}) = 7<k @y ({C})

is an equivalence in Cy. Without loss of generality, we may assume that there exists an element j € I such
that «; is an equivalence for i # j, and that C’; = 7<;C;. We have a fiber sequence

Clk+1) = C;— Cl

for some C7 € (Cx;)>0. Let C}' = C; for i # j. Since ®, is exact in each variable, we conclude that there
is a fiber sequence

B
Be({Ci DIk +1] = @6({Ci}) = ®6({C7})-
Since our t-structures are assumed to be compatible with p, the object ®4({C}'}) belongs to (Cy)>o, from
which it follows that 7<x(8) is an equivalence. O

Proposition 2.2.1.9. Let p: C® — 0% be a be a coCartesian fibration of co-operads and suppose we are
given a family of localization functors {Lx : Cx — Cx}xeco which are compatible with the O-monoidal
structure on C. Let D denote the collection of all objects of C which lie in the image of some Lx, and let
D% be defined as above. Then:

(1) There exists a commutative diagram

—>D®

\/

and a natural transformation o : ides — L® which exhibits L® as a left adjoint to the inclusion
D® C €% and such that p(a) is the identity natural transformation from p to itself.
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(2) The restriction p| D® : D® — N(Fin,) is a coCartesian fibration of co-operads.
(3) The inclusion functor D® C €% is a map of co-operads and L® : C¥ — D® is a O-monoidal functor.

Example 2.2.1.10. Let € be a stable oo-category equipped with a t-structure and a compatible symmetric
monoidal structure, in the sense of Example 2.2.1.3. Applying Proposition 2.2.1.8, we deduce that the
truncation functors 7<, : €>¢ — (€>0)<n are compatible with the symmetric monoidal structure on €C>o.
Consequently, Proposition 2.2.1.9 implies that (€>¢)<, inherits the structure of a symmetric monoidal oco-
category. Taking n = 0, we deduce that the heart of C inherits the structure of a symmetric monoidal
category (in the sense of classical category theory).

The proof of Proposition 2.2.1.9 relies on the following observation:

Lemma 2.2.1.11. Letp: C — D be a coCartesian fibration of co-categories. Let L: C — C and L' : D — D
be localization functors, with essential images L C and L' D. Suppose that L and L' are compatible in the
following sense:

(i) The functor p restricts to a functor p’ : LC — L' D.
(i1) If f is a morphism in C such that Lf is an equivalence, then L'p(f) is an equivalence in D.
Then:

(1) The functor L carries p-coCartesian morphisms of C to p’-coCartesian morphisms of L C.

(2) The functor p’ is a coCartesian fibration.

Proof. Let f : X — Y be a p-coCartesian morphism of €. We wish to prove that Lf is p’-coCartesian.
According to Proposition T.2.4.4.3, it will suffice to show that for every Z’ € LG, the diagram of Kan
complexes

Cry xe{Z'} Crx/ xelZ'}

| l

Dyryy) ¥pip(Z")} —= Dyx)) Xo{p(Z')}

is homotopy Cartesian. Let Z’ = LZ. Since L? ~ L, we can assume without loss of generality that Z € L C.
Since f is p-coCartesian, Proposition T.2.4.4.3 implies that the diagram

Cryxe{Z} ———Cx/ xe{Z}

| l

Dyipy) *0{p(Z2)} —— Dyx)y xo{p(Z)}

is homotopy Cartesian. Choose a natural transformation « : ide — L which exhibits L as a localization
functor. Then « induces a natural transformation between the above diagrams. It will therefore suffice to
show that each of the induced maps

Cryxe{Z} = Crpy xe{llZ} Cx;xe{Z} = Crx) xe{LZ}

Dypyy xoip(Z)} = Dpwypyy Xo{p(LZ2)}  Dpxy) Xo{p(2)} = Dpx), xo{p(LZ)}
is a homotopy equivalence. For the first pair of maps, this follows from the fact that Z € L €. For the second
pair, we observe that (i) and (i7) imply that for every C € €, the map p(a(C)) : p(C) — p(LC) is equivalent
to the L'-localization p(C) — L'p(C), and p(Z) € L' D. This completes the proof of (1).

To prove (2), choose any object C' € L€ and a morphism f : p(C') — D in L' D. Choose a p-coCartesian
morphism f : C — D in €. According to (1), the morphism L(f) : LC — LD is p’-coCartesian. We now use
the fact that p’ is a categorical fibration to lift the equivalence p(a(f)) to an equivalence L(f) ~ ?I, where
T :C—=Disa p’-coCartesian morphism lifting f. O
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Proof of Proposition 2.2.1.9. We first prove (1). Let us say that a map f: C — D in C® is localizing if it
induces a trivial Kan fibration
D¥ xeo €F) = D¥ Xes CF .

Arguing as in the proof of Proposition 2.2.1.1, we see that f is localizing if and only if, for every object
D' € D¥, composition with f induces a homotopy equivalence Mapee (D, D') — Mapes (C, D). Suppose
that f lies in a fiber 638} of p, and let D' € G?ﬁ of p. We have canonical maps

Mapes (D, D') — Mapye (X,Y) < Mapes (C, D')

and Proposition T.2.4.4.2 allows us to identify the homotopy fibers of these maps over a morphismg: X — Y
in O% with Mape;@ (gD, D’) and Mapeg (¢C, D'). Tt follows that f is localizing in €% if and only if g/(f) is

localizing in G?ﬁ for every map g : X — Y in O®. Let X € O%% and Y € O%@m) correspond to sequences of

objects {X;}i<i<n and {Y;}1<j<m in O. Using the equivalence G% ~ H1<j<m Cy, we see that it suffices to
check this in the case m = 1. Invoking the assumption that the localization functors Invoking the assumption
that the localization functors {Lz}zco are compatible with the O-monoidal structure on C%, we see that f
is localizing if and only if it induces a Lx,-localizing morphism in Cx, for 1 <i < n.

We now argue as in the proof of Proposition 2.2.1.1. To prove (1), we need to construct a commutative
diagram

C® x Al e e®

S A

N(Fin,)

with a| C¥ x{0} equal to the identity, and having the property that, for every object C' € €%, the restriction
al{C} x Al is localizing. For this, we construct o one simplex at a time. To define a on a vertex C' € €%
for X € Of%, we choose a morphism f : C' — C’ corresponding to the localization morphisms C; — Lx,C;

under the equivalence 8?} ~ 11, <i<n Cx, and apply the argument above. For simplices of higher dimension,
we need to solve extensions problems of the form

(OA" x AN [Ty anx oy (A" x {0}) =5 €7

—
—~
—~ p
—~
—~
—~

A" x Al 0%,

where n > 0 and o carries each of the edges {i} x A to a localizing morphism in €®. We now observe that
A™ x Al admits a filtration
XoCX1C...C X, C Xpp1 = A" x Al

where X = (0 A™ x Al) Lo anxgoy (A™ x {0}) and there exist pushout diagrams

An-i—l( An+1
n—i

|

Xi —— XiJr].

We now argue, by induction on 4, that the map ag admits an extension to X; (compatible with the projection
p). For i < n, this follows from the fact that p is an inner fibration. For ¢ = n + 1, it follows from the
definition of a localizing morphism. This completes the proof of (1).

Lemma 2.2.1.11 implies that p’ = p| D® is a coCartesian fibration. It follows immediately from the defi-
nition that for every object X € O?m) corresponding to {X; € O}i<i<m, the equivalence G?} ~ ngigm Cx,
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restricts to an equivalence D% ~ [],.;<,, Dx,. This proves that p' : D¥ — 0% is a coCartesian fibration of

oo-operads and that the inclusion D® C €% is a map of oo-operads. Lemma 2.2.1.11 implies that L® carries
p-coCartesian edges to p’-coCartesian edges and is therefore a O-monoidal functor. O

2.2.2 Slicing co-Operads

Let C be a symmetric monoidal category and let A be a commutative algebra object of €. Then the
overcategory €, inherits the structure of a symmetric monoidal category: the tensor product of a map
X — A with a map Y — A is given by the composition

XY A AD A,

where m denotes the multiplication on A. Our goal in this section is to establish an co-categorical analogue
of this observation (and a weaker result concerning undercategories). Before we can state our result, we need
to introduce a bit of notation.

Definition 2.2.2.1. Let ¢ : X — S be a map of simplicial sets, and suppose we are given a commutative

diagram
s
q

Sx K ——8.

We define a simplicial set X,,., equipped with a map ¢’ : X,,,; — S so that the following universal property
is satisfied: for every map of simplicial sets Y’ — S, there is a canonical bijection of Fung(Y, X, /) with the
collection of commutative diagrams

YxK—Y xK*——=Y

L,

Sx K2 X S.

Similarly, we define a map of simplicial sets X, — S so that Fung(Y, X, ) is in bijection with the set of
diagrams
YXxK——YxK'——=Y

L,

Sx K72 X S.

Remark 2.2.2.2. If S consists of a single point, then X, , and X,  coincide with the usual overcategory
and undercategory constructions X, and X,,. In general, the fiber of the morphism X, ,, — S over a
vertex s € S can be identified with (Xy),, ,, where X; = X xg {s} and p, : K — X, is the induced map;
similarly, we can identify X ,,; x5 {s} with (Xy) ..

Notation 2.2.2.3. Let ¢ : €% — 0% be a fibration of co-operads, and let p : K — Alg, 9(C) be a diagram.
We let (‘3?0/ and G?po denote the simplicial sets (G®)po®/ and (€®)/po® described in Definition 2.2.2.1.

In the special case where K = A®, the diagram p is simply given by a O-algebra object A € Alg/o(e);
in this case, we will denote Gf’o / and G?po by G%O / and G?AO, respectively.

We can now state the main result of this section.

Theorem 2.2.2.4. Let q : C® — 0% be a fibration of co-operads, and let p : K — Alg/o(e) be a diagram.
Then:
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(1) The maps Gf?@/ i; o® i G(/X)po are fibrations of oco-operads.

®

(2) A morphism in Gf’o/ is inert if and only if its image in C® is inert; similarly, a morphism in C’/po 18

inert if and only if its image in C% is inert.
(3) If q is a coCartesian fibration of co-operads, then ¢ is a coCartesian fibration of oco-operads. If, in

addition, p(k) : 0% = €% is a O-monoidal functor for each vertex k € K, then ¢’ is also a coCartesian
fibration of co-operads.

Remark 2.2.2.5. In the special case where O% is the commutative co-operad and K = A°, we can state
Theorem 2.2.2.4 more informally as follows: let €% be an oo-operad equipped with a commutative algebra
object A € CAlg(€C). Then the oo-categories C4, and C/4 can be regarded as the underlying oo-categories

of oo-operads @fo / and G®Ao' Moreover, if € is a symmetric monoidal oo-cateogry, then €, 4 is a symmetric
monoidal co-category; the same result holds for €4, if we assume that A is a trivial algebra in the sense of
Definition 3.2.1.7.

The remainder of this section is devoted to the proof of Theorem 2.2.2.4. We will need a few lemmas.

Lemma 2.2.2.6. Suppose we are given a diagram of simplicial sets

7
q
SxK——S8

where q is an inner fibration, and let ¢' : X,;, — S be the induced map. Then q' is a inner fibration.
Similarly, if q is a categorical fibration, then ¢’ is a categorical fibration.

Proof. We will prove the assertion regarding inner fibrations; the case of categorical fibrations is handled
similarly. We wish to show that every lifting problem of the form

A——X

ps/
7
e
v
B S

admits a solution, provided that j is inner anodyne. Unwinding the definitions, we arrive at an equivalent
lifting problem
(AX K [Taxx(Bx K) —= X

| )
BxKF—— S

which admits a solution by virtue of the fact that ¢ is an inner fibration and j' is inner anodyne (Corollary
T.2.3.2.4). O

Lemma 2.2.2.7. Let q: X — S be an innert fibration of simplicial sets and let K and Y be simplicial sets.
Suppose that h : K x Y® — X is a map such that, for each k € K, the induced map {k} x Y* — X is a
g-colimit diagram. Let h = h|K x Y. Then the map

XE/ — Xh/ Xth/ Sqﬁ/

is a trivial Kan fibration.
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Proof. We will prove more generally that if Ky C K is a simplicial subset and hy = h|(K x Y)]] Ko xy (X
Y"), then the induced map 0 : X5 ;= X7o ) XSy S oy is a trivial Kan fibration. Working simplex-by-
simplex, we can reduce to the case where K = 0 A™ and K’ = OA". Let us identify Y x A™ with the full
simplicial subset of Y x A™ spanned by A™ and Y” x {0}. Let g = h|Y x A", and let g = g|Y *9 A™. Then
0 is a pullback of the map
0" X?/ - Xg/ X Sqg/ ng/'

It will now suffice to show that 6’ has the right lifting property with respect to every inclusion 9 A™ C A™.
Unwinding the definition, this is equivalent to solving a lifting problem of the form

YxoArtmtl o X

7
-
e
J/ - q
7~

Y« Artmtl o G

This lifting problem admits a solution by virtue of our assumption that h|{0} x Y is a g-colimit diagram. [

Sl

SxK——S8

Lemma 2.2.2.8. Let

be a diagram of simplicial sets, where q is an inner fibration, let ¢’ : X?s/ — S be the induced map, and
suppose we are given a commutative diagram

y*f>Xps/

7
7
l . lq/
e

yp—9 g

N =

satisfying the following conditions:

(i) For each vertex k € K, the diagram
V>4 S~ Sx{kl—sSxKHX
is a q-colimit diagram.
(it) The composite map Y Jy xps/ 5 X can be extended to a g-colimit diagram Y> — X lying over g.

Then:

(1) Let f:Y> — X?s/ be a map rendering the diagram commutative. Then [ is a ¢ -colimit diagram if

and only if the composite map Y* Jxrs/ 5 X isa q-colimit diagram.
(2) There exists a map f satisfying the equivalent conditions of (1).

Proof. Let Z be the full simplicial subset of K* x Y obtained by removing the final object, so we have a
canonical isomorphism Z% ~ K* x Y». The maps f and g determine a diagram h : Z — X. We claim
that h can be extended to a g-colimit diagram h : Z® — X lying over the map 2> — Y> % S. To
prove this, let hg = h|K” XY, hy = h|K x Y™, and hy = h|K x Y. Using (i) we deduce that the map
0: Xp,) = Xny/ X5,,,, Sqn,y 1 a trivial Kan fibration (Lemma 2.2.2.7). The map Xj, — Xp,, X Sqng, Sah/

qhg/
is a pullback of 8, and therefore also a trivial Kan fibration. Consequently, to show that h admits a g-colimit
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diagram compatible with g, it suffices to show that hy admits a g-colimit diagram compatible with g. Since
the inclusion Y <+ K> x Y is left cofinal, this follows immediately from (7). This proves the existence of h:
moreover, it shows that an arbitrary extension h of h (compatible with g) is a p-colimit diagram if and only
if it restricts to a p-colimit diagram Y> — Z.

The map h determines an extension f : V> — Xpsy of f. We will show that f is a ¢’-colimit diagram.
This will prove the “if” direction of (1) and (2); the “only if” direction of (1) will then follow from the
uniqueness properties of ¢’-colimit diagrams.

We wish to show that every lifting problem of the form

n F
Y*aA e PS/

-
- ’
- q
-
-

Y A" — S

admits a solution, provided that n > 0 and F|Y *{0} coincides with f. This is equivalent to a lifting problem
of the form

(Y0 A") X K) [T (ysp anyxx (Y * A") X K) —5 X

\LJ /// ‘/q

—

(Y x A™) x K° S

It now suffices to observe that the map j is a pushout of the inclusion Z x 9 A™ < Z x A", so the desired
lifting problem can be solved by virtue of our assumption that h is a g-colimit diagram. O

The following result is formally similar to Lemma 2.2.2.8 but requires a slightly different proof:

.

Sx K ——

Lemma 2.2.2.9. Let

be a diagram of simplicial sets, where q is an inner fibration, let ¢’ : X?s/ — S be the induced map, and
suppose we are given a commutative diagram

y*f>Xps/

7
7
l . lq/
e

yi_9 . g

N =

satisfying the following condition:
(x) The composite map Y Iy xps! 5 X can be extended to a q-limit diagram ¢’ : Y9 — X lying over g.
Then:

(1) Let f: Y9 — X?s/ be a map rendering the diagram commutative. Then f is a ¢ -limit diagram if and

only if the composite map Y9 Joxrs/ 4 X isa q-limit diagram.

(2) There exists a map f satisfying the equivalent conditions of (1).
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Proof. Let v be the cone point of K” and v’ the cone point of Y. Let Z be the full subcategory of K” x Y9
obtained by removing the vertex (v,v’). The maps f and g determine a map h : Z — X. Choose any map
g as in (i), and let g) = ¢'|Y. We claim that there exists an extension h : K» x Y¥ — X of h which is
compatible with g, such that h|{v} x Y9 = ¢’. Unwinding the definitions, we see that providing such a map
h is equivalent to solving a lifting problem of the form

0 ——— Xy

_

K X96 XS/qg(', S/Q’

which is possible since the left vertical map is a trivial Kan fibration (since ¢’ is a ¢-limit diagram).

The map h determines a diagram f: Y9 — Xps/- We will prove that f is a ¢/-limit diagram. This will
prove the “if” direction of (1) and (2); the “only if” direction of (1) will then follow from the uniqueness
properties of ¢-limit diagrams.

To show that f is a g-limit diagram, we must show that every lifting problem of the form

IAxY L X,

-
[ ’
- q
-
-

A"xY — S

admits a solution, provided that n > 0 and F|{n}xY = f. Unwinding the definitions, we obtain an equivalent
lifting problem
(A" xY) x K") [T (5 ansyyxx (A" *Y) x K) — X

\LJ /// ‘/q

(A" % Y) x K* S,

It now suffices to observe that j is a pushout of the inclusion K x9 A" xY — Kx A" %Y, so that the desired
extension exists because h|{v} x Y = ¢ is a ¢-limit diagram. O
Proof of Theorem 2.2.2.4. We will prove (1), (2), and (3) for the simplicial set G?O/; the analogous assertions
for G%po will follow by the same reasoning. We first observe that ¢’ is a categorical fibration (Lemma 2.2.2.6).
Let X € (?ff’o /0 and suppose we are given an inert morphism « : ¢(X) — Y in O%: we wish to show that there
exists a ¢/-coCartesian morphism X — Y in foo / lifting . This follows immediately from Lemma 2.2.2.8.

Suppose next that we are given an object X € OF lying over (n) € Fin,, and a collection of inert
morphisms o' : X — X; lying over p’ : (n) — (1) for 1 < i < n. We wish to prove that the maps o' induce
an equivalence

1<i<n

Let px : K — G?} be the map induced by p, and define maps px, : K — Cx, similarly. We observe that px;
can be identified with the composition of py with «of : G?} — Cx,. Since ¢ is a fibration of co-operads, we
have an equivalence of co-categories

1<i<n

Passing to the oo-categories of objects under p, we deduce that 6 is also an equivalence.
Now suppose that X is as above, that X € @?O / is a preimage of X, and that we are given ¢’-coCartesian

morphisms X — X; lying over the maps a’. We wish to show that the induced map ¢ : <n>o<1 Gf?o / is a
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¢-limit diagram. This follows from Lemma 2.2.2.9, since the image of ¢ in €% is a ¢-limit diagram. This
completes the proof of (1). Moreover, our characterization of ¢’-coCartesian morphisms immediately implies
(2). Assertion (3) follows immediately from Lemma 2.2.2.8. O

2.2.3 Coproducts of co-Operads

Let Opeoo denote the oo-category of oo-operads (Definition 2.1.4.1). Because Opso can be realized as under-
lying co-category of the combinatorial simplicial model category POpy, of co-preoperads, it admits all small
limits and colimits (Corollary T.4.2.4.8). The limit of a diagram o in Ops, can usually be described fairly
explicitly: namely, choose an injectively fibrant diagram & in POp,, representing o, and then take the limit
of 7 in the ordinary category of co-preoperads. The case of colimits is more difficult: we can apply the same
procedure to construct an oco-preoperad which represents lim(o), but this representative will generally not
be fibrant and the process of “fibrant replacement” is fairly inexplicit. Our goal in this section is to give a
more direct construction of colimits in a special case: namely, the case of coproducts. We can summarize our
main results as follows: for every pair of co-operads C¥ and D®, we can explicitly construct a new co-operad
C® B D®. This co-category comes equipped with fully faithful embeddings

€¥ — ePEDY = D¥

(well-defined up to homotopy) which exhibit C® B D? as a coproduct of €% and D® in the co-category Opes
(Theorem 2.2.3.6), and exhibit the underlying co-category of €® BD® as a coproduct of € and D in Cate.
Before describing the construction of €% BD®, we need to establish some notation.

Notation 2.2.3.1. Given an object (n) € Fin, and a subset S C (n) which contains the base point, there
is a unique integer k and bijection (k) ~ S whose restriction to (k) is order-preserving; we will denote the
corresponding object of Fin, by [S].

Definition 2.2.3.2. We define a category Sub as follows:

(1) The objects of Sub are triples ((n),S,T) where (n) € Fin,, S and T are subsets of (n) such that
SUT = (n) and SNT = {«}.

(2) A morphism from ((n),S,T) to ((n'),S’,T') in Sub is a morphism f : (n) — (n’) in Fin, such that
£(S) C §' and f(T) C T".

There is an evident triple of functors 7, 7_, 74 : Sub — Fin,, given by the formulas
m—((n),5T)=1[5]  «((n),5,T)=(n)  7((n),S5T)=I[T].

Construction 2.2.3.3. For any pair of simplicial sets €% and D% equipped with maps €® — N(Fin, ) « D%,
we define a new simplicial set €® BD® so that we have a pullback diagram

C®mp® C® x D¥®

| |

T X7y

N(Sub) —— N(Fin,) x N(Fin,).

We regard €% BD® as equipped with a map to N(Fin, ), given by the composition
C¥ @D — N(Sub) = N(Fin,).

Remark 2.2.3.4. The product functor (7— x 7w1) : Sub — Fin, x Fin, is an equivalence of categories.
Consequently, €% HD® is equivalent (as an oo-category) to the product ¥ x D®. However, it is slightly
better behaved in the following sense: the composite map

C¥BD® — N(Sub) — N(JFin,)
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is a categorical fibration, since it is the composition of a pullback of the categorical fibration €% x D® —
N(Fin,) x N(Fin,) with the categorical fibration N(Sub) — N(Fin,).

The main results of this section can now be stated as follows:
Proposition 2.2.3.5. Let €% and D® be co-operads. Then C® BD® is an oo-operad.

Theorem 2.2.3.6. Let €% and D% be oc-operads. We let (C¥ BD®)_ denote the full subcategory of
C®BD® spanned by those objects whose image in Sub has the form ((n), (n),{*}), and let (C¥* BD®),
denote the full subcategory spanned by those objects whose image in Sub has the form ((n),{*},(n)). Then:

(1) The projection maps (C¥ BD®)_ — €% and (C¥* BD®), — D¥ are trivial Kan fibrations.
(2) The map C® BD® — N(Fin,) exhibits both (€ BD®)_ and (€ BD®), as co-operads.
(3) For any cco-operad £%, the inclusions
E2BDY)_ & e2mD® & (8 mDP),
induce an equivalence of oco-categories
Fun™ (¥ BD®, £®) - Fun™((€® BD®)_, %) x Fun"™*((C¥* BD¥) ., £®);

here we let Fun'™ (0% O’®) denote the co-category Algy(0') of co-operad maps from O to O’®, for any
pair of oo-operads 0%, 0%, In particular, i and j exhibit € BD® as a coproduct of((?® H D®)_ ~ Q¥
and (C®BD®), ~ D¥ in the co-category Opos.

Remark 2.2.3.7. The operation B of Construction 2.2.3.3 is commutative and associative up to coherent
isomorphism, and determines a symmetric monoidal structure on the category (8eta),n(sin.) of simplicial
sets X endowed with a map X — N(&Fin, ). This restricts to a symmetric monoidal structure on the (ordinary)
category of co-operads and maps of co-operads.

Remark 2.2.3.8. We can informally summarize Theorem 2.2.3.6 as follows: for every triple of co-operads
0%, O?, and €%, we have a canonical equivalence of co-categories

Algy(C) = Algy (C) x Alg0+((3),
where 0¥ = 0¥ BOY .

Proof of Proposition 2.2.3.5. Let X be an object of (€% EED®)<n>, given by a quintuple ((n),S,T,C, D)
where ((n),S,T) € Sub, C € (‘1%], and D € D%]. Suppose we are given an inert map « : (n) — (n’) in
Fin,. Let 8" = a(S) and T/ = o(T'). Then « induces inert morphisms a_ : [S] — [S'] and oy : [T] — [T"].
Choose an inert morphism f_ : C' = C” in €% lifting a_ and an inert morphism f, : D — D’ in D® lifting
ay. These maps together determine a morphism f : ((n), S,T,C,D) — ({(n'),S",T',C", D"). Since (f_, f+)
is coCartesian with respect to the projection €% x D¥ — N(Fin,) x N(Fin,), the map f is p-coCartesian,
where p denotes the map €®¥ X D® — N(Sub). Let m : N(Sub) — N(Fin,) be as in Definition 2.2.3.2. Tt is
easy to see that p(f) is m-coCartesian, so that f is (r o p)-coCartesian by virtue of Proposition T.2.4.1.3.

Choose (mop)-coCartesian morphisms X — X; covering the inert morphisms p° : (n) — (1) for 1 < i < n.
We claim that these maps exhibit X as a (7 o p)-product of the objects X;. Using our assumption that e®
and D® are oo-operads, we deduce that these maps exhibit X as a p-product of the objects {X;}. It therefore
suffices to show that they exhibit p(X) as a m-product of the objects p(X;) in the co-category N(Sub), which
follows immediately from the definitions.

It remains only to show that for each n > 0, the canonical functor ¢ : (€% B @®)<n> — (C¥m D®)?1> is
essentially surjective. We can identify the latter with (C]]D)™. Given a collection of objects Xi,..., X,
of C[[D, welet S = {x}U{i: X; € Ctand T = {x} U{i: X; € D}. Let C = Py,ceXi € G%] an
let D =@y, cpXi € D([X}]. Then X = ({(n),S,T,C, D) is an object of (C®Hﬂ@®)<n> such that ¢(X)
(X1,...,Xn).

O R
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Proof of Theorem 2.2.5.6. Assertion (1) follows from the evident isomorphisms
(C¥BD?). ~C¥ x Dy,  (E¥PBD¥); ~ €, x D%,

together with the observation that (‘3%?J> and D((%) are contractible Kan complexes. Assertion (2) follows
immediately from (1). To prove (3), let X = (C*BD®)_ N (C°BD¥), ~ Gf%) x@% and let Y =
(C?ED®)_U(C®BD®),. Let A denote the full subcategory of Funygin,) (Y, £¥) spanned by those functors
whose restriction to both (€ BD®)_ and (C¥ BD®), are co-operad maps. We have homotopy pullback
diagram

A Fun™((€® BD®)_, &%)

|

Fun™((C®*BD®),, %) — Funy (gin,) (X, £%).

Since Ef%) is a contractible Kan complex, the simplicial set Funygin,)(X, e® ) is also a contractible Kan
complex, so the map
A — Fun™((€® BD®)_, %) x Fun™((C* BD¥) ., &%)

is a categorical equivalence. We will complete the proof by showing that the map ]F‘unla”‘(ﬁf® BHD®, 8®) — A
is a trivial Kan fibration.

Let ¢ : €2 — N(Fin,) denote the projection map. In view of Proposition T.4.3.2.15, it will suffice to
show the following:

(a) An arbitrary map A € Funl\l(gm*)(e® BD®, %) is an co-operad map if and only if it satisfies the
following conditions:

(i) The restriction Ag = A|Y belongs to A.
(7i) The map A is a ¢-right Kan extension of Ay.

(b) For every object Ay € A, there exists an extension A € Funy(gin, (€® BD®, &%) of Ay which satisfies
the equivalent conditions of (a).

To prove (a), consider an object A € FunN(r;in*)(G® BD%, £®) and an object X = ((n),S,T,C, D) €
C¥BD®. Choose morphisms a: C = Co and §: D — Dy, where Gy € € and Dy € D, . Set

X_ = ([S],[S},{*},C,DO) Xo = (<O>a{*}7{*}7007D0) Xy = ([T},{*}, [T]7007D)'
Then « and 8 determine a commutative diagram

X—X_

]

Xy —— Xo.
Using Theorem T.4.1.3.1, we deduce that this diagram determines a map
¢: A3 = Yxeompe(C¥BDY)x,
such that ¢ is right cofinal. It follows that A is a g-right Kan extension of Ag at X if and only if the diagram
AX) —— A(X)

L

A(X ) — A(X0)
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is a g-pullback diagram. Since ¢ : €2 — N(&in,) is an oco-operad, this is equivalent to the requirement that
the maps A(X_) + A(X) — A(X) are inert. In other words, we obtain the following version of (a):

(') Amap A € FUDN(g“in*)(e(g BD®, E%) is a g-right Kan extension of Ay = A|Y if and only if, for every
object X € @2 BD® as above, the maps A(X_) «+ A(X) — A(X,) are inert.

We now prove (a) Suppose first that A is an oco-operad map; we wish to prove that A satisfies conditions
(i) and (#i). Condition (i) follows immediately from the description of the inert morphisms in €% B D®
provided by the proof of Proposition 2.2.3.5, and condition (i) follows from (a’). Conversely, suppose
that (¢) and (i) are satisfied. We wish to prove that A preserves inert morphisms. In view of Remark
2.1.2.9, it will suffice to show that A(X) — A(Y) is inert whenever X — Y is an inert morphism such
that Y € (€% EEI@®)<1>. It follows that Y € Y; we may therefore assume without loss of generality that
Y € (€®BD®)_. The map X — Y then factors as a composition of inert morphisms X — X_ — Y, where
X_ is defined as above. Then A(X) — A(X_) is inert by virtue of (i) and (a’), while A(X_) — A(Y) is
inert by virtue of assumption (7).

To prove (b), it will suffice (by virtue of Lemma T.4.3.2.13) to show that for each X € ¥ K D%, the
induced diagram

Yy, =Y e®

admits a ¢-limit. Since ¢ is right cofinal, it suffices to show that there exists a g-limit of the diagram
Ag(X-) = Ao(Xo) = Ao(X4).

The existence of this ¢-limit follows immediately from the assumption that €% is an oo-operad. O

2.2.4 Monoidal Envelopes

Every symmetric monoidal co-category €% — N(&in,) can be regarded as an co-operad, and every symmetric
monoidal functor determines a map between the underlying oco-operads. This observation provides a forgetful
functor from the oo-category C‘Tat?g ~ CAlg(Caty,) of symmetric monoidal co-categories to the oco-category
Opeo of co-operads. Our goal in this section is to construct a left adjoint to this forgetful functor. More
generally, we will give a construction which converts an arbitrary fibration of co-operads €% — O% into a
coCartesian fibration of co-operads Enve (€)% — 0%.

Construction 2.2.4.1. Let O be an cc-operad. We let Act(O%) denote the full subcategory of Fun(A!, 0®)
spanned by the active morphisms. Suppose that p : €® — 0% is a fibration of co-operads. We let Enve (C)®
denote the fiber product

(i’® XFun({O},O®) ACt(O®).

We will refer to Env (C)® as the O-monoidal envelope of €¥. In the special case where O% is the commutative
oc-operad, we will denote Enve (€)® simply by Env(€)®.

Remark 2.2.4.2. More informally, we can identify Enve(C)® with the oco-category of pairs (C,«a), where
C € C® and a : p(C) — X is an active morphism in O%.

Remark 2.2.4.3. Let % be an co-operad. Evaluation at {1} C A' induces a map Env(€)® — N(Jin,). We
let Env(€) denote the fiber Env(@)%l). Unwinding the definitions, we deduce that Env(€) can be identified

with the subcategory Git C @® spanned by all objects and active morphisms between them.

We will defer the proof of the following basic result until the end of this section:

Proposition 2.2.4.4. Let p : C¥ — 0% be a fibration of oo-operads. Then evaluation at the vertex {1} C A?
induces a coCartesian fibration of co-operads q : Enve (€)% — 0%.



2.2. CONSTRUCTIONS OF oco-OPERADS 171

Taking O® to be the commutative co-operad, we deduce the following:

Corollary 2.2.4.5. Let C% be an oo-operad. Then there is a canonical symmetric monoidal structure on
the co-category Cf’ct of active morphisms.

Remark 2.2.4.6. If C% is an oo-operad, we let @ : €2, x €2, — €2, denote the functor induced by the
symmetric monoidal structure described in Corollary 2.2.4.5. This operation can be described informally
as follows: if X € C?(?m classifies a sequence of objects {X; € Cli<i<m and Y € €a> classifies a sequence
{Y; € C}1<j<n, then XBY € G‘?m+n> corresponds to the sequence of objects {X; € C}1<;<mU{Y; € Chi<j<n
obtained by concatenation.

Remark 2.2.4.7. The symmetric monoidal structure on Gﬁt described in Corollary 2.2.4.5 can actually be

extended to a symmetric monoidal structure on C% itself, but we will not need this.

Remark 2.2.4.8. Let O° be an oo-operad, and let ¢ : €% — 0% be a O-monoidal co-category. Then the
collection of active g-coCartesian morphisms in €% is stable under the operation @ : €2, x €2, — €2, . To

see this, let & : C — €’ and 3 : D — D’ be active g-coCartesian morphisms in €. Let v: C @& D — E be a
g-coCartesian morphism lifting ¢(a ® ). We have a commutative diagram in O®

p(C) =<——p(C @ D) ——p(D)

N

p(C") =—p(C"® D') ——p(D")

We can lift this to a diagram of g-coCartesian morphisms

C<~—Co®D——-D
C’ FE D'.

Let 6 : E — C' @ D’ be the canonical map in Gﬁc/@ D3 the above diagram shows that the image of § is an
equivalence in both Gﬁc,) and Gﬁp/)- Since Gfﬁc'@p') ~ Gfﬁc') X Gf’(D,)7 it follows that ¢ is an equivalence,
so that o @ f is g-coCartesian as desired.

For any oc-operad 0%, the diagonal embedding O¥ — Fun(A', 0®) factors through Act(0%). Pullback
along this embedding induces an inclusion €® C Enve(€)® for any fibration of oo-operads €% — O®. It
follows from Proposition 2.2.4.4 and Lemma 2.2.4.16 (below) that this inclusion is a map of co-operads. The
terminology “O-monoidal envelope” is justified by the following result:

Proposition 2.2.4.9. Let p : €% — 0% be a fibration of co-operads and p' Enve (€)% — 0% the induced
coCartesian fibration of co-operads, and let q : D® — O% be another coCartesian fibration of co-operads.
The inclusion i : € C Enve (€)% induces an equivalence of co-categories

Funf (Enve(€), D) — Alge(D).

Here Fun§ (Up(C), D) denotes the full subcategory of Funge (Enve(C)®, D®) spanned by those functors
which carry p'-coCartesian morphisms to q-coCartesian morphisms, and Alge(D) the full subcategory of
Funo®(€®, 'D®) spanned by the maps of co-operads.

Remark 2.2.4.10. Since every diagonal embedding O% — Act(0%) is fully faithful, we conclude that for
every fibration of oco-operads C® — O% the inclusion €% — Enve(€)® is fully faithful. In particular, we
deduce that for every oo-operad €% there exists a fully faithful co-operad map €° — D®, where D% is a
symmetric monoidal co-category.
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We now turn to the proofs of Propositions 2.2.4.4 and 2.2.4.9. We will need several preliminary results.

Lemma 2.2.4.11. Let p: @ — D be a coCartesian fibration of co-categories. Let €' be a full subcategory of
C satisfying the following conditions:

i) For each D € D, the inclusion €, C Cp admits a left adjoint Lp.
D

(i1) For every morphism f: D — D’ in D, the associated functor fi : Cp — Cp/ carries Lp-equivalences
to Lp:-equivalences.

Then:
(1) The restriction p' = p| €' is a coCartesian fibration.

(2) Let f : C — C' be a morphism in C lying over g : D — D’ in D, and let g\ : Cp — Cps be the
functor induced by the coCartesian fibration p. Then f is p'-coCartesian if and only if the induced map
a:gC — C' is an Lp -equivalence.

Proof. We first prove the “if” direction of (2). According to Proposition T.2.4.4.3, it will suffice to show
that for every object C” € € lying over D" € D, the outer square in the homotopy coherent diagram

Mape(C’, C") —> Mape (9:C, C"") — Mape (C, C"")

| | i

Mapy, (D', D") — Mapa, (D', D) — Mapy, (D, D)

is a homotopy pullback square. Since the right square is a homotopy pullback (Proposition T.2.4.4.3), it
will suffice to show that 6 induces a homotopy equivalence after passing the homotopy fiber over any map
h: D" — D". Using Proposition T.2.4.4.2, we see that this is equivalent to the assertion that the map hi(«)
is an Lpr-equivalence. This follows from (i), since « is an Lps-equivalence.

To prove (1), it will suffice to show that for every C' € €" and every g : p(C) — D’ in D, there exists
a morphism f : C — C’ lying over g satisfying the criterion of (2). We can construct f as a composition

clioly C', where f’ is a p-coCartesian lift of g in C, and f” : C” — C’ exhibits €’ as an €',,-localization
of C”.
We conclude by proving the “only if” direction of (2). Let f : C — C’ be a p/-coCartesian morphism in ¢’

lying over g : D — D’. Choose a factorization of f as a composition C' Lonly C’, where f’ is p-coCartesian
and f” is a morphism in Cp.. The map f” admits a factorization as a composition C”’ boom By C’, where
h exhibits C"" as a €, -localization of C”". The first part of the proof shows that the composition h o f’ is
a p’-coCartesian lift of g. Since f is also a p’-coCartesian lift of g, we deduce that h’ is an equivalence. It
follows that f” = h' o h exhibits €’ as a €}, -localization of C” ~ ¢/C, so that f satisfies the criterion of
(2). O

Remark 2.2.4.12. Let ¢ C € and p : € — D be as in Lemma 2.2.4.11. Hypotheses (i) and (i) are
equivalent to the following:

(i") The inclusion €’ C € admits a left adjoint L.
(7i") The functor p carries each L-equivalence in € to an equivalence in D.

Suppose first that (i) and (i7) are satisfied. To prove (i') and (i7’), it will suffice (by virtue of Proposition
T.5.2.7.8) to show that for each object C € Cp, if f : C — C’ exhibits C’ as a €p-localization of C,
then f exhibits C’ as a C'-localization of C. In other words, we must show that for each C” € €’ lying
over D" € D, composition with f induces a homotopy equivalence Mape(C’, C") — Mape(C,C”). Using
Proposition T.2.4.4.2, we can reduce to showing that for every morphism ¢ : D — D" in D, the induced map
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Mape _,, (9:C",C") — Mape_,, (9:C, C") is a homotopy equivalence. For this, it suffices to show that gi(f) is
an Lpr-equivalence, which follows immediately from (ii).

Conversely, suppose that (i') and (ii") are satisfied. We first prove (7). Fix D € D. To prove that the
inclusion €, C Cp admits a left adjoint, it will suffice to show that for each object C' € Cp there exists a C',-
localization of C' (Proposition T.5.2.7.8). Fix a map f : C — C’ in C which exhibits C’ as a €’-localization
of C. Assumption (i¢") guarantees that p(f) is an equivalence in D. Replacing f by an equivalent morphism
if necessary, we may suppose that p(f) = idp so that f is a morphism in Cp. We claim that f exhibits
C" as a Cp-localization of C. To prove this, it suffices to show that for each C" € €, composition with
J induces a homotopy equivalence Mape , (C’,C") — Mapg, (C,C"). Using Proposition T.2.4.4.2, we can
reduce to showing that f induces a homotopy equivalence Mape(C’,C"”) — Mape(C,C"), which follows
from the assumption that f exhibits C’ as a €’-localization of C.

We now prove (i7). Let f: C — C’ be an Lp-equivalence in Cp, and let g : D — D’ be a morphism in
D. We wish to show that ¢i(f) is an Lpr-equivalence in Cpr. In other words, we wish to show that for each
object C" € €'5,, the map Mape , (9:C",C") = Mape_, (9:C,C") is a homotopy equivalence. This follows
from Proposition T.2.4.4.2 and the fact that Mape(C’, C") — Mape(C,C") is a homotopy equivalence.

Lemma 2.2.4.13. Let p : € — D be an inner fibration of co-categories. Let D' C D be a full subcategory
and set @ =D’ xp C. Assume that:

(i) The inclusion D" C D admits a left adjoint.

(ii) Let C € C be an object and let g : p(C) — D be a morphism which exhibits D as a D'-localization of
p(C). Then g can be lifted to a p-coCartesian morphism C — C’.

Then:

(1) A morphism f : C — C' exhibits C' as a C'-localization of C if and only if p(f) exhibits p(C') as a
D'-localization of p(C) and f is p-coCartesian.

(2) The inclusion €' C € admits a left adjoint.

Proof. We first prove the “if” direction of (1). Fix an object C” € €'; we wish to prove that f induces
a homotopy equivalence Mape(C’,C") — Mape(C,C"). Using Proposition T.2.4.4.3, we deduce that the
homotopy coherent diagram

Mape(C’,C") Mape(C, C")

| |

Mapy (p(C”), p(C")) — Mapq (p(C), p(C"))

is a homotopy pullback square. It therefore suffices to show that the bottom horizontal map is a homotopy
equivalence, which follows from the assumptions that p(C”) € D" and p(f) exhibits p(C”’) as a D’-localization
of p(C).

Assertion (2) now follows from (7i) together with Proposition T.5.2.7.8. To complete the proof, we verify
the “only if” direction of (1). Let f: C' — C’ be a map which exhibits C” as a €'-localization of C, and let
g : D — D' be the image of f in D. Then f factors as a composition

clgcl o,

we wish to prove that f” is an equivalence. This follows from the first part of the proof, which shows that
f’ exhibits ¢/C' as a €’-localization of C. O

Lemma 2.2.4.14. Let p: €®° — 0% be a fibration of co-operads, and let D = C¥ X Fun({0},0%) Fun(A',0%).
Then the inclusion Enve(C)® C D admits a left adjoint. Moreover, a morphism o : D — D’ in D ezhibits
D’ as an Envo(C)®-localization of D if and only if D' is active, the image of o in C% is inert, and the image
of a in O is an equivalence.
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Proof. According to Proposition 2.1.2.4, the active and inert morphisms determine a factorization system
on O®. It follows from Lemma T.5.2.8.19 that the inclusion Act(0®) C Fun(A', 0®) admits a left adjoint,
and that a morphism « : g — ¢’ in Fun(A', 0%) corresponding to a commutative diagram

x—1ox

P,k

Yy —Y'

in O® exhibits ¢ as an Act(O%)-localization of g if and only if ¢’ is active, f is inert, and f’ is an equivalence.
The desired result now follows from Lemma 2.2.4.13. O

Lemma 2.2.4.15. Let p: €% — 0% be a fibration of co-operads, and let D = €% X Fun({0},09) Fun(Al, 0%).
Then:

(1) Bvaluation at {1} induces a coCartesian fibration ¢’ : D — 0%,

(2) A morphism in D is q'-coCartesian if and only if its image in C¥ is an equivalence.
(3) The map ¢ restricts to a coCartesian fibration q : Enve(€)® — 0%,

(4) A morphism f in Enve (@)% is g-coCartesian if and only if its image in C% is inert.

Proof. Assertions (1) and (2) follow from Corollary T.2.4.7.12. Assertions (3) and (4) follow by combining
Lemma 2.2.4.14, Remark 2.2.4.12, and Lemma 2.2.4.11. O

Lemma 2.2.4.16. Let € denote the full subcategory of Fun(A', N(Fin,)) spanned by the active morphisms,
and let p : € — N(Fin,) be given by evaluation on the vertex 1. Let X € € be an object with p(X) = (n),
and choose p-coCartesian morphisms f; : X — X; covering the maps p' : (n) — (1) for 1 < i < n. These
morphisms determine a p-limit diagram (n)°" — €.

Proof. Let X be given by an active morphism f : (m) — (n). Each of the maps f; can be identified with a
commutative diagram

where ; is active and ~; is inert. Unwinding the definitions, we must show the following;:

(¥) Given an active morphism 2 : (m/) — (n') in Fin,, a map § : (n') — (n), and a collection of
commutative diagrams

(m') — (m)

L

(n') (1),

there is a unique morphism € : (m') — (m) such that ¢; = ; oe.

ptod

For each j € (m'), let 5/ = (6 0 5')(j) € (n). Then ¢ is given by the formula

N if 7/ =«
)= {w;--%q(j)) if 7 £ .
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Proof of Proposition 2.2.4.4. Lemma 2.2.4.15 implies that ¢ is a coCartesian fibration. It will therefore
suffice to show that Enve(€)® is an oo-operad. Let r denote the composition

Enve(€)® % 0% — N(JFin,).

Let X € Envo(e)%w, and choose r-coCartesian morphisms X — X; covering p’ : (n) — (1) for 1 < i < n.

We wish to prove that these morphisms determine an r-limit diagram a : (n)°" — Enve(C)®.
Let D = €% X Fun({0},09) Fun(A',9%®). Then 7 extends to a map r’ : D — N(Fin,). To show that « is
an r-limit diagram, it will suffice to show that « is an 7/-limit diagram. Write r’ as a composition

’

D 74 Fun(AL, 0%) 7 Fun(AL, N(Fin,)) 23 N(Fin,).

In view of Proposition T.4.3.1.5, it will suffice to show that « is an r{-limit diagram, that r{ o v is an 7{-limit
diagram, and that { o r{ o v is an r5-limit diagram. The second of these assertions follows from Remark
2.1.2.6 and Lemma 3.2.2.9, and the last from Lemma 2.2.4.16. To prove that « is an r{-limit diagram, we
consider the pullback diagram

D —— Fun(A!,0%)

L

CE——

Using Proposition T.4.3.1.5, we are reduced to the problem of showing that the induced map (n)oq — €% s
a p-limit diagram; this follows from Remark 2.1.2.11.

To complete the proof, it will suffice to show for any finite collection of objects X; € Envo((?)%b1>
(parametrized by 1 < i < n), there exists an object X € Envo((i)%1> and a collection of r-coCartesian
morphisms X — X; covering the maps p’ : (n) — (1). Each X; can be identified with an object C; € €® and
an active morphism f; : p(C;) — Y; in O, where Y; € O. The objects Y; determine a diagram g : (n)° — 0%,
Using the assumption that O is an oc-operad, we deduce the existence of an object Y e O%m and a collec-
tion of inert morphisms Y — Y; covering the maps p : (n) — (1). We regard these morphisms as providing
an object Y € O% lifting Y. Let C; € €% lie over (m;) in Fin,. Since C® is an oo-operad, there exists
an object C € C’%@m and a collection of inert morphisms C' — C;, where m = mq + --- + m,. Composing
these maps with the f3;, we can lift p(C) to an object Z € O%. To construct the object X and the maps
X — X;, it suffices to select a morphism Z — Y in O%. The existence of such a morphism follows from the

observation that Y is a final object of O%’g. O

Proof of Proposition 2.2.4.9. Let €¥ denote the essential image of i : €° — Enve(€)®. We can identify &
with the full subcategory of Enve (€)® spanned by those objects (X, : p(X) — Y) for which X € €® and a
is an equivalence in O%. We observe that i induces an equivalence of co-operads €% — €%, It will therefore
suffice to prove that the restriction functor

Funf (Enve(€), D) — Algg /(D)
is an equivalence of co-categories. In view of Proposition T.4.3.2.15, it will suffice to show the following:
(a) Every oc-operad map 6 : €% — D® admits a g-left Kan extension 6 : Enve (€)% — D,

(b) An arbitrary map 0 : Enve (C)® — D% in (Seta), oo is a O-monoidal functor if and only if it is a g-left
Kan extension of 6y = 6 &% and 6y is an co-operad map.

To prove (a), we will use criterion of Lemma T.4.3.2.13: it suffices to show that for every object X =

(X, : p(X) = Y) in Enve(€)?®, the induced diagram &% X Enve (€)® Envo(C)% — D¥admits a g-colimit
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®
/X
e® X Enve (€)® Envo(G)?Y has a final object, given by the pair (X, id,x)). It therefore suffices to show that

covering the natural map (% X Enve(€)® Endo (€)' 75)" — D® . To see this, we observe that the co-category

there exists a g-coCartesian morphism 60o(X,id,x)) — C lifting a : p(X) — Y, which follows from the
assumption that ¢ is a coCartesian fibration. This completes the proof of (a) and yields the following version
of (b):

(V') Let 6 : Envp(C)® — D® be a morphism in (Seta), oo such that the restriction 0y = 0| €® is an
oo-operad map. Then 6 is a ¢-left Kan extension of 6 if and only if, for every object (X, a : p(X) —
Y) € Env(0)®, the canonical map (X, idyx)) — 8(X, a) is g-coCartesian.

We now prove (b). Let 6 : Envey (€)® — D® be such that the restriction y = 0] £® is an co-operad map.
In view of (), it will suffice to show that 6 is a O-monoidal functor if and only if 6(X,id,x) — 0(X, ) is
g-coCartesian, for each (X,a) € Envg(€)®. The “only if” direction is clear, since Lemma 2.2.4.16 implies
that the morphism (X,id,x) = (X, a) in Enve(C)® is p/-coCartesian, where p’ : Enve (€)® — O denotes
the projection. For the converse, suppose that we are given a p’-coCartesian morphism f : (X, a) — (Y, o)
in Enve (€)®. Let 8 : p(X) — p(Y) be the induced map in O®, and choose a factorization 5 ~ 3" o ' where
B’ is inert and 8" is active. Choose a p-coCartesian morphism B X = X" lifting 3’. We then have a
commutative diagram

’

. f .
(X, idp(x)) — (X7, idp(x))

) |
f / /
(X, q) —— (X', d).
The description of p’-coCartesian morphisms supplied by Lemma 2.2.4.16 shows that the map X" — X’
is an equivalence in O%. If @ satisfies the hypotheses of (b'), then 6(g) and 6(g’) are g-coCartesian. The
assumption that 6j is an oo-operad map guarantees that 0(f’) is g-coCartesian. It follows from Proposition

T.2.4.1.7 that 6(f) is g-coCartesian. By allowing f to range over all morphisms in Envy(€)® we deduce that
0 is a O-monoidal functor, as desired. O

2.2.5 Tensor Products of co-Operads

Let O® and 0'® be a pair of oo-operads. Our goal in this section is to introduce a new oo-operad O"®,
which we call the tensor product of O% and ©’®. This tensor product is characterized (up to equivalence)
by the existence of a map O% x0'® 5 0”% with a certain universal property: see Definition 2.2.5.3. This
universal property guarantees the existence of an equivalence of co-categories Algy. (C) — Algy(Algy (C)),
for every symmetric monoidal co-category C: here Algy, (@) is endowed with a symmetric monoidal structure
determined by the tensor product in C.

Notation 2.2.5.1. We define a functor A : Fin, x Fin, — Fin, as follows:
() On objects, A is given by the formula (m) A (n) = (mn).
(i) If f: (m) — (m') and g : (n) — (n’) are morphisms in Fin,, then f A g is given by the formula
'f = b =
Grgantb-m={" / if f(a) = » or g(b) = =
fla)n + g(b) —n’ otherwise.

(o)

In other words, A is given by the formula (m) A (n) = ((m)° x (n)°)., where we identify (m)° x (n)
with (mn)° via the lexicographical ordering.

Remark 2.2.5.2. The operation A of Notation 2.2.5.1 is associative, and endows Fin, with the structure
of a strict monoidal category (that is, we have equalities ((I) A (m)) A (n) = () A ((m) A (n)), rather than
just isomorphisms). In particular, the nerve N(ZFin,) has the structure of a simplicial monoid.
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Definition 2.2.5.3. Let 0%, O/®, and 0”® be oo-operads. A bifunctor of oc-operads is a map [ :
0% xO0'® = 0"% with the following properties:

() The diagram

O® XO/® ON®

|

N(Fin,) x N(Fin, ) *— N(Fin,)
cominmutes.

(i) For every inert morphism « in O® and every inert morphism $ in O/®, the image f(«, ) is an inert

. . ®
morphism in 0”7,

We let BiFunc(0®, O’®; O”®) denote the full subcategory of FUHN(g:in*)(OQ@ x0'® OH®) spanned by

those maps which satisfy (i7); we will refer to BiFunc(0®, O'®; O”®) as the co-category of co-operad bifunctors
from 0% x 0% into 0%,

Given an oc-operad bifunctor f : 0% x0'® = 0" and another oo-operad €%, composition with f
determines a functor 6 : Alge.(€) — BiFunc(0%,0'%;€%). We will say that f exhibits "% as a tensor

product of O% and O’ if the functor 6 is an equivalence for every oo-operad C%.

ne

Remark 2.2.5.4. For every triple of co-operads 0%, 0'%, and 0”%, we let Mulg,a ({0%, 0"®1,0"%) de-

note the largest Kan complex contained in the oco-category BiFunc(O®, O'®; O"®). We claim that a bi-
functor of occ-operads f : O x@'® — "% exhibits ©”% as an tensor product of O with O'® if and
only if, for every oc-operad C®, composition with f induces a homotopy equivalence Oee : Algyn (€)= —
Mulg,,a ({07, 0'®},0"%). The “only if” direction is clear. For the converse, we observe that to show that

the functor Algey.(€) — BiFunc(0%, O'®; €®) is an equivalence of co-categories, it suffices to show that for
every simplicial set K the induced functor Fun(kK, Algy.(€)) — Fun(K, BiFunc(0®, 0'®, €®)) induces a ho-
motopy equivalence from Fun(K, Algy. (€)™ to Fun(K, BiFunc(O®, 0%, €®))~. Unwinding the definitions,
we see that this map is given by e, where D® denotes the co-operad Fun(K, €®) X Fun(K,N(Fin,)) N(Fin,).

It is immediate from the definition that if a pair of oc-operads O% and 0’® admits a tensor product
O"®, then 0" is determined uniquely up to equivalence. To prove the existence of the tensor product it is
convenient to work in the more general setting of co-preoperads:

Notation 2.2.5.5. Let X = (X, M) and Y = (Y, M’) be oo-preoperads: that is, X and Y are simplicial
sets equipped with maps X — N(Jin,) <= Y, and M and M’ are collections of edges of X and Y. We let
X ®Y denote the oo-preoperad (X x Y, M x M'), where we regard X x Y as an object of (8eta), n(#in,)

via the map X x Y — N(Fin,) x N(Fin,) 5 N(Fin,).

Unwinding the definitions (and using Remark 2.2.5.4), we see that a bifunctor of oo-operads

f:02x0® 5 0"%

exhibits 0”® as a tensor product of O% and 0'® if and only if the induced map O0%f oO'®f O//®’h is a
weak equivalence of co-preoperads. In other words, a tensor product of a pair of co-operads O% and 0%

can be identified with a fibrant replacement for the object 0%7© 0% in the category POps,. This proves:

Proposition 2.2.5.6. Let O° and "% be oo-operads. Then there exists a bifunctor of co-operads OF x
"% = 0"® which ezhibits "% as a tensor product of O% and 0.
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We now show that the operation ® is compatible with the oco-operadic model structure on POp..
Proposition 2.2.5.7. The functor ©® endows POps, with the structure of a monoidal model category.

Remark 2.2.5.8. In the approach to oco-operads based on dendroidal sets, one can do better: the tensor
product of co-operads is modelled by an operation which is commutative up to isomorphism. We refer to
[31] for a discussion.

Proof of Proposition 2.2.5.7. Since every object of POpy is cofibrant, it will suffice to show that the functor
® : POps X POpse — POpso

is a left Quillen bifunctor. Let 8 be as in the proof of Proposition 2.1.4.6. Using Remark B.2.5, we deduce
that the Cartesian product functor POps, X POpse — (SetX)/m xsp is a left Quillen bifunctor. The desired
result now follows by applying Proposition B.2.9 to the product functor N(Fin,) x N(Fin,) — N(Fin,). O

Our next goal is to discuss the symmetry properties of the tensor product construction on oo-operads.
Here we encounter a subtlety: the functor A : Fin, x Fin, — Fin, endows Fin, with the structure of
a symmetric monoidal category. However, this symmetric monoidal structure is not strict: the natural
symmetry isomorphism (mn) ~ (m) A (n) ~ (n) A (m) ~ (mn) is not the identity, because the two different
lexicographical orderings of (m)° x (n)° do not coincide. We can address this problem by replacing the specific
functor A : Fin, x Fin, — Fin, of Notation 2.2.5.1 by the collection of all functors which are isomorphic to
A.

Notation 2.2.5.9. Let F': Fin, X - -+ X Fin, — Fin, be a functor. We will say that F' is a smash product
functor if it has the following properties:

(1) There exists an isomorphism (automatically unique) F((1),...,(1)) ~ (1).
(2) The functor F' preserves coproducts separately in each variable.

Example 2.2.5.10. The functor F' : Fin, x - - - x Fin, — Fin, given by F({(n1),..., (ng)) = (ni)A---A{ng) =
(nqy ---ng) is a smash product functor.

Notation 2.2.5.11. For every finite set I, the collection of smash product functors F' : &”in*l — Fin,
forms a category, which we will denote by &(I). For every pair of objects F,G € &(I), there is a unique
morphism from F' to G (which is an isomorphism). Consequently, &(I) is equivalent to the discrete category
[0], consisting of the smash product functor described in Example 2.2.5.10.

Construction 2.2.5.12. Given a collection of oo-operads {OZ@}Z-GI, another oo-operad O'®, we define a
simplicial set Mulg,a ({09}, 0"®) equipped with a map Mulppa ({09},0'®) — N(6(I)) so that the following
universal property is satisfied: for every simplicial set K equipped with a map K — N(&(I)), there is a
natural bijection of Funy(e (1)) (K, Mulppa ({02}, 0'®) with the set of commutative diagrams

K x L, 08 —1 o'

| |

N(&(I)) x N(Fin, )| —= N(Fin,)

having the following property: given any collection of inert morphisms {a; € Fun(A?, O?}ie 7 and any edge
B € K, the image f(5,{;}) is an inert morphism in O'®.

It is not difficult to see that the map Mulp,a ({0%},0'®) = N(&(1)) is a Kan fibration, whose fiber over
the object A € &(I) (see Example 2.2.5.10) can be identified with the Kan complex of multilinear maps of
oo-operads

[Tog —o®
iel
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(in other words, the space of maps from (9, Ofg’h to O'®F in the simplicial category POps,). With the
evident composition maps, these mapping spaces determine a simplicial colored operad Opvo, whose objects
are small co-operads.

Let Op(oo)® denote the operadic nerve N®(Op2) (see Definition 2.1.1.23). Since the simplicial colored
operad Op is fibrant (Definition 2.1.1.26), we conclude that Op(co)® is an oo-operad (Proposition 2.1.1.27).

Proposition 2.2.5.13. (a) The co-operad Op(c0)® — N(Fin,) of Construction 2.2.5.12 is a symmetric
monoidal co-category.

(b) There is a canonical equivalence of co-categories Ops, — Op(00).

(¢) The bifunctor
Opoo X Opeo = Op(o0) x Op(o0) 8 Op(o0) ~ Opeo
is given by the tensor product construction of Definition 2.2.5.3.

(d) The unit object of Op(co) can be identified with a fibrant replacement for the co-preoperad {(1)}°

Proof. For the proof, we will borrow some results from Chapter 4. By virtue of Proposition 4.1.1.20, assertion
(a) is equivalent to the statement that Op(co)® X N(Fin,) Ass® is a monoidal oo-category. This follows
immediately from Example 4.1.3.18 and Variant 4.1.3.17. Assertion (b) is immediate from Example 4.1.3.18.
Assertion (c¢) and (d) follow from Example 4.1.3.18 and the proof of Proposition 4.1.3.10. O

Remark 2.2.5.14. It follows from Example 2.1.4.8 that the Triv®*? can be identified with a fibrant replace-
ment for the co-preoperad {(1)}". It follows that the trivial co-operad Triv® is a unit object of Op(co).

We now describe the relationship between tensor products of co-operads and ordinary products of oo-
categories. Let Setz denote the category of marked simplicial sets, equipped with the marked model structure
described in §T.3.1.3. The subcategory (SetZ)O of fibrant-cofibrant objects is endowed with a symmetric
monoidal structure, given by the Cartesian product. We will denote the associated symmetric monoidal co-
category N®((8et£)°) by Catl: its underlying co-category is the oo-category Catn, of small co-categories,
and the symmetric monoidal structure is given by the formation of Cartesian products of co-categories. The
construction 0% — O determines a map of simplicial colored operads Op% — (8et£)°. Passing to the
operadic nerve, we get a map of oco-operads 6 : Op(oo)® — Cat.

Proposition 2.2.5.15. Let Op(oo) denote the full subcategory of Op(co) ~ Opee spanned by those oo-
operads p : O° — N(Fin,) for which p factors through Triv® C N(Fin,) (see Proposition 2.1.4.11). Then:

(a) The subcategory Op(co)’ contains the unit object of Op(co) and is stable under tensor products. Con-
sequently, Op(co) inherits a symmetric monoidal structure Op(oo)/® (Proposition 2.2.1.1).

)/®

(b) The functor 0 restricts to a symmetric monoidal equivalence Op(oc)’™ — CatX .

In other words, when restricted to those oo-operads which belong to the image of the fully faithful
embedding Caty, — Opy, of Proposition 2.1.4.11, the operation of tensor product recovers the usual Cartesian
product of co-categories.

Proof. As in the proof of Proposition 2.2.5.13, it will be convenient to borrow some ideas from Chapter
4. According to Remark 2.2.5.14, the unit object of Op(oo) can be identified with Triv®, which obviously

”®, then

admits a map to the tensor product of Triv® with itself. Since Triv® is a unit object of Op(co)’, this

belongs to Op(co)’. If O and 0% are oo-operads belonging to Op(co)’ having tensor product O
O//®
tensor product can be identified with Triv®, so that 0% belongs to Op(oc)’. This proves (a).

To prove (b), we note that 6 induces an equivalence between the underlying co-categories Op(oo)/ — Cato
by Proposition 2.1.4.11. In view of Remark 2.1.3.8, to prove that 9|Op(oo)/® is an equivalence of oo-

categories, it will suffice to show that 6 is a symmetric monoidal functor. Let ¢ : Op(oo)'® — N(Fin,) and
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r: Catl — N(Fin,) be the projection maps; we wish to show that @ carries g-coCartesian morphisms to
r-coCartesian morphisms. Let ¢’ : N&_ (POpac®) — Ass® be the co-category of Example 4.1.3.18. Every g-
coCartesian morphism in Op(oo)'® is the image of a ¢’-coCartesian morphism in N&_ (POpa.°) (see Example
4.1.3.18). It will therefore suffice to show that the induced map

N% (PODs®) X op(oeye OP(00)'© € NG, (POpoc®) — Cat’,

carries ¢'-coCartesian morphisms to r-coCartesian morphisms. Using the proof of Proposition 4.1.3.10, we
are reduced to the following assertion:

(¥) Let 09,09, ...,02 be a sequence of co-operads belonging to Op(co)’, and let f : OF x ---x 02 — 0'®
be a map which exhibits 0’ as a tensor product of the oo-operads {O?}lgign- Then f induces an
equivalence of co-categories O; x --- x 9, = O’.

For each index ¢, we let OE denote the marked simplicial set (O;, M;), where M; is the collection of equivalences

in O;. We claim that the inclusion ¢ : OE — Ofm is a weak equivalence of co-preoperads. To prove this, it
suffices to show that for any oo-operad €%, composition with ¢ induces a homotopy equivalence

NIaprOpOQ (Oz@yh’ e®) - NIa“p’POpoo (OEa e®)

Without loss of generality, we may replace C® by C¥ XN(Fin,) Triv® (this does not change either of the
relevant mapping spaces), and thereby reduce to Proposition 2.1.4.11.

The hypothesis that f exhibits O0'® as a tensor product of the oco-operads OZ® is equivalent to the
requirement that f induces a weak equivalence of co-preoperads

Oi@m @ .. @ o%ﬁ N O/®’h-

It follows that the induced map a : []; OE — O0'®% is a weak equivalence of oco-preoperads. According
to Proposition 2.1.4.11, there exists a map of oo-operads €2 — Triv® and an equivalence of co-categories
[I; O; — €. The above argument shows that « induces a weak equivalence of co-preoperads 3 : [[, OE — e,
In particular, the map « can be factored as a composition

Hoh g e®;h l> O/®’h.

Since a and 8 are weak equivalences, we conclude that v is a weak equivalence between fibrant objects of
POpoo: that is, v induces an equivalence of oo-operads C¥ — 9% In particular, the underlying map of
oo-categories C — O’ is a categorical equivalence. It follows that the composite functor [[Oi = C— O is
also an equivalence, as desired. O

2.3 Disintegration and Assembly
Let A be an associative ring. Recall that an involution on A is a map o : A — A satisfying the conditions
(a+b) =a +b° (ab)? =b%a” (a%)? = a;

here a” denotes the image of ¢ under the map o. Let Ring denote the category of associative rings, and
let Ring? denote the category of associative rings equipped with an involution (whose morphisms are ring
homomorphisms that commute with the specified involutions). To understand the relationship between these
two categories, we observe that the construction A — A°P defines an action of the symmetric group ¥o on
the category Ring. The category Ring? can be described as the category of (homotopy) fixed points for the
action of Y5 on Ring. In particular, we can reconstruct the category Ring” by understanding the category
Ring together with its action of X,.
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The category Ring can be described as the category of algebras over the associative operad O in the
(symmetric monoidal) category of abelian groups. Similarly, we can describe Ring? as the category of O'-
algebra objects in the category of abelian groups, where O’ is a suitably defined enlargment of the associative
operad. The relationship between Ring and Ring” reflects a more basic relationship between the operads
O and O’: namely, the operad O carries an action of the group ¥, and the operad O can be recovered as
a kind of semidirect product O xX,. This assertion is useful because O is, in many respects, simpler than
O'. For example, the operad O has only a single unary operation (the identity) while O" has a pair of unary
operations (the identity and the involution).

In this section, we will describe a generalization of this phenomenon. We begin in §2.3.1 by introducing
the notion of a unital co-operad. Roughly speaking, an oo-operad O% is unital if it has a unique nullary
operation (more precisely, if it has a unique nullary operation for each object of the co-category O; see
Definition 2.3.1.1). Many of oo-operads which arise naturally are unital, and nonunital co-operads can be
replaced by unital co-operads via the process of unitalization (Definition 2.3.1.10). We say that a unital
oo-operad 0% is reduced if the co-category O is a contractible Kan complex. In §2.3.4, we will show that if
O is any unital co-operad whose underlying co-category O is a Kan complex, then O% can be “assembled”
from a family of reduced co-operads parametrized by O (Theorem 2.3.4.4). A precise formulation of this
assertion requires the notion of a generalized co-operad, which we discuss in §2.3.2. The proof will require a
somewhat technical criterion for detecting weak equivalences of co-preoperads, which we discuss in §2.3.3.

Remark 2.3.0.1. The assembly process described in §2.3.4 can be regarded as a generalization of the
semidirect product construction mentioned above, and will play an important role in §5.4.2.

2.3.1 Unital co-Operads

Let O® be an oo-operad. Then for every n-tuple of objects {Xi}i<i<n in O and every object Y € O, we can
consider the mapping space Mulg ({X;},Y") defined in Notation 2.1.1.16. We can think of this as the space
of n-ary operations (taking inputs of type {X;}1<;<, and producing an output of type Y') in 0. In general,
these operation spaces are related to one another via very complicated composition laws. When n = 1 the
situation is dramatically simpler: the 1-ary operation spaces Mulp ({X},Y) are simply the mapping spaces
Map(X,Y) in the underlying oo-category O. In this section, we will consider what is in some sense an
even more basic invariant of O°: namely, the structure of the nullary operation spaces Muly (0,Y). More
precisely, we will be interested in the situation where this invariant is trivial:

Definition 2.3.1.1. We will say that an oo-operad 0% is unital if, for every object X € O, the space
Muly (@, X) is contractible.

Warning 2.3.1.2. In the literature, the term unital operad is used with two very different meanings:

(¢) To describe an operad {O,, } >0 which has a distinguished unary operation id € Oy, which is a left and
right unit with respect to composition.

(#4) To describe an operad {O, }n>0 which has a unique nullary operation e € Q.

Definition 2.3.1.1 should be regarded as an oo-categorical generalization of (i7); the analogue of condition
(4) is built-in to our definition of an co-operad.

Example 2.3.1.3. The co-operads Comm® and E? of Examples 2.1.1.18 and 2.1.1.19 are unital. The trivial
oo-operad of Example 2.1.1.20 is not unital.

Here is a purely categorical description of the class of unital co-operads:
Proposition 2.3.1.4. Let O% be an co-operad. The following conditions are equivalent:
(1) The co-category OF is pointed (that is, there exists an object of OF which is both initial and final).

(2) The co-operad OF is unital.
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The proof depends on the following observation:

Lemma 2.3.1.5. Let p: O — N(ZFin,) be an co-operad. Then an object X of the oo-category 0% is final
if and only if p(X) = (0). Moreover, there exists an object of OF satisfying this condition.

Proof. Since 0% is an oo-operad, we have an equivalence O%) ~ 9% ~ A0: this proves the existence of an

object X € 0% such that p(X) = (0). Since O% is an oo-operad, the object X € 0% is p-final. Since
p(X) = (0) is a final object of N(Fin,), it follows that X is a final object of O%.

To prove the converse, suppose that X' is any final object of O®. Then X’ ~ X so that p(X’) ~ (0). It
follows that p(X') = (0), as desired. O

Proof of Proposition 2.3.1.4. According to Lemma 2.3.1.5, the oo-category O® admits a final object Y.
Assertion (1) is equivalent to the requirement that Y is also initial: that is, that the space Mapgye (Y, X) is
contractible for every X € O®. Let (n) denote the image of X in N(Fin,), and choose inert morphisms X —
X; covering p' : (n) — (1) for 1 <i < n. Since X is a p-limit of the diagram {X;}1<i<, — 0%, we conclude
that Mapge (Y, X) ~ [[;<;<,, Mapge (Y, X;). Assertion (1) is therefore equivalent to the requirement that
Mapge (Y, X) is contractible for X € O, which is a rewording of condition (2). O

The class of unital co-operads also has a natural characterization in terms of the tensor product of oo-
operads (see §2.2.5). Let A : N(Fin,) x N(Fin,) — N(Fin,) be the functor described in Notation 2.2.5.1. If
a:(m) — (m')y and 5 : (n) = (n') are morphisms in N(Fin,) and v = a A 8 : (mn) — (m'n’) is the induced
map, then v~ !(an + b —n) ~ a={a} x B71{b}. In particular, if each of the fibers a~'{a} and B3~1{b} has
cardinality < 1, then each fiber of 7 has cardinality < 1. It follows that A induces a map f : IE? X Egz’ — ]E? ,
where IE%B C N(Zin,) is the oco-operad defined in Example 2.1.1.19.

Proposition 2.3.1.6. The map f : ]Ef)b X E? — E? s a bifunctor of co-operads, which exhibits Egg’ as a
tensor product of B with itself.

Proof. Consider the map g : Al — Eq determined by the morphism (0) — (1) in Fin,. Example 2.1.4.9
asserts that g induces a weak equivalence of co-preoperads (Al)b — E? # We can factor the weak equivalence
g as a composition
(Al)b i) (Al)b o) (Al)b & E?’h o E?’h i> E?’h,

where § is the diagonal map. The map g ® ¢ is a weak equivalence of co-operads. By a two-out-of-three
argument, we are reduced to proving that the diagonal § : (A')” — (A1)’ ® (A’ is a weak equivalence of
oo-preoperads.

Unwinding the definitions, it suffices to show the following: for every oc-operad p : O® — N(Fin,),
composition with § induces a trivial Kan fibration

FunN(grin*)(Al X Al, O®) — FunN(g:in*)(Al, O®).

This follows from Proposition T.4.3.2.15, since every functor F' € Funy(gin,) (A" x Al 0%) is a p-left Kan
extension of F o ¢ (because every morphism in O% is an equivalence). O

Corollary 2.3.1.7. Let i : {{0)}* — E(?’h denote the inclusion. Then composition with i induces weak
equivalences of co-preoperads
E§ ~ EFF 0 {(0)) — E5" 0 ES

Ef ~ {(0)}* ® B} — E&" @ ES*.

Corollary 2.3.1.8. Let Ops denote the oo-category of (small) oo-operads, which we identify with the
underlying oo-category N(POpy.°) of the simplicial monoidal model category POps. Let U : Opoy — Opoo
be induced by the left Quillen functor X — X ® Eg. Then U is a localization functor from Opy to itself.
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Proof. Combine Corollary 2.3.1.7 with Proposition T.5.2.7.4. O

Proposition 2.3.1.9. Let O% be an co-operad. The following conditions are equivalent:
(1) The co-operad O% is unital.

(2) The oo-operad O belongs to the essential image of the localization functor U : Opss — Ops of
Corollary 2.3.1.8.

Proof. We first show that (1) implies (2). Let o : O® — U 0% be a morphism in Ops, which exhibits U 0%
as a U-localization of O% (so that U O% is a tensor product of O® with ES). We will prove that there exists
a morphism £ : U 0% — 0% such that 8 o «a is equivalent to idye. We claim that 8 is a homotopy inverse
to a: to prove this, it suffices to show that « o 8 is homotopic to the identity id;; gs. Since U O% is U-local
and « is a U-equivalence, it suffices to show that « o 8 o a is homotopic to «, which is clear.

To construct the map 3, we observe that U O® can be identified with a fibrant replacement for the object
0P8 O(A)? € POps (here we regard (Al)’ as an oo-preoperad as in the proof of Proposition 2.3.1.6). It
will therefore suffice to construct a map h : 0% x Al — 0% such that h|(0® x{1}) = idge and h|(0® x{0})
factors through Of%). The existence of h follows immediately the fact that O% is a pointed co-category
(Proposition 2.3.1.4).

To show that (2) = (1), we reverse the above reasoning: if O® is U-local, then there exists a morphism
B:U 0% — 0% which is right inverse to «, which is equivalent to the existence of a map h : 0% x Al — 0%
as above. We may assume without loss of generality that h|(O% x{0}) is the constant map taking some value
X e (‘)%%). Then h can be regarded as a section of the left fibration (0%)X/ — O%. This proves that X is an

initial object of O%. Since X is also a final object of O%, we deduce that O% is pointed as an oo-category
and therefore unital as an co-operad (Proposition 2.3.1.4). O

It follows from Proposition 2.3.1.9 that the full subcategory of Op., spanned by the unital co-operads is
a localization of Opy,. Our next goal is to show that this subcategory is also a colocalization of Opg.

Definition 2.3.1.10. Let f : O'® — 0% be a map of oco-operads. We will say that f ezhibits O'® as a
unitalization of O if the following conditions are satisfied:

(1) The oc-operad O'® is unital.

(2) For every unital co-operad €%, composition with f induces an equivalence of co-categories Alge(0') —
Alge(0).

It is clear that if an oo-operad 0% admits a unitalization O’®, then O'® is determined uniquely up to
equivalence. We now prove the existence of O'® by means of a simple explicit construction.

Proposition 2.3.1.11. Let O% be an oco-operad, and let OF be the co-category of pointed objects of OF.
Then:

(1) The forgetful map p: OF — O% is a fibration of co-operads (in particular, OF is an co-operad).
(2) The oo-operad OF is unital.

(3) For every unital co-operad C%, composition with p induces a trivial Kan fibration 6 : Alge(0,) —
Alge(0) (here Alge(0O,) denotes the oo-category of C-algebra objects in the co-operad OF ).

(4) The map p exhibits 02 as a unitalization of the co-operad O%.

Lemma 2.3.1.12. Let C be a pointed co-category, and let D be an co-category with a final object. Let
Fun’(C, D) be the full subcategory of Fun(C, D) spanned by those functors which preserve final objects, and
let Fun’(C, D.) be defined similarly. Then the forgetful functor

Fun’(C, D,) — Fun’(€, D)

is a trivial Kan fibration.
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Proof. Let & C € xA® be the full subcategory spanned by objects (C, ), where either C' is a zero object of C
or i = 1. Let Fun’(&, D) be the full subcategory of Fun(€, D) spanned by those functors F such that F(C, 1)
is a final object of D, whenever C' € € is a zero object. We observe that a functor F' € Fun(€, D) belongs to
Fun’(&,D) if and only if Fy = F|€ x{1} belongs to Fun’(€, D), and F is a right Kan extension of Fy. We
can identify Fun’(C, D,) with the full subcategory of Fun(€ xA!, D) spanned by those functors G such that
Go = G| & € Fun’(€,D) and G is a left Kan extension of Gy. It follows from Proposition T.4.3.2.15 that the
restriction maps

Fun’(C,D,) — Fun’(&, D) — Fun’(€, D)
are trivial Kan fibrations, so that their composition is a trivial Kan fibration as desired. O

Proof of Proposition 2.3.1.11. We first prove (1). Fix an object X, € 0% lying over X € 0%, and let
o : X — Y be an inert morphism in O®. Since the map ¢ : O — 0% is a left fibration, we can lift « to
a morphism X, — Y, which is automatically g-coCartesian. Let (n) denote the image of X in Fin,, and
choose inert morphisms o' : X — X* covering the maps p : (n) — (1) for 1 < i < n. We claim that the
induced functors of induce an equivalence (0%)y — H1gign(o§))ﬁ- Fix a final object 1 in O, so that
0% is equivalent to O?/. The desired assertion is not equivalent to the assertion that the maps o’ induce a
homotopy equivalence
Mapoe (1, X) = [] Mapge (1, X;),

1<i<n

which follows immediately from our assumptions that 0% is an co-operad and that each o is inert.

To complete the proof that p is an co-operad fibration, let X, be as above, let (n) be its image in Fin,,
and suppose we have chosen morphisms X, — X! in O whose images in O% are inert and which cover the
inert morphisms p’ : (n) — (1) for 1 < i < n; we wish to show that the induced diagram & : (n)°" — 0% is
a p-limit diagram. Let & = |(n)°; we wish to prove that the map

®\ _ ® ®
(O* )/5 — (O* )/6 Xo?pé O/pg

is a trivial Kan fibration. Since O is equivalent to O?/, this is equivalent to the requirement that every
extension problem of the form

DA™ % (n)° —= 0%

7
-
-
-
~

A™ % (n)°

admits a solution, provided that m > 2, f carries the initial vertex of A™ to 1 € 9%, and f|{m}*(n)° = pod.
Let 7 : O® — N(Fin,). The map 7 o f admits a unique extension to A™ x (n)°: this is obvious if m > 2,
and for m = 2 it follows from the observation that (1) = (0) is an initial object of N(Fin,). The solubility
of the relevant lifting problem now follows from the observation that p o § is a 7-limit diagram.

Assertion (2) is clear (since OF has a zero object), assertion (3) follows from the observation that 6 is
a pullback of the morphism Fun’(€®, 0%) — Fun’(€®, 0%) described in Lemma 2.3.1.12, and assertion (4)
follows immediately from (2) and (3). O

We conclude this section with two results concerning the behavior of unitalization in families.

Proposition 2.3.1.13. Let p: €% — 0% be a coCartesian fibration of co-operads, where OF is unital. The
following conditions are equivalent:

(1) The co-operad C¥ is unital.

(2) For every object X € C, the unit object of Cx (see §3.2.1) is initial in Cx.
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Proof. Choose an object 1 € (?%). Assertion (1) is equivalent to the requirement that 1 be an initial object of

e®. Since p(1) is an initial object of O®, this is equivalent to the requirement that (} is p-initial (Proposition
T.4.3.1.5). Since p is a coCartesian fibration, (1) is equivalent to the requirement that for every morphism
B:p(1) = X in O, the object Bi(1) is an initial object of €% (Proposition T.4.3.1.10). Write X = @ X;,
where each X; € 0. Using the equivalence C% ~ []; Cx,, we see that it suffices to check this criterion when
X € 0, in which case we are reduced to assertion (2). O

Proposition 2.3.1.14. Let p : C®¥ — 0% be a coCartesian fibration of co-operads, where O is unital.
Then:

(1) Let q: C'® — C% be a categorical fibration which exhibits C'® as a unitalization of C%. Then the map
poq:C® = 0% is a coCartesian fibration of co-operads.

(2) For every map of unital co-operads O'® = 0%, the map q induces an equivalence of co-categories
0: AlgO//O(G,) — Algyr /0(C).
Proof. By virtue of Proposition 2.3.1.11, we may assume without loss of generality that €'® = €¥. In this
case, the map p o ¢ factors as a composition €2 — 0% — 0% . The functor €€ — 0% is equivalent to (i’i@/ —
Of(l)/, where 1 € G% is a final object of €%, and therefore a coCartesian fibration (Proposition T.2.4.3.1),

and the map 02 — 0% is a trivial Kan fibration by virtue of our assumption that O% is unital. This proves
(1). To prove (2), it suffices to observe that 6 is a pullback of the map Algy: ;o (Cx) = Alges /o(€), which is
a trivial Kan fibration by Proposition 2.3.1.11 (here C, denotes the underlying oo-category of the oo-operad
€%, which is generally not the co-category of pointed objects of @). O

2.3.2 Generalized oco-Operads

Let O% be an co-operad. Then, for each n > 0, we have a canonical equivalence of oo-categories (9%% ~ 9",
In particular, the co-category (‘)%%> is a contractible Kan complex. In this section, we will introduce the notion
of a generalized co-operad (Definition 2.3.2.1), where we relax the assumption that Of%) is contractible, and
replace the absolute nth power O™ with the nth fiber power over the co-category O%. We will also introduce

the closely related notion of a C-family of co-operads, where € is an co-category (Definition 2.3.2.10). We will
see that giving a generalized co-operad O% is equivalent to giving an co-category C (which can be identified
with O%) and a C-family of co-operads.

Definition 2.3.2.1. A generalized co-operad is an co-category O% equipped with a map ¢ : 0% — N(Fin,)
satisfying the following conditions:
(1) For every object X € O% and every inert morphism a : p(X) — (n), there exists a g-coCartesian
morphism @ : X — Y with ¢(@) = a.

(2) Suppose we are given a commutative diagram o:

(m) ——(n)

]

(m') —— (n')

in Fin, which consists of inert morphisms and induces a bijection of finite sets (m’)° Inrye (n)° — (m)°.
Then the induced diagram

® ®
Otmy — Oty

L

® ®
Otmny — Oty
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is a pullback square of oco-categories.

(3) Let o be as in (2), and suppose that o can be lifted to a diagram &

X——Y

]

X —=Y’
consisting of g-coCartesian morphisms in O®. The 7 is a ¢-limit diagram.

Definition 2.3.2.2. Let ¢ : 0¥ — N(&in,) be a generalized oo-operad. We will say that a morphism « in
0% is inert if g(«) is an inert morphism in Fin, and « is g-coCartesian. We let O®*% denote the marked
simplicial set (0%, M), where M is the collection of all inert morphisms in O%.

If O® and O'® are generalized oco-operads, then we will say that a morphism of simplicial sets f : 0% — O'®
is a map of generalized occ-operads if the following conditions are satisfied:

(a) The diagram

O® O/®

N

N(Fin,)
commutes.
(b) The map f carries inert morphisms in O® to inert morphisms in O'%.

We let Algy(O") denote the full subcategory of FUHN((;in*)(O(@, O'®) spanned by the maps of generalized
oo-operads.

Variant 2.3.2.3. Given a categorical fibration of generalized oo-operads €® — 0% and amap a: ' — 0%,
we let Algy / o(C) denote the fiber of the induced map Algy/(€) — Algy/ (O) over the vertex a. If 0'® = 0%
and « is the identity map, we let Alg, o(C) denote the oco-category Algy /o(C).

Remark 2.3.2.4. Let POp, be the category of co-preoperads (Definition 2.1.4.2). There exists a left proper
combinatorial simplicial model structure on the category POp., with the following properties:

(1) A morphism o : X — Y in POp,, is a cofibration if and only if the underlying map of simplicial sets
X — Y is a monomorphism.

(2) An object X in POpy, is fibrant if and only if it has the form 0% for some generalized oo-operad
0%,

We will refer to this model structure on POpy as the generalized co-operadic model structure.

To verify the existence (and uniqueness) of this model structure, we apply Theorem B.0.20 to the categor-
ical pattern P = (M, T, {oq : A* x A — 0%} 4e4) on N(Fin, ), where M is the collection of inert morphisms
in N(Fin,), T is the collection of all 2-simplices of N(Fin, ), and A is the collection of all diagrams

consisting of inert morphisms which induce a bijection (m/)°]] (nye (n)° — (m)°. Moreover, Proposition
B.2.7 implies the following additional property:
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(3) Let 0% be a generalized oo-operad. Then a map of co-preoperads X — O®F is a fibration (with respect
to the generalized oo-operadic model structure) if and only if X has the form O’®’h, where 0® is a
generalized oo-operad and the underlying map O’® — 0% is a categorical fibration which carries inert
morphisms in ©O'® to an inert morphism in O%.

The following result shows that the theory of generalized oo-operads really is a generalization of the
theory of oco-operads:

Proposition 2.3.2.5. Let p : O° — N(Fin,) be a map of simplicial sets. The following conditions are
equivalent:

(1) The map p exhibits 0% as a generalized co-operad, and the fiber O%(’» s a contractible Kan complez.

(2) The map p exhibits OF as an co-operad.

Proposition 2.3.2.5 is a consequence of a more general result (Proposition 2.3.2.11) which we will prove
at the end of this section.

Corollary 2.3.2.6. Let A = B = POpy,, where we regard A as endowed with with the generalized co-
operadic model structure of Remark 2.3.2.4 and B as endowed with the oco-operadic model structure of
Proposition 2.1.4.6. Then the identify functor F' : A — B is a left Quillen functor: that is, we can regard
oo-operadic model structure as a localization of the generalized co-operadic model structure (see §T.A.3.7).

Proof. Since A and B have the same class of cofibrations, it will suffice to show that the functor F' preserves
weak equivalences. Let o : X — Y be a map of co-preoperads. Then « is a weak equivalence in A
if and only if, for every generalized oo-operad O%, composition with a induces a homotopy equivalence
Mapgo,_ (Y, 0%h - Mappo,. (X, %), Since every oc-operad is a generalized oo-operad (Proposition
2.3.2.5), this condition implies that « is a weak equivalence in B as well. O

Notation 2.3.2.7. We let Opg? denote the underlying oo-category N(POps.°) of the simplicial model
category POpeo, with respect to the generalized oc-operadic model structure of Remark 2.3.2.4. We will
refer to Op%. as the oco-category of generalized oco-operads. It contains the oco-category Ope, of co-operads
as a full subcategory.

Remark 2.3.2.8. The terminology introduced in Definition 2.3.2.2 for discussing generalized co-operads is
compatible with the corresponding terminology for co-operads. For example, if O% is an co-operad, then a
morphism in O% is inert in the sense of Definition 2.3.2.2 if and only if it is inert in the sense of Definition
2.1.2.3. If 0% and O'® are oc-operads, then a functor f : O — O’ is a map of co-operads if and only if
it is a map of generalized co-operads, and the notation Alg,(O') is unambiguous. Similarly, the notation of
Variant 2.3.2.3 is compatible with the notation for co-operads introduced in Definition 2.1.3.1.

According to Proposition 2.3.2.5, the discrepancy between Ope, and Op%l is controlled by the forgetful
functor F : Op8® — Cate,, given by the formula F(0%) = O%.

Proposition 2.3.2.9. (1) For every oo-category C, the product € x N(Fin,) is a generalized oo-operad.
(2) The construction C — € x N(Fin,) determines a functor G : Cats — Opsh.
(3) The functor G is a fully faithful right adjoint to the forgetful functor F : Opg} — Caty, described above.

Proof. Assertions (1) and (2) are obvious. We have a canonical equivalence v : F'o G — id of functors from
Cate to itself. To complete the proof of (3), it will suffice to show that v is the counit of an adjunction between
F and G. In other words, we must show that for every generalized oo-operad O% and every co-category C,
the restriction functor 6 : Alg,(C) — Fun(O%, C) induces a homotopy equivalence from Algy (€)™ to the

Kan complex Fun(O%%> , €)= (here we identify € with the underlying oo-category of the generalized co-operad
C x N(Fin,)). In fact, we will show that 0 is a trivial Kan fibration.
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We observe that Alg,(€) can be identified with the full subcategory of Fun(O®, €) spanned by those
functors which carry each inert morphism of O% to an equivalence in €. In view of Proposition T.4.3.2.15,
it will suffice to prove the following:

(a) A functor F : 0¥ — € is a right Kan extension of F| O‘% if and only if F' carries each inert morphism

in O% to an equivalence in C.

(b) Every functor Fj : O%%) — @ can be extended to a functor F : O — @ satisfying the equivalent
conditions of (a).

To prove (a), we note that for each object X € O%, the co-category O?}/ X oo O% contains an initial object:
namely, any inert morphism X — X, where X, € (9%%). Consequently, a functor F : O — @ is a right
Kan extension of F| O% if and only if F(«) is an equivalence for every morphism « : X — Xy such that
Xo € O%. This proves the “if” direction of (a). The “only if” direction follows from the two-out-of-three
property, since every inert morphism X — Y in 0% fits into a commutative diagram of inert morphisms

X\T/Y

where Z € O%>. Assertion (b) follows immediately from Lemma T.4.3.2.13. O

Our next goal is to describe the fiber of the forgetful functor F' : Opgl — Cato, over a general co-category
C.

Definition 2.3.2.10. Let € be an oo-category. A C-family of co-operads is a categorical fibration p : O —
C x N(&Fin,) with the following properties:

(a) Let C' € € be an object, let X € OF have image (m) € Fin,, and let o : (m) — (n) be an inert
morphism. Then there exists a p-coCartesian morphism @ : X — Y in O%.

We will say that a morphism @ of O is inert if @ is p-coCartesian, the image of @ in N(Fin,) is inert, and
the image of @ in € is an equivalence.
(b) Let X € 0% have images C € C and (n) € N(Fin,). For 1 <4 < n, let f; : X — X; be an inert
morphism in OF which covers p : (n) — (1). Then the collection of morphisms {f;}1<i<, determines
a p-limit diagram (n)°~ — 0%,
(¢) For each object C € €, the induced map Of — N(JFin,) is an co-operad.

The main result of this section is the following:

Proposition 2.3.2.11. Let € be an co-category and let p : 0% — € x N(ZFin,) be a categorical fibration of
simplicial sets. The following conditions are equivalent:

(1) The map p is a fibration of generalized co-operads, and the underlying map (‘)%%) — € is a trivial Kan

fibration.
(2) The map p exhibits O° as a C-family of co-operads.

Remark 2.3.2.12. In the special case € = A, the definition of a C-operad family reduces to the usual
definition of an oco-operad. Consequently, Proposition 2.3.2.11 implies Proposition 2.3.2.5 (by taking € = A?).

Corollary 2.3.2.13. Let C be an oo-category. Then the fiber product OpS2 X eat. {C} can be identified with
the full subcategory of (Op8Y) /e x N(#in.) spanned by those maps 0% — € x N(Fin,) which ezhibit O° as a
C-family of co-operads.
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In other words, we can think of a generalized co-operad as consisting of a pair (C, (9®)7 where € is an
oo-category and 0% is a C-family of co-operads.

Proof of Corollary 2.3.2.13. We can identify the fiber product OpsZ X ear {C} with the full subcategory of
Op&. X eat., (Catos ), ¢ spanned by those pairs (0%, o (‘)%%) — @) where 0% is a generalized oo-operad and
« is an equivalence of co-categories. Using Proposition 2.3.2.9, we can identify this fiber product with the
full subcategory of (Op&l), ¢ x N(in,) SPanned by those maps of generalized oo-operads 0% — € x N(Fin,)
which induce a categorical equivalence O%%) — €. This subcategory evidently contains all C-families of co-

operads. Conversely, if f: 0% — @ x N(&in,) is an arbitrary map of generalized oo-operads which induces
a categorical equivalence O%%) — €, then we can factor f as a composition

0® L 0@ Ly @ x N(Fin,),
where f’ is an equivalence of generalized oc-operads and f” is a categorical fibration. It follows that f”
induces a trivial Kan fibration O’% — @ and therefore exhibits O'® as a C-family of co-operads. O

We conclude this section by proving Proposition 2.3.2.11.

Proof of Proposition 2.3.2.11. We first prove that (1) = (2). Assume that p : 0% — € xN(Fin,) is a
fibration of generalized oc-operads. Then O% is a generalized co-operad and p is a categorical fibration
which carries inert morphisms in O to equivalences in C. We will show that p satisfies conditions (a),
(b), and (c) of Definition 2.3.2.10. To prove (a), suppose that X € 0% lies over (C, (m)) € € x N(Jin,)
and that we are given an inert morphism a : (m) — (n) in N(Fin,). Since O% is a generalized co-operad,
we can lift o to an inert @ : X — X’ in 0%, lying over a map (C, (m)) — (C’,(n)). Because p preserves
inert morphisms, the underlying map C — C’ is an equivalence. Choosing a homotopy inverse, we get an
equivalence (C’,(n)) — (C,(n)) in € x N(Fin,) which (since p is a categorical fibratino) can be lifted to an
equivalence 8 : X’ — X” in O®. Since p has the right lifting property with respect to the horn inclusion
A2 C A? we can choose a composition v ~ Bo@ lying over the morphism (id¢, «) : (C, (m)) — (C, (n)). We
claim that ~ is p-coCartesian. Since + is equivalent to @, it suffices to show that « is p-coCartesian. This
follows from Proposition T.2.4.1.3, since « is inert and p(«a) is coCartesian with respect to the projection
m: € x N(Fin,) = N(Fin,).

We now prove (b). Suppose we are given an object X € Of@c’ (n)) together with inert morphisms X — X;

in OF covering the maps p' : (n) — (1). We wish to show that the induced map g : (n)°" — 0% is a p-limit
diagram. The proof proceeds by induction on n.
If n = 0, then we must show that every object X € O% ) is p-final. In other words, we must show that

for every object Y € O% (m) the homotopy fiber of the map

Mapge (Y, X) = Mape  n(7in.) (D, (M), (C, (0)))

is contractible: that is, Mapge (Y, X) — Mape (D, C) is a homotopy equivalence. To prove this, we choose
an inert morphism « : Y — Y’ covering the unique map (m) — (0) in Fin,. Since the image of « in € is
an equivalence, we are free to replace Y by Y’ and to thereby assume that m = 0. In this case, the desired
assertion follows from the assumption that O% — @ is a trivial Kan fibration.

If n = 1, there is nothing to prove. Assume that n > 1. Let 8 : (n) — (n — 1) be defined by the formula

m@_{i fl<i<n-—1

x otherwise,

and choose a p-coCartesian morphism g : X — X’ lying over (id¢, ). Using the assumption that g is
p-coCartesian, we obtain factorizations of f; as a composition

x4 x5 x,
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for 1 < i < n. These factorizations determine a diagram

¢ ((n =1 J{n}h)* = 02

extending q. Fix an object Xy € O? ) We have seen that X is a p-final object of €%. Since (0) is also a
final object of N(Fin,), we deduce that X is a final object of O We may therefore extend ¢’ to a diagram

¢" A{z}x ((n = 1)° [ [{n}) » {wo} — 0

carrying x to X and zg to Xj.
In view of Lemma T.4.3.2.7, to prove that ¢ is a p-limit diagram it will suffice to show the following:

(i) The restriction ¢”|((n — 1)°"[{n}) * {xo} is a p-right Kan extension of ¢”|(n)°.
(#i) The diagram ¢” is a p-limit.
Using Proposition T.4.3.2.8, we can break the proof of (a) into two parts:
(i) The restriction ¢”|((n — 1)°" [[{n})  {zo} is a p-right Kan extension of ¢”|((n — 1)°" [[{n}).
(i) The restriction ¢”|((n — 1)°“J[{n}) is a p-right Kan extension of ¢"|(n)°.

Assertion (i') follows from the observation that X is a p-final object of €%, and (i”) follows from the
inductive hypothesis.

To prove (i), we observe that the inclusion (09][{n}) * {zo} C ((n — 1)° " [[{n}) » {x0o} is left cofinal
(for example, using Theorem T.4.1.3.1). Consequently, it suffices to show that the restriction of ¢/ =
ql({z} * (0 TJ{n}) x {zo}) is a p-limit diagram. Since p o ¢’ is m-coCartesian (the projection of p o ¢"’ to
C is constant, and therefore a pullback square in @), it will suffice to show that ¢’ is a m o p-limit diagram
(Proposition T.2.4.1.3). This follows from our assumption that O is a generalized co-operad, since ¢ is a
p-coCartesian lift of the inert diagram

(n) —=(1)
P
(n—1) —=(0).
We next verify (c): that is, for n > 0 and every object C' € C, the maps
i . ® &
P Oc,my ~ Oicy

induce an equivalence of oco-categories 6, : O%Z’c ny) (O(?C <1>))". The proof again proceeds by induction on
n. When n = 0, this follows from our assumption that O% — Cis a trivial Kan fibration (and therefore has
contractible fibers). When n = 1 there is nothing to prove. Assume therefore that n > 2 and observe that
0, is equivalent to the composition
® Prxar @ ® On—1xid 0 n
Ocmy — Oicun-1) ¥ Ociry — Oeap)™
where 8 : (n) — (n — 1) is defined as above and a = p". By virtue of the inductive hypothesis, it suffices

to show that the map £ x ay is an equivalence of co-categories. We have a homotopy coherent diagram of
oo-categories
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Because O% ~ 0% xey N(Fin.) ({C} x N(JFin,) is a generalized oo-operad, this square is a homotopy pullback.
Since O%C,<0>) is a contractible Kan complex, we conclude that §; X «y is a categorical equivalence as desired.
This completes the proof that (1) = (2).

We now prove that (2) = (1). Assume that p exhibits O as a C-family of co-operads. We wish to show
that O is a generalized co-operad and that p carries inert morphisms in O% to equivalences in €. Suppose
first that we are given an object X € OF lying over (m) € N(Fin,) and an inert morphism a : (m) — (n)
in Fin,. We wish to prove that o can be lifted to a (7 o p)-coCartesian morphism @ in O® such that p(a@)
induces an equivalence in €. In view of Proposition T.2.4.1.3, it will suffice to show that the morphism
(ide, @) in € x N(Fin,) can be lifted to a p-coCartesian morphism in O, which follows from assumption (a)
of Definition 2.3.2.10.

To complete the proof that O is a generalized co-operad, we fix a diagram o : A! x A! — N(Fin,) of
inert morphisms

which induces a bijection (m)” ], (m’)°. We wish to prove the following:

(iii) Every map @ : A x Al — 0@ lifting o which carries every morphism in A x A® to an inert morphism
in 0% is a (7 o p)-limit diagram (since p carries inert morphisms to equivalences in € and the simplicial
set Al x Al is weakly contractible, we know automatically that p(&) is a w-limit diagram; by virtue of
Proposition T.2.4.1.3, it suffices to show that 7 is a p-limit diagram).

(iv) Let o denote the restriction of o to the full subcategory K of A! x Al obtained by omitting the initial
object. If 7o : K — O% is a map lifting oy which carries every edge of K to an inert morphism in 0%,
then 7 can be extended to a map & : A' x A — 0% satisfying the hypothesis of (3).

To prove these claims, consider the oo-category A= (A x A1) % (n)°, and let A denote the subcategory
obtained by removing those morphisms of the form (1,1) — i where i € y~1{x}, (0,1) — i where i € S~ {*},
and (1,0) — i where i € a~1{x}. We observe that o can be extended uniquely to a diagram 7 : A — N(JFin,.)
such that 7(i) = (1) for i € (n)°, and 7 carries the morphism (0,0) — i to the map p* : (n) — (1). The
assumption that (n)° ~ (m)° [sye (m/)°. guarantees that for each i € (n)°, the co-category (A'x AM)x 4 A/;
contains a final object corresponding to a morphism (j,j') — ¢ in A, where (j,5’) # (0,0). Note that the
image of this morphism in N(Fin,) is inert.

Let o : Al x Al be as (iii). We may assume without loss of generality that the composition At x Al —
0® & € x N(Fin,) — @ is the constant functor taking some value C' € €. Using Lemma T.4.3.2.13, we can
choose a p-left Kan extension 7 : A — O% of @ such that po7 = 7. Let A° denote the full subcategory of
A obtained by removing the object (0,0). We observe that the inclusion K C A° is right cofinal (Theorem
T.4.1.3.1). Consequently, to prove that 7 is a p-limit diagram, it suffices to show that 7 is a p-limit diagram.
Since O% is a C-family of co-operads, the restriction of 7 to {(0,0)} % (n)° is a p-limit diagram. To complete
the proof, it will suffice (by virtue of Lemma T.4.3.2.7) to show that 7|A? is a p-right Kan extension of
7|(n)°. This again follows immediately from our assumption that O% is a C-family of co-operads.

We now prove (iv). Let 7o : K — O% be as in (iv); we may again assume without loss of generality
that this diagram factors through O? for some C' € C. Using Lemma T.4.3.2.13, we can choose a p-left Kan
extension 7¢ : A% — (‘)% of & covering the map 75 = 7|A°. Using the assumption that O% is an oo-operads,
we deduce that 7o is a p-right Kan extension of 7o|(n)°, and that 7o|(n)° can be extended to a p-limit
diagram 7 : {(0,0)} x (n)° — O& lifting 7(({(0,0)} * (n)°); moreover, any such diagram carries each edge
of {(0,0)} x (n)° to an inert morphism in OF. Invoking Lemma T.4.3.2.7, we can amalgamate 7, and 7y to
obtain a diagram 7 : A — O? covering 7. We claim that @ = 7|A! x A! is the desired extension of 7. To
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prove this, it suffices to show that 7 carries each morphism of A! x Al to an inert morphism of O®. Since
the composition of inert morphisms in O% is inert, it will suffice to show that the maps

7(0,1) £ 7(0,0) % 7(1,0)

are inert, where @ and B are the morphisms lying over a and 3 determined by 7. We will prove that @ is
inert; the case of 8 follows by the same argument. We can factor @ as a composition

7(0,0) S aw7(0,0) & 7(1,0).

We wish to prove that @” is an equivalence in the oo-category O?C (m))* Since O?i is an oo-operad, it will

suffice to show that for 1 < j < m, the functor p!j : O((X)C (my) O¢ carries @’ to an equivalence in O¢.
Unwinding the definitions, this is equivalent to the requirement that the map 7(0,0) — 7(¢) is inert, where
i=a~1(j) € (n)°, which follows immediately from our construction. O

2.3.3 Approximations to co-Operads

In §2.3.2, we introduced the notion of a generalized co-operad. We can regard the co-category Ops, of
oo-operads as a full subcategory of the co-category Op82 of generalized co-operads. We now observe that
the inclusion Ope, — Opgl admits a left adjoint.

Definition 2.3.3.1. Let O% be a generalized oo-operad and O'® an oco-operad. We will say that a map
v 0% = 0'® of generalized oo-operads assembles 0% to O'® if, for every oo-operad O//®, composition with
7 induces an equivalence of co-categories Algy (0”) — Algy(O”). In this case we will also say that O'® is
an assembly of O%, or that ~ ezhibits O'® as an assembly of OF.

Remark 2.3.3.2. A map of generalized co-operads v : % — 0'® assembles O% to O'® if and only if it
exhibits O’® as an Ops-localization of O® € Op&”. In other words, v assembles O to O'® if and only
if O'® is an oo-operad, and for every oc-operad O'/®7 composition with v induces a homotopy equivalence
9(0/@) : Mapgzn (O/®,O'/®) — Mapg e (O®,O/I®). The “only if” direction is clear, since the mapping
spaces Mapongg(o/@, O//®) and Mapgsn (0%, O/I®) can be identified with the Kan complexes Alg, (0")™

and Algy(0”)>. Conversely, suppose that 0((‘)’@) is a homotopy equivalence for every oco-operad O’/®;
we wish to show that each of the maps Algy (0”) — Algy(O”) is a categorical equivalence. It suffices to
show that for every simplicial set K, the map Fun(K, Algy,, (0")) — Fun(K, Alg,(O0")) induces a homotopy
equivalence on the underlying Kan complexes; this map can be identified with 9(€®), where €% is the

oo-operad Fun(K, O//®) X Fun(K,N(Fin, )) N(Finy).

Remark 2.3.3.3. Since the co-category Ops is a localization of the oo-category Opgl (Corollary 2.3.2.6),
we conclude that for every generalized co-operad O% there exists an assembly map v : O® — O’®, which is
uniquely determined up to equivalence. The process of assembly determines a functor Assem : Opgl — Opeo,
which is left adjoint to the inclusion Ope, C Op&.. This functor can be described concretely as follows: for
every every generalized co-operad O, we can identify Assem((9®) with an oc-operad O'®, where O0"®f as a
fibrant replacement for the oo-preoperad O®% with respect to the co-operadic model structure on POp..

Remark 2.3.3.4. In the situation of Definition 2.3.3.1, suppose that 0¥ — € x N(Fin,) is a C-family of
oc-operads. We can think of an object of Algy (0”) as a family of co-operad maps O% - 0"® parametrized
by the objects C' € C. The map v assembles OF if this is equivalent to the data of a single co-operad map
0'® — 0"%. In this case, we can view O'® as a sort of colimit of the family of co-operads {O%}Cee. This
description is literally correct in the case where € is a Kan complex.

Our goal in §2.3.4 is to analyze the relationship between a generalized co-operad O® and its assembly
Assem((‘)®) (under some mild hypotheses in O). To carry out this analysis, we need a criterion for detecting
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weak equivalences in the model category POp,, of co-preoperads. Our goal in this section is to establish
such a criterion, whose formulation involves the notion of a (weak) approzimation to an oco-operad, which
will have many other applications in later chapters of this book.

Warning 2.3.3.5. The remaining material in this section is of a rather technical nature. We recommend
that the casual reader skip it for the time being, referring back to it as necessary.

Definition 2.3.3.6. Let p : 0% — N(&Fin,) be an oc-operad. We will say that a categorical fibration
f:C — 0% is an approzimation to O if it satisfies the following conditions:

(1) Let p’ = po f, let C € € be an object, and let (n) = p'(C). For 1 < i < n, there exists a locally
p’-coCartesian morphism «; : C — C; in € covering the map p’ : (n) — (1). Moreover, f(«;) is an
inert morphism in O%.

(2) Let C' € € and let a : X — f(C) be an active morphism in O%. Then there exists an f-Cartesian
morphism @ : X — C' lifting «.

We will say that a categorical fibration f : € — O is a weak approzimation to OF if it satisfies condition
(1) together with the following:
(2') Let C € € and let a : X — f(C) be an arbitrary morphism in O%. Let & C €/c 08, O?}/ /1(C)
be the full subcategory spanned by those objects corresponding to pairs (8: C' — C,v: X — f(C"))
such that ~y is inert. Then the co-category € is weakly contractible.

If f: € — 0% is an arbitrary map of co-categories, we will say that f is a (weak) approximation if it

factors as a composition € Lely 0%, where f’ is a categorical equivalence and f” is a categorical fibration
which is a (weak) approximation to O%.

Remark 2.3.3.7. In the situation of Definition 2.3.3.6, the condition that f : € — O% is a (weak) ap-

proximation does not depend on the choice of factorization € Lel, 0%, provided that f’ is a categorical
equivalence and f” is a categorical fibration.

Remark 2.3.3.8. Let O® be an oc-operad and let f : € — 0% be a categorical fibration which is an
approximation to O%. We will say that a morphism « in € is f-active if a is f-Cartesian and fla) is
an active morphism in O¥. We will say that « is f-inert if f(a) is an inert morphism in O%. Tt follows
from Proposition 2.1.2.5 that € admits a factorization system (Sg,, Sg), where Sy, is the collection of f-inert
morphisms in € and Sg is the collection of f-active morphisms in C.

Remark 2.3.3.9. Let O% be an co-operad and let f : @ — O® be an approximation to O, If u : O'® — 0%
is a fibration of co-operads, then the induced map € X ge O'® - 0'® is an approximation to O’'®. Indeed,
the assumption that u is a fibration of co-operads guarantees that the fiber product € xye 0'® is also a
homotopy fiber product. We may therefore replace C by an equivalent oco-category and thereby reduce to
the case where f is a categorical fibration, in which case the result follows readily from Definition 2.3.3.6.

Lemma 2.3.3.10. Let O® be an oco-operad and let f : € — O be an approzimation to O. Then f is a
weak approzimation to OF.

Proof. Fix an object C' € € and a morphism « : X — f(C), and let ¢’ C C/c XO?f )O_?}//f(c) be as in

(c
Definition 2.3.3.6. The map « fits into a commutative diagram o :

/X/
X ———f(0),

where o/ is inert and o is active. Since f is an approximation to O%, we can lift o/’ to an f-Cartesian
morphism @” : C' — C. The pair (@”,0) is a final object of €, so that €' is weakly contractible. O
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We will be primarily interested in the case where f : €% — O% is a map of generalized oo-operads. In
this case, the condition that f be a weak approximation is much easier to formulate:

Proposition 2.3.3.11. Letp: 0 — N(Fin,) be an co-operad, and let f : € — O be a categorical fibration.
Assume that C satisfies the following condition:

(x) For every object C € C and every inert morphism 8 : (po f)(C) — (n) in N(Fin.), there exists a
(p o f)-coCartesian morphism 8 : C — C' in C lifting B, and the image f(B) is an inert morphism in
0%.

Then f is a weak approzimation if and only if the following condition is satisfied:

(%) For every object C € C and every active morphism «: X — f(C) in 0%, the co-category

C X
e XO?f(m{ }

is weakly contractible.

Remark 2.3.3.12. Condition (x) of Proposition 2.3.3.11 is automatically satisfied if f is a fibration of
generalized co-operads.

Proof. It is obvious that condition (1) of Definition 2.3.3.6 satisfies (x). It will therefore suffice to show that
if (x) is satisfied, then condition (2’) of Definition 2.3.3.6 is equivalent to (x"). We first show that (2) = (/).
Consider an arbitrary morphism o : X — f(C) in O% and let € be defined as in (2'). Let & be the full
subcategory of € spanned by those objects which correspond to factorizations

x4 po) " fe)
of o, where 8 is an inert morphism in O® and f () is an active morphism in O%®. Using (%), we conclude

that the inclusion £y C € admits a left adjoint and is therefore a weak homotopy equivalence. Let X be the
full subcategory of 0;8} /1 /1(C) spanned by those diagrams

X % X% F(0)

such that o” is inert and o’ is active, so that X is a contractible Kan complex. Then &g can be identified
with the fiber product G®C Xoe X, and is therefore categorically equivalent to the fiber €®C Xgo {X'}
/ /5(O) / /(O

for any object X’ € €. If (') is satisfied, then this fiber product is weakly contractible and (2") follows.
Conversely, assume that (2') is satisfied. If oo : X — f(C) is active, then we take X’ = X to conclude that

(??C X0, ){X} ~ &y is weakly contractible, which proves (x). O
f(c

To state our next result, we need a bit of notation. For each integer n > 0, we let Tup,, denote the
subcategory of N(Jin, ) /¢,y whose objects are active morphisms (m) — (n) in N(Jin, ), and whose morphisms

are commutative diagrams
(m) ——————(m)
(n)

where « is a bijection of pointed finite sets. The co-category Tup,, is equivalent to the nerve of the groupoid
of n-tuples of finite sets.
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Lemma 2.3.3.13. Let X be a Kan complex and let 0 : Y — X be a categorical fibration. Then, for every
vertex X € X, the pullback diagram
Yx —=1Y

L
{X}—X
is a homotopy pullback diagram (with respect to the usual model structure on Seta ).

Proof. Choose a factorization of the inclusion i : {X} — X as a composition

1o xS,

where " is a Kan fibration and X is a contractible Kan complex, so we have a commutative diagram

’

Yy —2= Y X — Y

Lk

xy—— ox " oo

Since 7" is a Kan fibration, the right square is a homotopy pullback diagram with respect to the usual model
structure (since the usual model structure is right-proper). To prove that the outer square is a homotopy
pullback diagram, it will suffice to show that i’ and j’ are weak homotopy equivalences. We will complete the
proof by showing that 7’ is a categorical equivalence. Since 0 is a categorical fibration and the simplicial sets
{X}, X, and X are co-categories, the left square is a homotopy pullback diagram with respect to the Joyal
model structure. It will therefore suffice to show that ¢’ is a categorical equivalence, which is obvious. O]

Proposition 2.3.3.14. Let p: 0% — N(Jin,) be an co-operad and let f : C — OF be a functor. Assume
that f satisfies condition (x) of Proposition 2.8.3.11 and that the co-category O is a Kan complex. Then f
is a weak approzimation to OF if and only if the following condition is satisfied:

(+") Let C € € and let (n) = (po f)(C) € N(Fin,). Then f induces a weak homotopy equivalence
0: G/c XN(fﬁn*)/(n) Tupn — O}gf(c) XN(}‘in*)/<"> Tupn .

Remark 2.3.3.15. In the situation of Corollary 2.3.3.14, the assumption that O is a Kan complex guarantees
that the oo-category O}ef(c) XN(Fin,) )y LUy, 1S & Kan complex. However, in many applications, the oo-
category €, ¢ XN(Fin )/ (my Tup,, will not be a Kan complex.

Proof. We may assume without loss of generality that f is a categorical fibration, so that 6 is also a cate-
gorical fibration. The map 6 is a homotopy equivalence if and only if each of its homotopy fibers is weakly
contractible. Since O(;@f(c) XN(Fin.) ) (ny LUPy, 1s a Kan complex (Remark 2.3.3.15), we see that 6 is a homotopy
equivalence if and only if each fiber of 6 is weakly contractible (Lemma 2.3.3.13). According to Proposition
2.3.3.11, this is equivalent to the requirement that f be a weak approximation to O%. O

Corollary 2.3.3.16. Let O% be an oc-operad and let f : €% — O be a map of generalized oo-operads.
Assume that the oo-category O is a Kan complex. Then [ is a weak approximation if and only if, for every
object C € G%ﬂ and every active morphism o : (m) — (n) in Fin,, the induced map

00,04 : e(/X)C XN(?in*)/<n>{<m>} - o?f(c) XN(C‘Fin*)/(n) {<m>}

is a weak homotopy equivalence of simplicial sets.
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Proof. For each C' € G%W we have a commutative diagram of simplicial sets

Oc

® ®
G/C XN(Fina) ) (m Tup,, O/f(C) XN(Finw) /(n) Tup,,

\\\\ %////

Tup,, .

According to Proposition 2.3.3.14, the map f is an approximation to O% if and only if each of the maps ¢
is a weak homotopy equivalence. This is equivalent to the requirement that 6o induces a weak homotopy
equivalence after taking the homotopy fibers over any vertex of Tup,,, corresponding to an active morphism
a: (m) — (n). Using Lemma 2.3.3.13, we can identify the relevant map of homotopy fibers with ¢ . O

For our next statement, we use the following notational convention: if O% is an co-operad, we let (‘)Sit
denote the subcategory of O® spanned by the active morphisms.

Corollary 2.3.3.17. Let f : C%¥ — O be a map of co-operads. Assume that C and O are Kan complezes.
The following conditions are equivalent:

(a) The map f is an approzimation.
(b) The map f is a weak approximation.
(¢) The map fact : Cit — Oﬁt is the composition of a categorical equivalence with a right fibration.

Proof. We may assume without loss of generality that f is a fibration of oco-operads. The implication
(a) = (b) follows from Lemma 2.3.3.10. We now show that (b) = (c). Assume that f is a weak approximation
and choose an active morphism o : Y — Z in C%; we wish to show that a is face-Cartesian. Unwinding the
definitions, it will suffice to show that for every active morphism £ : X — Z in €%, the induced map

0: Mapeigz (X,Y) — Mapo§fz (fX, fY)

is a homotopy equivalence. Let ag : (m) — (n) and By : (k) — (n) be the images of o and 8 in the
oo-category N(Fin,). Then 6 is given by a disjoint union of maps
07 : Map, (X,Y) = Map], (fX,fY),
€z O/sz
where 7 ranges over those maps (k) — (m) in N(Fin,) such that 5 = a0 and the superscripts indicate the

relevant summand of the mapping spaces. The map 67 is given by taking vertical homotopy fibers of the
diagram

G}@Y XN(j’in*)/<m>{<k>} - O;®Y XN(fTin*)/(m) {<k>}

| i

@?Z XN(Fin,) )y LR) ) — e?z XN(Fin.) oy 1K) }

(the hypothesis that O and € are Kan complexes guarantee that the entries in this diagram are Kan com-
plexes). It therefore suffices to show that the horizontal maps in the above diagram are homotopy equiva-
lences, which follows from our assumption that f is a weak approximation (Corollary 2.3.3.16).

We now complete the proof by showing that (¢) = (a). For any object Z € € and any active morphism
oo : Yy — Z, there is an essentially unique morphism « : Y — Z in €% lifting ag. We wish to show that a
is f-Cartesian. Unwinding the definitions, we must show that for any morphism £ : X — Z in €%, the map
f induces a homotopy Mapeiz)z (X,Y) — Maposafz (fX, fY). The map S factors as a composition

x5 x %z
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where ' is inert and 8" is active. Since f is a map of oc-operads, f(f’) is inert and f(B") is active; we may
therefore replace 8 by 8 and thereby reduce to the case where 3 is active. The desired result now follows
immediately from assumption (c). O

Corollary 2.3.3.18. Suppose we are given maps of co-operads OF EN 0® 4 O//®, where O, O, and O"
are Kan complexes and g is an approzimation. Then f is an approzimation if and only if g o f is an
approximation.

Remark 2.3.3.19. Let 0% be an oco-operad and let f : €% — O® be a map of generalized co-operads.
Assume that C‘f% is a Kan complex. Then f is an approximation if and only if, for each object C € G%, the

induced map of co-operads G}g’c — 0% is an approximation.

Definition 2.3.3.20. Let p: O — N(Fin,) and ¢ : O'® — N(Jin,) be oo-operads, and let f : € — 0% be
a weak approximation to O%. Let p’ = po f. We will say that a functor A : € — O'® is a C-algebra object of
O'® if it satisfies the following conditions:

(a) The diagram of simplicial sets

0% —5 N(Fin,)
is commutative.

(b) Let C € € be such that p’(C) = (n), and for 1 < i < n choose a locally p’-coCartesian morphism
a; : C — C; in € covering the map p' : (n) — (1). Then A(«;) is an inert morphism in 0'®.

We will say that a C-algebra object A of O'® is locally constant if it satisfies the following further condition:
(¢) For every morphism « in € such that p/(e) = id 1), the image A(a) is an equivalence in O'.

We let Alge(0') denote the full subcategory of Funy(in,) (C, O'®) spanned by the C-algebra objects of 0%,
and Alglgc(O') the full subcategory of Alge(O') spanned by the locally constant C-algebra objects of 9.

If f:C — 0% is an essential weak approximation, so that f factors as a composition C L) e f—) o'®
where f’ is a categorical equivalence and f” is a weak approximation, then we let Alge(O’) denote the
full subcategory of Funy(a)er(C, O'®) given by the essential image of Alge (O’) under the equivalence of

loc

oo-categories Funy(ayer (€', 0'®) — Funya)er (G, 0'®) given by f/, and Algg®(0’) the essential image of
Algleloc(ol).

Example 2.3.3.21. If O® is an oco-operad and f : € — 0% is an essential weak approximation to O%, then
f is a C-algebra object of O%.

Example 2.3.3.22. Let O® be an oo-operad, and suppose we are given a map of generalized oo-operads
f: €% — 0%, Assume that f is an essential weak approximation to O%. For any other co-operad O'®, a
map A : €% = 0'? is a €®-algebra object of O'® (in the sense of Definition 2.3.3.20) if and only if it is a
map of generalized co-operads (Definition 2.3.2.2); this follows from the argument of Remark 2.1.2.9.

Our main result in this section is the following:

Theorem 2.3.3.23. Let p: O® — N(Fin,) and q : O'® — N(Fin,) be co-operads, and let f : € — O be a
weak approzimation to O, Let 0 : Algo(0') — Alge(0') be the map given by composition with f, and let
Cy denote the fiber € X n(Fin,)1(1)}-

Then:
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(1) If f induces an equivalence of co-categories C1y — O, then 6 is an equivalence of co-categories.

(2) If O is a Kan complexr and f induces a weak homotopy equivalence Cry — O, then 0 induces an
equivalence of co-categories Algy(0') — Algg(O').

Proof. Replacing € by an equivalent co-category if necessary, we may assume that f is a categorical approxi-
mation. Choose a Cartesian fibration u : M — Al associated to the functor f, so that we have isomorphisms
0% ~ M xa1{0}, € ~ M x1{1}, and choose a retraction r from M onto O® such that r|€ = f. Let X
denote the full subcategory of Funy(gin,)(M, 0'®) spanned by those functors F : M — O'® satisfying the
following conditions:

(i) The restriction F| 9% belongs to Algq(0).
(i4) For every u-Cartesian morphism a in M, the image F(a) is an equivalence in O'®.

Condition (47) is equivalent to the requirement that F' be a ¢-left Kan extension of F| ©®. Using Proposition
T.4.3.2.15, we conclude that the restriction functor X — Algq(O') is a trivial Kan fibration. Composition
with 7 determines a section s of this trivial Kan fibration. Let ¢ : X — Funy(gin,)(C, O/®) be the other
restriction functor. Then 6 is given by the composition 1 o s. It will therefore suffice to show that ¢
determines an equivalence from X onto Alge(O’) (in case (1) ) or Algl®(O’) (in case (2)). In view of
Proposition T.4.3.2.15, it will suffice to verify the following;:

(a) Let Fy € Alge(0'), and assume that Fy is locally constant if we are in case (2). Then there exists a
functor F' € Funygin, ) (M, 0'®) which is a g-right Kan extension of Fj.

(b) A functor F' € Funygin,)(M, O0'®) belongs to X if and only if F is a g-right Kan extension of Fy = F|C,
and Fyy € Alge(0) (in case (1)) or Fy € Algle®(O') (in case (2)).

We begin by proving (a). Fix an object X € 0%, let Cx, denote the fiber product My, x5 C, and
let Fx = Fy|Cx/. According to Lemma T.4.3.2.13, it will suffice to show that the functor Fx can be
extended to a g-limit diagram C%, — O'® (covering the map e, — M® — N(Jin,)). Let C‘?'X/ denote the
full subcategory of Cx, spanned by those morphisms X — €' in M which correspond to inert morphisms
X — f(C) in O®. Since f is a weak approximation to O®, Theorem T.4.1.3.1 implies that the inclusion
@’X/ < Cx, is right cofinal. Tt will therefore suffice to show that the restriction Fy = Fx]| G’X/ can be
extended to a ¢-limit diagram (3/;{'/ — 0%,

Let (n) = p(X), and let €%, denote the full subcategory of €y, corresponding to inert morphisms
X — f(C) for which (po f)(C) = (1). We claim that F% is a ¢-right Kan extension of Fy = F|CY,. To
prove this, let us choose an arbitrary object of G/X/, given by a map a : X — C in M. The fiber product

G/)'(/ xey, (G/X/)a/ can be identified with the full subcategory of M, ; spanned by those diagrams X s ol o

such that (p o f)(B) has the form p® : (n) — (1), for some 1 < i < n. In particular, this co-category is a
disjoint union of full subcategories {D(4)}1<i<n, Where each D(i) is equivalent to the full subcategory of C¢/
spanned by morphisms C' — C’ covering the map p’. Our assumption that f is a weak approximation to O®
guarantees that each of these co-categories has a final object, given by a locally (po f)-coCartesian morphism
C — C; in C. It will therefore suffice to show that F(C) is a g-product of the objects {Fy(C;)}<i<n. Since
O'® is an co-operad, we are reduced to proving that each of the maps Fy(C) — Fy(C;) is inert, which follows
from our assumption that Fy € Alge(0').

Using Lemma T.4.3.2.7, we are reduced to proving that the diagram F¥ can be extended to a g¢-limit
diagram C”j(/ — O'® (covering the natural map G”}/ — M — N(&in,)). For 1 <i < n, let G(i)’)'(/ denote
the full subcategory of €% , spanned by those objects for which the underlying morphism X — C' covers
Pt p(X) = (n) — (1). Then (3;/(/ is the disjoint union of the full subcategories {G(z)’)'{/} Let O(4) denote
the full subcategory of O?}/ xN(gin*)W/{pi}, so that we have a left fibration of simplicial sets O(i) — O and
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a categorical equivalence €(i), >~ O(i) Xo €(1). Choose inert morphisms X — X in 0% for 1 <i < n, so

that each X; determines an initial object of O(i). If f induces a categorical equivalence €y — O, then we
can write X; ~ f(C;) for some C; € C(yy, and that the induced map X — C; can be identified with a final
object of C(i)" /- Consequently, we are reduced to proving the existence of a g-product for the set of objects

{Fo(C;)}1<i<n, which follows from our assumption that O'® is an oc-operad. This completes the proof of
(a) in case (1).

In case (2), we must work a bit harder. Assume that O is a Kan complex and that €y — O is a weak
homotopy equivalence. We again have X; ~ f(C;) for some C; € €(1y. The map O(i) — O is a left fibration
and therefore a Kan fibration. Using the right-properness of the usual model structure on Seta, we conclude
that the diagram

()%, —= Cq)
; Q)

0(i) —
is a homotopy pullback diagram, so that C(4)% s O(i) is a weak homotopy equivalence and therefore €(4)’, /
is weakly contractible. Since Fy is locally constant, Corollary T.4.4.4.10 and Proposition T.4.3.1.5 imply
that F'y|C(i) / admits a ¢-limit, given by the object Fy(C;). We are therefore again reduced to proving the

existence of a g-product for the set of objects {Fy(C;)}1<i<n, which follows from our assumption that 0'®
is an oo-operad. This completes the proof of (a) in case (2).
The arguments above (in either case) yield the following version of (b):

(') Let F' € Funy(gin,) (M, 0'®) be such that Fy = F| € € Alge(O') (in case (1)) or Fy = F|C € Algg(0")
(in case (2)). Then F is a g¢-right Kan extension of Fj if and only if, for every object X € (9%%, if we
choose C; € €1y and maps «; : X — C; in M having image p’ : (n) — (1) in Fin, for 1 < i < n, then
F(a;) is an inert morphism in 0% for 1 <i<n.

We now prove (b). Assume first that F' € X. Then Fy = F| € is equivalent to the functor (F|0%)o f. It
follows immediately that Fy € Alge(O). In case (2), the assumption that O is a Kan complex immediately
implies that Fj is locally constant. Criterion (b') immediately implies that F is a ¢-right Kan extension of
Fy. This proves the “only if” direction.

For the converse, assume that Fy € Alge(0'), that Fy is locally constant if we are in case (2), and that F
is a ¢g-right Kan extension of Fj. We wish to prove that F' € X. We first verify that F' satisfies (i7). Pick an
object C' € € and choose locally (p o f)-coCartesian morphisms «; : C — C; for 1 <i < n. Let X = f(C);
we wish to show that the induced map F(X) — F(C) is an equivalence in O'®. Since O'® is an oo-operad,
and the maps Fy(C) — Co(C;) are inert for 1 < i < n (by virtue of our assumption that F' € Alge(0")), it
will suffice to show that each of the maps F(X) — Fy(C;) is inert, which follows from (b').

To complete the proof, we must show that F| O%® is a map of oc-operads. In view of Remark 2.1.2.9,
it will suffice to show that if X € O%w and o : X — X; is an inert morphism of O% covering the map
pt:(n) — (1) for 1 < i < n, then the induced map F(X) — F(X;) is an inert morphism in O'®. Arguing
as above, we can assume that X; = f(C;). Condition (é¢) implies that F(X;) — F(C;) is an equivalence in
O'; it will therefore suffice to show that the composite map F(X) — F(X;) — F(C;) is inert, which follows
from criterion (b'). O

Corollary 2.3.3.24. Let f : C® — 0% be a map of co-operads. Assume that f is a weak approzimation to
O® and that f induces an equivalence of co-categories @ — O. Then f is an equivalence of co-operads.

Proof. Theorem 2.3.3.23 implies that for every co-operad O’ composition with f induces an equivalence of
oo-categories Algy (0") — Alge(O'). O
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2.3.4 Disintegration of co-Operads

In §2.3.1, we introduced the definition of a unital co-operad. Roughly speaking, an co-operad O% is unital
if there is no information contained in its spaces of nullary operations (more precisely, if these spaces are
contractible). We now introduce a stronger condition, which guarantees also that the unary operation spaces
of O are trivial:

Definition 2.3.4.1. Let 0% be an co-operad. We will say that O is reduced if O% is unital and the
underlying co-category O is a contractible Kan complex.

Our main goal in this section is to show that if O® is an arbitrary unital co-operad whose underlying
oo-category O is a Kan complex, then O can be obtained by assembling a O-family of reduced oo-operads
(Theorem 2.3.4.4). A precise formulation will make use of the following generalization of Definition 2.3.4.1:

Definition 2.3.4.2. We will say that an oo-operad family O% is reduced if O% is a Kan complex and, for
each object X € (f)%%>7 the oo-operad O?X is reduced.

Remark 2.3.4.3. Let € be a Kan complex, and let ¢ : 0% — @ x N(ZFin,) be a C-family of co-operads.
Every object X € O% is ¢-final, so that we have a trivial Kan fibration O;Z’X — €¢ x N(Fin,), where C
denotes the image of X in C. Since € is a Kan complex, the co-category C,¢ is a contractible Kan complex,
so that O?X is equivalent to the co-operad 0% = 0% xe{C}.

It follows that O is reduced (in the sense of Definition 2.3.4.2 if and only if € is reduced and each fiber
O% is a reduced oc-operad (in the sense of Definition 2.3.4.1). In particular, an oco-operad is reduced if and
only if it is reduced when regarded as a generalized oco-operad.

We are now ready to state the main result of this section.

Theorem 2.3.4.4. Let Op&™*d denote the full subcategory of Op8 spanned by the reduced generalized oo-
operads. Then the assembly functor Assem : Op82 — Ope, induces an equivalence from Op&™*? to the full
subcategory of Opeo spanned by those unital co-operads OF such that the underlying Kan complex of O is a
Kan complex.

In other words, if O% is a unital co-operad such that O is a Kan complex, then O% can be obtained (in
an essentially unique way) as the assembly of a family of reduced oco-operads. The proof of Theorem 2.3.4.4
is based on the following assertion, which we will prove at the end of this section:

Proposition 2.3.4.5. Let O'® be an oo-operad and let f : OF — O'® be a map of generalized co-operads.
Assume that O%, O, and O are Kan complexes. Then:

(1) If f is a weak approzimation to O'® which induces a homotopy equivalence © — O', then f exhibits
O'® as an assembly of O%.

(2) Assume that for each object X € O(f%), the co-operad O?X is unital. If f exhibits O'® as an assembly

of O2, then f is an approzimation to O'® and the underlying map © — O’ is a homotopy equivalence
of Kan complexes. Moreover, the co-operad O'® s also unital.

The proofs of Theorem 2.3.4.4 and Proposition 2.3.4.5 will use some ideas from later in this book.

Proof of Theorem 2.3.4.4. It follows from Proposition 2.3.4.5 that the assembly functor Assem carries Opg™*d
into the full subcategory X C Ops. spanned by those those unital co-operads O% such that O is a Kan com-
plex. We next show that Assem : Opg2™ — X is essentially surjective. Let O% be such a unital co-operad
whose underlying oo-category is a Kan complex, and choose a homotopy equivalence ug : O — S for some
Kan complex S (for example, we can take S = O and ug to be the identity map). Let S" be the oco-operad
defined in §2.4.3. Using Proposition 2.4.3.9, we can extend ug to an co-operad map v : 0% — S™. Replacing
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O? by an equivalent oo-operad if necessary, we may suppose that u is a fibration of co-operads. Let O'®
be the fiber product O® x gu(S x N(Fin,)). Then O'® is an S-family of co-operads equipped with a map
f:0® — 0% which induces an isomorphism O — O. The map f is a pullback of the approximation
S x N(Fin,) — S™ of Remark 2.4.3.6, and is therefore an approximation to O® (Remark 2.3.3.9). Invoking
Proposition 2.3.4.5, we deduce that f exhibits O® as an assembly of O'®, so that we have an equivalence
Assem(0'®) ~ 0¥, To deduce the desired essential surjectivity, it suffices to show that O'® is reduced. In
other words, we must show that for each s € S, the co-operad O'® ~ 0% x gu N(Fin,) is reduced. This is
clear: the underlying oco-category O is given by the fiber of a trivial Kan fibration f : O — S, and 0% is
unital because it is a homotopy fiber product of unital co-operads.

We now show that Assem : Op8™ — Opy is fully faithful. Let €% and D® be reduced generalized
oo-operads, and choose assembly maps €° — C€'® and D® — O®. We will show that the canonical map
Alge (D) — Alge(0) ~ Alge (0) is an equivalence of co-categories. As above, we choose a Kan complex S ~
O and a fibration of co-operads 0% — S, and define O'® to be the fiber product (S xN(Fin,)) x gn 0. Using
the equivalences Alge(S™) ~ Fun(C,S) and Alge(S x N(Fin,)) =~ Fun((?f%),S) provided by Propositions
2.4.3.16 and 2.3.2.9, we obtain a homotopy pullback diagram of oco-categories

Alge(ol) - Alge(O)

| |

lz‘un(e%> ,§) ——Fun(C, S).

Here the lower horizontal map is obtained by composing with the functor € = (‘3(?1> — G% induced by the
map (1) — (0) in Fin,. Since € is reduced, this map is an equivalence of co-categories, so the natural
map Alge(O0') — Alge(0) is an equivalence. Similarly, we have an equivalence Algy(0") — Algy(0). We
may therefore assume that the assembly map D® — O factors through a map of generalized oo-operads
v :D® — O0'®. To complete the proof, it will suffice to show that v is an equivalence of generalized co-operads
(and therefore induces an equivalence of co-categories Alge (D) — Alge(0') ~ Alge(0)).

Replacing D® by an equivalent generalized co-operad if necessary, we can assume that v : D% — 0'% is
a categorical fibration, so that the composite map D® — O'® — S x N(ZFin,) exhibits D as an S-family of
oo-operads. It will therefore suffice to show that for each s € S, the induced map of fibers ~ : D;@ — O;® is
an equivalence of co-operads. For each D € @? having an image X € 0%, we have a commutative diagram

(DF)i5h —— (D)5 ——= (0°)35¢

| | |

® '® ®
(022 )56t ) (O'2)3! ) —— (09)3,
where the superscript indicates that we consider the subcategory spanned by active morphisms. The hor-
izontal maps in this diagram are categorical equivalences (by Proposition 2.3.4.5 and Corollary 2.3.3.17).
It follows that the vertical maps are also categorical equivalences, so that 4 is an approximation between
reduced oo-operads. It follows from Corollary 2.3.3.24 that v, is an equivalence of co-operads as desired. [

We now turn to the proof of Proposition 2.3.4.5. We will need several preliminary results.

Lemma 2.3.4.6. Let f: X — Y be a map of simplicial sets. If f is a weak homotopy equivalence and Y is
a Kan complez, then f is left cofinal.

Proof. The map f factors as a composition X Lx &y Y, where f’ is a categorical equivalence and f” is
a categorical fibration. Replacing f by f”, we can reduced to the case where f is a categorical fibration so
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that X is an oo-category. According to Theorem T.4.1.3.1, it suffices to show that for every vertex y € Y,
the fiber product X xy Y, is weakly contractible. Consider the pullback diagram

’

XXYYy/ 4>f Yy/

L,

X ——Y.

The map ¢ is a left fibration over a Kan complex, and therefore a Kan fibration (Lemma T.2.1.3.3). Since
the usual model structure on simplicial sets is right proper, our diagram is a homotopy pullback square.
Because f is a weak homotopy equivalence, we deduce that f’ is a weak homotopy equivalence. Since Y}, is
weakly contractible, we deduce that X Xy Y, is weakly contractible, as desired. O

Lemma 2.3.4.7. Let f: X — Y be a weak homotopy equivalence of simplicial sets, let € be an co-category,
and let p : Y® — € be a colimit diagram. Suppose that D carries every edge of Y to an equivalence in C.
Then the composite map X> — Y> — C is a colimit diagram.

Proof. Let C € C be the image under p of the cone point of Y. Let C~ be the largest Kan complex contained
in G, so that p induces a map p: Y — C~. Factor the map p as a composition

/ 1
y & 725 e=,

where p’ is anodyne and p” is a Kan fibration (so that Z is a Kan complex). Lemma 2.3.4.6 guarantees
that the inclusion Y — Z is left cofinal and therefore right anodyne (Proposition T.4.1.1.3). Applying this
observation to the lifting problem

Y —— G/c

7
v/
/ J/
VZ p//
Z —C,

we deduce that p factors as a composition
v zmhe.

Since p’ is left cofinal, the map g is a colimit diagram. Lemma 2.3.4.6 also guarantees that the composition
fop : X — Z is left cofinal, so that

x> szmhe
is also a colimit diagram. O

For the next statements, we will assume that the reader is familiar with the theory of free algebras that
we discuss in §3.1.3.

Proposition 2.3.4.8. Let f : O® — O'® be a map between small co-operads, and let €% be a symmetric
monoidal co-category. Assume that C admits small colimits, and that the tensor product on C preserves small
colimits in each variable, and let F : Fun(0O, €) — Algy(€) and F’ : Fun(0’,C) — Algy/ (C) be left adjoints
to the forgetful functors (Example 3.1.3.6). The commutative diagram of forgetful functors

Alge (€) —2— Alg, (€)

| l

Fun(0’, €) v, Fun(0, @)

induces a natural transformation a: F o — 6o F' from Fun(0’, €) to Algy(C). Assume that O is a Kan
complezx.
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(1) If f is a weak approzimation to O'® then the natural transformation o is an equivalence.

(2) Conwversely, suppose that « is an equivalence in the special case where C =8 (equipped with the Carte-
sian monoidal structure) and when evaluated on the constant functor O' — C taking the value A.
Then f is an approzimation to O'®.

Proof. Fix a map Ag € Fun(0’,€) and let X € O. Let X be the subcategory of O?X whose objects are

active maps Y — X in O° and whose morphisms are maps which induce equivalences in N(Fin, ), and let
X' C O’/‘?{(X) be defined similarly. Then Ay determines diagrams x : X — € and x' : X' — € (here y is
given by composing x’ with the map X — X’ induced by ). Using the characterization of free algebras
given in §3.1.3, we deduce that a(A4g)(X) : (Fo6)(Ag)(X) — (0o F')(Ap)(X) is given by the evident map
colimy Y — colimy x’. Since O is a Kan complex, A carries every morphism in O’ to an equivalence in
@, then Y/ carries every morphism in X’ to an equivalence in €. If f is an approximation to O’®, then the
evident map X — X' is a weak homotopy equivalence (Corollary 2.3.3.16) that « is an equivalence by Lemma
2.3.4.7: this proves (1).

Conversely, suppose that the hypotheses of (2) are satisfied. Taking A to be the constant functor taking
the value A% € 8, we deduce from Corollary T.3.3.4.6 that the map X — X’ is a weak homotopy equivalence
for each X € O. From this it follows that f satisfies the criterion of Corollary 2.3.3.16 and is therefore an
approximation to O'®. O

Proposition 2.3.4.9. Let S be a Kan complex, let O° — S x N(Fin,) be an S-family of oc-operads,
and let C® be a symmetric monoidal co-category. Suppose that, for each s € S, the restriction functor
Algy (€) — Fun(0O,, €) admits a left adjoint Fy. Then:

(1) The restriction functor 6 : Algy(C) — Fun(O, C) admits a left adjoint F.

(2) Let A € Algy(C), let B € Fun(0,C), and let o : B — 0(A) be a morphism in Fun(O, ). Then the
adjoint map F(B) — A is an equivalence in Algq(C) if and only if, for each s € S, the underlying map
Fy(B|0,) — A| 02 is an equivalence in Algy (€).

Proof. Fix B € Fun(0, €). For every map of simplicial sets ¢ : T'— S, let Or = O xgT, By = B| Or, and
X(T') denote the full subcategory of Algy,.(€) Xpun(o,,e) Fun(Or, €)p, , spanned by those objects (A7 €
Algy,. (C), ¢ : By — Ar|Or) such that, for each vertex ¢ € T', the induced map Fy,4)(Br| Oy ) — Ar| Of(t)
is an equivalence. We claim that every inclusion of simplicial sets i : 77 < T' in (8eta)/g, the restriction
map X (T) — X (T") is a trivial Kan fibration. The collection of maps ¢ for which the conclusion holds is
clearly weakly saturated; it therefore suffices to prove the claim in the case where i is an inclusion of the form
0 A™ C A™. The proof proceeds by induction on n. The inductive hypothesis implies that the restriction
map X(0A") — X(0) ~ A is a trivial Kan fibration, so that X (9 A") is a contractible Kan complex.
The map X(A™) — X(0A"™) is evidently a categorical fibration; it therefore suffices to show that it is a
categorical equivalence. In other words, it suffices to show that X (A™) is also a contractible Kan complex.
Let s € S denote the image of the vertex {0} € A™ in S. Since the inclusion O — 0%, is a categorical
equivalence, it induces a categorical equivalence X (A"™) — X ({s}). We are therefore reduced to proving
that X ({s}) is a contractible Kan complex, which is obvious.

The above argument shows that X (S) is a contractible Kan complex; in particular, X (S) is nonempty.
Consequently, there exists a map ¢ : B — 6(A) satisfying the condition described in (2). We will prove
(1) together with the “if” direction of (2) by showing that that ¢ induces a homotopy equivalence p :
Mapyi,, (¢)(4; C) = Mapp,,(0,¢) (B, 0(C)) for each C' € Algy(C). The “only if” direction of (2) will then fol-
low by the usual uniqueness argument. We proceed as before: for every map of simplicial sets T — S, let Y (T')
denote the oo-category Algg,. (e)(AI 02)/ XFun(07.€) (4| 01/ Fun(Or, €)g4,., and Y'(T') = Fun(Or, €)(B| 0/
The map p can be regarded as a pullback of the restriction map Y (S) — Y’(S). To complete the proof,
it will suffice to show that Y (S) — Y’(S) is a trivial Kan fibration. We will prove the following stronger
assertion: for every inclusion 7" < T in (8eta) g, the restriction map 7 : Y(T') = Y(T") xy/ () Y'(T) is a
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trivial Kan fibration. As before, the collection of inclusions which satisfy this condition is weakly saturated,
so we may reduce to the case where T = A™ T’ = 9 A", and the result holds for inclusions of simplicial
sets having dimension < n. Moreover, since 7 is easily seen to be a categorical fibration, it suffices to show
that 7 is a categorical equivalence. Using the inductive hypothesis, we deduce that Y(T") — Y/(T”) is a
trivial Kan fibration, so that the pullback map Y (T") Xy (/) Y'(T) — Y'(T') is a categorical equivalence.
By a two-out-of-three argument, we are reduced to proving that the restriction map Y (T) — Y'(T) is a
categorical equivalence. If we define s to be the image of {0} C A™ ~ T in S, then we have a commutative
diagram

Y(T) —— Y'(T)

L

Y({s}) —=Y'({s})

in which the vertical maps are categorical equivalences. We are therefore reduced to showing that Y ({s}) —
Y'({s}) is a categorical equivalence, which is equivalent to the requirement that the map F,(B|0,) — A| 0%
be an equivalence in Algy (C). O

We conclude this section with the proof of Proposition 2.3.4.5.

Proof of Proposition 2.3.4.5. Assertion (1) is an immediate consequence of Theorem 2.3.3.23. We will prove
(2). Assume that f : 0% — 0'® exhibits O'® as an assembly of O° and that the oc-operad O?X is reduced

for each X € O%%). We wish to prove:
(a) The co-operad O'® is unital.
(¢) The map f is an approximation to O’%,

(b) The map f induces a homotopy equivalence of Kan complexes O — O'.

It follows from Proposition 2.3.1.11 that for each s € S, the induced map Algos(O;) — Algy (0) is a
trivial Kan fibration. Arguing as in Proposition 2.3.4.9, we deduce that Alg(0)) — Algy(O’) is a trivial
Kan fibration. Since f exhibits O’® as an assembly of O%, we deduce that the map Algy, (O.) — Alge, (O)
is an equivalence of oo-categories, and therefore (since it is a categorical fibration) a trivial Kan fibration.
In particular, the projection map O'® — O’'® admits a section, so the final object of ©'® is initial and O'®
is also unital. This proves (a).

Let C be an arbitrary oo-category, which we regard as the underlying oco-category of the co-operad el
We have a commutative diagram

Algy (€) —— Algo(e)

| l

Fun(O’, €) — Fun(0, ©)

where the upper horizontal map is an equivalence and the vertical maps are equivalences by virtue of
Proposition 2.4.3.16. It follows that the lower horizontal map is an equivalence. Allowing € to vary, we
deduce that f induces an equivalence of co-categories O — O’. This completes the proof of (b).

It remains to show f is an approximation to O’®. According to Remark 2.3.3.19, it will suffice to show
that for each X € O%%), the induced map fx : O;@X — O0'® is an approximation to ©'®. Using Corollary

2.3.3.17, we are reduced to showing that fx is a weak approximation to O’®. We will show that the criterion
of Proposition 2.3.4.8 is satisfied. Let C¥ be a symmetric monoidal co-category such that € admits small
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colimits and the tensor product € x € — € preserves small colimits separately in each variable, and consider
the commutative diagram of forgetful functors o :

Algo (€) —— Alg, (©)

| |

Fun (0, €) —> Fun(0 x, €),

where the vertical maps have left adjoints Fix : Fun(0,x,C) — Algy , (€) and F': Fun(0', C) — Algy/ (C).
We wish to show that the natural transformation « : Fixy o/ — 6 o F’ is an equivalence. Since f exhibits
0'® as an assembly of 0%, the forgetful functor Alge, (€) — Alg, (C) is an equivalence. Similarly, (b) implies
that Fun(0’, @) — Fun(0O, €) is an equivalence. We may therefore replace the diagram o by the equivalent
diagram

(4
Algo(C) —— Algo/x (€)

L]

Fun(0, €) —— Fun(0x, €),

where the left vertical map has a left adjoint F' : Fun(O, €) — Alg(C). We are therefore reduced to proving
that the natural transformation Fx o’ — 1) o F is an equivalence, which is a special case of Proposition
2.3.4.9. O

2.4 Products and Coproducts

Let C be a category which admits finite products. Then the product operation (X,Y) — X x Y is com-
mutative and associative (up to canonical isomorphism), and has a unit given by the final object of C. It
follows that the formation of Cartesian products endows € with a symmetric monoidal structure, which we
will call the Cartesian symmetric monoidal structure on €. Similarly, if € admits finite coproducts, then
the construction (X,Y) — X [[Y endows € with another symmetric monoidal structure, which we call the
coCartesian symmetric monoidal structure.

Our goal in this section is to study the co-categorical analogues of Cartesian and coCartesian symmetric
monoidal structures. To this end, we introduce the following definition:

Definition 2.4.0.1. Let C be an oco-category. We will say that a symmetric monoidal structure on C is
Cartesian if the following conditions are satisfied:

(1) The unit object 1e¢ € € is final.
(2) For every pair of objects C, D € €, the canonical maps
C~C®R1le+~CR®D—=1e@D~D
exhibit C'® D as a product of C' and D in the oco-category C.

Dually, we will say that a symmetric monoidal structure on € is coCartesian if it satisfies the following pair
of analogous conditions:

(1) The unit object 1¢ € € is initial.
(2') For every pair of objects C, D € €, the canonical maps
C2C®R®1le >wCRD<+1e®D~D

exhibit C' ® D as a coproduct of C' and D in the oco-category C.
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It is natural to expect that if € is an co-category which admits finite products, then the formation of finite
products is commutative and associative up to coherent equivalence: that is, € should admit a Cartesian
symmetric monoidal structure. We will prove this result in §2.4.1 by means of an explicit construction (in
fact, this Cartesian symmetric monoidal structure is unique in a strong sense: see Corollary 2.4.1.8). We
can then apply to € all of the ideas introduced in §2.1; in particular, for any co-operad O%, we can consider
the oco-category Algy(C) of O-algebra objects of €. Since the Cartesian symmetric monoidal structure on €
is entirely determined by the structure of the underlying co-category €, it is natural to expect that Alg, (@)
admits a direct description which makes no reference to the theory of co-operads. In §2.4.2 we will provide
such a description by introducing the notion of a O-monoid. Using this notion, we will characterize the
Cartesian symmetric monoidal structure on an oo-category € by means of a universal mapping property
(Proposition 2.4.2.5).

The theory of coCartesian symmetric monoidal structures should be regarded as dual to the theory of
Cartesian symmetric monoidal structures: that is, we expect that giving a coCartesian symmetric monoidal
structure on an oo-category C is equivalent to giving a Cartesian symmetric monoidal structure on the
co-category C°?. However, this identification is somewhat subtle: our definition of symmetric monoidal oo-
category is not manifestly self-dual, so it is not immediately obvious that a symmetric monoidal structure
on €% determines a symmetric monoidal structure on € (this is nonetheless true; see Remark 2.4.2.7).
Definition 2.0.0.7 encodes a symmetric monoidal structure on an oo-category C by specifying maps of the
form X; ® ---® X,, — Y; maps of the foorm X — Y; ® --- ® Y,, are more difficult to access. For this
reason, we devote §2.4.3 to giving an explicit construction of a coCartesian symmetric monoidal structure
on an oo-category C which admits finite coproducts. Roughly speaking, the idea is to specify a symmetric
monoidal structure in which giving morphism X; ® --- ® X,, — Y is equivalent to giving a collection of
morphisms {X; — Y }1<i<,. This construction has the advantage of working in great generality: it yields an
oo-operad @M even in cases where the oo-category € does not admit finite coproducts. We will apply these
ideas in §2.4.4 to analyze the tensor product operation on oo-operads described in §2.2.5.

As in the Cartesian case, it is natural to expect that if an oco-category € is equipped with a coCartesian
symmetric monoidal structure, then the theory of algebras in € can be formulated without reference to the
theory of co-operads. This turns out to be true for a somewhat trivial reason: every object C' € € admits a
unique commutative algebra structure, with multiplication given by the “fold” map C'[[C — C (Corollary
2.4.3.10). In fact, this can be taken as a characterization of the coCartesian symmetric monoidal structure:
we will show that the coCartesian symmetric monoidal structure on € is universal among symmetric monoidal
oo-categories D for which there exists a functor € — CAlg(D) (Theorem 2.4.3.18).

In §2.4.5, we will specialize our attention to the study of a special class of co-categories C where the
Cartesian and coCartesian symmetric monoidal structures coincide, which we refer to as additive co-categories
(Definition 2.4.5.3). Using Corollary 2.4.3.10, we show that every additive oo-category can be embedded
into a stable co-category in a canonical way (Proposition 2.4.5.8).

2.4.1 Cartesian Symmetric Monoidal Structures

Let € be an co-category which admits finite products. Our main goal in this section is to prove that € admits
an essentially unique symmetric monoidal structure which is Cartesian in the sense of Definition 2.4.0.1. We
begin by describing a useful mechanism for recognizing that a symmetric monoidal structure is Cartesian.

Definition 2.4.1.1. Let p : €% — N(Jin,) be an oc-operad. A laz Cartesian structure on C% is a functor
7 : C® — D satisfying the following condition:

(*) Let C be an object of e%)a and write C ~ C1 @ - - - ® C,,, where each C; € C. Then the canonical maps
m(C) — m(C;) exhibit 7(C) as a product [[, ;, 7(C;) in the oo-category D.

We will say that 7 is a weak Cartesian structure if it is a lax Cartesian structure, % is a symmetric
monoidal co-category, and the following additional condition is satisfied:



2.4. PRODUCTS AND COPRODUCTS 207

(+) Let f: C — C’ be a p-coCartesian morphism covering an active morphism « : (n) — (1) in Fin,.
Then 7(f) is an equivalence in D.

We will say that a weak Cartesian structure 7 is a Cartesian structure if 7 restricts to an equivalence ¢ — D.

It follows immediately from the definitions that if C is a symmetric monoidal co-category and there exists
a Cartesian structure €% — D, then the symmetric monoidal structure on € is Cartesian. Consequently, to
prove that an oco-category € admits a Cartesian symmetric monoidal structure, it will suffice to construct a
symmetric monoidal co-category €* — N(Fin,) together with a Cartesian structure 7 : €* — €. This will
require a few preliminaries.

Notation 2.4.1.2. We define a category I'* as follows:

(1) An object of T'* consists of an ordered pair ((n),S), where (n) is an object of Fin, and S is a subset
of (n)°.

(2) A morphism from ((n), S) to ((n'), S”) in I'