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Chapter 2

Vector Spaces, Bases, Linear Maps

2.1 Groups, Rings, and Fields

In the following three chapters, the basic algebraic structures (groups, rings, fields, vector
spaces) are reviewed, with a major emphasis on vector spaces. Basic notions of linear algebra
such as vector spaces, subspaces, linear combinations, linear independence, bases, quotient
spaces, linear maps, matrices, change of bases, direct sums, linear forms, dual spaces, hyper-
planes, transpose of a linear maps, are reviewed.

The set R of real numbers has two operations +: R x R — R (addition) and *: R x R —
R (multiplication) satisfying properties that make R into an abelian group under +, and
R — {0} = R* into an abelian group under *. Recall the definition of a group.

Definition 2.1. A group is a set G equipped with a binary operation -: G x G — G that
associates an element a - b € GG to every pair of elements a,b € G, and having the following
properties: - is associative, has an identity element e € GG, and every element in G is invertible
(w.r.t. -). More explicitly, this means that the following equations hold for all a,b,c € G:

(Gl) a-(b-¢c)=(a-b)-c (associativity);
(G2) a-e=e€-a=a. (identity);
(G3) For every a € G, there is some a™' € G such that a-a™! =a™'-a=e. (inverse).

A group G is abelian (or commutative) if

a-b=>b-a forall abed.

A set M together with an operation -: M x M — M and an element e satisfying only
conditions (G1) and (G2) is called a monoid. For example, the set N = {0,1,...,n,...} of
natural numbers is a (commutative) monoid under addition. However, it is not a group.

Some examples of groups are given below.

11



12 CHAPTER 2. VECTOR SPACES, BASES, LINEAR MAPS

Example 2.1.

1. The set Z = {...,—n,...,—1,0,1,...,n,...} of integers is a group under addition,
with identity element 0. However, Z* = Z — {0} is not a group under multiplication.

2. The set Q of rational numbers (fractions p/q with p,q € Z and ¢ # 0) is a group
under addition, with identity element 0. The set Q* = Q — {0} is also a group under
multiplication, with identity element 1.

3. Given any nonempty set S, the set of bijections f: S — S, also called permutations
of S, is a group under function composition (i.e., the multiplication of f and g is the
composition g o f), with identity element the identity function idg. This group is not
abelian as soon as S has more than two elements.

4. The set of n x n invertible matrices with real (or complex) coefficients is a group under
matrix multiplication, with identity element the identity matrix [,,. This group is
called the general linear group and is usually denoted by GL(n,R) (or GL(n,C)).

It is customary to denote the operation of an abelian group G by +, in which case the
inverse a~! of an element a € G is denoted by —a.

The identity element of a group is unique. In fact, we can prove a more general fact:

Fact 1. If a binary operation -: M x M — M is associative and if ¢/ € M is a left identity
and e’ € M is a right identity, which means that

¢-a=a forall aeM (G21)

and
a-€" =a forall a€ M, (G2r)

then ¢ = ¢€”.

Proof. 1f we let a = €” in equation (G21), we get

and thus

as claimed. n
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Fact 1 implies that the identity element of a monoid is unique, and since every group is
a monoid, the identity element of a group is unique. Furthermore, every element in a group
has a unique inverse. This is a consequence of a slightly more general fact:

Fact 2. In a monoid M with identity element e, if some element a € M has some left inverse
a’ € M and some right inverse a” € M, which means that

ad-a=e (G3l)

and

a-a’ =e, (G3r)
then o' = a”.
Proof. Using (G3l) and the fact that e is an identity element, we have

(a'-a)-a"=e-a"=d"

Similarly, Using (G3r) and the fact that e is an identity element, we have

a-(a-ad"y=d -e=d.

However, since M is monoid, the operation - is associative, so

a/:a/‘(a.aﬂ):<a/‘a).a1/:a’/l’

as claimed. n

Remark: Axioms (G2) and (G3) can be weakened a bit by requiring only (G2r) (the exis-
tence of a right identity) and (G3r) (the existence of a right inverse for every element) (or
(G21) and (G3l)). It is a good exercise to prove that the group axioms (G2) and (G3) follow
from (G2r) and (G3r).

If a group G has a finite number n of elements, we say that G is a group of order n. If
G is infinite, we say that G has infinite order. The order of a group is usually denoted by
|G| (if G is finite).

Given a group G, for any two subsets R, S C G, we let
RS={r-s|reR,seS}.
In particular, for any g € G, if R = {g}, we write
g8 ={g-s|s €5},
and similarly, if S = {g}, we write

Rg={r-g|re R}
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From now on, we will drop the multiplication sign and write g; g2 for g; - gs.

For any g € G, define L, the left translation by g, by Ly(a) = ga, for all a € G, and
Ry, the right translation by g, by R,(a) = ag, for all a € G. Observe that L, and R, are
bijections. We show this for L,, the proof for R, being similar.

If Ly(a) = Ly(b), then ga = gb, and multiplying on the left by ¢!, we get a = b, so L,
injective. For any b € G, we have L,(g'b) = gg~'b = b, so L, is surjective. Therefore, L,
is bijective.

Definition 2.2. Given a group G, a subset H of G is a subgroup of G ift
(1) The identity element e of G also belongs to H (e € H);
(2) For all hy, hy € H, we have hihy € H;

(3) For all h € H, we have h™! € H.

The proof of the following proposition is left as an exercise.

Proposition 2.1. Given a group G, a subset H C G is a subgroup of G iff H is nonempty
and whenever hi, hy € H, then h1h2_1 cH.

If the group G is finite, then the following criterion can be used.
Proposition 2.2. Given a finite group G, a subset H C G is a subgroup of G iff
(1) e € H;
(2) H is closed under multiplication.

Proof. We just have to prove that condition (3) of Definition 2.2 holds. For any a € H, since
the left translation L, is bijective, its restriction to H is injective, and since H is finite, it is
also bijective. Since e € H, there is a unique b € H such that L,(b) = ab = e. However, if
a~! is the inverse of a in G, we also have L,(a™!) = aa™' = e, and by injectivity of L,, we
have a=! =b € H. O

Definition 2.3. If H is a subgroup of G and g € G is any element, the sets of the form gH
are called left cosets of H in G and the sets of the form Hg are called right cosets of H in
G.

The left cosets (resp. right cosets) of H induce an equivalence relation ~ defined as
follows: For all g1, 95 € G,
gr~g2 Mt g1H=gH

(resp. g1 ~ g2 iff Hg1 = Hgy). Obviously, ~ is an equivalence relation.

Now, we claim that g1 H = g H iff g; ‘g1 H = H iff g;'g, € H.
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Proof. If we apply the bijection ngl to both ¢t H and g.H we get ngl(ng) = g, g H
and Lg;1<92H) = H,so g H = g H iff g;'g)H = H. If g;'g1H = H, since 1 € H, we get
gy g1 € H. Conversely, if g;'g1 € H, since H is a group, the left translation Lg; PRI
bijection of H, so g, 'g1H = H. Thus, g, ‘g1 H = H iff g;'g, € H. m

It follows that the equivalence class of an element g € G is the coset gH (resp. Hg).
Since L, is a bijection between H and gH, the cosets gH all have the same cardinality. The
map L,-1 0 Ry is a bijection between the left coset g/ and the right coset Hg, so they also
have the same cardinality. Since the distinct cosets gH form a partition of G, we obtain the
following fact:

Proposition 2.3. (Lagrange) For any finite group G and any subgroup H of G, the order
h of H divides the order n of GG.

The ratio n/h is denoted by (G : H) and is called the index of H in G. The index (G : H)
is the number of left (and right) cosets of H in G. Proposition 2.3 can be stated as

G| = (G- H)|H].

The set of left cosets of H in G (which, in general, is not a group) is denoted G/H.
The “points” of G/H are obtained by “collapsing” all the elements in a coset into a single
element.

It is tempting to define a multiplication operation on left cosets (or right cosets) by
setting

(91H)(g2H) = (9192)H,
but this operation is not well defined in general, unless the subgroup H possesses a special
property. This property is typical of the kernels of group homomorphisms, so we are led to
Definition 2.4. Given any two groups G and G’, a function ¢: G — G’ is a homomorphism
iff
p(9192) = (91)0(g2), forall g1, 9, € G.

Taking g; = g2 = e (in G), we see that

and taking g, = g and g, = g~!, we see that
plg™) = wlg) "

If op: G — G' and ¢: G' — G” are group homomorphisms, then ¥ o p: G — G” is also a
homomorphism. If p: G — G’ is a homomorphism of groups, and H C G, H' C G’ are two
subgroups, then it is easily checked that

Im H=p(H)={p(g) |ge H}
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is a subgroup of G’ called the image of H by ¢, and

e '(H")={geG|ylg) € H'}

is a subgroup of G. In particular, when H' = {¢'}, we obtain the kernel Ker ¢ of ¢. Thus,
Ker o ={g € G|p(g) =€}

It is immediately verified that ¢: G — G’ is injective iff Ker ¢ = {e}. (We also write
Ker ¢ = (0).) We say that ¢ is an isomorphism if there is a homomorphism ¢: G’ — G, so
that

IbOQOZidG and @Ol/}:idgl.

In this case, 1 is unique and it is denoted ¢ ~'. When ¢ is an isomorphism we say the the
groups G and G’ are isomorphic. It is easy to see that a bijective homomorphism is an
isomorphism. When G’ = @, a group isomorphism is called an automorphism. The left
translations L, and the right translations R, are automorphisms of G.

We claim that H = Ker ¢ satisfies the following property:
gH = Hg, forall geG. ()
First, note that (x) is equivalent to
gHg ' =H, forallgeQg,
and the above is equivalent to
gHg ' C H, forallgeQg. ()
This is because gHg~! C H implies H C ¢~ 'Hg, and this for all ¢ € G. But,
pghg™") = e(g)e(h)p(g™") = e(g)e
forallh € H = Ker ¢ and all g € G. Thus, by definition of H = Ker ¢, we have gHg~! C H.

Definition 2.5. For any group G, a subgroup N of G is a normal subgroup of G iff
gNg ' =N, forallgeqG.
This is denoted by N <1 G.

Observe that if GG is abelian, then every subgroup of GG is normal.

If N is a normal subgroup of G, the equivalence relation induced by left cosets is the
same as the equivalence induced by right cosets. Furthermore, this equivalence relation ~ is
a congruence, which means that: For all ¢1, g2, 91, 95 € G,
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(1) If ¢ N = g\ N and goN = g4 N, then g1go N = ¢} g4 N, and
(2) If ¢ N = goN, then g;'N = g; ' N.

As a consequence, we can define a group structure on the set GG/ ~ of equivalence classes
modulo ~, by setting

(1 N)(92N) = (g192)N.

This group is denoted G/N and called the quotient of G by N. The equivalence class gN of
an element g € G is also denoted § (or [g]). The map 7: G — G/N given by

m(g) =g =gNz

is clearly a group homomorphism called the canonical projection.

Given a homomorphism of groups ¢: G — G’, we easily check that the groups G/Ker ¢
and Im ¢ = p(G) are isomorphic. This is often called the first isomorphism theorem.

A useful way to construct groups is the direct product construction. Given two groups G
an H, we let G x H be the Cartestian product of the sets G and H with the multiplication
operation - given by

(91, h1) - (g2, h2) = (9192, h1h2).

It is immediately verified that G x H is a group. Similarly, given any n groups Gy, ..., G,,
we can define the direct product G; x --- x G,, is a similar way.

If G is an abelian group and Hi, ..., H, are subgroups of GG, the situation is simpler.
Consider the map
a: Hy x---x H, -G

given by
a(hl,...,hn) :h1+"'+hn,

using + for the operation of the group G. It is easy to verify that a is a group homomorphism,
so its image is a subgroup of GG denoted by H; + - - - + H,,, and called the sum of the groups
H;. The following proposition will be needed.

Proposition 2.4. Given an abelian group G, if Hy and Hy are any subgroups of G such
that Hy N Hy = {0}, then the map a is an isomorphism

a: Hy x Hy — H, + H,.

Proof. The map is surjective by definition, so we just have to check that it is injective. For
this, we show that Kera = {(0,0)}. We have a(ay,as) = 0 iff a; +ay = 0 iff a3 = —as. Since
a; € Hy and ay € Hy, we see that a;,as € H N Hy = {0}, so a; = ay = 0, which proves that
Kera = {(0,0)}. O
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Under the conditions of Proposition 2.4, namely H; N Hy = {0}, the group H; + Hs is
called the direct sum of H; and Hs; it is denoted by H; @& H,, and we have an isomorphism
H1 X H2 ng@HQ.

The groups Z,Q, R, C, and M,,(R) are more than an abelian groups, they are also com-
mutative rings. Furthermore, Q, R, and C are fields. We now introduce rings and fields.

Definition 2.6. A ring is a set A equipped with two operations +: A x A — A (called
addition) and x: A x A — A (called multiplication) having the following properties:

(R1) A is an abelian group w.r.t. +;
(R2) x is associative and has an identity element 1 € A;
(R3) * is distributive w.r.t. +.

The identity element for addition is denoted 0, and the additive inverse of a € A is
denoted by —a. More explicitly, the axioms of a ring are the following equations which hold
for all a,b,c € A:

a+(b+c)=(a+b)+c (associativity of +) (2.1)
at+b=b+a (commutativity of +) (2.2)
a+0=0+a=a (zero) (2.3)
a+(—a)=(—a)+a=0 (additive inverse) (2.4)
ax(bxc)=(axb)xc (associativity of ) (2.5)
axl=1xa=a (identity for x) (2.6)
(a+b)xc=(a*xc)+ (bxc) (distributivity) (2.7)
ax(b+c)=(axb)+ (ax*c) (distributivity) (2.8)
The ring A is commutative if
axb=>bxa
for all a,b € A.

From (2.7) and (2.8), we easily obtain
ax0 = 0*xa=0 (2.9)
ax(=b) = (—a)xb=—(axb). (2.10)

Note that (2.9) implies that if 1 = 0, then a = 0 for all a € A, and thus, A = {0}. The
ring A = {0} is called the trivial ring. A ring for which 1 # 0 is called nontrivial. The
multiplication a % b of two elements a,b € A is often denoted by ab.

Example 2.2.
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. The additive groups Z,Q, R, C, are commutative rings.

The group R[X] of polynomials in one variable with real coefficients is a ring under
multiplication of polynomials. It is a commutative ring.

The group of n x n matrices M,,(R) is a ring under matrix multiplication. However, it
is not a commutative ring.

The group C(]a, b[) of continuous functions f: ]a,b[— R is a ring under the operation
f - g defined such that

(f - 9)(x) = flx)g(x)

for all z €a, b].

When ab = 0 with b # 0, we say that a is a zero divisor. A ring A is an integral domain
(or an entire ring) if 0 # 1, A is commutative, and ab = 0 implies that a = 0 or b = 0, for
all a,b € A. In other words, an integral domain is a nontrivial commutative ring with no
zero divisors besides 0.

Example 2.3.

1.
2.
3.
4.

The rings Z,Q, R, C, are integral domains.

The ring R[X] of polynomials in one variable with real coefficients is an integral domain.

For any positive integer, p € N, define a relation on Z, denoted m = n (mod p), as
follows:
m=n (modp) iff m—n=kp forsomek € Z.

The reader will easily check that this is an equivalence relation, and, moreover, it is
compatible with respect to addition and multiplication, which means that if m; = n,
(mod p) and my = ny (mod p), then my + my = ny + ne (mod p) and mymy = nyngy
(mod p). Consequently, we can define an addition operation and a multiplication
operation of the set of equivalence classes (mod p):

[m] + [n] = [m +n]
and
[m] - [n] = [mn].

Again, the reader will easily check that the ring axioms are satisfied, with [0] as zero
and [1] as multiplicative unit. The resulting ring is denoted by Z/pZ.! Observe that
if p is composite, then this ring has zero-divisors. For example, if p = 4, then we have

2:2=0 (mod 4).

I The notation Z,, is sometimes used instead of Z/pZ but it clashes with the notation for the p-adic integers
so we prefer not to use it.
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However, the reader should prove that Z/pZ is an integral domain if p is prime (in
fact, it is a field).

5. The ring of n x n matrices M,,(R) is not an integral domain. It has zero divisors.

A homomorphism between rings is a mapping preserving addition and multiplication
(and 0 and 1).

Definition 2.7. Given two rings A and B, a homomorphism between A and B is a function
h: A — B satisfying the following conditions for all z,y € A:

h(z) + h(y)
(2)h(y)

h(z +y

h(xy
h(
h(1

o)

h
0
1.

)=
)
)
)

Actually, because B is a group under addition, h(0) = 0 follows from
h(x +y) = h(x) + h(y).
Example 2.4.

1. If Ais a ring, for any integer n € Z, for any a € A, we define n - a by

n-a=a+---+a
N——

if n>0 (with0-a=0) and
n-a=—(—n)-a

if n < 0. Then, the map h: Z — A given by
h(n)=mn-14
is a ring homomorphism (where 14 is the multiplicative identity of A).

2. Given any real A € R, the evaluation map 7,: R[X] — R defined by

m(f(X)) = f(N)
for every polynomial f(X) € R[X] is a ring homomorphism.

A ring homomorphism h: A — B is an isomorphism iff there is a homomorphism ¢g: B —
A such that go f =idy and f o g = idg. Then, g is unique and denoted by h=!. It is easy
to show that a bijective ring homomorphism h: A — B is an isomorphism. An isomorphism
from a ring to itself is called an automorphism.
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Given a ring A, a subset A’ of A is a subring of A if A" is a subgroup of A (under
addition), is closed under multiplication, and contains 1. If h: A — B is a homomorphism
of rings, then for any subring A’, the image h(A’) is a subring of B, and for any subring B’
of B, the inverse image h~'(B’) is a subring of A.

A field is a commutative ring K for which A — {0} is a group under multiplication.
Definition 2.8. A set K is a field if it is a ring and the following properties hold:
(F1) 0#1;
(F2) K* = K — {0} is a group w.r.t. * (i.e., every a # 0 has an inverse w.r.t. *);
(F3) * is commutative.
If % is not commutative but (F1) and (F2) hold, we say that we have a skew field (or

noncommutative field).

Note that we are assuming that the operation * of a field is commutative. This convention
is not universally adopted, but since * will be commutative for most fields we will encounter,
we may as well include this condition in the definition.

Example 2.5.
1. The rings Q, R, and C are fields.

2. The set of (formal) fractions f(X)/g(X) of polynomials f(X), g(X) € R[X], where
g(X) is not the null polynomial, is a field.

3. The ring C(]a,b[) of continuous functions f: Ja,b[— R such that f(z) # 0 for all
x €la, bl is a field.

4. The ring Z/pZ is a field whenever p is prime.

A homomorphism h: K; — K between two fields K; and K5 is just a homomorphism
between the rings K7 and K,. However, because K7 and K3 are groups under multiplication,
a homomorphism of fields must be injective.

First, observe that for any z # 0,

and
1 =h(1) = hlz"'z) = h(z")h(z),

so h(z) # 0 and
h(z™') = h(x) ™"

But then, if h(z) = 0, we must have x = 0. Consequently, & is injective.
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A field homomorphism h: K; — K, is an isomorphism iff there is a homomorphism
g: Ky — K such that go f = idg, and fog = idg,. Then, g is unique and denoted by h~L.
It is easy to show that a bijective field homomorphism h: K; — K is an isomorphism. An
isomorphism from a field to itself is called an automorphism.

Since every homomorphism h: K; — K between two fields is injective, the image f(K7)
is a subfield of K5. We also say that K, is an extension of K;. A field K is said to be
algebraically closed if every polynomial p(X) with coefficients in K has some root in K; that
is, there is some a € K such that p(a) = 0. It can be shown that every field K has some
minimal extension 2 which is algebraically closed, called an algebraic closure of K. For
example, C is the algebraic closure of both Q and C.

Given a field K and an automorphism h: K — K of K, it is easy to check that the set
Fix(h) = {a € K | h(a) = a}

of elements of K fixed by h is a subfield of K called the field fixed by h.

If K is a field, we have the ring homomorphism h: Z — K given by h(n) =n-1. If h
is injective, then K contains a copy of Z, and since it is a field, it contains a copy of Q. In
this case, we say that K has characteristic 0. If h is not injective, then h(Z) is a subring of
K, and thus an integral domain, which is isomorphic to Z/pZ for some p > 1. But then, p
must be prime since Z/pZ is an integral domain iff it is a field iff p is prime. The prime p is
called the characteristic of K, and we also says that K is of finite characteristic.

2.2 Vector Spaces

For every n > 1, let R™ be the set of n-tuples z = (z1,...,x,). Addition can be extended to
R" as follows:

(1, @)+ (YY) = (1 F Y1, T+ Yn)-

We can also define an operation -: R x R™ — R" as follows:

A (1, ) = (A2, oo ATy,

The resulting algebraic structure has some interesting properties, those of a vector space.

Before defining vector spaces, we need to discuss a strategic choice which, depending
how it is settled, may reduce or increase headackes in dealing with notions such as linear
combinations and linear dependence (or independence). The issue has to do with using sets
of vectors versus sequences of vectors.

Our experience tells us that it is preferable to use sequences of vectors; even better,
indexed families of vectors. (We are not alone in having opted for sequences over sets, and
we are in good company; for example, Artin [4], Axler [7], and Lang [67] use sequences.
Nevertheless, some prominent authors such as Lax [71] use sets. We leave it to the reader
to conduct a survey on this issue.)
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Given a set A, recall that a sequence is an ordered n-tuple (aq,...,a,) € A" of elements
from A, for some natural number n. The elements of a sequence need not be distinct and
the order is important. For example, (aj,as,aq) and (ag, aq,a1) are two distinct sequences
in A3. Their underlying set is {a1, as}.

What we just defined are finite sequences, which can also be viewed as functions from
{1,2,...,n} to the set A; the ith element of the sequence (a4, ..., a,) is the image of ¢ under
the function. This viewpoint is fruitful, because it allows us to define (countably) infinite
sequences as functions s: N — A. But then, why limit ourselves to ordered sets such as
{1,...,n} or N as index sets?

The main role of the index set is to tag each element uniquely, and the order of the
tags is not crucial, although convenient. Thus, it is natural to define an I-indezed family of
elements of A, for short a family, as a function a: I — A where I is any set viewed as an
index set. Since the function a is determined by its graph

{(i,a(@)) | i € I},

the family a can be viewed as the set of pairs a = {(,a(i)) | i« € I}. For notational
simplicity, we write a; instead of a(i), and denote the family a = {(¢,a(7)) | i € I} by (a;)ier-
For example, if I = {r,g,b,y} and A = N, the set of pairs

a= {<7ﬂ7 2)7 (973)7 (bv 2)7 (y, 11)}

is an indexed family. The element 2 appears twice in the family with the two distinct tags
r and b.

When the indexed set I is totally ordered, a family (a;);e; often called an I-sequence.
Interestingly, sets can be viewed as special cases of families. Indeed, a set A can be viewed
as the A-indexed family {(a,a) | a € I'} corresponding to the identity function.

Remark: An indexed family should not be confused with a multiset. Given any set A, a
multiset is a similar to a set, except that elements of A may occur more than once. For
example, if A = {a,b,c,d}, then {a,a,a,b,c,c,d,d} is a multiset. Each element appears
with a certain multiplicity, but the order of the elements does not matter. For example, a
has multiplicity 3. Formally, a multiset is a function s: A — N, or equivalently a set of pairs
{(a,7) | @ € A}. Thus, a multiset is an A-indexed family of elements from N, but not a
N-indexed family, since distinct elements may have the same multiplicity (such as ¢ an d in
the example above). An indexed family is a generalization of a sequence, but a multiset is a
generalization of a set.

We also need to take care of an annoying technicality, which is to define sums of the
form .., a;, where I is any finite index set and (a;);es is a family of elements in some set
A equiped with a binary operation +: A x A — A which is associative (axiom (G1)) and
commutative. This will come up when we define linear combinations.
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The issue is that the binary operation + only tells us how to compute a; + ao for two
elements of A, but it does not tell us what is the sum of three of more elements. For example,
how should a; + as + as be defined?

What we have to do is to define a;+as+a3 by using a sequence of steps each involving two
elements, and there are two possible ways to do this: a; + (a2 +a3) and (a; + a2) + as. If our
operation + is not associative, these are different values. If it associative, then a;+(as+a3) =
(ay + a2) + as, but then there are still six possible permutations of the indices 1,2, 3, and if
+ is not commutative, these values are generally different. If our operation is commutative,
then all six permutations have the same value. Thus, if 4 is associative and commutative,
it seems intuitively clear that a sum of the form ._; a; does not depend on the order of the
operations used to compute it.

This is indeed the case, but a rigorous proof requires induction, and such a proof is
surprisingly involved. Readers may accept without proof the fact that sums of the form
> ics @i are indeed well defined, and jump directly to Definition 2.9. For those who want to
see the gory details, here we go.

First, we define sums ) ,_; a;, where I is a finite sequence of distinct natural numbers,
say I = (i1,...,im). If I = (i1,...,15) with m > 2, we denote the sequence (is,...,%,) by
I — {i1}. We proceed by induction on the size m of I. Let

g a; =a;,, ifm=1,

i€l
Zai:ail%—( Z CLi)7 ifm > 1.
iel iel—{i1}

For example, if I = (1,2,3,4), we have
Zai =a + (CLQ + (a3 + CL4)).
il

If the operation + is not associative, the grouping of the terms matters. For instance, in
general

a; + (CL2 + (CL3 + CL4)) # (a1 + (12) + (CL3 + CL4).

However, if the operation + is associative, the sum } _._; a; should not depend on the grouping
of the elements in I, as long as their order is preserved. For example, if I = (1,2,3,4,5),
J1 = (1,2), and Jy = (3,4,5), we expect that

Sa-(Tu)+ (Ta).

el j€J1 JEJ2

This indeed the case, as we have the following proposition.



2.2. VECTOR SPACES 25

Proposition 2.5. Given any nonempty set A equipped with an associative binary operation
+: Ax A — A, for any nonempty finite sequence I of distinct natural numbers and for
any partition of I into p nonempty sequences Iy, ..., Iy, for some nonempty sequence K =
(ki1,...,kp) of distinct natural numbers such that k; < k; implies that o < 8 for all o € I,
and all B € I, for every sequence (a;)ier of elements in A, we have

S =Y ()

acl keK “a€ly

Proof. We proceed by induction on the size n of I.
If n =1, then we must have p =1 and I}, = I, so the proposition holds trivially.

Next, assume n > 1. If p = 1, then [, = [ and the formula is trivial, so assume that
p > 2 and write J = (kg, ..., k,). There are two cases.

Case 1. The sequence [, has a single element, say [, which is the first element of I.
In this case, write C for the sequence obtained from I by deleting its first element 5. By

definition,
Zaa = dag + (Zaa)v

ael aeC

and

(%)= ((5)

keK “a€ly jeJ “agl;
Since |C| =n — 1, by the induction hypothesis, we have

(£)-5(5-)

aeC jeJ “agl;

which yields our identity.

Case 2. The sequence i, has at least two elements. In this case, let 3 be the first element
of I (and thus of I, ), let I’ be the sequence obtained from I by deleting its first element 3,
let I}, be the sequence obtained from I, by deleting its first element 3, and let I} = I}, for
i =2,...,p. Recall that J = (kq,...,k,) and K = (ky,...,k,). The sequence I’ has n — 1
elements, so by the induction hypothesis applied to I" and the I} , we get

If we add the lefthand side to ag, by definition we get

S

ael
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If we add the righthand side to ag, using associativity and the definition of an indexed sum,
we get

e () (B ) = (o () + (B (Z))

aEI,’Cl jeJ “ta€l; O‘EIl/cl jed ta€l;

(2 ) (E(E))
-3 (T ).

keK “a€ly

as claimed. O

If I =(1,...,n), we also write )" | a; instead of >, _; a;. Since + is associative, Propo-
sition 2.5 shows that the sum " | a; is independent of the grouping of its elements, which
justifies the use the notation a; + - - - 4+ a,, (without any parentheses).

If we also assume that our associative binary operation on A is commutative, then we
can show that the sum ) ,_; a; does not depend on the ordering of the index set I.

Proposition 2.6. Given any nonempty set A equipped with an associative and commutative
binary operation +: A X A — A, for any two nonempty finite sequences I and J of distinct
natural numbers such that J is a permutation of I (in other words, the unlerlying sets of I
and J are identical), for every sequence (a;)icr of elements in A, we have

E aazg Ay -
ael aeJ

Proof. We proceed by induction on the number p of elements in I. If p =1, we have I = J
and the proposition holds trivially.

If p > 1, to simplify notation, assume that I = (1,...,p) and that J is a permutation
(i1,...,1p) of I. First, assume that 2 <1i; < p—1, let J’ be the sequence obtained from J by
deleting i1, I’ be the sequence obtained from I by deleting i, and let P = (1,2,...,4;—1) and
Q= (i1+1,...,p—1,p). Observe that the sequence I’ is the concatenation of the sequences
P and Q. By the induction hypothesis applied to J' and I’, and then by Proposition 2.5
applied to I’ and its partition (P, @), we have

i1—1 p
E aa:E aa—<§ ai>—|—(g ai>.
acJ’ acl’ i=1 i=i1+1

If we add the lefthand side to a;,, by definition we get

S

aeJ
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If we add the righthand side to a;,, we get

i1—1 p
o ((Ze) (2 )
i=1 i=i1+1
Using associativity, we get

() (B ) (B (£

then using associativity and commutativity several times (more rigorously, using induction
oni; — 1), we get

ot () (5 (£) e ()

i=1 i=i1+1 =1 1=11+1
p
- E Qg
=1

as claimed.

The cases where iy = 1 or iy = p are treated similarly, but in a simpler manner since
either P = () or @ = () (where () denotes the empty sequence). O

Having done all this, we can now make sense of sums of the form ). ; a;, for any finite
indexed set I and any family a = (a;);cs of elements in A, where A is a set equipped with a
binary operation + which is associative and commutative.

Indeed, since I is finite, it is in bijection with the set {1,...,n} for some n € N, and any
total ordering < on I corresponds to a permutation /< of {1,...,n} (where we identify a
permutation with its image). For any total ordering < on I, we define ) .., _ a; as

E a; = E Qj.
iel,= jEIj

Then, for any other total ordering <’ on I, we have

2 a= ) a

icl,<! je€l
and since /< and < are different permutations of {1,...,n}, by Proposition 2.6, we have
E CLj = E CLj.
jEIj jEIj/

Therefore, the sum ), . a; does not depend on the total ordering on I. We define the sum
> ics @; as the common value ).,  a; for all total orderings < of I.

Vector spaces are defined as follows.
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Definition 2.9. Given a field K (with addition + and multiplication %), a vector space over
K (or K-vector space) is a set E (of vectors) together with two operations +: £ X F — E
(called wvector addition),? and -: K x E — E (called scalar multiplication) satisfying the
following conditions for all a, 8 € K and all u,v € F;

(V0) E is an abelian group w.r.t. +, with identity element 0;3
V1) a-(u+v)=(a-u)+ (a-v);

V2) (a+p) u=(a-u)+ (8- u);

V3) (axf) u=a-(B-u);

V4) 1-u=u.

In (V3), * denotes multiplication in the field K.

(
(
(
(

Given o € K and v € F, the element « - v is also denoted by av. The field K is often
called the field of scalars.

Unless specified otherwise or unless we are dealing with several different fields, in the rest
of this chapter, we assume that all K-vector spaces are defined with respect to a fixed field
K. Thus, we will refer to a K-vector space simply as a vector space. In most cases, the field
K will be the field R of reals.

From (V0), a vector space always contains the null vector 0, and thus is nonempty.
From (V1), we get -0 =0, and a - (—v) = —(« - v). From (V2), we get 0-v = 0, and
(—a)-v=—(a-v).

Another important consequence of the axioms is the following fact: For any v € F and
any A € K, if A0 and \-u = 0, then u = 0.

Indeed, since A # 0, it has a multiplicative inverse A~!, so from \ - u = 0, we get
Ao (Au) =2t
However, we just observed that A™* - 0 = 0, and from (V3) and (V4), we have
AN u) =AM ru=1-u=u,
and we deduce that u = 0.
Remark: One may wonder whether axiom (V4) is really needed. Could it be derived from
the other axioms? The answer is no. For example, one can take F = R"™ and define

- RxR"” - R” by
A (z,. . 2,) = (0,...,0)

2The symbol + is overloaded, since it denotes both addition in the field K and addition of vectors in E.
It is usually clear from the context which + is intended.

3The symbol 0 is also overloaded, since it represents both the zero in K (a scalar) and the identity element
of E (the zero vector). Confusion rarely arises, but one may prefer using 0 for the zero vector.
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for all (z1,...,2,) € R” and all A € R. Axioms (V0)—(V3) are all satisfied, but (V4) fails.
Less trivial examples can be given using the notion of a basis, which has not been defined
yet.

The field K itself can be viewed as a vector space over itself, addition of vectors being
addition in the field, and multiplication by a scalar being multiplication in the field.

Example 2.6.
1. The fields R and C are vector spaces over R.
2. The groups R and C" are vector spaces over R, and C" is a vector space over C.

3. The ring R[X] of polynomials is a vector space over R, and C[X] is a vector space over
R and C. The ring of n x n matrices M,,(R) is a vector space over R.

4. The ring C(]a, b]) of continuous functions f: |a,b[— R is a vector space over R.

Let E be a vector space. We would like to define the important notions of linear com-
bination and linear independence. These notions can be defined for sets of vectors in F,
but it will turn out to be more convenient to define them for families (v;);cs, where I is any
arbitrary index set.

2.3 Linear Independence, Subspaces
One of the most useful properties of vector spaces is that there possess bases. What this
means is that in every vector space, F, there is some set of vectors, {ey,...,e,}, such that

every, vector, v € E, can be written as a linear combination,

v=Aer+ -+ Ay,

of the e;, for some scalars, A1, ..., A, € K. Furthermore, the n-tuple, (\1,...,\,), as above
is unique.
This description is fine when E has a finite basis, {e1, ..., e,}, but this is not always the

case! For example, the vector space of real polynomials, R[X], does not have a finite basis
but instead it has an infinite basis, namely

1, X, X% ... X" ...

One might wonder if it is possible for a vector space to have bases of different sizes, or even
to have a finite basis as well as an infinite basis. We will see later on that this is not possible;
all bases of a vector space have the same number of elements (cardinality), which is called
the dimension of the space. However, we have the following problem: If a vector space has
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an infinite basis, {ej,es,..., }, how do we define linear combinations? Do we allow linear
combinations

)\161 + )\262 + -
with infinitely many nonzero coefficients?

If we allow linear combinations with infinitely many nonzero coefficients, then we have
to make sense of these sums and this can only be done reasonably if we define such a sum
as the limit of the sequence of vectors, s1,2,...,8,,..., with s; = Aje; and

Snt+1 = Sp + /\n—&-len—i—l'

But then, how do we define such limits? Well, we have to define some topology on our space,
by means of a norm, a metric or some other mechanism. This can indeed be done and this
is what Banach spaces and Hilbert spaces are all about but this seems to require a lot of
machinery.

A way to avoid limits is to restrict our attention to linear combinations involving only
finitely many vectors. We may have an infinite supply of vectors but we only form linear
combinations involving finitely many nonzero coefficients. Technically, this can be done by
introducing families of finite support. This gives us the ability to manipulate families of
scalars indexed by some fixed infinite set and yet to be treat these families as if they were
finite.

With these motivations in mind, given a set A, recall that an [-indexed family (a;)ic;
of elements of A (for short, a family) is a function a: I — A, or equivalently a set of pairs
{(i,a;) | i € I}. We agree that when I =0, (a;);e; = 0. A family (a;)es is finite if T is finite.

Remark: When considering a family (a;);c;, there is no reason to assume that I is ordered.
The crucial point is that every element of the family is uniquely indexed by an element of
I. Thus, unless specified otherwise, we do not assume that the elements of an index set are
ordered.

If A is an abelian group (usually, when A is a ring or a vector space) with identity 0, we
say that a family (a;);er has finite support if a; = 0 for all i € I — J, where J is a finite
subset of I (the support of the family).

Given two disjoint sets / and J, the union of two families (u;);e; and (v;);es, denoted as
(ui)ier U (v))je, is the family (wg)reusy defined such that wy = . if & € I, and wy, = vy,
if £ € J. Given a family (u;);c; and any element v, we denote by (u;);e;r Ug (v) the family
(w;i)ieruqry defined such that, w; = u; if ¢ € I, and wy, = v, where k is any index such that
k ¢ I. Given a family (u;);er, a subfamily of (u;);es is a family (u;);e; where J is any subset
of I.

In this chapter, unless specified otherwise, it is assumed that all families of scalars have
finite support.
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Definition 2.10. Let E be a vector space. A vector v € E is a linear combination of a
family (u;)ier of elements of E if there is a family (\;);er of scalars in K such that

el

When I = (), we stipulate that v = 0. (By proposition 2.6, sums of the form ), _; Aju; are
well defined.) We say that a family (u;);es is linearly independent if for every family (\;)ier
of scalars in K,
Z Aiu; =0 implies that \; =0 for all 7 € I.
el
Equivalently, a family (u;);es is linearly dependent if there is some family (\;);e; of scalars
in K such that
Z)\iui =0 and A; #0 for some j € I.
el

We agree that when I = (), the family () is linearly independent.

Observe that defining linear combinations for families of vectors rather than for sets of
vectors has the advantage that the vectors being combined need not be distinct. For example,
for I ={1,2,3} and the families (u,v,u) and (A1, A2, A1), the linear combination

Z Aty = Au+ Av + A\u

i€l

makes sense. Using sets of vectors in the definition of a linear combination does not allow
such linear combinations; this is too restrictive.

Unravelling Definition 2.10, a family (u;)es is linearly dependent iff some w; in the family
can be expressed as a linear combination of the other vectors in the family. Indeed, there is
some family (\;);e; of scalars in K such that

Z)\iui:0 and \; # 0 for some j € I,

i€l

which implies that

ie(I-{j})

Observe that one of the reasons for defining linear dependence for families of vectors
rather than for sets of vectors is that our definition allows multiple occurrences of a vector.
This is important because a matrix may contain identical columns, and we would like to say
that these columns are linearly dependent. The definition of linear dependence for sets does
not allow us to do that.
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The above also shows that a family (u;)c; is linearly independent iff either I = (), or T
consists of a single element ¢ and w; # 0, or |I| > 2 and no vector u; in the family can be
expressed as a linear combination of the other vectors in the family.

When [ is nonempty, if the family (u;);c; is linearly independent, note that u; # 0 for
all © € I. Otherwise, if u; = 0 for some i € I, then we get a nontrivial linear dependence
> icr Mty = 0 by picking any nonzero \; and letting Ay = 0 for all k& € I with k # 4, since
A0 = 0. If |I] > 2, we must also have u; # u; for all 4, j € I with ¢ # j, since otherwise we
get a nontrivial linear dependence by picking A; = A and A\; = —\ for any nonzero A, and
letting A\, = 0 for all k € I with k # 4, 7.

Thus, the definition of linear independence implies that a nontrivial linearly indendent
family is actually a set. This explains why certain authors choose to define linear indepen-
dence for sets of vectors. The problem with this approach is that linear dependence, which
is the logical negation of linear independence, is then only defined for sets of vectors. How-
ever, as we pointed out earlier, it is really desirable to define linear dependence for families
allowing multiple occurrences of the same vector.

Example 2.7.
1. Any two distinct scalars A\, u # 0 in K are linearly dependent.
2. In R3, the vectors (1,0,0), (0,1,0), and (0,0, 1) are linearly independent.

3. In R, the vectors (1,1,1,1), (0,1,1,1), (0,0,1,1), and (0,0,0,1) are linearly indepen-
dent.

4. In R?, the vectors u = (1,1), v = (0,1) and w = (2, 3) are linearly dependent, since

w=2u+v.

Note that a family (u;);es is linearly independent iff (u;);c; is linearly independent for
every finite subset J of I (even when I = ()). Indeed, when }._, A\ju; = 0, the family (\;)ies
of scalars in K has finite support, and thus ), , \;u; = 0 really means that ZjeJ Aju; =0
for a finite subset J of I. When [ is finite, we often assume that it is the set I = {1,2,... n}.
In this case, we denote the family (u;)ier as (u1, ..., uy).

The notion of a subspace of a vector space is defined as follows.

Definition 2.11. Given a vector space F, a subset F of E is a linear subspace (or subspace)
of F if F'is nonempty and A\u + pv € F for all u,v € F, and all A\, u € K.

It is easy to see that a subspace F' of F is indeed a vector space, since the restriction
of +: E x EF — E to F' x I is indeed a function +: F' x ' — F, and the restriction of
-+ K x F— Eto K x F is indeed a function -: K x F — F.
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It is also easy to see that any intersection of subspaces is a subspace. Since F'is nonempty,
if we pick any vector u € F and if we let A = p = 0, then A\u + pu = Ou 4+ Ou = 0, so every
subspace contains the vector 0. For any nonempty finite index set I, one can show by
induction on the cardinality of I that if (u;);e; is any family of vectors u; € F' and (\;);e; is
any family of scalars, then )., \iu; € F'.

The subspace {0} will be denoted by (0), or even 0 (with a mild abuse of notation).
Example 2.8.
1. In R?, the set of vectors u = (z,y) such that
r+y=20

is a subspace.

2. In R3, the set of vectors u = (x,y, 2) such that
r+y+z=0
is a subspace.

3. For any n > 0, the set of polynomials f(X) € R[X] of degree at most n is a subspace
of R[X].

4. The set of upper triangular n x n matrices is a subspace of the space of n x n matrices.

Proposition 2.7. Given any vector space E, if S is any nonempty subset of E, then the
smallest subspace (S) (or Span(S)) of E containing S is the set of all (finite) linear combi-
nations of elements from S.

Proof. We prove that the set Span(.S) of all linear combinations of elements of S is a subspace

of F, leaving as an exercise the verification that every subspace containing S also contains
Span(S).

First, Span(S) is nonempty since it contains S (which is nonempty). If u = >, ; Au;
and v =) jes 1jv; are any two linear combinations in Span(S), for any two scalars A\, u € R,

AU+MU:)\Z)\iUi+M2ﬂjUj

icl jeJ

= M+ D gy
il jed

= > M+ Y O+ ppui+ Y g,
iel—J ieIng jed—I

which is a linear combination with index set I U J, and thus Au + pv € Span(S), which
proves that Span(.S) is a subspace. ]
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One might wonder what happens if we add extra conditions to the coefficients involved
in forming linear combinations. Here are three natural restrictions which turn out to be
important (as usual, we assume that our index sets are finite):

(1)

Consider combinations ) .., Aju; for which
d h=1

These are called affine combinations. One should realize that every linear combination

> icr Nt can be viewed as an affine combination. For example, if £ is an index not
in 7, if welet J =T U{k}, up =0, and Ay =1 =3, ; Aj, then Y. ; Ajuy is an affine

combination and

Z )xzu@ = Z )\jUj.

iel jed
However, we get new spaces. For example, in R?, the set of all affine combinations of
the three vectors e; = (1,0,0),e5 = (0,1,0), and e3 = (0,0,1), is the plane passing
through these three points. Since it does not contain 0 = (0,0,0), it is not a linear
subspace.
Consider combinations ) .., Aju; for which

A >0, foralliel.

These are called positive (or conic) combinations It turns out that positive combina-
tions of families of vectors are cones. They show naturally in convex optimization.

Consider combinations ) ., Aju; for which we require (1) and (2), that is

d A=1 and A >0 foralliel

These are called conver combinations. Given any finite family of vectors, the set of all
convex combinations of these vectors is a convez polyhedron. Convex polyhedra play a
very important role in convex optimization.

2.4 Bases of a Vector Space

Given a vector space E, given a family (v;);cs, the subset V of E consisting of the null vector 0
and of all linear combinations of (v;);c; is easily seen to be a subspace of E. Subspaces having
such a “generating family” play an important role, and motivate the following definition.
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Definition 2.12. Given a vector space F and a subspace V of E, a family (v;);e; of vectors
v; € V spans V or generates V if for every v € V, there is some family (\;);c; of scalars in

K such that
v = Z )\lUZ
el
We also say that the elements of (v;);c; are generators of V and that V' is spanned by (v;)icr,
or generated by (v;);e;. If a subspace V' of E is generated by a finite family (v;);cr, we say

that V' is finitely generated. A family (u;);c; that spans V' and is linearly independent is
called a basis of V.

Example 2.9.

1. In R3, the vectors (1,0,0), (0,1,0), and (0,0, 1) form a basis.

) Y Y
as the Haar basis. This basis and its generalization to dimension 2" are crucial in

wavelet theory.

2. The vectors (1,1,1,1),(1,1,—1,—1),(1,—1,0,0), (0,0, 1, —1) form a basis of R* known

3. In the subspace of polynomials in R[X] of degree at most n, the polynomials 1, X, X2,
..., X" form a basis.

4. The Bernstein polynomials (Z) (1 —X)"*X* for k = 0,...,n, also form a basis of

that space. These polynomials play a major role in the theory of spline curves.

It is a standard result of linear algebra that every vector space F has a basis, and that
for any two bases (u;);er and (v;)jes, I and J have the same cardinality. In particular, if E
has a finite basis of n elements, every basis of F has n elements, and the integer n is called
the dimension of the vector space E. We begin with a crucial lemma.

Lemma 2.8. Given a linearly independent family (u;);e; of elements of a vector space E, if
v € E is not a linear combination of (u;)cr, then the family (w;);er Uy (v) obtained by adding
v to the family (u;)ier is linearly independent (where k & I ).

Proof. Assume that pv+ 3, ; Aju; = 0, for any family (\;)ier of scalars in K. If jt # 0, then
v has an inverse (because K is a field), and thus we have v = — >, (™' A;)u;, showing
that v is a linear combination of (u;);e; and contradicting the hypothesis. Thus, ¢ = 0. But
then, we have ). ; \ju; = 0, and since the family (u;);es is linearly independent, we have
Ai=0forallsel. O

The next theorem holds in general, but the proof is more sophisticated for vector spaces
that do not have a finite set of generators. Thus, in this chapter, we only prove the theorem
for finitely generated vector spaces.
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Theorem 2.9. Given any finite family S = (u;)ie; generating a vector space E and any
linearly independent subfamily L = (u;);ey of S (where J C 1), there is a basis B of E such
that L C B C S.

Proof. Consider the set of linearly independent families B such that L C B C S. Since this
set is nonempty and finite, it has some maximal element, (that is, a subfamily B = (up)pen
of S with H C I of maximum cardinality), say B = (up)pen. We claim that B generates E.
Indeed, if B does not generate E, then there is some u, € S that is not a linear combination
of vectors in B (since S generates E), with p ¢ H. Then, by Lemma 2.8, the family
B" = (up)nenupy is linearly independent, and since L C B C B’ C S, this contradicts the
maximality of B. Thus, B is a basis of F such that L C B C §S. O

Remark: Theorem 2.9 also holds for vector spaces that are not finitely generated. In this
case, the problem is to guarantee the existence of a maximal linearly independent family B
such that L C B C S. The existence of such a maximal family can be shown using Zorn’s
lemma, see Appendix 31 and the references given there.

A situation where the full generality of Theorem 2.9 is needed is the case of the vector
space R over the field of coefficients Q. The numbers 1 and v/2 are linearly independent
over Q, so according to Theorem 2.9, the linearly independent family L = (1, \/§) can be
extended to a basis B of R. Since R is uncountable and Q is countable, such a basis must
be uncountable!

Let (v;)ies be a family of vectors in E. We say that (v;);cr a mazimal linearly independent
family of E if it is linearly independent, and if for any vector w € E, the family (v;);er U {w}
obtained by adding w to the family (v;);e; is linearly dependent. We say that (v;);er a
minimal generating family of E if it spans £, and if for any index p € I, the family (v;)icr—gp)
obtained by removing v, from the family (v;);c; does not span E.

The following proposition giving useful properties characterizing a basis is an immediate
consequence of Lemma 2.8.

Proposition 2.10. Given a vector space E, for any family B = (v;);e;r of vectors of E, the
following properties are equivalent:

(1) B is a basis of E.
(2) B is a maximal linearly independent family of E.
(3) B is a minimal generating family of E.

Proof. We prove the equivalence of (1) and (2), leaving the equivalence of (1) and (3) as an
exercise.

Assume (1). We claim that B is a maximal linearly independent family. If B is not a
maximal linearly independent family, then there is some vector w € E such that the family
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B’ obtained by adding w to B is linearly independent. However, since B is a basis of E, the
vector w can be expressed as a linear combination of vectors in B, contradicting the fact
that B’ is linearly independent.

Conversely, assume (2). We claim that B spans E. If B does not span E, then there is
some vector w € F which is not a linear combination of vectors in B. By Lemma 2.8, the
family B’ obtained by adding w to B is linearly independent. Since B is a proper subfamily
of B’, this contradicts the assumption that B is a maximal linearly independent family.
Therefore, B must span E, and since B is also linearly independent, it is a basis of E. [

The following replacement lemma due to Steinitz shows the relationship between finite
linearly independent families and finite families of generators of a vector space. We begin
with a version of the lemma which is a bit informal, but easier to understand than the precise
and more formal formulation given in Proposition 2.12. The technical difficulty has to do
with the fact that some of the indices need to be renamed.

Proposition 2.11. (Replacement lemma, version 1) Given a vector space E, let (uq, ..., up)
be any finite linearly independent family in E, and let (vy,...,v,) be any finite family such
that every u; is a linear combination of (v, ...,v,). Then, we must have m < n, and m of
the vectors v; can be replaced by (uq, ..., uy), such that after renaming some of the indices
of the vs, the families (uy, ..., Um, Vi1, -, Us) and (vi,...,v,) generate the same subspace
of E.

Proof. We proceed by induction on m. When m = 0, the family (u4,...,u,,) is empty, and
the proposition holds trivially. For the induction step, we have a linearly independent family

(U, ...y Um, Um1). Consider the linearly independent family (uq, ..., u,,). By the induction
hypothesis, m < n, and m of the vectors v; can be replaced by (us,...,uy,), such that after
renaming some of the indices of the vs, the families (uy, ..., Upm, Vi1, .., 0,) and (vy, ..., v,)
generate the same subspace of E. The vector u,,,1 can also be expressed as a linear combi-
nation of (vy,...,v,), and since (uq, ..., Un, Vmni1,---,V,) and (vy,...,v,) generate the same
subspace, u,41 can be expressed as a linear combination of (uy, ..., Upm, Vi1, ..., V), SQY

m n

Um+1 = Z )\ZUZ + Z )\j’Uj.
=1 j=m+1

We claim that A\; # 0 for some j with m +1 < j < n, which implies that m + 1 < n.

Otherwise, we would have
m
Umt1 = E it
i=1

a nontrivial linear dependence of the w;, which is impossible since (uy, ..., u,,11) are linearly
independent.
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Therefore m + 1 < n, and after renaming indices if necessary, we may assume that
Ami1 7# 0, so we get

m n

Vet = — 3 (kA = At — Y (A4,
=1 j=m-+2
Observe that the families (uy, ..., Um, Vi1, - -+, V) and (U, ..., Ups1, Umi2, - - -, V) gENETALE
the same subspace, since u,, 1 is a linear combination of (w1, ..., Upm, Vmi1, - - -, Vp) and vy, 1
is a linear combination of (uy, ..., Umi1, Ums2, -+, Up). Since (Ui, ..., U, Vst - - -, V) and
(v1,...,v,) generate the same subspace, we conclude that (uy, ..., Uni1, Vmi2,--.,0,) and
and (vy,...,v,) generate the same subspace, which concludes the induction hypothesis. [

For the sake of completeness, here is a more formal statement of the replacement lemma
(and its proof).

Proposition 2.12. (Replacement lemma, version 2) Given a vector space E, let (u;);er be
any finite linearly independent family in E, where |I| = m, and let (v;);es be any finite family
such that every u; is a linear combination of (vj);ey, where |J| = n. Then, there exists a set
L and an injection p: L — J (a relabeling function) such that LNI =0, |L| =n —m, and
the families (u;)icr U (Vpq))icr and (vj)jes generate the same subspace of E. In particular,
m < n.

Proof. We proceed by induction on |[I| = m. When m = 0, the family (u;);e; is empty, and
the proposition holds trivially with L = J (p is the identity). Assume |/| = m + 1. Consider
the linearly independent family (u;)ic(r—{p}), Where p is any member of I. By the induction
hypothesis, there exists a set L and an injection p: L — J such that LN (I — {p}) = 0,
|L| = n—m, and the families (u;)ic(1—p1) U (Vp))icr and (v;);es generate the same subspace
of E. If p € L, we can replace L by (L — {p}) U {p'} where p’ does not belong to I U L, and
replace p by the injection p’ which agrees with p on L — {p} and such that p'(p’) = p(p).
Thus, we can always assume that L NI = ). Since u, is a linear combination of (v;);jecs
and the families (u;)ic(r—gp}) U (Vo) )ier and (vj);es generate the same subspace of E, w,, is
a linear combination of (u;)ic(r—{p1) U (Vo) )icr- Let

Up = Z )\Zuz + Z )\ﬂ)p(l). (1)

If \; =0 for all [ € L, we have

contradicting the fact that (u;);c; is linearly independent. Thus, \; # 0 for some [ € L, say
[ = ¢q. Since \; # 0, we have

U= D, (AN Y (A M) (2)
ic(I—{p}) le(L—{q})
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We claim that the families (u;)icr—{p}) U (Vp0))ier and (w;)ier U (vpu))ic(L—{q}) generate the
same subset of F. Indeed, the second family is obtained from the first by replacing v,q) by u,,
and vice-versa, and u,, is a linear combination of (u;)ie(r—{py) U (vpu))icr, by (1), and v, is a
linear combination of (u;)icrU(vpu))ic(L—{q}), by (2). Thus, the families (u;)icrU(vpu))ie(r—{q})
and (v;);es generate the same subspace of E, and the proposition holds for L — {¢} and the
restriction of the injection p: L — J to L —{q}, since LNI = () and |L| = n —m imply that
(L—{g¢})nI=0and |L—-{q}=n—(m+1). O

The idea is that m of the vectors v; can be replaced by the linearly independent u;’s in
such a way that the same subspace is still generated. The purpose of the function p: L — J
is to pick n — m elements ji, ..., j,—m of J and to relabel them [;,...,l,_,, in such a way
that these new indices do not clash with the indices in I; this way, the vectors v;,,...,v;, .,
who “survive” (i.e. are not replaced) are relabeled v, ..., v, ., and the other m vectors v;
with j € J—{ji1,...,jn_m]} are replaced by the u;. The index set of this new family is /U L.

Actually, one can prove that Proposition 2.12 implies Theorem 2.9 when the vector space
is finitely generated. Putting Theorem 2.9 and Proposition 2.12 together, we obtain the
following fundamental theorem.

Theorem 2.13. Let E be a finitely generated vector space. Any family (u;);e; generating E
contains a subfamily (u;);es which is a basis of E. Any linearly independent family (u;)icr
can be extended to a family (u;)je; which is a basis of E (with I C J). Furthermore, for
every two bases (u;)icr and (vj)jes of E, we have |I| = |J| =n for some fized integer n > 0.

Proof. The first part follows immediately by applying Theorem 2.9 with L = () and S =
(u;)ies. For the second part, consider the family S’ = (u;)ier U (vn)nen, where (vp,)pen is any
finitely generated family generating E, and with I N H = (). Then, apply Theorem 2.9 to
L = (u;)ier and to S’. For the last statement, assume that (u;);e; and (v;);je; are bases of
E. Since (u;)ier is linearly independent and (v;);es spans E, proposition 2.12 implies that
|| < |J]. A symmetric argument yields |J| < |1]. O

Remark: Theorem 2.13 also holds for vector spaces that are not finitely generated. This
can be shown as follows. Let (u;);er be a basis of E, let (v;);ecs be a generating family of E,
and assume that I is infinite. For every j € J, let L; C I be the finite set

Lj:{Z'e[’Uj:ZAZ’Ui, )\17&0}

il

Let L = UjeJ L;. By definition L C I, and since (u;);ecs is a basis of £, we must have [ = L,
since otherwise (u;);ec;, would be another basis of F, and this would contradict the fact that
(u;)ies is linearly independent. Furthermore, J must be infinite, since otherwise, because
the L; are finite, I would be finite. But then, since I = UjEJ L; with J infinite and the L;
finite, by a standard result of set theory, |I| < |J|. If (v;);es is also a basis, by a symmetric
argument, we obtain |J| < |I|, and thus, |I| = |J| for any two bases (u;);cr and (v;);jes of E.



40 CHAPTER 2. VECTOR SPACES, BASES, LINEAR MAPS

When F is not finitely generated, we say that E is of infinite dimension. The dimension
of a vector space E is the common cardinality of all of its bases and is denoted by dim(F).
Clearly, if the field K itself is viewed as a vector space, then every family (a) where a € K
and a # 0 is a basis. Thus dim(K) = 1. Note that dim({0}) = 0.

If E is a vector space, for any subspace U of E, if dim(U) = 1, then U is called a line; if
dim(U) = 2, then U is called a plane. If dim(U) = k, then U is sometimes called a k-plane.

Let (u;)ier be a basis of a vector space E. For any vector v € E, since the family (u;);e;
generates F, there is a family ()\;);cr of scalars in K, such that

i€l
A very important fact is that the family (\;);c; is unique.

Proposition 2.14. Given a vector space E, let (u;);cr be a family of vectors in E. Letv € E,
and assume that v =", A\ju;. Then, the family (\;)ier of scalars such that v =", ; \u;
is unique iff (u;)ier is linearly independent.

i€l

Proof. First, assume that (u;);cs is linearly independent. If (1;);cr is another family of scalars
in K such that v =, _; ;u;, then we have

Z(/\i — pi)u; = 0,
icl
and since (u;);es is linearly independent, we must have \;—p; = 0 for all i € I, that is, \; = ;

for all i € I. The converse is shown by contradiction. If (u;);c; was linearly dependent, there
would be a family (u;);er of scalars not all null such that

Z i, =0
iel
and p; # 0 for some j € I. But then,
iel iel iel iel
with \; # \j+p; since p; # 0, contradicting the assumption that (\;);e; is the unique family
such that v =), A, O

If (u;)ier is a basis of a vector space E, for any vector v € E, if (x;);c; is the unique
family of scalars in K such that
V= Z Ty,

il
each z; is called the component (or coordinate) of index i of v with respect to the basis (u;)ie;-

Given a field K and any (nonempty) set I, we can form a vector space K) which, in
some sense, is the standard vector space of dimension |I|.
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Definition 2.13. Given a field K and any (nonempty) set I, let K!) be the subset of the
cartesian product K’ consisting of all families (););c; with finite support of scalars in K.%
We define addition and multiplication by a scalar as follows:

(Ni)ier + (1a)ier = (N + 14)ier,

and
A (pi)ier = ()‘,ui)ief-

It is immediately verified that addition and multiplication by a scalar are well defined.
Thus, K is a vector space. Furthermore, because families with finite support are consid-
ered, the family (e;);e; of vectors e;, defined such that (e;); = 0 if j # i and (e;); = 1, is
clearly a basis of the vector space K(). When I = {1,...,n}, we denote K!) by K. The
function ¢: I — KO such that (i) = e; for every i € I, is clearly an injection.

@ When I is a finite set, K) = K’ but this is false when [ is infinite. In fact, dim(K () =
7], but dim(K7) is strictly greater when [ is infinite.

Many interesting mathematical structures are vector spaces. A very important example
is the set of linear maps between two vector spaces to be defined in the next section. Here
is an example that will prepare us for the vector space of linear maps.

Example 2.10. Let X be any nonempty set and let E be a vector space. The set of all
functions f: X — E can be made into a vector space as follows: Given any two functions
f: X —=>Fandg: X — E, let (f+g): X — E be defined such that

(f+9)(x) = flz) + g(z)
for all z € X, and for every A € K, let A\f: X — E be defined such that

(Af)(x) = Af(x)

for all x € X. The axioms of a vector space are easily verified. Now, let £ = K, and let [
be the set of all nonempty subsets of X. For every S € I, let fg: X — E be the function
such that fg(x) =1iff z € S, and fe(z) = 0iff x ¢ S. We leave as an exercise to show that
(fs)ser is linearly independent.

2.5 Linear Maps

A function between two vector spaces that preserves the vector space structure is called
a homomorphism of vector spaces, or linear map. Linear maps formalize the concept of

linearity of a function. In the rest of this section, we assume that all vector spaces are over
a given field K (say R).

4Where K! denotes the set of all functions from I to K.
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Definition 2.14. Given two vector spaces E and F', a linear map between E and F' is a
function f: E — F satisfying the following two conditions:

flz+y) = flz)+ fy) for all 2,y € E;
f(Ax) = Af(x) foral \ e K, x € E.

Setting x = y = 0 in the first identity, we get f(0) = 0. The basic property of linear
maps is that they transform linear combinations into linear combinations. Given a family
(u;)ier of vectors in E, given any family (\;);e; of scalars in K, we have

f(z Ai;) = Z Aif ().

i€l i€l

The above identity is shown by induction on the size of the support of the family (Au;)ier,
using the properties of Definition 2.14.

Example 2.11.

1. The map f: R? — R? defined such that

¥ = x—y

/

r+y

is a linear map. The reader should check that it is the composition of a rotation by
7 /4 with a magnification of ratio V2.

2. For any vector space F, the identity map id: F — E given by
id(u)=u forallueFE

is a linear map. When we want to be more precise, we write idg instead of id.

3. The map D: R[X]| — R[X] defined such that
D(f(X)) = f1(X),
where f’(X) is the derivative of the polynomial f(X), is a linear map.
4. The map ®: C([a,b]) = R given by

B(f) = / F(tydt,

where C([a, b]) is the set of continuous functions defined on the interval [a, b], is a linear
map.
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5. The function (—, —): C([a,b]) x C([a,b]) — R given by

(f. ) = / f(Dg(t)dt,

is linear in each of the variable f, g. It also satisfies the properties (f, g) = (g, f) and
(f,f) =0iff f=0. It is an example of an inner product.

Definition 2.15. Given a linear map f: F — F, we define its image (or range) Im f = f(FE),
as the set

Im f={yecF|@Ereb)y=f(x))
and its Kernel (or nullspace) Ker f = f71(0), as the set

Kerf={zxe E| f(x) =0}.

Proposition 2.15. Given a linear map f: E — F, the set Im f is a subspace of F' and the
set Ker f is a subspace of E. The linear map f: E — F is injective iff Ker f = 0 (where 0
is the trivial subspace {0}).

Proof. Given any z,y € Im f, there are some u,v € E such that x = f(u) and y = f(v),
and for all A, u € K, we have

fOu+ pv) = Af(u) + pf(v) = Az + py,

and thus, Ax + py € Im f, showing that Im f is a subspace of F.
Given any x,y € Ker f, we have f(z) =0 and f(y) = 0, and thus,

fOr +py) = M (2) + pf(y) =0,

that is, Ax + py € Ker f, showing that Ker f is a subspace of E.

First, assume that Ker f = 0. We need to prove that f(z) = f(y) implies that = = y.
However, if f(x) = f(y), then f(z) — f(y) = 0, and by linearity of f we get f(x —y) = 0.
Because Ker f = 0, we must have x — y = 0, that is z = y, so f is injective. Conversely,
assume that f is injective. If x € Ker f, that is f(z) = 0, since f(0) = 0 we have f(x) =
f(0), and by injectivity, £ = 0, which proves that Ker f = 0. Therefore, f is injective iff
Ker f = 0. m

Since by Proposition 2.15, the image Im f of a linear map f is a subspace of I, we can

define the rank rk(f) of f as the dimension of Im f.

A fundamental property of bases in a vector space is that they allow the definition of
linear maps as unique homomorphic extensions, as shown in the following proposition.
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Proposition 2.16. Given any two vector spaces E and F, given any basis (u;)ie; of E,
given any other family of vectors (v;);er in F, there is a unique linear map f: E — F such
that f(u;) = v; for alli € I. Furthermore, f is injective iff (v;)icr is linearly independent,
and f is surjective iff (v;)ie; generates F.

Proof. If such a linear map f: E — F exists, since (u;);cs is a basis of E, every vector x € E
can written uniquely as a linear combination

xr = Z TiUy;,
and by linearity, we must have
flz) = szf(uz) = szvz
iel iel
Define the function f: E — F, by letting
flz) = Z T
i€l
for every = > ., xju;. It is easy to verify that f is indeed linear, it is unique by the
previous reasoning, and obviously, f(u;) = v;.
Now, assume that f is injective. Let (\;);e; be any family of scalars, and assume that
el
Since v; = f(u;) for every ¢ € I, we have
f(z Aiui) = Z Aif (i) = Z Aiv; = 0.
iel iel iel
Since f is injective iff Ker f = 0, we have
Z )\zuz = O,
icl
and since (u;);es is a basis, we have \; = 0 for all ¢+ € I, which shows that (v;);cs is linearly

independent. Conversely, assume that (v;);e; is linearly independent. Since (u;);e; is a basis
of E, every vector x € E is a linear combination x = )., \iu; of (u;)ier. If

f(z) = f(z Aitt;) = 0,

icl

> A=Y Aif(w) = fO diug) =0,

el el el

then

and \; = 0 for all 7 € I because (v;);cr is linearly independent, which means that z = 0.
Therefore, Ker f = 0, which implies that f is injective. The part where f is surjective is left
as a simple exercise. O
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By the second part of Proposition 2.16, an injective linear map f: £ — F sends a basis
(u;)ier to a linearly independent family (f(u;));e; of F, which is also a basis when f is
bijective. Also, when F and F' have the same finite dimension n, (u;);cs is a basis of E, and
f: E — F is injective, then (f(u;)):csr is a basis of F' (by Proposition 2.10).

We can now show that the vector space K() of Definition 2.13 has a universal property
that amounts to saying that K) is the vector space freely generated by I. Recall that
v: I — KU such that (i) = e; for every i € I, is an injection from I to K1),

Proposition 2.17. Given any set I, for any vector space F', and for any function f: I — F,
there is a unique linear map f: KD — F, such that

fZTOL’

as in the following diagram:

Proof. If such a linear map f: K) — F exists, since f = f o, we must have

(@) = F((d) = flea),

for every i € I. However, the family (e;);c; is a basis of K), and (f(i))ie;s is a family of
vectors in F, and by Proposition 2.16, there is a unique linear map f: KY) — F such that
f(e;) = f(i) for every i € I, which proves the existence and uniqueness of a linear map f
such that f = f o . O

The following simple proposition is also useful.

Proposition 2.18. Given any two vector spaces E and F, with F' nontrivial, given any
family (u;)ier of vectors in E, the following properties hold:

(1) The family (u;)ic; generates E iff for every family of vectors (v;)ier in F, there is at
most one linear map f: E — F such that f(u;) = v; for alli € I.

(2) The family (u;)er is linearly independent iff for every family of vectors (v;)ier in F,
there is some linear map f: E — F such that f(u;) = v; for alli € I.

Proof. (1) If there is any linear map f: F — F such that f(u;) = v; for all i € I, since
(u;)ier generates E| every vector x € E can be written as some linear combination

T = E TiU;,

iel
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and by linearity, we must have

flz) = lef(uz) = levz

el el

This shows that f is unique if it exists. Conversely, assume that (u;);c; does not generate E.
Since F' is nontrivial, there is some some vector y € F' such that y # 0. Since (u;);e; does
not generate F, there is some vector w € E that is not in the subspace generated by (u;)c;s-
By Theorem 2.13, there is a linearly independent subfamily (u;);cr, of (u;)ier generating the
same subspace. Since by hypothesis, w € E is not in the subspace generated by (u;)icr,, by
Lemma 2.8 and by Theorem 2.13 again, there is a basis (e;),er,us of E, such that e; = u;,
for all i € Iy, and w = e;,, for some jo € J. Letting (v;);c; be the family in F' such that
v; =0 for all 7 € I, defining f: E — F to be the constant linear map with value 0, we have
a linear map such that f(u;) = 0 for all i € I. By Proposition 2.16, there is a unique linear
map ¢g: E — F such that g(w) =y, and g(e;) =0, for all j € (Ip UJ) — {jo}. By definition
of the basis (e;);jer,us of E, we have, g(u;) = 0 for all ¢ € I, and since f # g, this contradicts
the fact that there is at most one such map.

(2) If the family (u;);es is linearly independent, then by Theorem 2.13, (u;);cr can be
extended to a basis of F, and the conclusion follows by Proposition 2.16. Conversely, assume
that (u;);es is linearly dependent. Then, there is some family (\;);e; of scalars (not all zero)

such that

iel
By the assumption, for any nonzero vector, y € F', for every ¢ € I, there is some linear map
fit E— F, such that f;(u;) =y, and fi(u;) =0, for j € I — {i}. Then, we would get

0= £ Nw)=> Nifi(u;) = A,

el el

and since y # 0, this implies \; = 0, for every i € I. Thus, (u;);c; is linearly independent. [

Given vector spaces F, F', and GG, and linear maps f: F — F and g: F' — G, it is easily
verified that the composition go f: E — G of f and g is a linear map.

A linear map f: F — F'is an isomorphism iff there is a linear map g: F' — E, such that
gof=idg and fog=idp. (*)

Such a map ¢ is unique. This is because if g and h both satisfy g o f = idg, f o g = idp,
ho f=idg, and f o h =idg, then

g=goidp=go(foh)=(gof)oh=idgoh=h.

The map g satisfying (*) above is called the inverse of f and it is also denoted by f~.
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Proposition 2.16 implies that if £ and F' are two vector spaces, (u;);es is a basis of E,
and f: F — F is a linear map which is an isomorphism, then the family (f(u;));cr is a basis
of F.

One can verify that if f: E — F is a bijective linear map, then its inverse f~': F' — E
is also a linear map, and thus f is an isomorphism.

Another useful corollary of Proposition 2.16 is this:

Proposition 2.19. Let E be a vector space of finite dimensionn > 1 and let f: E — E be
any linear map. The following properties hold:

(1) If f has a left inverse g, that is, if g is a linear map such that go f =id, then f is an
isomorphism and f~! = g.

(2) If f has a right inverse h, that is, if h is a linear map such that f o h =1id, then f is
an isomorphism and f~' = h.

Proof. (1) The equation g o f = id implies that f is injective; this is a standard result
about functions (if f(z) = f(y), then g(f(x)) = ¢(f(y)), which implies that x = y since
go f =1id). Let (uy,...,u,) be any basis of E. By Proposition 2.16, since f is injective,
(f(u1),..., f(u,)) is linearly independent, and since E has dimension n, it is a basis of
E (if (f(u1),..., f(u,)) doesn’t span E, then it can be extended to a basis of dimension
strictly greater than n, contradicting Theorem 2.13). Then, f is bijective, and by a previous
observation its inverse is a linear map. We also have

g=goid=go(fof)=(gof)of =idof=f"

(2) The equation f o h = id implies that f is surjective; this is a standard result about
functions (for any y € E, we have f(g(y)) = y). Let (uq,...,u,) be any basis of E. By
Proposition 2.16, since f is surjective, (f(uy), ..., f(u,)) spans E, and since E has dimension
n, it is a basis of E (if (f(u1),..., f(uy,)) is not linearly independent, then because it spans
E, it contains a basis of dimension strictly smaller than n, contradicting Theorem 2.13).
Then, f is bijective, and by a previous observation its inverse is a linear map. We also have

h:idoh:(f_lof)oh:f_lo(foh):f‘loid:f_l,
This completes the proof. O

The set of all linear maps between two vector spaces E and F' is denoted by Hom(E, F)
or by L(E; F) (the notation L(E; F) is usually reserved to the set of continuous linear maps,
where £ and F' are normed vector spaces). When we wish to be more precise and specify
the field K over which the vector spaces E and F' are defined we write Homg (E, F').

The set Hom(FE, F') is a vector space under the operations defined at the end of Section
2.1, namely

(f+9)(z) = f(z) +g(x)
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for all z € F, and
(Af)(z) = Af ()

for all x € E. The point worth checking carefully is that Af is indeed a linear map, which
uses the commutativity of * in the field K. Indeed, we have

(M) () = M () = Maf () = A () = pA) (@),

When E and F have finite dimensions, the vector space Hom(E, F') also has finite di-
mension, as we shall see shortly. When E = F', a linear map f: £ — FE is also called an
endomorphism. It is also important to note that composition confers to Hom(E, F) a ring
structure. Indeed, composition is an operation o: Hom(E, E) x Hom(E, F) — Hom(FE, E),
which is associative and has an identity idg, and the distributivity properties hold:

(it+g)of=gqof+gof;
go(fi+ fa)=gofit+go fo

The ring Hom(F, E) is an example of a noncommutative ring. It is easily seen that the
set of bijective linear maps f: E — FE is a group under composition. Bijective linear maps
are also called automorphisms. The group of automorphisms of E is called the general linear
group (of E), and it is denoted by GL(FE), or by Aut(FE), or when £ = K", by GL(n, K),
or even by GL(n).

Although in this book, we will not have many occasions to use quotient spaces, they are
fundamental in algebra. The next section may be omitted until needed.

2.6 Quotient Spaces

Let E be a vector space, and let M be any subspace of E. The subspace M induces a relation
=); on F, defined as follows: For all u,v € F,

u=yviffu—ve M.

We have the following simple proposition.

Proposition 2.20. Given any vector space E and any subspace M of E, the relation =),
15 an equivalence relation with the following two congruential properties:

1. If uy =p v1 and us =)y vo, then uy + ug =pr v1 + vo, and
2. if u =p v, then Au =y M.

Proof. 1t is obvious that =), is an equivalence relation. Note that uy; = v; and uy =p1 vo
are equivalent to uq; — v7 = wy and uy — v9 = wo, with wq, wy € M, and thus,

(u1 + UQ) — ('Ul + 1)2) =w; + wa,
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and wy + we € M, since M is a subspace of E. Thus, we have uy + uy =5 v1 + vo. If
u—v=w, with w € M, then
Au— v = A w,

and \w € M, since M is a subspace of E, and thus Au =,; Av. O

Proposition 2.20 shows that we can define addition and multiplication by a scalar on the
set /M of equivalence classes of the equivalence relation =;.

Definition 2.16. Given any vector space E and any subspace M of E, we define the following
operations of addition and multiplication by a scalar on the set E/M of equivalence classes
of the equivalence relation =), as follows: for any two equivalence classes [u], [v] € E/M, we
have

[u] + [v] = [u+ ],
AMu] = [Au].

By Proposition 2.20, the above operations do not depend on the specific choice of represen-
tatives in the equivalence classes [ul, [v] € E/M. It is also immediate to verify that /M is
a vector space. The function 7: E — E/F, defined such that m(u) = [u] for every u € E, is
a surjective linear map called the natural projection of E onto E/F. The vector space E/M
is called the quotient space of E by the subspace M.

Given any linear map f: E — F, we know that Ker f is a subspace of F, and it is
immediately verified that Im f is isomorphic to the quotient space E/Ker f.

2.7 Summary

The main concepts and results of this chapter are listed below:
e Groups, rings and fields.
e The notion of a vector space.
e Families of vectors.

e Linear combinations of vectors; linear dependence and linear independence of a family
of vectors.

e Linear subspaces.

e Spanning (or generating) family; generators, finitely generated subspace; basis of a
subspace.

e [Fwery linearly independent family can be extended to a basis (Theorem 2.9).
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A family B of vectors is a basis iff it is a maximal linearly independent family iff it is
a minimal generating family (Proposition 2.10).

The replacement lemma (Proposition 2.12).

Any two bases in a finitely generated vector space E have the same number of elements;
this is the dimension of E (Theorem 2.13).

Hyperplanes.

Every vector has a unique representation over a basis (in terms of its coordinates).
The notion of a linear map.

The image Im f (or range) of a linear map f.

The kernel Ker f (or nullspace) of a linear map f.

The rank rk(f) of a linear map f.

The image and the kernel of a linear map are subspaces. A linear map is injective iff
its kernel is the trivial space (0) (Proposition 2.15).

The wunique homomorphic extension property of linear maps with respect to bases
(Proposition 2.16 ).

Quotient spaces.



Chapter 3

Matrices and Linear Maps

3.1 Matrices

Proposition 2.16 shows that given two vector spaces £ and F' and a basis (u;)jes of E,
every linear map f: £ — F is uniquely determined by the family (f(u;));es of the images
under f of the vectors in the basis (u;);e;. Thus, in particular, taking F' = KW we get an
isomorphism between any vector space E of dimension |J| and K. If J = {1,...,n}, a
vector space E of dimension n is isomorphic to the vector space K™. If we also have a basis
(vi)ier of F, then every vector f(u;) can be written in a unique way as

flug) = aiv;,

el

where j € J, for a family of scalars (a;;)ic;. Thus, with respect to the two bases (u;);es
of E and (v;);e;r of F, the linear map f is completely determined by a possibly infinite
“I x J-matrix” M(f) = (aij)iGL jeJ-

Remark: Note that we intentionally assigned the index set J to the basis (u;);es of E,
and the index I to the basis (v;);e; of F, so that the rows of the matrix M (f) associated
with f: E — F are indexed by I, and the columns of the matrix M(f) are indexed by J.
Obviously, this causes a mildly unpleasant reversal. If we had considered the bases (u;);c; of
E and (v;)jes of F, we would obtain a J x [-matrix M(f) = (a;i);es, icr- No matter what
we do, there will be a reversall We decided to stick to the bases (u;);es of E and (v;);er of
F| so that we get an I x J-matrix M(f), knowing that we may occasionally suffer from this
decision!

When I and J are finite, and say, when |I| = m and |J| = n, the linear map f is
determined by the matrix M (f) whose entries in the j-th column are the components of the

o1



52 CHAPTER 3. MATRICES AND LINEAR MAPS

vector f(u;) over the basis (vy,...,v,,), that is, the matrix
11 Q12 ... din
]\/[(f): 21 Q22 ... dan
Um1 Qm2 - Qmn

whose entry on row ¢ and column j is a;; (1 <i<m, 1 <j<n).

We will now show that when E and F' have finite dimension, linear maps can be very
conveniently represented by matrices, and that composition of linear maps corresponds to
matrix multiplication. We will follow rather closely an elegant presentation method due to
Emil Artin.

Let FE and F be two vector spaces, and assume that E has a finite basis (ug,...,u,) and
that F' has a finite basis (v1,...,v,). Recall that we have shown that every vector z € E
can be written in a unique way as

T =2TiUp + -+ TpUp,
and similarly every vector y € F' can be written in a unique way as

Let f: E — F be a linear map between E and F. Then, for every x = zjuy + - - - + x,u, in
E; by linearity, we have

Let
f(uj) = ap;un + -+ Qi § Uy

or more concisely,

fluy) = Z Q; Vi,
=1

for every j, 1 < j < mn. This can be expressed by writing the coefficients ay;, as;, ..., am; of
f(u;) over the basis (vy,...,v,), as the jth column of a matrix, as shown below:
flur) fluz) oo flun)
(%1 a1 19 c. QA1n
(%) as1 a99 . Aon

Then, substituting the right-hand side of each f(u;) into the expression for f(z), we get

f(z) = xl(i a;10;) + -+ xn(zm: ;i)
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which, by regrouping terms to obtain a linear combination of the v;, yields
fl) =0 az)or+ -+ (O amj;)vm.
j=1 j=1

Thus, letting f(z) =y = y1v1 + -+ - + YmUm, we have

n

= aiy (1)

j=1
forall 2, 1 <i <m.

To make things more concrete, let us treat the case where n = 3 and m = 2. In this case,

f(ur) = anvy + agve
f(u2) = arpvy + agovs

f(us) = a13v1 + agzva,

which in matrix form is expressed by

fluy) f(u2) f(U3)
%1 a11 a2 a3
Vg \ G21 22 ag )’
and for any x = xyuy + xous + x3u3, We have

f(x) = f(z1ur + m2us + 23U3)
= 21 f(ur) + 2 f (uz) + w3 f(u3)
= z1(a11v1 + a21v2) + T2(a12v1 + axvz) + w3(a13v1 + az300)
= (@171 + 1272 + a1373)v1 + (a2171 + A2272 + A2373)Vo.
Consequently, since
Y = Y101 + YaVa,

we have

Y1 = G11%1 + A1222 + 41373

Yo = A21T1 + G22T2 + A23T3.

This agrees with the matrix equation

X1
Y\ _ (a1 @12 ais
Yo Qg1 Q22 Q23

xs3
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Let us now consider how the composition of linear maps is expressed in terms of bases.

Let E, F, and G, be three vectors spaces with respective bases (u1,...,u,) for E,
(v1,...,v,) for F', and (wy,...,wy,) for G. Let g: E — F and f: F' — G be linear maps.
As explained earlier, g: £ — F' is determined by the images of the basis vectors u;, and
f: F — G is determined by the images of the basis vectors v;. We would like to understand
how fog: ' — G is determined by the images of the basis vectors u,;.

Remark: Note that we are considering linear maps g: £ — F and f: F — (G, instead
of f: E — F and ¢g: F' — G, which yields the composition f o g: E — G instead of
go f: E — G. Our perhaps unusual choice is motivated by the fact that if f is represented
by a matrix M (f) = (a;) and g is represented by a matrix M (g) = (bg;), then fog: E — G
is represented by the product AB of the matrices A and B. If we had adopted the other
choice where f: E — F and g: F — G, then go f: E — G would be represented by the
product BA. Personally, we find it easier to remember the formula for the entry in row 7 and
column of j of the product of two matrices when this product is written by AB, rather than
BA. Obviously, this is a matter of taste! We will have to live with our perhaps unorthodox
choice.

Thus, let
flog) = Zaikwh
i=1
for every k, 1 < k < n, and let

gug) =Y bjor,
k=1

for every j, 1 < 7 < p; in matrix form, we have

flo) flv2) o flom)

w1 a11 a2 e A1n
W2 a21 22 . Q2n,
W, Am1 Am2 s Amn
and
g(u) g(uz) 9(up)
V1 b11 blg e blp
V2 b21 bQQ c. bgp
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By previous considerations, for every
T =2T1U1 + -+ TpUy,

letting g(z) =y = 1101 + -+ - + YnUn, we have
p
e =D bia (2)
j=1

for all £, 1 < k <n, and for every
Y =y101+ -+ Ynp,

letting f(y) = z = zywy + - - + 2pWy,, We have

zi = Z @i kYK (3)
=1

for all i, 1 <i < m. Then, if y = g(x) and z = f(y), we have z = f(g(x)), and in view of
(2) and (3), we have

n p
5= ain(d bijx;)
k=1 j=1

n p
= E E iy ;T

k=1 j=1

p n
= E E aikbijj

j=1 k=1

=> O aikbj)z;.

j=1 k=1
Thus, defining ¢;; such that
n
Cij = Zaikbkja
k=1

for 1 <i<m,and 1< j <p, we have
P
Zi = Z Cijl‘j (4)
j=1

Identity (4) suggests defining a multiplication operation on matrices, and we proceed to
do so. We have the following definitions.
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Definition 3.1. Given a field K, an m x n-matriz is a family (a; ;)1<i<m, 1<j<n Of scalars in
K, represented as an array

aiq ai o ai1n
921 a29 ... QAap
Am1 Amo ... Amn

In the special case where m = 1, we have a row vector, represented as

(CL11 aln)

and in the special case where n = 1, we have a column vector, represented as

a11

Qm1

In these last two cases, we usually omit the constant index 1 (first index in case of a row,
second index in case of a column). The set of all m x n-matrices is denoted by M, ,(K)
or M,,, .. An n X n-matrix is called a square matriz of dimension n. The set of all square
matrices of dimension n is denoted by M, (K), or M,,.

Remark: As defined, a matrix A = (a;;)1<i<m, 1<j<n 1S & family, that is, a function from
{1,2,...,m} x {1,2,...,n} to K. As such, there is no reason to assume an ordering on
the indices. Thus, the matrix A can be represented in many different ways as an array, by
adopting different orders for the rows or the columns. However, it is customary (and usually
convenient) to assume the natural ordering on the sets {1,2,...,m} and {1,2,...,n}, and
to represent A as an array according to this ordering of the rows and columns.

We also define some operations on matrices as follows.

Definition 3.2. Given two m x n matrices A = (a;;) and B = (b;;), we define their sum
A+ B as the matrix C' = (¢;;) such that ¢;; = a;; + b;;; that is,

a1 a2 ... QA1p bll b12 bln
a9 1 a9 9 asn 1)21 b22 bgn
+ . .
Am1 AGm2 ... OGmn bml bm2 bmn
ajy+bi1 arp+bia ... a1, tbip

az1 +ba1  aza+bea ... agy + oy,

am1+bm1 am2+bm2 CLmn—i_bmn
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For any matrix A = (a;,), we let —A be the matrix (—a;;). Given a scalar A € K, we define
the matrix AA as the matrix C' = (¢;;) such that ¢;; = Aa;;; that is

aiq a1 ... QAin /\a11 )\a12 )\Cbln

asq 29 ... QAap /\a21 )\CLQQ )\agn
Y e I |

Gm1 Om2 .- Qmn A1 ANma .. ANmn

Given an m X n matrices A = (a;;) and an n x p matrices B = (b ;), we define their product
AB as the m x p matrix C' = (¢;;) such that

n
Cij = E aikbkja
k=1

for 1 <i<m,and 1 <j <p. In the product AB = C shown below

a1 @12 ... Qin bii bis blp €11 Ci2 ... Cip
Q21 Q22 ... dan ba1  bao b2p C21 Ca2 ... Cop
Am1 Qm2 ... Qmnp bnl bn2 bnp Cm1 Cm2 .. Cmp

note that the entry of index ¢ and j of the matrix AB obtained by multiplying the matrices
A and B can be identified with the product of the row matrix corresponding to the i-th row
of A with the column matrix corresponding to the j-column of B:

by

7 n
(@1 -+ Gin) : = E a; kb .
b k=1

The square matrix I,, of dimension n containing 1 on the diagonal and 0 everywhere else
is called the identity matriz. It is denoted as

1 0 ... 0
0 1 0
0 0 1

Given an m x n matrix A = (a;;), its transpose AT = (a;;), is the n x m-matrix such
that a]; = a;;, for all i, 1 <i <m, and all j, 1 < j <n.

The transpose of a matrix A is sometimes denoted by A!, or even by ‘A. Note that the
transpose A" of a matrix A has the property that the j-th row of AT is the j-th column of
A. In other words, transposition exchanges the rows and the columns of a matrix.
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The following observation will be useful later on when we discuss the SVD. Given any
m X n matrix A and any n x p matrix B, if we denote the columns of A by A!,..., A" and
the rows of B by By, ..., B,, then we have

AB=A'B, +---+ A"B,.

For every square matrix A of dimension n, it is immediately verified that Al, = [,,A = A.
If a matrix B such that AB = BA = I, exists, then it is unique, and it is called the inverse
of A. The matrix B is also denoted by A~!. An invertible matrix is also called a nonsingular
matrix, and a matrix that is not invertible is called a singular matrix.

Proposition 2.19 shows that if a square matrix A has a left inverse, that is a matrix B
such that BA = I, or a right inverse, that is a matrix C' such that AC' = I, then A is actually
invertible; so B = A~! and C' = A~!. These facts also follow from Proposition 4.14.

It is immediately verified that the set M,, ,(K) of m x n matrices is a vector space under
addition of matrices and multiplication of a matrix by a scalar. Consider the m x n-matrices
E;;j = (enk), defined such that e;; = 1, and ey, = 0, if h # i or k # j. It is clear that every
matrix A = (a;;) € M, »(K) can be written in a unique way as

m n

A= ZZCHjE@j.

i=1 j=1

SO >

sion mn.

Remark: Definition 3.1 and Definition 3.2 also make perfect sense when K is a (commuta-
tive) ring rather than a field. In this more general setting, the framework of vector spaces
is too narrow, but we can consider structures over a commutative ring A satisfying all the
axioms of Definition 2.9. Such structures are called modules. The theory of modules is
(much) more complicated than that of vector spaces. For example, modules do not always
have a basis, and other properties holding for vector spaces usually fail for modules. When
a module has a basis, it is called a free module. For example, when A is a commutative
ring, the structure A" is a module such that the vectors e;, with (e;); = 1 and (e;); = 0 for
j # 1, form a basis of A". Many properties of vector spaces still hold for A”. Thus, A" is a
free module. As another example, when A is a commutative ring, M,, ,(A) is a free module
with basis (E; ;)1<i<m<j<n. Polynomials over a commutative ring also form a free module
of infinite dimension.

Square matrices provide a natural example of a noncommutative ring with zero divisors.

Example 3.1. For example, letting A, B be the 2 x 2-matrices

10 00
o) o= (00)
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w-( 909
(69

We now formalize the representation of linear maps by matrices.

then

and

Definition 3.3. Let E and F be two vector spaces, and let (uq,...,u,) be a basis for F,
and (vy,...,v,) be a basis for F. Each vector x € E expressed in the basis (uq,...,u,) as
T = r1uy + -+ + xpu, is represented by the column matrix

x1
M(z) =
Tn
and similarly for each vector y € F' expressed in the basis (v1,...,vy).

Every linear map f: E — F is represented by the matrix M (f) = (a;;), where a;; is the
i-th component of the vector f(u;) over the basis (vy,...,vy,), i.e., where

fluy) = Zaijvi, for every j, 1 < j <n.
i=1

The coefficients a1, agj, . .., m; of f(u;) over the basis (v1,...,vy,) form the jth column of
the matrix M (f) shown below:

U1 a11 a2 N 5T
V2 21 22 ce A2n
Um am1 Am?2 o Amn

The matrix M(f) associated with the linear map f: E — F is called the matriz of f with
respect to the bases (ui,...,u,) and (vi,...,vy,). When E = F and the basis (vq,...,0n)
is identical to the basis (ug,...,u,) of E, the matrix M (f) associated with f: E' — E (as
above) is called the matriz of f with respect to the base (uy, ..., uy).

Remark: Asin the remark after Definition 3.1, there is no reason to assume that the vectors
in the bases (uq,...,u,) and (vy,...,v,) are ordered in any particular way. However, it is
often convenient to assume the natural ordering. When this is so, authors sometimes refer
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to the matrix M (f) as the matrix of f with respect to the ordered bases (uy,...,u,) and
(/Ul, Ce ,’Um).

Then, given a linear map f: £ — F represented by the matrix M(f) = (a;;) w.r.t. the
bases (u1,...,u,) and (vq,...,v,), by equations (1) and the definition of matrix multipli-
cation, the equation y = f(z) correspond to the matrix equation M (y) = M (f)M(z), that
is,

n ay;p ... Qin T
Ym aAm1 -+ Qmn Ty,
Recall that
ay; G2 ... Qinp x ay1 a2 A1n
21 Q22 ... dap X2 21 22 A2n
) =T ) + a2 ) + -t ay
Am1 Am2 ... Qmnp Tn Am1 Am 2 Amn
Sometimes, it is necessary to incoporate the bases (ui,...,u,) and (vi,...,v,) in the

notation for the matrix M (f) expressing f with respect to these bases. This turns out to be
a messy enterprise!

We propose the following course of action: write U = (uy,...,u,) and V = (vy,...,vn)
for the bases of £ and F', and denote by My (f) the matriz of f with respect to the bases U
and V. Furthermore, write xy, for the coordinates M(z) = (z1,...,x,) of x € E w.r.t. the

basis U and write yy, for the coordinates M(y) = (y1,...,ym) of y € F w.r.t. the basis V .
Then,

y = f(x)

is expressed in matrix form by
Yy = My y(f) zu.

When U =V, we abbreviate My v (f) as My(f).

The above notation seems reasonable, but it has the slight disadvantage that in the
expression My y(f)xy, the input argument xy, which is fed to the matrix My 1 (f) does not
appear next to the subscript ¢ in M, (f). We could have used the notation My, (f), and
some people do that. But then, we find a bit confusing that V comes before & when f maps
from the space E with the basis U to the space F' with the basis V. So, we prefer to use the
notation My v (f).

Be aware that other authors such as Meyer [80] use the notation [f]yy, and others such
as Dummit and Foote [32] use the notation MY (f), instead of My, (f). This gets worse!
You may find the notation MY (f) (as in Lang [67]), or y[f]y, or other strange notations.

Let us illustrate the representation of a linear map by a matrix in a concrete situation.
Let E be the vector space R[X]4 of polynomials of degree at most 4, let F' be the vector
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space R[X]3 of polynomials of degree at most 3, and let the linear map be the derivative
map d: that is,

d(P+ Q) =dP +dQ
d(\P) = AP,
with A € R. We choose (1, z,2?% 23 2%) as a basis of F and (1,z,2% 23) as a basis of F.

Then, the 4 x 5 matrix D associated with d is obtained by expressing the derivative dz* of
each basis vector for i = 0,1,2,3,4 over the basis (1,z, 2% 23). We find

)

I
cooo
oo o
co v o
o woo
s o oo

Then, if P denotes the polynomial
P =3z —52° + 2% — Tx + 5,

we have
dP =122 — 152% + 22 — 7,

the polynomial P is represented by the vector (5, —7,1,—5,3) and dP is represented by the
vector (—7,2,—15,12), and we have

01000 _57 —7
002o00[f"|_]2
00030 ~15 |
00004/ |7, 12

as expected! The kernel (nullspace) of d consists of the polynomials of degree 0, that is, the
constant polynomials. Therefore dim(Kerd) = 1, and from

dim(FE) = dim(Ker d) + dim(Im d)

(see Theorem 4.11), we get dim(Imd) = 4 (since dim(F) = 5).

For fun, let us figure out the linear map from the vector space R[X |3 to the vector space
R[X]4 given by integration (finding the primitive, or anti-derivative) of z*, for i = 0,1, 2, 3).
The 5 x 4 matrix S representing | with respect to the same bases as before is

00 0 O
1 0 0 0
s=1o0 12 0o o
0 0 1/3 0
0 0 0 1/4
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We verify that DS = Iy,

010002088 1000

00200 0100
01/2 0 0 |= ,

00030 0010

00004/ (0 0 130 0001
0 0 0 1/4

as it should! The equation DS = I, show that S is injective and has D as a left inverse.
However, SD # I5, and instead

0 0 0 0 00 00O
1 0 0 0 8 (1) (2) 8 8 01 00O
0 1/2 0 0 00030l 001001,
0O 0 1/3 0 0000 4 000T1O0
0 0 0 1/4 00001

because constant polynomials (polynomials of degree 0) belong to the kernel of D.

The function that associates to a linear map f: F — F the matrix M (f) w.r.t. the bases
(u1,...,u,) and (vy,...,v,) has the property that matrix multiplication corresponds to
composition of linear maps. This allows us to transfer properties of linear maps to matrices.
Here is an illustration of this technique:

Proposition 3.1. (1) Given any matrices A € My, »(K), B € M, ,(K), and C € M,, ,(K),
we have

(AB)C = A(BC);
that s, matrix multiplication is associative.

(2) Given any matrices A, B € My, ,(K), and C,D € M,, ,(K), for all A € K, we have

(A+ B)C = AC + BC
A(C + D) = AC + AD
(M)C = A(AC)
ANC) = M(AC),

so that matriz multiplication -: My, ,,(K) x M, ,(K) = M, ,(K) is bilinear.
Proof. (1) Every m x n matrix A = (a;;) defines the function fq: K™ — K™ given by
fa(z) = Ax,

for all z € K™ Tt is immediately verified that f4 is linear and that the matrix M (fa)
representing f4 over the canonical bases in K" and K™ is equal to A. Then, formula (4)
proves that

M(fA © fB) = M(fA)M(fB) = AB,
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so we get
M((fao fB)o fc) = M(fao f)M(fc)= (AB)C
and

M(fao(fpo fo)) =M(fA)M(fzo fo) = A(BC),

and since composition of functions is associative, we have (fa o fg) o fo = fao (fso fo),
which implies that

(AB)C = A(BC).
(2) It is immediately verified that if fi, fo € Homg(E, F), A, B € M, ,(K), (u1,...,u,) is
any basis of E, and (vy,...,v,,) is any basis of F', then

M(fi+ f2) = M(f1) + M(f2)
fayp = fa+ fB.

Then we have

(A+ B)C = M(fars)M(fc)

faipo fo)

(fa+ fB)o fe))

(fao fo)+ (feo fc))
fao fo)+ M(fpo fc)

= M(fa)M(fc) + M(fs)M(fc)
= AC + BC.

S S

(
(
(
(
(

The equation A(C' + D) = AC + AD is proved in a similar fashion, and the last two
equations are easily verified. We could also have verified all the identities by making matrix
computations. ]

Note that Proposition 3.1 implies that the vector space M,,(K) of square matrices is a
(noncommutative) ring with unit 7. (It even shows that M, (K) is an associative algebra.)

The following proposition states the main properties of the mapping f — M (f) between
Hom(E, F) and M,, ,,. In short, it is an isomorphism of vector spaces.

Proposition 3.2. Given three vector spaces E, F, G, with respective bases (uy,...,up),
(v1,...,v,), and (wy, ..., wy), the mapping M : Hom(E, F') — M,,, that associates the ma-
trix M(g) to a linear map g: E — F satisfies the following properties for all x € E, all
g, h: E—F,and all f: F — G-
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where M (x) is the column vector associated with the vector x and M (g(x)) is the column
vector associated with g(x), as explained in Definition 3.3.

Thus, M: Hom(E,F) — M,,, is an isomorphism of vector spaces, and when p = n
and the basis (v, ...,v,) is identical to the basis (uy,...,u,), M: Hom(E, E) — M, is an
isomorphism of rings.

Proof. That M(g(x)) = M(g)M(z) was shown just before stating the proposition, using
identity (1). The identities M (g + h) = M(g) + M (h) and M(\g) = AM (g) are straightfor-
ward, and M (fog) = M(f)M/(g) follows from (4) and the definition of matrix multiplication.
The mapping M : Hom(E, F) — M,,, is clearly injective, and since every matrix defines a
linear map, it is also surjective, and thus bijective. In view of the above identities, it is an
isomorphism (and similarly for M : Hom(E, E) — M,,). O

In view of Proposition 3.2, it seems preferable to represent vectors from a vector space
of finite dimension as column vectors rather than row vectors. Thus, from now on, we will
denote vectors of R (or more generally, of K™) as columm vectors.

It is important to observe that the isomorphism M : Hom(E, F)) — M,,,, given by Propo-
sition 3.2 depends on the choice of the bases (uy, ..., u,) and (vq, ..., v,), and similarly for the
isomorphism M : Hom(E, ) — M,,, which depends on the choice of the basis (uq,...,uy).
Thus, it would be useful to know how a change of basis affects the representation of a linear
map f: E — F as a matrix. The following simple proposition is needed.

Proposition 3.3. Let E be a vector space, and let (uq,...,u,) be a basis of E. For every
family (vy,. .., vy,), let P = (a;;) be the matriz defined such that v; =Y\ | a;ju;. The matriz
P is invertible iff (vi,...,v,) is a basis of E.

Proof. Note that we have P = M(f), the matrix associated with the unique linear map
f: E — E such that f(u;) = v;. By Proposition 2.16, f is bijective iff (vy,...,v,) is a basis
of E. Furthermore, it is obvious that the identity matrix I, is the matrix associated with the
identity id: E — E w.r.t. any basis. If f is an isomorphism, then fo f~' = f~lo f = id, and
by Proposition 3.2, we get M (f)M(f~') = M(f~')M(f) = I,, showing that P is invertible
and that M(f~') = P71 O

Proposition 3.3 suggests the following definition.

Definition 3.4. Given a vector space E of dimension n, for any two bases (uq, ..., u,) and
(v1,...,v,) of E, let P = (a;;) be the invertible matrix defined such that

n
vy = E Qi U,
i=1

which is also the matrix of the identity id: £ — E with respect to the bases (vy,...,v,) and
(U1, ..., up), in that order. Indeed, we express each id(v;) = v; over the basis (uy, ..., u,).
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The coefficients ay;, ag;, . .., anj of v; over the basis (uy,...,u,) form the jth column of the
matrix P shown below:

U1 Vo ... Un
Uy (an a2 ... Aaip
Uz | G21 Q22 ... Q2p
Unp Ap1 Gp2 ... Gpp
The matrix P is called the change of basis matriz from (u, ..., u,) to (vi,...,v,).
Clearly, the change of basis matrix from (v1,...,v,) to (uy,...,u,) is P71, Since P =
(a; ;) is the matrix of the identity id: £ — E with respect to the bases (vy,...,v,) and
(u1,...,uy,), given any vector x € E, if x = xyuy + - - - + z,u, over the basis (uq, ..., u,) and
x = ziv; + -+ + 2 v, over the basis (vy,...,v,), from Proposition 3.2, we have
T ayrpy ... Qin [E’l
T pi ... Gpn xl
showing that the old coordinates (x;) of = (over (uq,...,u,)) are expressed in terms of the
new coordinates (z}) of x (over (vy,...,v,)).

Now we face the painful task of assigning a “good” notation incorporating the bases
U= (u,...,u,) and ¥V = (vy,...,v,) into the notation for the change of basis matrix from
U to V. Because the change of basis matrix from U/ to V is the matrix of the identity map
idg with respect to the bases V and U in that order, we could denote it by My, (id) (Meyer
[80] uses the notation [I]y), which we abbreviate as

Pyy.
Note that
Pyy = Py,
Then, if we write xy = (21, ...,x,) for the old coordinates of x with respect to the basis U
and xy = (2}, ..., ) for the new coordinates of x with respect to the basis V, we have

-1
Ty = PVJ/{ Ty, Ty = PV,Z/I Ty -

The above may look backward, but remember that the matrix My ,(f) takes input
expressed over the basis U to output expressed over the basis V. Consequently, Py takes
input expressed over the basis V to output expressed over the basis U, and xy = Pyy xy
matches this point of view!
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@ Beware that some authors (such as Artin [4]) define the change of basis matrix from U
toVas Fyy = Py, ! . Under this point of view, the old basis U is expressed in terms of
the new basis V. We find this a bit unnatural. Also, in practice, it seems that the new basis
is often expressed in terms of the old basis, rather than the other way around.

Since the matrix P = Py, expresses the new basis (vq,...,v,) in terms of the old basis
(u1, ..., u,), we observe that the coordinates (z;) of a vector = vary in the opposite direction
of the change of basis. For this reason, vectors are sometimes said to be contravariant.
However, this expression does not make sense! Indeed, a vector in an intrinsic quantity that
does not depend on a specific basis. What makes sense is that the coordinates of a vector
vary in a contravariant fashion.

Let us consider some concrete examples of change of bases.

Example 3.2. Let £ = F = R? with u; = (1,0), us = (0,1), v; = (1,1) and vy = (—1,1).
The change of basis matrix P from the basis U = (uy, us) to the basis V = (vq,vs) is

r=(i 1)

P (U 1)

The old coordinates (x1,x2) with respect to (uq,us) are expressed in terms of the new
coordinates (z}, z}) with respect to (vq,vy) by

()=G ) (E)

and the new coordinates (2, z,) with respect to (v, vy) are expressed in terms of the old
coordinates (x1, zy) with respect to (u1,us2) by

w\ _ (12 1/2)\ (=
xh —1/2 1/2) \@xy) "
Example 3.3. Let F = F = R[X]; be the set of polynomials of degree at most 3,

and consider the bases U = (1,z,2%,2%) and V = (B3(x), Bi(z), Bi(z), B3(x)), where
Bi(x), Bj(x), B3(z), Bi(z) are the Bernstein polynomials of degree 3, given by

Bi(r) = (1—z)° Bi(r) =3(1 —2)*x Bj(z) = 3(1 — x)a* B3(x) = 2°.

and its inverse is

By expanding the Bernstein polynomials, we find that the change of basis matrix Py is
given by

1 0 0 0
-3 3 0 0
Pou = 3 -6 3 0
-1 3 -3 1
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We also find that the inverse of Py is

1 0 0 0
pi_ |1 1/3 0 0
u=11 2/3 1/3 0
11 1 1

Therefore, the coordinates of the polynomial 22® — x + 1 over the basis V are

1 1 0 0 0\ /1
2/31 |1 13 0 of|-1
13 =1 23 173 0 0]

2 1 1 1 1) \2

and so

2 1
20—+ 1= Bila) + 2 Bl(x) + 3Bi(a) + 2B}(x).

Our next example is the Haar wavelets, a fundamental tool in signal processing.

3.2 Haar Basis Vectors and a Glimpse at Wavelets

We begin by considering Haar wavelets in R*. Wavelets play an important role in audio
and video signal processing, especially for compressing long signals into much smaller ones
than still retain enough information so that when they are played, we can’t see or hear any
difference.

Consider the four vectors wy, wo, w3, w4 given by

1 1 1 0
1 1 ~1 0
=y W2 =1 _4 Ws=1 9 Wa=14
1 ~1 0 ~1

Note that these vectors are pairwise orthogonal, so they are indeed linearly independent
(we will see this in a later chapter). Let W = {wy, ws, w3, wy} be the Haar basis, and let
U = {eq, eq,e3,€4} be the canonical basis of R*. The change of basis matrix W = Py, from
U to W is given by

11 1 0

1 1 -1 0
W= 1 -1 0 1 |’

1 -1 0 -1

and we easily find that the inverse of W is given by

/4 0 0 0\ /1 1 1 1

i | 0 14 0 0|11 -1 1
1o o 12 0o]|1 -1 0 o0

o 0o 0 1/2/\0 0 1 -1
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So, the vector v = (6,4, 5,1) over the basis & becomes ¢ = (cy, ¢a, ¢3, ¢4) over the Haar basis
W, with

¢ /4 0 0 0\ /1 1 1 1Y\ /6 4
ol o 14 0o o1 1 -1 —1|f4] |1
es| "o o 12 of|1 -1 0 o]]|5] |1
¢ o o o0 1/2/\0 o 1 -1/ \1 2

Given a signal v = (vy, vg, V3, v4), we first transform v into its coefficients ¢ = (c1, ¢z, €3, ¢4)
over the Haar basis by computing ¢ = W~tv. Observe that

V1 + Vg + V3 + Uy
4

C1 =

is the overall average value of the signal v. The coefficient ¢; corresponds to the background
of the image (or of the sound). Then, ¢, gives the coarse details of v, whereas, c3 gives the
details in the first part of v, and ¢4 gives the details in the second half of v.

Reconstruction of the signal consists in computing v = We. The trick for good compres-
sion is to throw away some of the coefficients of ¢ (set them to zero), obtaining a compressed
signal ¢, and still retain enough crucial information so that the reconstructed signal v = We
looks almost as good as the original signal v. Thus, the steps are:

inputv — coefficients ¢ = W'v — compressed ¢ — compressed ¥ = We.

This kind of compression scheme makes modern video conferencing possible.

It turns out that there is a faster way to find ¢ = W~1v, without actually using W1
This has to do with the multiscale nature of Haar wavelets.

Given the original signal v = (6,4,5,1) shown in Figure 3.1, we compute averages and
half differences obtaining Figure 3.2. We get the coefficients ¢c3 = 1 and ¢4 = 2. Then, again
we compute averages and half differences obtaining Figure 3.3. We get the coefficients ¢; = 4
and ¢y = 1.

Figure 3.1: The original signal v
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2
1
5 5 l
3 3 ;_1
-2
Figure 3.2: First averages and first half differences
1 1
4 4 4 4
-1 -1

Figure 3.3: Second averages and second half differences

Note that the original signal v can be reconstruced from the two signals in Figure 3.2,
and the signal on the left of Figure 3.2 can be reconstructed from the two signals in Figure
3.3.

This method can be generalized to signals of any length 2". The previous case corresponds
to n = 2. Let us consider the case n = 3. The Haar basis (wy, wy, w3, wy, ws, we, wyr, wg) is
given by the matrix

1 1 1 0 1 0 0 0
1 1 1 0 =1 0 0 0
1 1 -1 0 0 1 0 0
1 1 -1 0 0 -1 0 0
=11 1 0 1 0 0 1 o0
1 -1 0 1 0 0 -1 0
1 -1 0 -1 0 0 0 1
1 -1 0 -1 0 0 0 -1

The columns of this matrix are orthogonal and it is easy to see that
W' = diag(1/8,1/8,1/4,1/4,1/2,1/2,1/2,1/2)W .

A pattern is begining to emerge. It looks like the second Haar basis vector ws is the “mother”
of all the other basis vectors, except the first, whose purpose is to perform averaging. Indeed,
in general, given

wy = (1,...,1,—1,...,=1),

. J
-~

27L
the other Haar basis vectors are obtained by a “scaling and shifting process.” Starting from
wy, the scaling process generates the vectors

W3, W5, Wy, ... ,Wj41,...,Won-147,
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such that wyj+1,1 is obtained from wy; 1 by forming two consecutive blocks of 1 and —1
of half the size of the blocks in ws; 1, and setting all other entries to zero. Observe that
wWai 41 has 27 blocks of 2777 elements. The shifting process, consists in shifting the blocks of
1 and —1 in wsy;,; to the right by inserting a block of (k — 1)2"7 zeros from the left, with
0<j<mn-—1and1<k<2/. Thus, we obtain the following formula for ws;_:

0 1<i<(k—1)2"7

1 (k=127 4+1<i<(k—1)2"7 4 2r77!
—1 (k—1)277 42"t 41 <4 < k2"

0 k2"741<qi<2m

Wai 41, (1) =

with0<j<n-—1land 1<k <2. Of course

’w1:<1,...,1).

Qn
The above formulae look a little better if we change our indexing slightly by letting k vary
from 0 to 2/ — 1 and using the index j instead of 27. In this case, the Haar basis is denoted
by

wy, hy, ho, by, kg, hi ha byl hgﬁf_llfl,
and .
0 1< < k2nd
k2n—i 41 < < k2nd 4 2nmit

—1 k2rI 42t 1 < < (k+1)2"Y
0 (k+1)2"7+1<i<2,

with0<j<n—-1land0<k<2 —1.

It turns out that there is a way to understand these formulae better if we interpret a
vector u = (uy,...,Uy) as a piecewise linear function over the interval [0,1). We define the
function plf(u) such that

1—1

plf(u)(z) = w;, <z< i, 1<i<m.
m

m

In words, the function plf(u) has the value u; on the interval [0,1/m), the value uy on
[1/m,2/m), etc., and the value w,, on the interval [(m —1)/m,1). For example, the piecewise
linear function associated with the vector

u=(2.4,22,2.15,205,68,2.8 —1.1,—-1.3)

is shown in Figure 3.4. '
Then, each basis vector hj, corresponds to the function

Wi = plf(h)).
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Figure 3.4: The piecewise linear function plf(u)

In particular, for all n, the Haar basis vectors

Ry =wy=(1,...,1,—1,...,—1)

(.

-~

2’)1

yield the same piecewise linear function v given by
1 if 0<z<1/2
Pr) =< -1 if 1/2<z<1

0 otherwise,

71

whose graph is shown in Figure 3.5. Then, it is easy to see that @Di is given by the simple

Figure 3.5: The Haar wavelet 1

expression

i) =@z —k), 0<j<n-10<k<2 -1

The above formula makes it clear that 7,% is obtained from v by scaling and shifting. The
function ¢f = plf (wy) is the piecewise linear function with the constant value 1 on [0, 1), and

the functions v together with ¢ are known as the Haar wavelets.
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Rather than using W~! to convert a vector u to a vector ¢ of coefficients over the Haar
basis, and the matrix W to reconstruct the vector u from its Haar coefficients ¢, we can use
faster algorithms that use averaging and differencing.

If ¢ is a vector of Haar coefficients of dimension 2", we compute the sequence of vectors
u®,ut, ..., u™ as follows:

u =c
W
w20 — 1) = ! (i) + ! (2 + 1)
w T (26) =l (i) — ! (27 + 1),

for j=0,...,n—1and i=1,...,2/. The reconstructed vector (signal) is u = u™.
If u is a vector of dimension 2", we compute the sequence of vectors ¢*,¢"1,..., " as
follows:
=u
d =t

) = (20 — 1) + d1(2i))/2
A2 +1i) = (T2 — 1) — dT(240)) /2,

for j=n—1,...,0and i =1,...,2/. The vector over the Haar basis is ¢ = c°.

We leave it as an exercise to implement the above programs in Matlab using two variables
u and ¢, and by building iteratively 27. Here is an example of the conversion of a vector to
its Haar coefficients for n = 3.

Given the sequence u = (31,29, 23,17, —6, —8, —2, —4), we get the sequence

— (31,29,23,17, —6, -8, —2, —4)

= (30,20, 7, 3,1,3,1,1)

= (25,-5,5,-2,1,3,1,1)

— (10, 15, 5 ~2,1,3,1,1),

so ¢ = (10,15,5,—2,1,3,1,1). Conversely, given ¢ = (10,15,5,—2,1,3,1,1), we get the
sequence

= (10,15,5,-2,1,3,1,1)
=(25,-5,5,-2,1,3,1,1)

= (30,20, —7,-3,1,3,1,1)

= (31,29,23,17, -6, —8, —2, —4),

u
U
U
u

which gives back u = (31,29,23,17, —6, —8, —2, —4).
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There is another recursive method for constucting the Haar matrix W,, of dimension 2"
that makes it clearer why the columns of W,, are pairwise orthogonal, and why the above
algorithms are indeed correct (which nobody seems to prove!). If we split W, into two
2" x 2"~! matrices, then the second matrix containing the last 2"~ columns of W, has a
very simple structure: it consists of the vector

(1,—1,0,...,0)

N S
-~

21’1,

and 2"~! — 1 shifted copies of it, as illustrated below for n = 3:

1 0 0 0
-1 0 0 0
o 1 0 0
0O -1 0 O
o 0 1 O
0O 0 -1 0
0O 0 0 1
0O 0 0 -1

Observe that this matrix can be obtained from the identity matrix Ion—1, in our example

I

I
oo o~
oo~ o
o~ oo
—_ o oo

by forming the 2" x 2"~! matrix obtained by replacing each 1 by the column vector

()
(o)

Now, the first half of W,,, that is the matrix consisting of the first 2"~ columns of W,,, can
be obtained from W,,_; by forming the 2" x 2"~! matrix obtained by replacing each 1 by the
column vector

and each zero by the column vector

each —1 by the column vector
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and each zero by the column vector

For n = 3, the first half of W3 is the matrix

= = = = R e e

which is indeed obtained from

Wy =

— = = =

-1 0 -1

using the process that we just described.

These matrix manipulations can be described conveniently using a product operation on
matrices known as the Kronecker product. Given a m x n matrix A = (a;;) and a p X ¢
matrix B = (b;;), the Kronecker product (or tensor product) A® B of A and B is the mp X ng
matrix

apnB  apB - a,B
Agp= |0l el
amlB &mgB s amnB

It can be shown that ® is associative and that

(A® B)(C' ® D) = AC ® BD
(A9 B)"=A"®B',

whenever AC and BD are well defined. Then, it is immediately verified that W,, is given by
the following neat recursive equations:

e ) e (1)
e} -G )

If we let
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and for n > 2,
B, 0
Bn+1 =2 ( 0 ]2n) ’

then it is not hard to obtain a rigorous proof of the equation
WnTWn =B,, foralln>2.

The above equation offers a clean justification of the fact that the columns of W), are pairwise
orthogonal.

Observe that the right block (of size 2" x 2"~1) shows clearly how the detail coefficients
in the second half of the vector ¢ are added and subtracted to the entries in the first half of
the partially reconstructed vector after n — 1 steps.

An important and attractive feature of the Haar basis is that it provides a multiresolu-
tion analysis of a signal. Indeed, given a signal u, if ¢ = (cq,...,con) is the vector of its
Haar coefficients, the coefficients with low index give coarse information about u, and the
coefficients with high index represent fine information. For example, if u is an audio signal
corresponding to a Mozart concerto played by an orchestra, ¢; corresponds to the “back-
ground noise,” ¢y to the bass, c3 to the first cello, ¢4 to the second cello, cs, cg, c7, ¢7 to the
violas, then the violins, etc. This multiresolution feature of wavelets can be exploited to
compress a signal, that is, to use fewer coefficients to represent it. Here is an example.

Consider the signal
u=(2.4,2.2,2.15,2.056.8,2.8 —1.1,~1.3),

whose Haar transform is

c=(2,0.2,0.1,3,0.1,0.05,2,0.1).

The piecewise-linear curves corresponding to w and ¢ are shown in Figure 3.6. Since some of
the coefficients in ¢ are small (smaller than or equal to 0.2) we can compress ¢ by replacing
them by 0. We get

Co = (2a 07 07 37 Oa 07 27 0)7

and the reconstructed signal is
us = (2,2,2,2,7,3,—1,-1).

The piecewise-linear curves corresponding to us and ¢y are shown in Figure 3.7.
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251

Figure 3.6: A signal and its Haar transform

_ L L L L L L L L L
0 0.1 02 03 04 05 06 07 08 0.9 1

Figure 3.7: A compressed signal and its compressed Haar transform

An interesting (and amusing) application of the Haar wavelets is to the compression of
audio signals. It turns out that if your type load handel in Matlab an audio file will be
loaded in a vector denoted by y, and if you type sound(y), the computer will play this
piece of music. You can convert y to its vector of Haar coefficients, c¢. The length of y is
73113, so first tuncate the tail of y to get a vector of length 65536 = 2'6. A plot of the
signals corresponding to y and c is shown in Figure 3.8. Then, run a program that sets all
coefficients of ¢ whose absolute value is less that 0.05 to zero. This sets 37272 coefficients
to 0. The resulting vector s is converted to a signal y5. A plot of the signals corresponding
to y2 and co is shown in Figure 3.9. When you type sound(y2), you find that the music
doesn’t differ much from the original, although it sounds less crisp. You should play with
other numbers greater than or less than 0.05. You should hear what happens when you type
sound(c). It plays the music corresponding to the Haar transform c of y, and it is quite
funny.

Another neat property of the Haar transform is that it can be instantly generalized to
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Figure 3.8: The signal “handel” and its Haar transform

1 T T T T T T 0.6

06
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Figure 3.9: The compressed signal “handel” and its Haar transform

matrices (even rectangular) without any extra effort! This allows for the compression of
digital images. But first, we address the issue of normalization of the Haar coefficients. As
we observed earlier, the 2" x 2" matrix W,, of Haar basis vectors has orthogonal columns,
but its columns do not have unit length. As a consequence, W,| is not the inverse of W,
but rather the matrix

w-t=D,Ww'

with D, = diag (2*", 91 9=(n=1) 9=(n=1) 9=(n=2)  o=(n=2) 9=l o-1 )
20 21 922 on—1
Therefore, we define the orthogonal matrix

H, = W,D3
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whose columns are the normalized Haar basis vectors, with

L . _n _n n-1 __n=2 _n=2 _1 _1
D2 :dlag<2 2 E 2 0 2 0 2).
20 Sr -~ N————
We call H,, the normalized Haar transform matriz. Because H,, is orthogonal, H ' = H.
Given a vector (signal) u, we call ¢ = H, u the normalized Haar coefficients of u. Then, a
moment of reflexion shows that we have to slightly modify the algorithms to compute H, u
and H,c as follows: When computing the sequence of u’s, use

w2 = 1) = () + 0 (2 +)/V2
W (2) = ((0) = (2 + 1))V,

and when computing the sequence of ¢’s, use

A) = (20 — 1) + dH20)) V2
A +i) = (320 — 1) — H(20) V2.

Note that things are now more symmetric, at the expense of a division by v/2. However, for
long vectors, it turns out that these algorithms are numerically more stable.

Remark: Some authors (for example, Stollnitz, Derose and Salesin [103]) rescale ¢ by 1/v/2"
and u by v/2". This is because the norm of the basis functions wk is not equal to 1 (under

the inner product (f, g) fo . The normalized basis functions are the functions
V29,

Let us now explain the 2D version of the Haar transform. We describe the version using
the matrix W,, the method using H,, being identical (except that H, ' = H,|, but this does
not hold for W, !). Given a 2™ x 2" matrix A, we can first convert the rows of A to their
Haar coefficients using the Haar transform W, !, obtaining a matrix B, and then convert the
columns of B to their Haar coefficients, using the matrix W !. Because columns and rows

are exchanged in the first step,
B =AW,

and in the second step C' = W, !B, thus, we have
C=w 1AW """ =D, W AW, D,.

In the other direction, given a matrix C of Haar coefficients, we reconstruct the matrix A
(the image) by first applying W,, to the columns of C, obtaining B, and then W,] to the
rows of B. Therefore

A=W, CW.

Of course, we dont actually have to invert W, and W,, and perform matrix multiplications.
We just have to use our algorithms using averaging and differencing. Here is an example.
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If the data matrix (the image) is the 8 x 8 matrix

64
9
17
40
32
41
49
8

2
95
47
26
34
23
15
o8

3
o4
46
27
35
22
14
29

then applying our algorithms, we find that

3

ot

oo oo oo o

SO OO O o oo

o O OO

0.5
—0.5
0.5
—0.5

61
12
20
37
29
44
52
)

o O O O

0.5
-0.5
0.5
—-0.5

60
13
21
36
28
45
93
4

= s O O

27
—11

6
o1
43
30
38
19
11
62

)

21

7
20
42
31
39
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63

9
7

—-23

o7

16

24

33

25 |7
48

26

1

0 0
0 0
4 -4
4 -4
23 =21
-7 5
-9 11
25 =27

79

As we can see, C' has a more zero entries than A; it is a compressed version of A. We can
further compress C' by setting to 0 all entries of absolute value at most 0.5. Then, we get

Co

3

ot

oo oo ocoook

OO OO O o oo

OO OO O o oo

We find that the reconstructed image is

63.5
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9.5 555
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O OO OO O oo
W

0
0
4

27

—11

)
21
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9.5 5.5
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—25 23

9
7

—23 25
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which is pretty close to the original image matrix A.

It turns out that Matlab has a wonderful command, image (X), which displays the matrix
X has an image in which each entry is shown as a little square whose gray level is proportional
to the numerical value of that entry (lighter if the value is higher, darker if the value is closer
to zero; negative values are treated as zero). The images corresponding to A and C' are
shown in Figure 3.10. The compressed images corresponding to A, and Cy are shown in

Figure 3.10: An image and its Haar transform

Figure 3.11. The compressed versions appear to be indistinguishable from the originals!

Figure 3.11: Compressed image and its Haar transform

If we use the normalized matrices H,, and H,, then the equations relating the image
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matrix A and its normalized Haar transform C are

C=H!AH,
A=H,CH/.

The Haar transform can also be used to send large images progressively over the internet.
Indeed, we can start sending the Haar coefficients of the matrix C starting from the coarsest
coefficients (the first column from top down, then the second column, etc.) and at the
receiving end we can start reconstructing the image as soon as we have received enough
data.

Observe that instead of performing all rounds of averaging and differencing on each row
and each column, we can perform partial encoding (and decoding). For example, we can
perform a single round of averaging and differencing for each row and each column. The
result is an image consisting of four subimages, where the top left quarter is a coarser version
of the original, and the rest (consisting of three pieces) contain the finest detail coefficients.
We can also perform two rounds of averaging and differencing, or three rounds, etc. This
process is illustrated on the image shown in Figure 3.12. The result of performing one round,
two rounds, three rounds, and nine rounds of averaging is shown in Figure 3.13. Since our
images have size 512 x 512, nine rounds of averaging yields the Haar transform, displayed as
the image on the bottom right. The original image has completely disappeared! We leave it
as a fun exercise to modify the algorithms involving averaging and differencing to perform
k rounds of averaging/differencing. The reconstruction algorithm is a little tricky.

A nice and easily accessible account of wavelets and their uses in image processing and
computer graphics can be found in Stollnitz, Derose and Salesin [103]. A very detailed
account is given in Strang and and Nguyen [106], but this book assumes a fair amount of
background in signal processing.

We can find easily a basis of 2" x 2" = 22" vectors w;; (2" x 2" matrices) for the linear
map that reconstructs an image from its Haar coefficients, in the sense that for any matrix
C of Haar coefficients, the image matrix A is given by

on on

A= Z Z Cij Wiy .

i=1 j=1
Indeed, the matrix w;; is given by the so-called outer product
T
W;j = Wy (U)J> .
Similarly, there is a basis of 2" x 2" = 22" vectors h;; (2" X 2" matrices) for the 2D Haar

transform, in the sense that for any matrix A, its matrix C' of Haar coefficients is given by

2m 2n

C = Z Z Cl,z'jhij.

i=1 j=1
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00 150 ) ' 50 400 450 500

Figure 3.12: Original drawing by Durer

If the columns of W™t are w, ..., wh., then

hij = wi(w;) .

We leave it as exercise to compute the bases (w;;) and (h;;) for n = 2, and to display the
corresponding images using the command imagesc.
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Figure 3.13: Haar tranforms after one, two, three, and nine rounds of averaging

33
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3.3 The Effect of a Change of Bases on Matrices

The effect of a change of bases on the representation of a linear map is described in the
following proposition.

Proposition 3.4. Let E and F be vector spaces, let U = (uy,...,u,) and U = (u}, ... u))

r'n

be two bases of E, and let V = (vy,...,vy) and V' = (v}, ...,v)) be two bases of F. Let

rm

P = Py be the change of basis matriz from U to U', and let QQ = Py be the change of
basis matriz from V to V'. For any linear map f: E — F, let M(f) = My y(f) be the matriz
associated to f w.r.t. the basesU and V, and let M'(f) = My (f) be the matriz associated
to f w.r.t. the basesU' andV'. We have

M'(f) = Q' M(f)P,
or more explicitly
My (f) = Py My (f) Pt = Py My (f) Pur -

Proof. Since f: E — F can be written as f = idg o f oidg, since P is the matrix of idg

w.r.t. the bases (uf,...,u}) and (uy,...,u,), and Q' is the matrix of idp w.r.t. the bases

’'n

(v1,...,vm) and (v}, ..., v ), by Proposition 3.2, we have M'(f) = Q *M(f)P. O

As a corollary, we get the following result.

Corollary 3.5. Let E be a vector space, and let U = (uy, . ..,u,) and U = (uf, ..., ul) be
two bases of E. Let P = Py be the change of basis matriz from U to U'. For any linear
map f: E— E, let M(f) = My(f) be the matriz associated to f w.r.t. the basis U, and let
M'(f) = My/(f) be the matriz associated to f w.r.t. the basis U'. We have

M'(f) = P7'M(f)P,
or more explicitly,
My (f) = Pz]/,luMu(f)Pu/,u = Py My (f) Py u-

Example 3.4. Let £ =R? U = (e, e5) where e; = (1,0) and e = (0, 1) are the canonical
basis vectors, let V = (vy,v9) = (e1,€1 — €3), and let

()

The change of basis matrix P = Py, from U to V is

11
P=(o )
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and we check that
pPt=P

Therefore, in the basis )V, the matrix representing the linear map f defined by A is

D i 11N /2 1\ /1 1\ _ [2 0\ _
A=p AP_PAP_(O _1) (0 1) (0 _1>_(O 1)_D,

a diagonal matrix. Therefore, in the basis V, it is clear what the action of f is: it is a stretch
by a factor of 2 in the v; direction and it is the identity in the vy direction. Observe that v,
and vy are not orthogonal.

What happened is that we diagonalized the matrix A. The diagonal entries 2 and 1 are
the eigenvalues of A (and f) and v; and v are corresponding eigenvectors. We will come
back to eigenvalues and eigenvectors later on.

The above example showed that the same linear map can be represented by different
matrices. This suggests making the following definition:

Definition 3.5. Two nxn matrices A and B are said to be similar iff there is some invertible
matrix P such that

B =P 'AP.

It is easily checked that similarity is an equivalence relation. From our previous consid-
erations, two n X n matrices A and B are similar iff they represent the same linear map with
respect to two different bases. The following surprising fact can be shown: Every square
matrix A is similar to its transpose A'. The proof requires advanced concepts than we will
not discuss in these notes (the Jordan form, or similarity invariants).

U= (u,...,u,) and V = (vq,...,v,) are two bases of F, the change of basis matrix
app @iz -0 Qin
Q21 Q2 -+ Q2
P=Pyy = 8
Qp1 Ap2 *°°  App
from (uq,...,u,) to (vq,...,v,) is the matrix whose jth column consists of the coordinates
of v; over the basis (uy, ..., u,), which means that

n
Uj: E aijui.
i=1
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U1
It is natural to extend the matrix notation and to express the vector | : | in E™ as the
Un
51
product of a matrix times the vector | : | in E”, namely as
un
U1 apn @1 -t Apl Uy
v2 | | Q12 G2 vt G2 U2
Un, A1p Q2n - App Un,
but notice that the matrix involved is not P, but its transpose P .
This observation has the following consequence: if U = (uq,...,u,) and V = (vy, ..., v,)
are two bases of F and if
U1 Ul
Al .
Un Un
that is,
n
V; = Z aijuj,
j=1
for any vector w € F, if
n n
w = Z%UZ = Zykvkv
=1 k=1
then
T Y1
— AT | :
Tn Yn
and so
Y1 1
— (AT)fl
Yn T
It is easy to see that (AT)™! = (A™)T. Also, if U = (uy,...,u,), V = (v1,...,v,), and
W = (wy,...,w,) are three bases of E, and if the change of basis matrix from U to V is

P = Py, and the change of basis matrix from V to W is ) = Py, then

U1 Ul w1 U1
_ pT . . N7 .
=P . ’ . - Q . )

Un Unp, Wn, Un
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SO
w1y U Uy

=Q'P | |=®Q"| ],

Wn, Unp Unp

which means that the change of basis matrix Py, from U to W is PQ). This proves that

Py = PouPyy.

3.4 Summary

The main concepts and results of this chapter are listed below:
e The representation of linear maps by matrices.
e The vector space of linear maps Homg (E, F).

e The vector space M,, ,(K) of m x n matrices over the field K; The ring M, (K) of
n X n matrices over the field K.

e Column vectors, row vectors.
e Matrix operations: addition, scalar multiplication, multiplication.

e The matriz representation mapping M: Hom(E, F)) — M, , and the representation
isomorphism (Proposition 3.2).

e Haar basis vectors and a glimpse at Haar wavelets.
e Kronecker product (or tensor product) of matrices.

e Change of basis matriz and Proposition 3.4.



38

CHAPTER 3. MATRICES AND LINEAR MAPS



Chapter 4

Direct Sums, The Dual Space, Duality

4.1 Sums, Direct Sums, Direct Products

Before considering linear forms and hyperplanes, we define the notion of direct sum and
prove some simple propositions. There is a subtle point, which is that if we attempt to
define the direct sum E[[ F of two vector spaces using the cartesian product E x F, we
don’t quite get the right notion because elements of E x F' are ordered pairs, but we want
ET[F = F]] E. Thus, we want to think of the elements of £ [] F' as unordrered pairs of
elements. It is possible to do so by considering the direct sum of a family (E;)icf1,2), and
more generally of a family (E;);c;. For simplicity, we begin by considering the case where
I={1,2}.

Definition 4.1. Given a family (£;)icq1,2) of two vector spaces, we define the (external)
direct sum Ey [] Ey (or coproduct) of the family (E;);c1,2 as the set

E ] B = {{{1,w),(2,0)} |u € Ex, v € Ey},
with addition
{(L ), (2,00} +{{1,u2), (2,02)} = {1 un + ug), (2,01 + 02)},
and scalar multiplication
ML u), (2,0)} = {(1, Au), (2, do) }-

We define the injections iny: By — Ey[[ Fy and ing: Es — E;[[ Ey as the linear maps
defined such that,

ini(u) = {(1,u),(2,0)},
and

ins(v) = {(1,0), (2,v) }.

39
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Note that
EJ[ B ={{(2v).(Lw} |veEE, uec B} =E [] E.

Thus, every member {(1, u), (2,v)} of E; || > can be viewed as an unordered pair consisting
of the two vectors u and v, tagged with the index 1 and 2, respectively.

Remark: In fact, E; [ Es is just the product Hie{1,2} E; of the family (E;)icq1,2)-

@ This is not to be confused with the cartesian product F; x Es. The vector space E; X [,
is the set of all ordered pairs (u,v), where u € E;, and v € E,, with addition and
multiplication by a scalar defined such that

(ug, v1) + (ug, v2) = (uy + ug, vy + v9),
Mu, v) = (Au, Av).

There is a bijection between [],. (12} E; and F; x E,, but as we just saw, elements of

HZ.E (12} E; are certain sets. The product E; x --- x E, of any number of vector spaces
can also be defined. We will do this shortly.

The following property holds.

Proposition 4.1. Given any two vector spaces, Ey and Es, the set Ei[] Es is a vector
space. For every pair of linear maps, f: 1 — G and g: Es — G, there is a unique linear
map, [+ g: Ey[[ B2 — G, such that (f 4+ g) oiny = f and (f + g) oiny = g, as in the
following diagram:

Ey
mni
El H E2 f+g G
ingT /
Es

Proof. Define

(f +9){(Lu), (2,0)}) = f(u) +g(v),
for every u € E; and v € E,. It is immediately verified that f + ¢ is the unique linear map
with the required properties. O

We already noted that Ej [ Es is in bijection with Ey x Es. If we define the projections
T : E1 HE2 — E1 and o E1 HE2 — EQ, such that

Wl({<17u>v <27U>}) =u,
and
7T2({<1, u), <27 U>}) =,

we have the following proposition.



4.1. SUMS, DIRECT SUMS, DIRECT PRODUCTS 91

Proposition 4.2. Given any two vector spaces, E1 and Es, for every pair of linear maps,
f: D — Ey and g: D — Es, there is a unique linear map, f X g: D — Ey [[ E2, such that
mo(fxg)=fand mo (f X g) =g, as in the following diagram:

Ey
/ Tﬁl
D EIE
\ lﬂz
Ey

Proof. Define
(f x g)(w) = {{1, f(w)), (2, 9(w))},

for every w € D. It is immediately verified that f x ¢ is the unique linear map with the
required properties. ]

Remark: It is a peculiarity of linear algebra that direct sums and products of finite families
are isomorphic. However, this is no longer true for products and sums of infinite families.

When U,V are subspaces of a vector space E, letting 7;: U — E and 75: V — FE be the
inclusion maps, if U [V is isomomorphic to £ under the map i; + 75 given by Proposition
4.1, we say that E is a direct sum of U and V', and we write £ = U [[V (with a slight abuse
of notation, since E and U [[V are only isomorphic). It is also convenient to define the sum
Uy +--- 4 U, and the internal direct sum U; @ - - - @ U, of any number of subspaces of E.

Definition 4.2. Given p > 2 vector spaces £, ..., E,, the product F = E; x --- x E,, can
be made into a vector space by defining addition and scalar multiplication as follows:

(Ury . oyup) + (V1,2 ., 0p) = (U + 01, ..., Uy + V)
Aug, ..o up) = (Aug, ..., Auy),

for all u;,v; € E; and all A € K. With the above addition and multiplication, the vector
space I' = I} x --- x E, is called the direct product of the vector spaces Ei, ..., E,.

As a special case, when F; = --- = E, = K, we find again the vector space F' = KP.
The projection maps pr;: £y x --- x E, — E; given by

pri(uy, ..., up) =,
are clearly linear. Similarly, the maps in;: F; — E; X --- X E, given by

ini(ui):(O,...,O,ui,O,...,O)
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are injective and linear. If dim(E;) = n,; and if (e,... €}, ) is a basis of E; fori =1,...,p,
then it is easy to see that the n; + --- 4 n, vectors
(e1,0,...,0), e (67111,0,...,0),
(0,...,0,€%,0,...,0), ..., (0,...,0,¢l0,...,0),
0,...,0,eb), (0,...,0,¢8 )

form a basis of By X --- x E,, and so

dim(Ey x -+ x E,) = dim(Ey) + - - - + dim(E,).

Let us now consider a vector space F and p subspaces Uy, ..., U, of . We have a map

a: Uy x---xU, = FE

given by
a(uy, ..., up) =u + -+ up,
with u; € U; fori = 1,...p. It is clear that this map is linear, and so its image is a subspace
of E denoted by
Ui+---+U,

and called the sum of the subspaces Uy, ..., U,. It is immediately verified that U 4----+ U,
is the smallest subspace of F containing Uy, ..., U,. This also implies that U; +- - - 4 U, does
not depend on the order of the factors U;; in particular,

U +U; =U; + Ui

If the map a is injective, then Ker a = 0, which means that if u; € U; fori =1,...,p and

if

U+ tu, = 0
then u; = --- = u, = 0. In this case, every u € U; + --- + U, has a unique expression as a
sum

U=1up+ -+ U,
with u; € U;, fori =1, ..., p. It is also clear that for any p nonzero vectors u; € U;, u1, ..., u,
are linearly independent.

Definition 4.3. For any vector space E and any p > 2 subspaces Uy, ..., U, of E, if the
map a defined above is injective, then the sum Uy + --- 4 U, is called a direct sum and it is
denoted by

U@ @Up.

The space FE is the direct sum of the subspaces U; if
E=U,®---®U,.
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As in the case of a sum, Uy ® Uy = Us @ U;. Observe that when the map a is injective,
then it is a linear isomorphism between Uy x --- x U, and U; @ --- @ U,. The difference is
that Uy x --- x U, is defined even if the spaces U; are not assumed to be subspaces of some
common space.

Now, if p = 2, it is easy to determine the kernel of the map a: U; x Uy — E. We have
a(ul,ug) =Up + Uy = 0 iff Uy = —Uz, U1 € Ul,UQ € UQ,

which implies that
Kera = {(u, —u) | u € Uy N Us}.

Now, U; NU, is a subspace of E and the linear map u +— (u, —u) is clearly an isomorphism,
so Kera is isomorphic to U; N U,. As a result, we get the following result:

Proposition 4.3. Given any vector space E and any two subspaces Uy and Us, the sum
Uy + Us is a direct sum iff Uy N Uy = (0).

An interesting illustration of the notion of direct sum is the decomposition of a square
matrix into its symmetric part and its skew-symmetric part. Recall that an n x n matrix
A€M, is symmetric if AT = A, skew -symmetric if AT = —A. It is clear that

S(n)={AeM, | A" = A} and Skew(n)={AeM,|A" =-A}

are subspaces of M,,, and that S(n) N Skew(n) = (0). Observe that for any matrix A € M,,,
the matrix H(A) = (A+ A")/2 is symmetric and the matrix S(A) = (A — AT)/2 is skew-
symmetric. Since

A4 AT A—AT
A=H(A)+5(4) = s B0

we see that M,, = S(n) + Skew(n), and since S(n) N Skew(n) = (0), we have the direct sum

M,, = S(n) ® Skew(n).

Remark: The vector space Skew(n) of skew-symmetric matrices is also denoted by so(n).
It is the Lie algebra of the group SO(n).

Proposition 4.3 can be generalized to any p > 2 subspaces at the expense of notation.
The proof of the following proposition is left as an exercise.

Proposition 4.4. Given any vector space E and any p > 2 subspaces Uy, ..., Uy, the fol-
lowing properties are equivalent:

(1) The sum Uy + - -+ U, is a direct sum.
(2) We have

U,ﬂ( zp: Uj):(()), i=1,...,p.

=15
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(8) We have

Because of the isomorphism
Uy x---xUy=U @& ®Up,
we have

Proposition 4.5. If E is any vector space, for any (finite-dimensional) subspaces Uy, . . .,
U, of E, we have
dim(U; @ --- & Up) = dim(Uy) + - - - + dim(U,).

If F is a direct sum
E:Ul@®Up7

since every u € E can be written in a unique way as
U=1u+ -+ U
for some u; € U; for i = 1...,p, we can define the maps m;: £ — U;, called projections, by
mi(u) = m(us + -+ up) = ;.
It is easy to check that these maps are linear and satisfy the following properties:
m ifi=7
AN {0 if 45,
m+ -+ =1idg.
For example, in the case of the direct sum
M,, = S(n) & Skew(n),

the projection onto S(n) is given by

m(4) = H(4) = 254
and the projection onto Skew(n) is given by
m(d) = S(4) = 224
Clearly, H(A)+S(A) = A, H(H(A)) = H(A), S(S(A)) = S(A),and H(S(A)) = S(H(A)) =

0.

A function f such that f o f = f is said to be idempotent. Thus, the projections m; are
idempotent. Conversely, the following proposition can be shown:
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Proposition 4.6. Let E be a vector space. For any p > 2 linear maps f;: £ — E, if

o f — fi ifi=3
fio {0 if i # j,

S+ fp=idg,

then if we let U; = f;(E), we have a direct sum

E=U,& --&U,

We also have the following proposition characterizing idempotent linear maps whose proof
is also left as an exercise.

Proposition 4.7. For every vector space E, if f: E — E is an idempotent linear map, i.e.,
fof=f, then we have a direct sum

E=Ker f&Imf,

so that f is the projection onto its image Im f.

We now give the definition of a direct sum for any arbitrary nonempty index set /. First,
let us recall the notion of the product of a family (E;);c;. Given a family of sets (E;);er, its
product [[..; Es, is the set of all functions f: I — (J,; £, such that, f(i) € Ej, for every
i € I. Tt is one of the many versions of the axiom of choice, that, if E; # @) for every i € I,
then J[,., £ # 0. A member f € [],., E;, is often denoted as (f;)ic;. For every i € I, we
have the projection m;: [],c; Ei — E;, defined such that, 7;((fi)icr) = fi- We now define
direct sums.

Definition 4.4. Let I be any nonempty set, and let (E;);c; be a family of vector spaces.
The (eaternal) direct sum [[,.; E; (or coproduct) of the family (£;);c; is defined as follows:

[l;c; Ei consists of all f € [],.; £;, which have finite support, and addition and multi-
plication by a scalar are defined as follows:

(fi)ier + (9i)ier = (fi + 9i)icrs
A(fi)iel = ()\fi)iel-

We also have injection maps in;: E; — [[,.; F:, defined such that, in;(z) = (f;)ier, where

fi==,and f; =0, for all j € (I — {i}).

i€l

The following proposition is an obvious generalization of Proposition 4.1.



96 CHAPTER 4. DIRECT SUMS, THE DUAL SPACE, DUALITY

Proposition 4.8. Let I be any nonempty set, let (E;);cr be a family of vector spaces, and
let G be any vector space. The direct sum [],.; E; is a vector space, and for every family
(hi)ier of linear maps h;: E; — G, there is a unique linear map

(Zhi>: HE,-—>G,

iel el

such that, (3_,c; hi) oin; = hy, for everyi € I.

Remark: When E; = E, for all i € I, we denote [[,.; E; by EM_ In particular, when
E; = K, for all i € I, we find the vector space K!) of Definition 2.13.

We also have the following basic proposition about injective or surjective linear maps.

Proposition 4.9. Let E and F be vector spaces, and let f: E — F be a linear map. If
f: E — F s injective, then there is a surjective linear map r: F — E called a retraction,
such that ro f = idg. If f: E — F s surjective, then there is an injective linear map
s: F'— FE called a section, such that f o s = idp.

Proof. Let (u;);er be a basis of E. Since f: E — F'is an injective linear map, by Proposition
2.16, (f(w;))ier is linearly independent in F. By Theorem 2.9, there is a basis (v;);es of F,
where I C J, and where v; = f(u;), for alli € I. By Proposition 2.16, a linear map r: F' — E
can be defined such that r(v;) = w;, for all i € I, and r(v;) = w for all j € (J — I), where w
is any given vector in E, say w = 0. Since r(f(u;)) = u; for all i € I, by Proposition 2.16,
we have r o f = idg.

Now, assume that f: £ — F is surjective. Let (v;);es be a basis of F. Since f: £ — F
is surjective, for every v; € F, there is some u; € E such that f(u;) = v;. Since (vj);es is a
basis of F', by Proposition 2.16, there is a unique linear map s: F' — E such that s(v;) = u;.
Also, since f(s(v;)) = v;, by Proposition 2.16 (again), we must have f o s =idp. O

The converse of Proposition 4.9 is obvious. We now have the following fundamental
Proposition.

Proposition 4.10. Let E, F' and G, be three vector spaces, f: E — F an injective linear
map, g: F'— G a surjective linear map, and assume that Im f = Ker g. Then, the following
properties hold. (a) For any section s: G — F of g, we have F = Kerg ® Im s, and the
linear map f +s: E® G — F is an isomorphism.

(b) For any retraction r: F — E of f, we have F = Im f @ Kerr.?

f g
E F G

'The existence of a section s: G — F of g follows from Proposition 4.9.
2The existence of a retraction r: F — E of f follows from Proposition 4.9.
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Proof. (a) Since s: G — F'is a section of g, we have g o s = idg, and for every u € F,

g(u—=s(g(u))) = g(u) = 9(s(9(u))) = g(u) = g(u) = 0.

Thus, u — s(g(u)) € Kerg, and we have F = Kerg + Ims. On the other hand, if u €
KergNlms, then u = s(v) for some v € G because u € Im s, g(u) = 0 because u € Ker g,
and so,

g(u) = g(s(v)) = v =0,

because g o s = idg, which shows that u = s(v) = 0. Thus, F' = Ker g & Im s, and since by
assumption, Im f = Ker g, we have F' = Im f @ Im s. But then, since f and s are injective,
f+s: E®G — F is an isomorphism. The proof of (b) is very similar. ]

Note that we can choose a retraction r: F' — E so that Kerr = Im s, since
F=Kerg®Ims=Imf®Ims and f is injective so we can set r = 0 on Im s.

Given a sequence of linear maps F RE NN G, when Im f = Ker g, we say that the

sequence F Ly P % Gis emact at F. If in addition to being exact at F', f is injective
and g is surjective, we say that we have a short exact sequence, and this is denoted as

00— E s F 2% aq—o

The property of a short exact sequence given by Proposition 4.10 is often described by saying
that 0 — E -5 F -4 G — 0isa (short) split exact sequence.

As a corollary of Proposition 4.10, we have the following result.

Theorem 4.11. Let E and F be vector spaces, and let f: E — F be a linear map. Then,
E is isomorphic to Ker f & Im f, and thus,

dim(F) = dim(Ker f) 4+ dim(Im f) = dim(Ker f) + rk(f).

Proof. Consider
Ker f W E L f

where Ker f 4 E is the inclusion map, and F Y Im f is the surjection associated

with & L5 F. Then, we apply Proposition 4.10 to any section Im f —= FE of f’ to

get an isomorphism between E and Ker f @ Im f, and Proposition 4.5, to get dim(E) =
dim(Ker f) + dim(Im f). O

Remark: The dimension dim(Ker f) of the kernel of a linear map f is often called the
nullity of f.

We now derive some important results using Theorem 4.11.
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Proposition 4.12. Given a vector space E, if U and V' are any two subspaces of E, then
dim(U) + dim(V) = dim(U + V) + dim(U N'V),
an equation known as Grassmann’s relation.

Proof. Recall that U + V' is the image of the linear map
a:UxV = E

given by
a(u,v) =u+wv,
and that we proved earlier that the kernel Kera of a is isomorphic to U N'V. By Theorem
411,
dim(U x V) = dim(Ker a) + dim(Ima),
but dim(U x V) = dim(U) + dim(V), dim(Ker a) = dim(U NV, and Ima = U + V, so the
Grassmann relation holds. O

The Grassmann relation can be very useful to figure out whether two subspace have a
nontrivial intersection in spaces of dimension > 3. For example, it is easy to see that in R,
there are subspaces U and V with dim(U) = 3 and dim(V') = 2 such that U NV = 0; for
example, let U be generated by the vectors (1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), and V be
generated by the vectors (0,0,0,1,0) and (0,0,0,0,1). However, we claim that if dim(U) = 3
and dim (V') = 3, then dim(U N'V) > 1. Indeed, by the Grassmann relation, we have

dim(U) 4+ dim(V') = dim(U 4+ V) + dim(U N'V),
namely
3+3=6=dim({U+V)+dim(UNV),
and since U + V is a subspace of R?, dim(U + V) < 5, which implies

6 <5+dim(UNV),

that is 1 < dim(U N'V).

As another consequence of Proposition 4.12, if U and V' are two hyperplanes in a vector
space of dimension n, so that dim(U) = n — 1 and dim(V') = n — 1, the reader should show
that

dim(UNV)>n—2,

and so, if U #£ V| then
dim(UNV)=n-—2.

Here is a characterization of direct sums that follows directly from Theorem 4.11.
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Proposition 4.13. If Uy, ..., U, are any subspaces of a finite dimensional vector space E,
then
dim(U; + - -+ U,) < dim(Uy) + - - - + dim(U,),

and

dim(U; +--- 4+ U,) = dim(U;) + - - - + dim(U,)
iff the U;s form a direct sum Uy @ --- @ U,,.

Proof. 1f we apply Theorem 4.11 to the linear map
a:Uy x - xU,=U+---4+U,
given by a(uq, ..., up) = uy + - -+ + u,p, we get

dim(U; + - -- 4+ U,) = dim(U;y X -+ x U,) — dim(Ker a)
= dim(U;) + - - - + dim(U,) — dim(Ker a),

so the inequality follows. Since a is injective iff Kera = (0), the U;s form a direct sum iff
the second equation holds. O

Another important corollary of Theorem 4.11 is the following result:

Proposition 4.14. Let E and F be two vector spaces with the same finite dimension
dim(F) = dim(F) = n. For every linear map f: E — F, the following properties are
equivalent:

(a) f is bijective.
(b) f is surjective.
(c) [ is injective.
(d) Ker f =0.
Proof. Obviously, (a) implies (b).
If f is surjective, then Im f = F', and so dim(Im f) = n. By Theorem 4.11,
dim(F) = dim(Ker f) + dim(Im f),

and since dim(F) = n and dim(Im f) = n, we get dim(Ker f) = 0, which means that
Ker f =0, and so f is injective (see Proposition 2.15). This proves that (b) implies (c).

If f is injective, then by Proposition 2.15, Ker f = 0, so (c) implies (d).

Finally, assume that Ker f = 0, so that dim(Ker f) = 0 and f is injective (by Proposition
2.15). By Theorem 4.11,

dim(E) = dim(Ker f) + dim(Im f),
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and since dim(Ker f) = 0, we get
dim(Im f) = dim(F) = dim(F),

which proves that f is also surjective, and thus bijective. This proves that (d) implies (a)
and concludes the proof. O

One should be warned that Proposition 4.14 fails in infinite dimension.

The following Proposition will also be useful.

Proposition 4.15. Let E be a vector space. If E=U @&V and E =U @& W, then there is
an isomorphism f:V — W between V and W.

Proof. Let R be the relation between V' and W, defined such that
(v,wye R iff w—vel.

We claim that R is a functional relation that defines a linear isomorphism f: V — W
between V and W, where f(v) = w iff (v,w) € R (R is the graph of f). If w —v € U and
w' —wv € U, then w' —w € U, and since U @& W is a direct sum, U N W = 0, and thus
w' —w =0, that is w’ = w. Thus, R is functional. Similarly, if w —v € U and w —v' € U,
then v' —v € U, and since U @V is a direct sum, UNV = 0, and v" = v. Thus, f is injective.
Since E = U &V, for every w € W, there exists a unique pair (u,v) € U x V, such that
w=u4+wv. Then, w—v € U, and f is surjective. We also need to verify that f is linear. If

and

where u, v’ € U, then, we have
(w+w) —(v+") = (u+u),

where u +u' € U. Similarly, if

where u € U, then we have
Aw — Av = Au,

where A\u € U. Thus, f is linear. O

Given a vector space E and any subspace U of E, Proposition 4.15 shows that the
dimension of any subspace V' such that £ = U @V depends only on U. We call dim(V') the
codimension of U, and we denote it by codim(U). A subspace U of codimension 1 is called
a hyperplane.
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The notion of rank of a linear map or of a matrix is an important one, both theoretically
and practically, since it is the key to the solvability of linear equations. Recall from Definition
2.15 that the rank rk(f) of a linear map f: E — F' is the dimension dim(Im f) of the image
subspace Im f of F.

We have the following simple proposition.
Proposition 4.16. Given a linear map f: E — F, the following properties hold:
(i) rk(f) = codim(Ker f).
(i7) tk(f) + dim(Ker f) = dim(F).
(73) vk(f) < min(dim(F), dim(F)).

Proof. Since by Proposition 4.11, dim(F) = dim(Ker f) 4+ dim(Im f), and by definition,
rk(f) = dim(Im f), we have rk(f) = codim(Ker f). Since rk(f) = dim(Im f), (ii) follows
from dim(E) = dim(Ker f) + dim(Im f). As for (iii), since Im f is a subspace of F', we have
rk(f) < dim(F'), and since rk(f) + dim(Ker f) = dim(FE), we have rk(f) < dlm(E). O

The rank of a matrix is defined as follows.

Definition 4.5. Given a m x n-matrix A = (a;;) over the field K, the rank rk(A) of the
matrix A is the maximum number of linearly independent columns of A (viewed as vectors
in K™).

In view of Proposition 2.10, the rank of a matrix A is the dimension of the subspace of
K™ generated by the columns of A. Let E and F' be two vector spaces, and let (uq, ..., u,)
be a basis of F, and (vq,...,v,) a basis of F'. Let f: E — F be a linear map, and let M(f)

be its matrix w.r.t. the bases (uy,...,u,) and (v1,...,v,). Since the rank rk(f) of f is the
dimension of Im f, which is generated by (f(u1),..., f(u,)), the rank of f is the maximum
number of linearly independent vectors in (f(uy),..., f(u,)), which is equal to the number

of linearly independent columns of M (f), since F' and K™ are isomorphic. Thus, we have
tk(f) = rk(M(f)), for every matrix representing f.

We will see later, using duality, that the rank of a matrix A is also equal to the maximal
number of linearly independent rows of A.

If U is a hyperplane, then £ = U & V for some subspace V' of dimension 1. However, a
subspace V' of dimension 1 is generated by any nonzero vector v € V, and thus we denote
V by Kv, and we write F = U @ Kv. Clearly, v ¢ U. Conversely, let z € E be a vector
such that z ¢ U (and thus, x # 0). We claim that F = U @ Kz. Indeed, since U is a
hyperplane, we have E = U @ Kv for some v ¢ U (with v # 0). Then, x € E can be written
in a unique way as x = u + Av, where u € U, and since ¢ U, we must have A # 0, and
thus, v = =Xy + A~'z. Since E = U @ Kwv, this shows that F = U + Kz. Since x ¢ U,
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we have U N Kx = 0, and thus £ = U & Kx. This argument shows that a hyperplane is a
maximal proper subspace H of E.

In the next section, we shall see that hyperplanes are precisely the Kernels of nonnull
linear maps f: E — K, called linear forms.

4.2 The Dual Space £* and Linear Forms

We already observed that the field K itself is a vector space (over itself). The vector space
Hom(FE, K) of linear maps from E to the field K, the linear forms, plays a particular role.
We take a quick look at the connection between E and Hom(F, K), its dual space. As we
will see shortly, every linear map f: E — F gives rise to a linear map f': F* — E*, and it
turns out that in a suitable basis, the matrix of fT is the transpose of the matrix of f. Thus,
the notion of dual space provides a conceptual explanation of the phenomena associated with
transposition. But it does more, because it allows us to view subspaces as solutions of sets
of linear equations and vice-versa.

Consider the following set of two “linear equations” in R3,

r—y+z2=0
r—y—2z=0,

and let us find out what is their set V' of common solutions (x,y, z) € R?. By subtracting
the second equation from the first, we get 2z = 0, and by adding the two equations, we find
that 2(z — y) = 0, so the set V' of solutions is given by

z=0.

This is a one dimensional subspace of R3. Geometrically, this is the line of equation y = x
in the plane z = 0.

Now, why did we say that the above equations are linear? This is because, as functions
of (x,y, z), both maps fi: (z,y,2) — x —y+z and fy: (x,y,2) — & —y — z are linear. The
set of all such linear functions from R? to R is a vector space; we used this fact to form linear
combinations of the “equations” f; and f;. Observe that the dimension of the subspace V'
is 1. The ambient space has dimension n = 3 and there are two “independent” equations
f1, fo, so it appears that the dimension dim (V") of the subspace V' defined by m independent
equations is

dim(V) =n —m,

which is indeed a general fact.

More generally, in R", a linear equation is determined by an n-tuple (a4, ...,a,) € R",
and the solutions of this linear equation are given by the n-tuples (xy,...,x,) € R™ such
that

a1y + - + apx, = 0;
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these solutions constitute the kernel of the linear map (xy,...,x,) — a1x1 + -+ + a,Ty.
The above considerations assume that we are working in the canonical basis (ey, ..., e,) of
R", but we can define “linear equations” independently of bases and in any dimension, by
viewing them as elements of the vector space Hom(E, K) of linear maps from E to the field
K.

Definition 4.6. Given a vector space F, the vector space Hom(E, K) of linear maps from E
to the field K is called the dual space (or dual) of E. The space Hom(E, K) is also denoted
by E*, and the linear maps in E* are called the linear forms, or covectors. The dual space
E** of the space E* is called the bidual of E.

As a matter of notation, linear forms f: £ — K will also be denoted by starred symbol,
such as u*, x*, etc.

If E is a vector space of finite dimension n and (uy, ..., u,) is a basis of F, for any linear
form f* € E*, for every x = xjuy + - - - + zu, € E, we have

[(x) = Mxy + - + A\,

where \; = f*(u;) € K, for every i, 1 <1i < n. Thus, with respect to the basis (u1, ..., uy,),
f*(z) is a linear combination of the coordinates of x, and we can view a linear form as a
linear equation, as discussed earlier.

Given a linear form u* € E* and a vector v € F, the result u*(v) of applying u* to v is
also denoted by (u*,v). This defines a binary operation (—, —): E* x F — K satisfying the
following properties:

The above identities mean that (—, —) is a bilinear map, since it is linear in each argument.
It is often called the canonical pairing between E* and E. In view of the above identities,
given any fixed vector v € E, the map eval,: E* — K (evaluation at v) defined such that

eval,(u*) = (u*,v) = u*(v) for every u* € E*

is a linear map from E* to K, that is, eval, is a linear form in E**. Again, from the above
identities, the map evalg: E — E**, defined such that

evalg(v) = eval, for every v € E,
is a linear map. Observe that

evalp(v)(u*) = (u*,v) =u*(v), forallve E and all u* € E*.
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We shall see that the map evalg is injective, and that it is an isomorphism when F has finite
dimension.

We now formalize the notion of the set V9 of linear equations vanishing on all vectors in
a given subspace V' C E, and the notion of the set U° of common solutions of a given set
U C E* of linear equations. The duality theorem (Theorem 4.17) shows that the dimensions
of V and V°, and the dimensions of U and U?, are related in a crucial way. It also shows that,
in finite dimension, the maps V + V? and U +— U are inverse bijections from subspaces of
E to subspaces of E*.

Definition 4.7. Given a vector space E and its dual £*, we say that a vector v € F and a
linear form u* € E* are orthogonal if (u*,v) = 0. Given a subspace V' of E and a subspace U
of E*, we say that V' and U are orthogonal if (u*,v) = 0 for every u* € U and every v € V.
Given a subset V of E (resp. a subset U of E*), the orthogonal V° of V is the subspace V°
of E* defined such that

VO ={u* € E* | (u*,v) =0, for every v € V'}
(resp. the orthogonal U® of U is the subspace U of E defined such that

U ={veE| v =0, for every u* € U}).

The subspace VO C E* is also called the annihilator of V. The subspace U’ C E
annihilated by U C E* does not have a special name. It seems reasonable to call it the
linear subspace (or linear variety) defined by U.

Informally, V' is the set of linear equations that vanish on'V, and U° is the set of common
zeros of all linear equations in U.

We can also define V9 by
VO ={u* € E* |V C Keru*}

and U° by
U0 = ﬂ Keru*.
u*elU

Observe that E° = 0, and {0} = E*. Furthermore, if V; C V5 C E, then Vi) C V? C E*,
and if U, C Uy C E*, then U C U? C E.

Indeed, if V; C Vo C E, then for any f* € V) we have f*(v) = 0 for all v € V5, and thus
f*(v) =0 for all v € V4, so f* € V2. Similarly, if U; C Uy C E*, then for any v € UY, we
have f*(v) = 0 for all f* € Uy, so f*(v) =0 for all f* € Uy, which means that v € UY.

Here are some examples. Let F = My(R), the space of real 2 x 2 matrices, and let V' be
the subspace of My(R) spanned by the matrices

(o) (o) (0Y):
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We check immediately that the subspace V' consists of all matrices of the form

[« ¢)

that is, all symmetric matrices. The matrices
ainl a2
a1 22

Q12 — Q21 = 07

in V satisfy the equation

and all scalar multiples of these equations, so V' is the subspace of E* spanned by the linear
form given by w*(a11, a1z, az1, a22) = a12 — ag;. We have

dim(V?) = dim(E) — dim(V) =4 -3 = 1.

The above example generalizes to £ = M,(R) for any n > 1, but this time, consider the
space U of linear forms asserting that a matrix A is symmetric; these are the linear forms
spanned by the n(n — 1)/2 equations

aij—ajiz(), 1§Z<]§n,
Note there are no constraints on diagonal entries, and half of the equations
aij—a; =0, 1<i#j<n

are redudant. It is easy to check that the equations (linear forms) for which i < j are linearly
independent. To be more precise, let U be the space of linear forms in £* spanned by the
linear forms

* . .
uij<a117‘"aa'lnaa217"'7a2n7"'7an17"'7ann>:a’ij_aj’i7 1 §Z<] Sn

Then, the set U° of common solutions of these equations is the space S(n) of symmetric
matrices. This space has dimension

n(n+1) 5 n(n—l).

=n
2 2
We leave it as an exercise to find a basis of S(n).
If £ =M, (R), consider the subspace U of linear forms in £* spanned by the linear forms

%)
* .
un’(allv"'7aln7a217'"7a2n7"'7an17"'7ann) = Qyj, 1 SZ Sn

Ui (a1, - iy G215 o5 Qo ooy Gy s ) = Qi+, 1 <i<j<n
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It is easy to see that these linear forms are linearly independent, so dim(U) = n(n + 1)/2.
The space U of matrices A € M,,(R) satifying all of the above equations is clearly the space
Skew(n) of skew-symmetric matrices. The dimension of UY is

n(n —1) :n2_n(n+1).

2 2

We leave it as an exercise to find a basis of Skew(n).
For yet another example, with £ = M,,(R), for any A € M,,(R), consider the linear form
in £* given by
tl"(A) = a1 + ag + -+ Gpp,

called the trace of A. The subspace U° of E consisting of all matrices A such that tr(A4) =0
is a space of dimension n? — 1. We leave it as an exercise to find a basis of this space.

The dimension equations

dim(V) + dim(V?) = dim(FE)
dim(U) + dim(U°) = dim(FE)

are always true (if F is finite-dimensional). This is part of the duality theorem (Theorem
4.17).

In constrast with the previous examples, given a matrix A € M, (R), the equations
asserting that AT A = I are not linear constraints. For example, for n = 2, we have

2 2
aj, +ay =1
2 2 _

ay +az =1

a11a12 + az1az = 0.

Remarks:

(1) The notation V? (resp. U?) for the orthogonal of a subspace V of E (resp. a subspace
U of E*) is not universal. Other authors use the notation V* (resp. U'). However,
the notation V= is also used to denote the orthogonal complement of a subspace V
with respect to an inner product on a space F, in which case V* is a subspace of E
and not a subspace of E* (see Chapter 10). To avoid confusion, we prefer using the
notation V.

(2) Since linear forms can be viewed as linear equations (at least in finite dimension), given
a subspace (or even a subset) U of E*, we can define the set Z(U) of common zeros of
the equations in U by

ZU)={ve E|u*(v)=0, for all u* € U}.
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Of course Z(U) = U, but the notion Z(U) can be generalized to more general kinds
of equations, namely polynomial equations. In this more general setting, U is a set of
polynomials in n variables with coefficients in K (where n = dim(E)). Sets of the form
Z(U) are called algebraic varieties. Linear forms correspond to the special case where
homogeneous polynomials of degree 1 are considered.

If V is a subset of E, it is natural to associate with V the set of polynomials in
K[Xy,...,X,] that vanish on V. This set, usually denoted Z(V'), has some special
properties that make it an ideal. If V' is a linear subspace of E| it is natural to restrict
our attention to the space V° of linear forms that vanish on V, and in this case we
identify Z(V) and V° (although technically, Z(V') is no longer an ideal).

For any arbitrary set of polynomials U C K[X;, ..., X,] (resp V C E) the relationship
between Z(Z(U)) and U (resp. Z(Z(V')) and V') is generally not simple, even though
we always have

UCIZ(Z(U)) (resp. V CZ(Z(V))).

However, when the field K is algebraically closed, then Z(Z(U)) is equal to the radical
of the ideal U, a famous result due to Hilbert known as the Nullstellensatz (see Lang
[67] or Dummit and Foote [32]). The study of algebraic varieties is the main subject
of algebraic geometry, a beautiful but formidable subject. For a taste of algebraic
geometry, see Lang [67] or Dummit and Foote [32].

The duality theorem (Theorem 4.17) shows that the situation is much simpler if we
restrict our attention to linear subspaces; in this case

U=Z(Z(U)) and V =Z(Z(V)).

We claim that V' C V% for every subspace V of E, and that U C U for every subspace
U of E*.

Indeed, for any v € V, to show that v € V% we need to prove that u*(v) = 0 for all
u* € V. However, V° consists of all linear forms u* such that u*(y) = 0 for all y € V; in
particular, since v € V, u*(v) = 0 for all u* € V| as required.

Similarly, for any u* € U, to show that u* € U we need to prove that u*(v) = 0 for
all v € UY. However, U° consists of all vectors v such that f*(v) = 0 for all f* € U; in
particular, since u* € U, u*(v) = 0 for all v € U°, as required.

We will see shortly that in finite dimension, we have V = V% and U = U".

@ However, even though V = V% is always true, when F is of infinite dimension, it is not
always true that U = U,
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Given a vector space F and any basis (u;);cy for E, we can associate to each u; a linear
form u} € E*, and the u; have some remarkable properties.

Definition 4.8. Given a vector space E and any basis (u;);e; for E, by Proposition 2.16,
for every i € I, there is a unique linear form v} such that

. 1 ifi=y
u; (uy) = {0 if i £ 7,
for every j € I. The linear form v} is called the coordinate form of index ¢ w.r.t. the basis
(wi)ier-
Given an index set I, authors often define the so called “Kronecker symbol” §;;, such
that
5 — 1 ifi=y
10 ifd # g,
for all 4,5 € I. Then, u}(u;) = 0;;.
The reason for the terminology coordinate form is as follows: If F has finite dimension
and if (uq,...,u,) is a basis of E, for any vector
v =AU+ AU,
we have
= Nul(ug) + -+ Nud (w) + -+ Apu (uy)
- >\ia
since u}(u;j) = 0;;. Therefore, u} is the linear function that returns the sth coordinate of a
vector expressed over the basis (ug, ..., u,).

Given a vector space E and a subspace U of E, by Theorem 2.9, every basis (u;);c; of U
can be extended to a basis (u;);erus of E, where INJ = (). We have the following important
theorem adapted from E. Artin [3] (Chapter 1).

Theorem 4.17. (Duality theorem) Let E be a vector space. The following properties hold:
(a) For every basis (u;)ier of E, the family (uf);er of coordinate forms is linearly indepen-
dent.
(b) For every subspace V of E, we have VO = V.

(¢) For every subspace V' of finite codimension m of E, for every subspace W of E such
that E =V @ W (where W is of finite dimension m), for every basis (u;)ic; of E such
that (uy,...,un) is a basis of W, the family (u3,...,u},) is a basis of the orthogonal
VO of V in E*, so that

dim(V?) = codim(V).

Furthermore, we have V% = V.
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(d) For every subspace U of finite dimension m of E*, the orthogonal U of U in E is of
finite codimension m, so that

codim(U°) = dim(U).
Furthermore, U%° = U,
Proof. (a) Assume that

> Xup =0,

iel
for a family (\;);er (of scalars in K). Since (\;);cr has finite support, there is a finite subset
J of I such that \; =0 for all : € I — J, and we have

jeJ
Applying the linear form . ; Aju} to each u; (j € J), by Definition 4.8, since u; (u;) = 1 if
i = j and 0 otherwise, we get \; = 0 for all j € J, that is A\; = 0 for all ¢ € I (by definition
of J as the support). Thus, (u});c; is linearly independent.

(b) Clearly, we have V' C V. If V' # V% then let (u;);crus be a basis of V% such that
(u;)ier is a basis of V' (where I'NJ = (). Since V # V% w; € V% for some jo € J (and
thus, jo ¢ I). Since uj, € V% u;, is orthogonal to every linear form in V°. Now, we have
u (u;) = 0 for all i € I, and thus u} € V°. However, u} (uj,) = 1, contradicting the fact
that u, is orthogonal to every linear form in V°. Thus, V = V%,

(c) Let J =1 —{1,...,m}. Every linear form f* € V° is orthogonal to every u;, for
j € J, and thus, f*(u;) =0, for all j € J. For such a linear form f* € V°, let

g = frlu)ul + -+ [ (um)u,.

We have g*(u;) = f*(u;), for every ¢, 1 < i < m. Furthermore, by definition, ¢g* vanishes
on all uj, where j € J. Thus, f* and ¢g* agree on the basis (u;);e; of £, and so, g* = f*.

This shows that (u?,...,u" ) generates V°, and since it is also a linearly independent family,
(uf,...,ur,) is a basis of V. It is then obvious that dim(V?) = codim(V'), and by part (b),

we have V90 =V,

(d) Let (uj,...,u’,) be a basis of U. Note that the map h: E — K™ defined such that

h(v) = (ui(v), .., 1y, (v))

for every v € E, is a linear map, and that its kernel Kerh is precisely U°. Then, by
Proposition 4.11,
E~Ker(h) @ Imh=U’®Imh,

and since dim(Im %) < m, we deduce that U is a subspace of E of finite codimension at
most m, and by (c¢), we have dim(U%) = codim(U°) < m = dim(U). However, it is clear
that U C U, which implies dim(U) < dim(U"), and so dim(U”) = dim(U) = m, and we
must have U = U, O
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Part (a) of Theorem 4.17 shows that
dim(£) < dim(E").

When FE' is of finite dimension n and (uq,...,u,) is a basis of E, by part (c), the family

(uf,...,u’) is a basis of the dual space E*, called the dual basis of (u1, ..., uy,).

By part (c) and (d) of theorem 4.17, the maps V +— V® and U ~ U° where V is
a subspace of finite codimension of E and U is a subspace of finite dimension of E*, are
inverse bijections. These maps set up a duality between subspaces of finite codimension of
E, and subspaces of finite dimension of E*.

@ One should be careful that this bijection does not extend to subspaces of E* of infinite
dimension.

@ When FE is of infinite dimension, for every basis (u;);e; of E, the family (u});e; of coor-
dinate forms is never a basis of £*. It is linearly independent, but it is “too small” to
generate £*. For example, if £ = RM™, where N = {0,1,2,...}, the map f: E — R that
sums the nonzero coordinates of a vector in F is a linear form, but it is easy to see that it
cannot be expressed as a linear combination of coordinate forms. As a consequence, when
E' is of infinite dimension, E and E* are not isomorphic.

Here is another example illustrating the power of Theorem 4.17. Let £ = M, (R), and
consider the equations asserting that the sum of the entries in every row of a matrix € M,,(R)
is equal to the same number. We have n — 1 equations

n

Z(aij - ai—i—lj) = 0, 1 S 1 S n — 1,

=1

and it is easy to see that they are linearly independent. Therefore, the space U of linear
forms in E* spanned by the above linear forms (equations) has dimension n — 1, and the
space UY of matrices sastisfying all these equations has dimension n? — n + 1. It is not so
obvious to find a basis for this space.

When FE is of finite dimension n and (uy, . .., u,) is a basis of E, we noted that the family

*

(uf,...,u’) is a basis of the dual space E* (called the dual basis of (uy,...,u,)). Let us see

how the coordinates of a linear form ¢* over the dual basis (uf, ..., u’) vary under a change
of basis.

Let (uy,...,u,) and (vy,...,v,) be two bases of E, and let P = (a;;) be the change of
basis matrix from (uq,...,u,) to (vy,...,v,), so that

n
vy = E Qi U,
i=1
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and let P~' = (b;;) be the inverse of P, so that

n
U; = E bjﬂ)j.
j=1

Since u}(u;j) = 6;; and v} (v;) = 0;;, we get

vj(ul) = U;(Z bkﬂjk) = bji;
k=1

and thus .
vi = Z bjiu;,
i=1
and .
u; = Z a; U5
j=1
This means that the change of basis from the dual basis (uf,...,u}) to the dual basis
(vf,...,v%) is (P71)T. Since
Pt = iy =
i=1 i=1
we get

n
/
¥; = Z Q; j P,
i=1

so the new coordinates ¢ are expressed in terms of the old coordinates ¢; using the matrix
PT. If we use the row vectors (1, ..., ¢,) and (), ..., ¢,), we have

(@1, @) = (@1, .., 0n)P.

Comparing with the change of basis

n
Vi = E Qi U,
i=1

we note that this time, the coordinates (;) of the linear form ¢* change in the same direction
as the change of basis. For this reason, we say that the coordinates of linear forms are
covariant. By abuse of language, it is often said that linear forms are covariant, which
explains why the term covector is also used for a linear form.

Observe that if (ey,...,e,) is a basis of the vector space E, then, as a linear map from
FE to K, every linear form f € E* is represented by a 1 X n matrix, that is, by a row vector

()\17 ] )\n>7
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with respect to the basis (e1,...,e,) of E, and 1 of K, where f(e;) = A\;. A vector u =
> or ue; € E is represented by a n x 1 matrix, that is, by a column vector

Uy

Unp,
and the action of f on w, namely f(u), is represented by the matrix product

Uy
U,

On the other hand, with respect to the dual basis (ef,...,e) of E*, the linear form f is
represented by the column vector

A1

An

Remark: In many texts using tensors, vectors are often indexed with lower indices. If so, it
is more convenient to write the coordinates of a vector z over the basis (uq,...,u,) as (z'),

using an upper index, so that
n
i
x = E x'ug,
i=1

and in a change of basis, we have
n
v; = a’u;
i = 5 Wi
i=1

n

x = g a;»x'].

J=1

and

Dually, linear forms are indexed with upper indices. Then, it is more convenient to write the

coordinates of a covector ¢* over the dual basis (u*!,... u*") as (;), using a lower index,

so that
n
90* _ Z Spiu*z
i=1
and in a change of basis, we have

n
utt = E a‘v*!
J
=1
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and
n

o= aiei
i=1
With these conventions, the index of summation appears once in upper position and once in
lower position, and the summation sign can be safely omitted, a trick due to Einstein. For
example, we can write

80;' = a;-%'
as an abbreviation for .
o= aiei
i=1
For another example of the use of Einstein’s notation, if the vectors (vy,...,v,) are linear
combinations of the vectors (uy,...,u,), with

n
V; = E Qi5Uj, 1§z§n,
j=1

then the above equations are witten as
vi:aguj, 1< <n.
Thus, in Einstein’s notation, the n x n matrix (a;;) is denoted by (a?), a (1,1)-tensor.

@ Beware that some authors view a matrix as a mapping between coordinates, in which
case the matrix (a;;) is denoted by (a?).

We will now pin down the relationship between a vector space E and its bidual E**.
Proposition 4.18. Let E be a vector space. The following properties hold:

(a) The linear map evalg: E — E** defined such that
evalg(v) = eval, forallv e E,
that is, evalg(v)(u*) = (u*,v) = u*(v) for every u* € E*, is injective.

(b) When E is of finite dimension n, the linear map evalg: E — E** is an isomorphism
(called the canonical isomorphism,).

Proof. (a) Let (u;)ic; be a basis of E, and let v = Y., vu;. If evalp(v) = 0, then in

*

particular, evalg(v)(u}) = 0 for all u}, and since

evalg(v)(u)) = (u},v) = v,

we have v; = 0 for all 7 € I, that is, v = 0, showing that evalg: E — E** is injective.
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If F is of finite dimension n, by Theorem 4.17, for every basis (ug,...,u,), the family

koK

(uj,...,u’) is a basis of the dual space E*, and thus the family (u}*,...,u") is a basis of
the bidual E**. This shows that dim(E) = dim(E**) = n, and since by part (a), we know
that evalg: E — E** is injective, in fact, evalg: E — E™ is bijective (because an injective
map carries a linearly independent family to a linearly independent family, and in a vector
space of dimension n, a linearly independent family of n vectors is a basis, see Proposition

2.10). 0

@@ When a vector space E has infinite dimension, E and its bidual E** are never isomorphic.

When E is of finite dimension and (uq,...,u,) is a basis of E, in view of the canon-
ical isomorphism evalg: £ — E** the basis (u}*,...,u:") of the bidual is identified with
(Ul, c ,un).

Proposition 4.18 can be reformulated very fruitfully in terms of pairings (adapted from
E. Artin [3], Chapter 1). Given two vector spaces E and F' over a field K, we say that a
function ¢: F x F' — K is bilinear if for every v € V| the map u — p(u,v) (from E to K)
is linear, and for every u € F, the map v — ¢(u,v) (from F to K) is linear.

Definition 4.9. Given two vector spaces E and F' over K, a pairing between E and F is a
bilinear map ¢: E x F' — K. Such a pairing is nondegenerate iff

(1) for every u € E, if p(u,v) =0 for all v € F, then u = 0, and

(2) for every v € F, if p(u,v) =0 for all uw € E, then v = 0.

A pairing ¢: E x F — K is often denoted by (—,—): E x F' — K. For example, the
map (—,—): E* x E — K defined earlier is a nondegenerate pairing (use the proof of (a) in
Proposition 4.18).

Given a pairing ¢: F' x F' — K, we can define two maps l,: &' — F* and r,: [ — E*
as follows: For every u € E, we define the linear form [, (u) in F* such that

lo(u)(y) = ¢(u,y) for every y € F,

and for every v € F', we define the linear form r,(v) in E* such that
ro(v)(z) = p(x,v) for every z € E.

We have the following useful proposition.

Proposition 4.19. Given two vector spaces E and F' over K, for every nondegenerate
pairing p: B x ' — K between E and F', the maps l,: E — F* and r,: ' — E* are linear
and injective. Furthermore, if E and F have finite dimension, then this dimension is the
same and l,: B — F* and r,: I' — E* are bijections.
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Proof. The maps l,: £ — F* and r,: F' — E* are linear because a pairing is bilinear. If
l,(u) = 0 (the null form), then

lo(u)(v) = ¢(u,v) =0 for every v € F,

and since ¢ is nondegenerate, u = 0. Thus, l,: ' — F* is injective. Similarly, r,: F' — E*
is injective. When F' has finite dimension n, we have seen that F' and F™* have the same
dimension. Since l,: E' — F* is injective, we have m = dim(F) < dim(F) = n. The same
argument applies to £, and thus n = dim(F') < dim(£) = m. But then, dim(F) = dim(F),
and l,: F — I and r,: I' — E* are bijections. O

When FE has finite dimension, the nondegenerate pairing (—, —): E* x E — K yields
another proof of the existence of a natural isomorphism between E and E**. Interesting
nondegenerate pairings arise in exterior algebra. We now show the relationship between
hyperplanes and linear forms.

4.3 Hyperplanes and Linear Forms

Actually, Proposition 4.20 below follows from parts (c) and (d) of Theorem 4.17, but we feel
that it is also interesting to give a more direct proof.

Proposition 4.20. Let E be a vector space. The following properties hold:
(a) Given any nonnull linear form f* € E*, its kernel H = Ker f* is a hyperplane.

(b) For any hyperplane H in E, there is a (nonnull) linear form f* € E* such that H =
Ker f*.

(c) Given any hyperplane H in E and any (nonnull) linear form f* € E* such that H =
Ker f*, for every linear form g* € E*, H = Ker g* iff g* = Af* for some X\ # 0 in K.

Proof. (a) If f* € E* is nonnull, there is some vector vy € E such that f*(vy) # 0. Let
H = Ker f*. For every v € E, we have

f (U - Fo UO) =["(v) - S0) fr(wo) = f*(v) = f*(v) = 0.

f*(vo) f*(vo)
Thus, )
frlo)
v — f*(v(])vo =he€eH,
and )
P ™

that is, £ = H + Kwvy. Also, since f*(vg) # 0, we have vy ¢ H, that is, H N Kvy = 0. Thus,
E = H & Kvy, and H is a hyperplane.
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(b) If H is a hyperplane, £ = H & Kuv, for some vy ¢ H. Then, every v € E can be
written in a unique way as v = h + Avg. Thus, there is a well-defined function f*: £ — K,
such that, f*(v) = A, for every v = h 4+ Avy. We leave as a simple exercise the verification
that f* is a linear form. Since f*(vg) = 1, the linear form f* is nonnull. Also, by definition,
it is clear that A = 0 iff v € H, that is, Ker f* = H.

(c) Let H be a hyperplane in E, and let f* € E* be any (nonnull) linear form such that
H = Ker f*. Clearly, if g* = Af* for some \ # 0, then H = Ker g*. Conversely, assume that
H = Ker g* for some nonnull linear form ¢*. From (a), we have E = H & Ky, for some vy
such that f*(vg) # 0 and ¢*(vp) # 0. Then, observe that

RGO
(o)

is a linear form that vanishes on H, since both f* and ¢* vanish on H, but also vanishes on
Kuvg. Thus, ¢g* = \f*, with

]

We leave as an exercise the fact that every subspace V' # E of a vector space F, is the
intersection of all hyperplanes that contain V. We now consider the notion of transpose of
a linear map and of a matrix.

4.4 'Transpose of a Linear Map and of a Matrix

Given a linear map f: E — F, it is possible to define a map f': F* — E* which has some
interesting properties.

Definition 4.10. Given a linear map f: F — F, the transpose f': F* — E* of f is the
linear map defined such that

fT(w) =v*of, forevery v* € F*,

as shown in the diagram below:
E-L.F

fT(v\*)\ lv

K.
Equivalently, the linear map f': F* — E* is defined such that

(v, fu)) = (T (v"), ),

for all w € E and all v* € F™*.
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It is easy to verify that the following properties hold:
(f+9)' =/"+g"
(gof) =f"og"
idj, = idp-.
Note the reversal of composition on the right-hand side of (go f)T = fT og".
The equation (go f)T = f' og' implies the following useful proposition.
Proposition 4.21. If f: E — F is any linear map, then the following properties hold:
(1) If f is injective, then f7 is surjective.
(2) If f is surjective, then fT is injective.

Proof. If f: E — F is injective, then it has a retraction r: F' — FE such that r o f = idg,
and if f: E — F is surjective, then it has a section s: F' — E such that f os =idp. Now,
if f: E — F' is injective, then we have

(rof)T =fTor" =idg-,
which implies that f' is surjective, and if f is surjective, then we have
(fos)! =sTof" =idp-,
which implies that f is injective. O
We also have the following property showing the naturality of the eval map.
Proposition 4.22. For any linear map f: E — F, we have
f'T oevalp = evalp o f,

or equivalently, the following diagram commutes:

TT

evalp T Teval P

Proof. For every u € FE and every ¢ € F** we have

(f' " oevalp)(u)(p) = (f' (evalp(u)), ¢)
= (evalp(u), f ' ()
= (" (p),u)

= (o, f(u))

= (evalp(f(u)), #)
= ((evalp o f)(u), @)
= (evalp o f)(u)(),

which proves that fT' oevalg = evalp o f, as claimed. n
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If E and F are finite-dimensional, then evalg and then evalz are isomorphisms, so Propo-
sition 4.22 shows that if we identify E with its bidual £** and F' with its bidual F** then

(fH" =1
As a corollary of Proposition 4.22, if dim(FE) is finite, then we have
Ker (f'7) = evalg(Ker (f)).

Indeed, if E is finite-dimensional, the map evalg: F — E** is an isomorphism, so every
p € E** is of the form ¢ = evalg(u) for some u € E, the map evalp: F — F** is injective,
and we have

T (@) =0 iff fT(evalg(u)) =0
iff evalp(f(u))=0
iff  f(u)=0
iff we Ker(f)
iff ¢ € evalg(Ker(f)),

which proves that Ker (fT") = evalg(Ker (f)).

The following proposition shows the relationship between orthogonality and transposi-
tion.

Proposition 4.23. Given a linear map f: E — F, for any subspace V of E, we have
FO)P =)V ={w" e F*| fT(w") € V°}.

As a consequence,
Ker fT = (Im f)° and Kerf= (Imf")°

Proof. We have
(w*, f(v)) = (f(w"),v),
for all v € F and all w* € F*, and thus, we have (w*, f(v)) = 0 for every v € V| ie.
w* € f(V)O, iff (fT(w*),v) = 0 for every v € V, iff fT(w*) € VY ie. w* e (f7)"1(VY),
proving that
FO)° = (FH)7HVO).

Since we already observed that E° = 0, letting V = F in the above identity, we obtain
that
Ker f7 = (Im f)°.

From the equation

(w”, f(v)) = (" (w"),v),
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we deduce that v € (Im f7)° iff (f7(w*),v) = 0 for all w* € F* iff (w*, f(v)) = 0 for all
w* € F*. Assume that v € (Im f7)%. If we pick a basis (w;);e; of F, then we have the linear
forms w;: F' — K such that w}(w;) = J;;, and since we must have (w}, f(v)) = 0 for all
i € I and (w;);er is a basis of F', we conclude that f(v) = 0, and thus v € Ker f (this is
because (wy, f(v)) is the coefficient of f(v) associated with the basis vector w;). Conversely,
if v € Ker f, then (w*, f(v)) = 0 for all w* € F*, so we conclude that v € (Im fT)°.

Therefore, v € (Im f7)° iff v € Ker f; that is,
Ker f = (Im /T,
as claimed. O

The following proposition gives a natural interpretation of the dual (£/U)* of a quotient
space E/U.

Proposition 4.24. For any subspace U of a vector space E, if p: E — E/U is the canonical
surjection onto E /U, then p' is injective and

Im(p") = U” = (Ker (p))”.
Therefore, p' is a linear isomorphism between (E/U)* and U°.

Proof. Since p is surjective, by Proposition 4.21, the map p' is injective. Obviously, U =
Ker (p). Observe that Im(p") consists of all linear forms ¢» € E* such that ¢ = o p for
some ¢ € (E/U)*, and since Ker (p) = U, we have U C Ker (¢). Conversely for any linear
form ) € E*, if U C Ker (), then v factors through E/U as ¢ = 1) o p as shown in the
following commutative diagram

E-L~FE/U

N

K

Y

where 1): E/U — K is given by

?ﬂ@ = w(v>7 veE,

where ¥ € E/U denotes the equivalence class of v € E. The map 1) does not depend on the
representative chosen in the equivalence class 7, since if v/ = v, that is v/ — v = u € U, then
Y =Y +u) =)+ Y(u) =p(v) + 0 =1)(v). Therefore, we have

Im(p") = {pop|ye(E/U)Y}
={¢: E— K | U C Ker (¢)}
= U,

which proves our result. O
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Proposition 4.24 yields another proof of part (b) of the duality theorem (theorem 4.17)
that does not involve the existence of bases (in infinite dimension).

Proposition 4.25. For any vector space E and any subspace V of E, we have V' =V,

Proof. We begin by observing that V? = V% This is because, for any subspace U of E*,
we have U C U%, so V? C V9% Furthermore, V C V% holds, and for any two subspaces
M,N of E, if M C N then N C N° so we get VO C VO Write V; = V%, so that
V0 = V0% = V0 We wish to prove that V; = V.

Since V' C V; = V% the canonical projection p;: E — E/V; factors as p; = fop as in
the diagram below,

E-L>E/V

BN

E/Vy

where p: E — E/V is the canonical projection onto E/V and f: E/V — E/V; is the
quotient map induced by py, with f(@g/v) = p1(u) = Ugy,, for all u € E (since V' C V4, if
u—u =v eV, thenu—u =v eV, sop(u) =p(u)). Since p; is surjective, so is f. We
wish to prove that f is actually an isomorphism, and for this, it is enough to show that f is
injective. By transposing all the maps, we get the commutative diagram

B <t (EJV)
py TfT
(E/VD)",

but by Proposition 4.24, the maps p': (E/V)* — V% and p|: (E/V})* — VP are iso-
morphism, and since V° = V°, we have the following diagram where both p' and p/ are
isomorphisms:

Vo P BV
T TfT
(E/V1)*

Therefore, fT = (p")~top/ is an isomorphism. We claim that this implies that f is injective.

If f is not injective, then there is some z € E/V such that z # 0 and f(x) = 0, so
for every p € (E/V1)*, we have f'(p)(z) = ¢(f(x)) = 0. However, there is linear form
Y € (E/V)* such that ¢ (z) = 1, so ¥ # f(p) for all p € (E/V})*, contradicting the fact
that fT is surjective. To find such a linear form ¢, pick any supplement W of Kz in E/V, so
that F/V = Ke @ W (W is a hyperplane in F/V not containing z), and define ¢ to be zero
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on W and 1 on 2. Therefore, f is injective, and since we already know that it is surjective,
it is bijective. This means that the canonical map f: E/V — E/V; with V C V] is an
isomorphism, which implies that V = V; = V% (otherwise, if v € V; — V, then p;(v) = 0, so
f(p(v)) = p1(v) =0, but p(v) # 0 since v ¢ V, and f is not injective). O

The following theorem shows the relationship between the rank of f and the rank of f.
Theorem 4.26. Given a linear map f: E — F, the following properties hold.
(a) The dual (Im f)* of Im f is isomorphic to Im fT = fT(F*); that is,

(Im f)* ~ Im f'.

(b) tk(f) <tk(fT). If rk(f) is finite, we have rk(f) = rk(f").
Proof. (a) Consider the linear maps
E-2Imf-L F
where E % Im f is the surjective map induced by E AN F, and Im f Iy Fis the
injective inclusion map of Im f into F. By definition, f = jop. To simplify the notation,

let I = Im f. By Proposition 4.21, smce E 25 I is surjective, I* —> E* is injective, and

since Im f Iy Fis injective, F™ —> I* is surjective. Since f = j o p, we also have
fl=3Gop) =poj’,
. 5T . . . pl ... . . .
and since F* —— [I* is surjective, and [* — FE* is injective, we have an isomorphism

between (Im f)* and f'(F*).

(b) We already noted that part (a) of Theorem 4.17 shows that dim(F) < dim(E*),
for every vector space E. Thus, dim(Im f) < dim((Im f)*), which, by (a), shows that
tk(f) < tk(f"). When dim(Im f) is finite, we already observed that as a corollary of
Theorem 4.17, dim(Im f) = dim((Im f)*), and thus, by part (a) we have rk(f) = rk(f").

If dim(F) is finite, then there is also a simple proof of (b) that doesn’t use the result of
part (a). By Theorem 4.17(c)

dim(Im f) + dim((Im £)°) = dim(F),

and by Theorem 4.11
dim(Ker f7) 4+ dim(Im f") = dim(F*).

3Using Zorn’s lemma, we pick W maximal among all subspaces of E/V such that Kz N W = (0); then,
E/V=Kxz®W.
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Furthermore, by Proposition 4.23, we have
Ker /T = (Im /)",
and since F' is finite-dimensional dim(F') = dim(F™), so we deduce
dim(Im £) + dim((Im £)°) = dim((Im f)°) + dim(Im f7),

which yields dim(Im f) = dim(Im fT); that is, rk(f) = rk(f7). O

Remarks:

1. If dim(F) is finite, following an argument of Dan Guralnik, we can also prove that
rk(f) =1k(f") as follows.

We know from Proposition 4.23 applied to f': F* — E* that
Ker (f'") = (Im f1)",
and we showed as a consequence of Proposition 4.22 that
Ker (f'7) = evalg(Ker (f)).
It follows (since evalg is an isomorphism) that
dim((Im f1)%) = dim(Ker (f ")) = dim(Ker (f)) = dim(E) — dim(Im f),

and since

dim(Im f7) + dim((Im f")°) = dim(E),

we get
dim(Im f7) = dim(Im f).

2. Asindicated by Dan Guralnik, if dim(£) is finite, the above result can be used to prove
that

I 7 = (Ker ()"
From
(F1(@)yu) = (o, f(w))

for all ¢ € F* and all u € E, we see that if u € Ker (f), then (fT(p),u) = (¢,0) =0,
which means that f7(p) € (Ker (f))?, and thus, Im fT C (Ker (f))°. For the converse,
since dim(F) is finite, we have

dim((Ker (£))°) = dim(E) — dim(Ker (f)) = dim(Im f),
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but we just proved that dim(Im ') = dim(Im f), so we get
dim((Ker (f))") = dim(Im f7),
and since Im fT C (Ker (f))°, we obtain
Im f = (Ker (f))",

as claimed. Now, since (Ker (f))% = Ker (f), the above equation yields another proof
of the fact that

Ker (f) = (Im f )",

when F is finite-dimensional.

3. The equation
Im f = (Ker (f))°

is actually valid even if when F if infinite-dimensional, as we now prove.

Proposition 4.27. If f: E — F is any linear map, then the following identities hold:

Im /7 = (Ker (f))°
Ker(fT):(Im f)°

m f = (Ker (f)°
Ker( )= (Im /7).

Proof. The equation Ker (f7) = (Im f)° has already been proved in Proposition 4.23.

By the duality theorem (Ker (f))® = Ker(f), so from Im fT = (Ker(f))? we get
Ker (f) = (Im f7)°  Similarly, (Im f)® = Imf, so from Ker(f") = (Imf)? we get
Im f = (Ker (f7)°. Therefore, what is left to be proved is that Im fT = (Ker (f))°.

Let p: E — E/Ker (f) be the canonical surjection, f: E/Ker (f) — Im f be the isomor-

phism induced by f, and j: Im f — F be the inclusion map. Then, we have
f=jofop,
which implies that
=pToT oi"
Since p is surjective, p' is injective, since j is injective, j' is surjective, and since f is
bijective, fT is also bijective. It follows that (E/Ker (f))* = Im(7T 0j"), and we have
Imf" =Imp".

Since p: E — E/Ker (f) is the canonical surjection, by Proposition 4.24 applied to U =
Ker (f), we get
Im fT =Tmp" = (Ker(f))°,

as claimed. n
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In summary, the equation
Im f = (Ker (f))"

applies in any dimension, and it implies that
Ker (f) = (Im /)"

The following proposition shows the relationship between the matrix representing a linear
map f: E — F and the matrix representing its transpose f': F* — E*.

Proposition 4.28. Let E and F be two vector spaces, and let (uq,...,u,) be a basis for
E, and (vi,...,vy) be a basis for F. Given any linear map f: E — F, if M(f) is the
m X n-matriz representing f w.r.t. the bases (uy, ..., u,) and (vy,...,vy), the n X m-matriz

M(f") representing f': F* — E* w.r.t. the dual bases (v§,...,v%) and (u}, ..., u") is the
transpose M (f)" of M(f).

Proof. Recall that the entry a;; in row ¢ and column j of M (f) is the i-th coordinate of
f(u;) over the basis (vq,...,v,,). By definition of v}, we have (v}, f(u;)) = a;;. The entry

I [

a]; in row j and column i of M(f") is the j-th coordinate of

Fr;) = aluy + -+ ajul + -+ ayu;,
over the basis (uf, ..., u}), which is just a], = f7(v})(u;) = (fT(v]),u;). Since
<U;<7 f(uj)> = <fT(U;Lk)7uj>7
we have a;; = a;,;, proving that M(f") = M(f)". O

We now can give a very short proof of the fact that the rank of a matrix is equal to the
rank of its transpose.

Proposition 4.29. Given a m X n matriz A over a field K, we have tk(A) = tk(A").

Proof. The matrix A corresponds to a linear map f: K™ — K™, and by Theorem 4.26,
tk(f) = rk(f"). By Proposition 4.28, the linear map f' corresponds to AT. Since rk(4) =
rk(f), and tk(AT) = 1k(fT), we conclude that rk(A) = rk(AT). O

Thus, given an m X n-matrix A, the maximum number of linearly independent columns is
equal to the maximum number of linearly independent rows. There are other ways of proving
this fact that do not involve the dual space, but instead some elementary transformations
on rows and columns.

Proposition 4.29 immediately yields the following criterion for determining the rank of a
matrix:



4.5. THE FOUR FUNDAMENTAL SUBSPACES 125

Proposition 4.30. Given any m x n matriz A over a field K (typically K =R or K =C),
the rank of A is the maximum natural number r such that there is an invertible r X r submatrix
of A obtained by selecting r rows and r columns of A.

For example, the 3 x 2 matrix

ailr Az
A= [an ax
azyp ass

has rank 2 iff one of the three 2 x 2 matrices

aix aig a1 Qa2 21 Q22
a21 Qa22 a3y as2 a3y as2

is invertible. We will see in Chapter 5 that this is equivalent to the fact the determinant of
one of the above matrices is nonzero. This is not a very efficient way of finding the rank of
a matrix. We will see that there are better ways using various decompositions such as LU,

QR, or SVD.

4.5 The Four Fundamental Subspaces

Given a linear map f: E — F (where E and F' are finite-dimensional), Proposition 4.23
revealed that the four spaces

Im f, Im f ", Ker f, Ker f'

play a special role. They are often called the fundamental subspaces associated with f. These
spaces are related in an intimate manner, since Proposition 4.23 shows that

Ker f = (Im f7)°
Ker /T = (Im /)",

and Theorem 4.26 shows that
tk(f) = rk(f").

It is instructive to translate these relations in terms of matrices (actually, certain linear
algebra books make a big deal about this!). If dim(E) = n and dim(F") = m, given any basis
(ui,...,u,) of E and a basis (vq,...,v,) of F', we know that f is represented by an m x n
matrix A = (a;;), where the jth column of A is equal to f(u;) over the basis (vi,...,vp).
Furthermore, the transpose map f' is represented by the n x m matrix A" (with respect to
the dual bases). Consequently, the four fundamental spaces

Imf, Imf', Ker f, Ker "

correspond to
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(1) The column space of A, denoted by Im A or R(A); this is the subspace of R™ spanned
by the columns of A, which corresponds to the image Im f of f.

(2) The kernel or nullspace of A, denoted by Ker A or N'(A); this is the subspace of R™
consisting of all vectors z € R™ such that Az = 0.

(3) The row space of A, denoted by Im AT or R(AT"); this is the subspace of R" spanned
by the rows of A, or equivalently, spanned by the columns of AT, which corresponds
to the image Im f" of f'.

(4) The left kernel or left nullspace of A denoted by Ker AT or N(AT); this is the kernel
(nullspace) of AT, the subspace of R™ consisting of all vectors y € R™ such that
ATy =0, or equivalently, y" A = 0.

Recall that the dimension r of Im f, which is also equal to the dimension of the column
space ImA = R(A), is the rank of A (and f). Then, some our previous results can be
reformulated as follows:

1. The column space R(A) of A has dimension r.
2. The nullspace N(A) of A has dimension n — r.
3. The row space R(A") has dimension r.

4. The left nullspace N'(A") of A has dimension m — r.

The above statements constitute what Strang calls the Fundamental Theorem of Linear
Algebra, Part I (see Strang [105]).

The two statements

Ker f = (Im f")°
Ker fT = (Im f)°

translate to
(1) The nullspace of A is the orthogonal of the row space of A.
(2) The left nullspace of A is the orthogonal of the column space of A.

The above statements constitute what Strang calls the Fundamental Theorem of Linear
Algebra, Part II (see Strang [105]).

Since vectors are represented by column vectors and linear forms by row vectors (over a
basis in F or F)), a vector x € R™ is orthogonal to a linear form y if

yr = 0.
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Then, a vector x € R" is orthogonal to the row space of A iff x is orthogonal to every row
of A, namely Ax = 0, which is equivalent to the fact that x belong to the nullspace of A.
Similarly, the column vector y € R™ (representing a linear form over the dual basis of F™*)
belongs to the nullspace of AT iff ATy = 0, iff y" A = 0, which means that the linear form
given by y' (over the basis in F') is orthogonal to the column space of A.

Since (2) is equivalent to the fact that the column space of A is equal to the orthogonal
of the left nullspace of A, we get the following criterion for the solvability of an equation of
the form Az = b:

The equation Az = b has a solution iff for all y € R™, if ATy =0, then y'b = 0.

Indeed, the condition on the right-hand side says that b is orthogonal to the left nullspace
of A, that is, that b belongs to the column space of A.

This criterion can be cheaper to check that checking directly that b is spanned by the
columns of A. For example, if we consider the system

xy —x2 = by
Tg — X3 = by

$3—I1:b3

which, in matrix form, is written Ax = b as below:

1 —1 0 T b1
0 1 —=1|la|=1|0b],
-1 0 1 T3 b3

we see that the rows of the matrix A add up to 0. In fact, it is easy to convince ourselves that
the left nullspace of A is spanned by y = (1,1,1), and so the system is solvable iff y'b = 0,
namely

bl + bQ + bg == 0
Note that the above criterion can also be stated negatively as follows:

The equation Az = b has no solution iff there is some y € R™ such that ATy = 0 and
-
y'b#0.
4.6 Summary
The main concepts and results of this chapter are listed below:
e Direct products, sums, direct sums.

e Projections.
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The fundamental equation

dim(E) = dim(Ker f) + dim(Im f) = dim(Ker f) + rk(f)
(Proposition 4.11).
Grassmann’s relation

dim(U) 4+ dim(V') = dim(U 4+ V) + dim(U N'V).

Characterizations of a bijective linear map f: £ — F.

Rank of a matrix.

The dual space E* and linear forms (covector). The bidual E**.
The bilinear pairing (—, —): E* x E — K (the canonical pairing).
FEvaluation at v: eval,: B* — K.

The map evalg: £ — E**.

Othogonality between a subspace V of E and a subspace U of E*; the orthogonal V°
and the orthogonal U°.

Coordinate forms.
The Duality theorem (Theorem 4.17).
The dual basis of a basis.
The isomorphism evalg: £ — E** when dim(F) is finite.
Pairing between two vector spaces; nondegenerate pairing; Proposition 4.19.
Hyperplanes and linear forms.
The transpose f': F* — E* of a linear map f: £ — F.
The fundamental identities:
Ker fT = (Im f)° and Kerf= (Imf")°
(Proposition 4.23).

If F' is finite-dimensional, then

(Theorem 4.26).
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e The matrix of the transpose map f' is equal to the transpose of the matrix of the map
f (Proposition 4.28).

e For any m x n matrix A,

rk(A) = 1k(A").

e Characterization of the rank of a matrix in terms of a maximal invertible submatrix
(Proposition 4.30).

e The four fundamental subspaces:

Im f, Im f 7, Ker f, Ker .

e The column space, the nullspace, the row space, and the left nullspace (of a matrix).

e Criterion for the solvability of an equation of the form Ax = b in terms of the left
nullspace.
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Chapter 5

Determinants

5.1 Permutations, Signature of a Permutation

This chapter contains a review of determinants and their use in linear algebra. We begin
with permutations and the signature of a permutation. Next, we define multilinear maps
and alternating multilinear maps. Determinants are introduced as alternating multilinear
maps taking the value 1 on the unit matrix (following Emil Artin). It is then shown how
to compute a determinant using the Laplace expansion formula, and the connection with
the usual definition is made. It is shown how determinants can be used to invert matrices
and to solve (at least in theory!) systems of linear equations (the Cramer formulae). The
determinant of a linear map is defined. We conclude by defining the characteristic polynomial
of a matrix (and of a linear map) and by proving the celebrated Cayley-Hamilton theorem
which states that every matrix is a “zero” of its characteristic polynomial (we give two proofs;
one computational, the other one more conceptual).

Determinants can be defined in several ways. For example, determinants can be defined
in a fancy way in terms of the exterior algebra (or alternating algebra) of a vector space.
We will follow a more algorithmic approach due to Emil Artin. No matter which approach
is followed, we need a few preliminaries about permutations on a finite set. We need to
show that every permutation on n elements is a product of transpositions, and that the
parity of the number of transpositions involved is an invariant of the permutation. Let
n] ={1,2...,n}, where n € N, and n > 0.

Definition 5.1. A permutation on n elements is a bijection 7: [n] — [n]. When n = 1, the
only function from [1] to [1] is the constant map: 1+ 1. Thus, we will assume that n > 2.
A transposition is a permutation 7: [n] — [n] such that, for some i < j (with 1 <i < j <n),
7(i) = j, 7(j) = i, and 7(k) = k, for all & € [n] — {i,7}. In other words, a transposition
exchanges two distinct elements i, j € [n]. A cyclic permutation of order k (or k-cycle) is a
permutation o: [n] — [n] such that, for some sequence (iy, s, ..., i) of distinct elements of
[n] with 2 <k <n,

J(il) = ig, U(ig) = ig, Ce ,U(Z’kfl) = ik, U(Zk) = il,

131
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and o(j) = j, for j € [n] —{i1,...,i}. Theset {iy,..., i} is called the domain of the cyclic
permutation, and the cyclic permutation is sometimes denoted by (i1, s, . .., k).

If 7 is a transposition, clearly, 7 o 7 = id. Also, a cyclic permutation of order 2 is a
transposition, and for a cyclic permutation ¢ of order k, we have ¢* = id. Clearly, the
composition of two permutations is a permutation and every permutation has an inverse
which is also a permutation. Therefore, the set of permutations on [n] is a group often
denoted &,,. It is easy to show by induction that the group &,, has n! elements. We will
also use the terminology product of permutations (or transpositions), as a synonym for
composition of permutations.

The following proposition shows the importance of cyclic permutations and transposi-
tions.

Proposition 5.1. For every n > 2, for every permutation m: [n] — [n], there is a partition
of [n] into r subsets called the orbits of w, with 1 < r < n, where each set J in this partition
is either a singleton {i}, or it is of the form

J = {i,n(i),7%@),..., 7" (i)},

where 1; is the smallest integer, such that, 7" (i) =1 and 2 < r; < n. If m is not the identity,
then it can be written in a unique way (up to the order) as a composition ™ = 010 ...0 0
of cyclic permutations with disjoint domains, where s is the number of orbits with at least
two elements. FEvery permutation m: [n] — [n| can be written as a nonempty composition of
transpositions.

Proof. Consider the relation R, defined on [n] as follows: iR, j iff there is some k£ > 1 such
that j = 7%(i). We claim that R, is an equivalence relation. Transitivity is obvious. We
claim that for every i € [n], there is some least r (1 < r < n) such that 7" (i) = i.

Indeed, consider the following sequence of n + 1 elements:

(i, 7(i), 72(3), ..., 7"(i)).

Since [n] only has n distinct elements, there are some h, k with 0 < h < k < n such that

and since 7 is a bijection, this implies 7%7"(i) = i, where 0 < k — h < n. Thus, we proved
that there is some integer m > 1 such that 7™ (i) = i, so there is such a smallest integer 7.

Consequently, R is reflexive. It is symmetric, since if j = 7*(i), letting r be the least
r > 1 such that 7" (i) = 4, then

i = 7(5) = 7D (k@) = 7).
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Now, for every i € [n], the equivalence class (orbit) of i is a subset of [n], either the singleton
{i} or a set of the form

J = {i,n(i),7*(),..., 7" (i)},
where r; is the smallest integer such that 7" (i) = ¢ and 2 < r; < n, and in the second case,

the restriction of 7 to J induces a cyclic permutation o;, and m = gy 0...00,, where s is the
number of equivalence classes having at least two elements.

For the second part of the proposition, we proceed by induction on n. If n = 2, there are
exactly two permutations on [2], the transposition 7 exchanging 1 and 2, and the identity.
However, idy = 72. Now, let n > 3. If w(n) = n, since by the induction hypothesis, the
restriction of m to [n — 1] can be written as a product of transpositions, 7 itself can be
written as a product of transpositions. If w(n) = k # n, letting 7 be the transposition such
that 7(n) = k and 7(k) = n, it is clear that 7 o 7 leaves n invariant, and by the induction

hypothesis, we have T o = 7,,, 0... o 77 for some transpositions, and thus
T=TOTyRO...0Ty,

a product of transpositions (since 7o 7 = id,,). O

Remark: When 7 = id,, is the identity permutation, we can agree that the composition of
0 transpositions is the identity. The second part of Proposition 5.1 shows that the transpo-
sitions generate the group of permutations &,,.

In writing a permutation 7 as a composition 7 = gy o ... 0 g, of cyclic permutations, it
is clear that the order of the o; does not matter, since their domains are disjoint. Given
a permutation written as a product of transpositions, we now show that the parity of the
number of transpositions is an invariant.

Definition 5.2. For every n > 2, since every permutation 7: [n] — [n] defines a partition
of r subsets over which 7 acts either as the identity or as a cyclic permutation, let €(7),
called the signature of m, be defined by e(m) = (—1)""", where r is the number of sets in the
partition.

If 7 is a transposition exchanging ¢ and j, it is clear that the partition associated with
T consists of n — 1 equivalence classes, the set {i,7}, and the n — 2 singleton sets {k}, for
k € [n] — {i,7}, and thus, (1) = (=1)"~ "D = (1)l = —1.

Proposition 5.2. For every n > 2, for every permutation 7: [n| — [n], for every transpo-
sititon T, we have
e(tom) = —e(m).

Consequently, for every product of transpositions such that m = 7, o ... o711, we have

e(m) = (=1,

which shows that the parity of the number of transpositions is an invariant.
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Proof. Assume that 7(i) = j and 7(j) = ¢, where ¢ < j. There are two cases, depending
whether ¢ and j are in the same equivalence class J; of R, or if they are in distinct equivalence
classes. If ¢ and j are in the same class J;, then if

Ji= {1, ip, g ik}

where 7, =7 and i, = j, since

and

T(m(ig-1)) = 7(ig) = 7(j) = i = ip,
it is clear that J; splits into two subsets, one of which is {i,, ..., 7,1}, and thus, the number
of classes associated with 7o isr+1, and e(ton) = (=1)" "1 = —(=1)"" = —¢(m). If i

and j are in distinct equivalence classes J; and J,,, say

{iv, .- ip, .. i}
and
{jla"'7jq7"'jk}7

where 7, = ¢ and j, = j, since

T(m(77(ip))) = 7(ip) = 7(i) = § = jq
and
T(n(r7(4g))) = 7(dg) = 7(4) =1 = i,

we see that the classes J; and J,,, merge into a single class, and thus, the number of classes
associated with Tomisr — 1, and e(tom) = (—=1)" " = —(=1)"" = —¢(m).

Now, let 7 = 7,, o ... 07 be any product of transpositions. By the first part of the
proposition, we have

since €(m) = —1 for a transposition. O

Remark: When m = id,, is the identity permutation, since we agreed that the composition
of 0 transpositions is the identity, it it still correct that (—1)° = ¢(id) = +1. From the
proposition, it is immediate that e(n’ o 7) = €(n')e(r). In particular, since 7! o 7w = id,,, we
get e(m71) = e(n).

We can now proceed with the definition of determinants.
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5.2 Alternating Multilinear Maps

First, we define multilinear maps, symmetric multilinear maps, and alternating multilinear
maps.

Remark: Most of the definitions and results presented in this section also hold when K is
a commutative ring, and when we consider modules over K (free modules, when bases are

needed).
Let Ey,..., E,, and F, be vector spaces over a field K, where n > 1.

Definition 5.3. A function f: E; X ... x E, — F is a multilinear map (or an n-linear
map) if it is linear in each argument, holding the others fixed. More explicitly, for every i,
1<i<n,forallzy € Bh..., 2,1 € B, x40 € Ejyq, ..., 2, € By, for all z,y € E;, for all
A€ K,

floy, o i, e+ Y, Ty, ) = f(X1, 0 T 1, X, Ty 1y ey X))
+ f(xb oy L1, Y, Tig 1y - - 7xn)7
f(xh s 7$i—1anaxi+la s 7xn) = )\f(xla sy L1 Ly T 1y - - - 7xn)-

When F = K, we call f an n-linear form (or multilinear form). If n > 2 and E; =

FEy=...=E,, an n-linear map f: E x ... x E — F is called symmetric, if f(z1,...,2,) =
f(xry, .. Tr(n)), for every permutation 7 on {1,...,n}. Ann-linear map f: Ex...x E —
F is called alternating, if f(xy,...,x,) = 0 whenever z; = x;41, for some 7, 1 <i<n—1 (in

other words, when two adjacent arguments are equal). It does not harm to agree that when
n = 1, a linear map is considered to be both symmetric and alternating, and we will do so.

When n = 2, a 2-linear map f: Fy x Ey — F'is called a bilinear map. We have already
seen several examples of bilinear maps. Multiplication -: K x K — K is a bilinear map,
treating K as a vector space over itself. More generally, multiplication -: A x A — A in a
ring A is a bilinear map, viewing A as a module over itself.

The operation (—, —): E* x E — K applying a linear form to a vector is a bilinear map.

Symmetric bilinear maps (and multilinear maps) play an important role in geometry
(inner products, quadratic forms), and in differential calculus (partial derivatives).

A bilinear map is symmetric if f(u,v) = f(v,u), for all u,v € E.

Alternating multilinear maps satisfy the following simple but crucial properties.

Proposition 5.3. Let f: Ex...x E — F be an n-linear alternating map, with n > 2. The
following properties hold:

(1)

f( vy Liy g1y - - ) = —f( ey Lit1y Ly - - )
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(2)
f(...,xi,...,l'j,...):(),

where v; = x;, and 1 <i < j <n.

(3)

where 1 <1< j <n.

(4)
floo oz ) =f(. m+ Axj,. ),

for any A € K, and where i # j.
Proof. (1) By multilinearity applied twice, we have
f("'wri+xi+17xi+l‘i+17"‘) = f("')xiaxia"‘)+f(“'7$i7xi+1a"'>
+fC i T ) @i, T, ),

and since f is alternating, this yields
0= f(...,$i,Ii+1,...) +f(...,l‘i+1,l'i,...),

that iS, f( ey Ly Ly 1y - - ) = —f( ce s Lir1y Ly - - )

(2) If x; = x; and ¢ and j are not adjacent, we can interchange z; and z;41, and then z,
and x;10, etc, until x; and x; become adjacent. By (1),

f(,xz,,:r],) = ef(...,xi,xj,...),
where € = +1 or —1, but f(...,z;,2z;,...) =0, since z; = z;, and (2) holds.
(3) follows from (2) as in (1). (4) is an immediate consequence of (2). O
Proposition 5.3 will now be used to show a fundamental property of alternating multilin-
ear maps. First, we need to extend the matrix notation a little bit. Let E be a vector space

over K. Given an n x n matrix A = (a;;) over K, we can define a map L(A): E" — E" as
follows:

L(A)1<u> =ap Uy + -+ a1 pUp,

L(A)n(u) = Ap1Up + -+ Appln,

for all uy,...,u, € E, with u = (uy,...,u,). It is immediately verified that L(A) is linear.
Then, given two n X n matrice A = (a;;) and B = (b;;), by repeating the calculations
establishing the product of matrices (just before Definition 3.1), we can show that

L(AB) = L(A) o L(B).
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It is then convenient to use the matrix notation to describe the effect of the linear map L(A),
as

L(A)l(u) a1 Q12 ... QA1n (51

L(A)Q(U) B 21 Q22 ... Qa2n (%)

L(A),(u) Ani1 Apo .. Gpn Uy,
Lemma 5.4. Let f: Ex ... x E — F be an n-linear alternating map. Let (uq,...,u,) and
(v1,...,0,) be two families of n vectors, such that,

V1 = Q11U + -+ Ap iUy,

Up = G1pU1 + - -+ Qpply.

Equivalently, letting

a1 Q12 ... QA1np
21 Q29 ... QA9p
A=
Up1 QAp2 ... Qpnp
assume that we have
(1 U1
71.2 4T Ug
/UTL un
Then,
f(vh s 7UTL) - ( Z €<7T)CL7r(1)1 to ar(n)n)f(uh s 7un)7
TeSy
where the sum ranges over all permutations m on {1,...,n}.
Proof. Expanding f(vq,...,v,) by multilinearity, we get a sum of terms of the form
Ar(1)1 " Or(nynf (Ur(1)s - - -5 Un(m)),
for all possible functions w: {1,...,n} — {1,...,n}. However, because f is alternating, only

the terms for which 7 is a permutation are nonzero. By Proposition 5.1, every permutation
7 is a product of transpositions, and by Proposition 5.2, the parity e(7) of the number of
transpositions only depends on 7. Then, applying Proposition 5.3 (3) to each transposition
in 7, we get

Ar()1 " Gr(mynS (Ur(1), - -, Un(n)) = €(T)ar@y1 - Qrmynf (U1, .., Uy).

Thus, we get the expression of the lemma. O
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The quantity
det(A) = Z E(W)aﬂ(l) 1°° Qr(n)n
€6y,
is in fact the value of the determinant of A (which, as we shall see shortly, is also equal to the
determinant of AT). However, working directly with the above definition is quite ackward,
and we will proceed via a slightly indirect route

5.3 Definition of a Determinant

Recall that the set of all square n x n-matrices with coefficients in a field K is denoted by
M, (K).

Definition 5.4. A determinant is defined as any map
D: M, (K)— K,

which, when viewed as a map on (K™)", i.e., a map of the n columns of a matrix, is n-linear
alternating and such that D(I,,) = 1 for the identity matrix /,,. Equivalently, we can consider
a vector space E of dimension n, some fixed basis (ey, ..., e,), and define

D:E"— K
as an n-linear alternating map such that D(eq,...,e,) = 1.

First, we will show that such maps D exist, using an inductive definition that also gives
a recursive method for computing determinants. Actually, we will define a family (D,,),>1
of (finite) sets of maps D: M,,(K) — K. Second, we will show that determinants are in fact
uniquely defined, that is, we will show that each D,, consists of a single map. This will show
the equivalence of the direct definition det(A) of Lemma 5.4 with the inductive definition
D(A). Finally, we will prove some basic properties of determinants, using the uniqueness
theorem.

Given a matrix A € M,,(K), we denote its n columns by A, ... A"

Definition 5.5. For every n > 1, we define a finite set D,, of maps D: M, (K) — K
inductively as follows:

When n = 1, D; consists of the single map D such that, D(A) = a, where A = (a), with
ac K.

Assume that D,,_; has been defined, where n > 2. We define the set D,, as follows. For
every matrix A € M,,(K), let A;; be the (n — 1) x (n — 1)-matrix obtained from A = (a; ;)
by deleting row ¢ and column j. Then, D,, consists of all the maps D such that, for some 1,
1<i1<n,

D(A) = (=1)"*a; 1 D(Ai1) + -+ (=1)"a;, D(A; ),

where for every j, 1 < j <n, D(A4,;;) is the result of applying any D in D,,_; to A;;.
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@ We confess that the use of the same letter D for the member of D,, being defined, and
for members of D,,_;, may be slightly confusing. We considered using subscripts to
distinguish, but this seems to complicate things unnecessarily. One should not worry too
much anyway, since it will turn out that each D,, contains just one map.

Each (—1)"" D(A4;;) is called the cofactor of a;;, and the inductive expression for D(A)
is called a Laplace expansion of D according to the i-th row. Given a matrix A € M, (K),
each D(A) is called a determinant of A.

We can think of each member of D,, as an algorithm to evaluate “the” determinant of A.
The main point is that these algorithms, which recursively evaluate a determinant using all
possible Laplace row expansions, all yield the same result, det(A).

We will prove shortly that D(A) is uniquely defined (at the moment, it is not clear that
D,, consists of a single map). Assuming this fact, given a n x n-matrix A = (a;;),

a1 Qa1 ... QAip

21 Q29 ... QAopn
A= | .

Ap1 Apo2 ... QApp

its determinant is denoted by D(A) or det(A), or more explicitly by

a1 Q12 ... QAin

21 Q29 ... QA2n
det(A) =1 | ]

Ap1 Ap2 ... QApp

First, let us first consider some examples.
Example 5.1.
1. When n = 2, if
1= (: )

expanding according to any row, we have
D(A) = ad — be.

2. When n = 3, if
aip Q12 ai3
A= a1 a2z as3

azi1 azz Aass
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expanding according to the first row, we have

21 Q22
3
azi1 g2

az1 Q23
2
azi1 0ass

that is,
D(A) = a11(a22a33 - a32a23) - a12(a21a33 - a31a23) + G13(a21a32 - a31a22),
which gives the explicit formula

D(A) = Q11022033 + Q21032013 + A31G12023 — @11A32023 — (21012033 — G3102201 3.

We now show that each D € D, is a determinant (map).

Lemma 5.5. For every n > 1, for every D € D, as defined in Definition 5.5, D is an
alternating multilinear map such that D(I,) = 1.

Proof. By induction on n, it is obvious that D(I,) = 1. Let us now prove that D is
multilinear. Let us show that D is linear in each column. Consider any column k. Since

D(A) = (=1)""a; 1 D(Aj1) + -+ + (=1)"™a; ;D(Aij) + -+ (=1)"a;, D(A; ),

if j # k, then by induction, D(A;;) is linear in column k, and a; ; does not belong to column
k, so (=1)"a;;D(A;;) is linear in column k. If j = k, then D(A;;) does not depend on
column k = j, since A,;; is obtained from A by deleting row 7 and column j = k, and a;,
belongs to column j = k. Thus, (—1)"a,;;D(4;;) is linear in column k. Consequently, in
all cases, (—1)"a;;D(A;;) is linear in column k, and thus, D(A) is linear in column k.

Let us now prove that D is alternating. Assume that two adjacent rows of A are equal,
say A¥ = AFTL First, let j # k and j # k + 1. Then, the matrix A;; has two identical
adjacent columns, and by the induction hypothesis, D(A;;) = 0. The remaining terms of
D(A) are

(=1)"*a; . D(Aig) + (= 1) a1 D(A; i1

However, the two matrices A;; and A;r.q are equal, since we are assuming that columns &
and k + 1 of A are identical, and since A, is obtained from A by deleting row ¢ and column
k, and A;x.1 is obtained from A by deleting row ¢ and column k + 1. Similarly, a;; = a; 1,
since columns k and k£ 4+ 1 of A are equal. But then,

(=1 *aikD(Aik) + (1) a1 D(Aig1) = (1) FaiD(Aig) — (=1)"a;,D(Air) = 0.
This shows that D is alternating, and completes the proof. O

Lemma 5.5 shows the existence of determinants. We now prove their uniqueness.
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Theorem 5.6. For every n > 1, for every D € D,,, for every matrix A € M,,(K), we have

D(A) = ) e(m)az)1- - Ga(myn:

eSS,

where the sum ranges over all permutations m on {1,...,n}. As a consequence, D,, consists
of a single map for every n > 1, and this map is given by the above explicit formula.

Proof. Consider the standard basis (ey,...,e,) of K", where (e;); = 1 and (e;); = 0, for
J # i. Then, each column A’ of A corresponds to a vector v; whose coordinates over the
basis (eq, .. .,e,) are the components of A7, that is, we can write

U1 = a11€1 + - + ap1én,

Up = Q1p€1 + **+ + Qppln.

Since by Lemma 5.5, each D is a multilinear alternating map, by applying Lemma 5.4, we
get

D(A) = D(vy,...,v,) = (Z e(m)aryr - ~aﬁ(n)n>D(€1, e En),s

7'('6671

where the sum ranges over all permutations 7 on {1,...,n}. But D(ey,...,e,) = D(I,),
and by Lemma 5.5, we have D(I,,) = 1. Thus,

D(A) = Z 6(71')@#(1)1 *Ar(n)ny
S G2
where the sum ranges over all permutations 7 on {1,...,n}. O
From now on, we will favor the notation det(A) over D(A) for the determinant of a square

matrix.

Remark: There is a geometric interpretation of determinants which we find quite illumi-
nating. Given n linearly independent vectors (uq,...,u,) in R", the set

is called a parallelotope. 1If n = 2, then P, is a parallelogram and if n = 3, then P; is
a parallelepiped, a skew box having wuq, uq, us3 as three of its corner sides. Then, it turns
out that det(uy,...,u,) is the signed volume of the parallelotope P, (where volume means
n-dimensional volume). The sign of this volume accounts for the orientation of P, in R™.

We can now prove some properties of determinants.

Corollary 5.7. For every matriz A € M,,(K), we have det(A) = det(AT).
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Proof. By Theorem 5.6, we have

det(A) = Z 6(77'>a7r(1) 17 Qr(n)n,

€S,

where the sum ranges over all permutations 7w on {1,...,n}. Since a permutation is invertible,
every product

Ar(1)1 " Qr(n)n
can be rewritten as

A17-1(1) " Apw—1(n),

and since (7 !) = ¢(7) and the sum is taken over all permutations on {1,...,n}, we have
D (M azyr - tayn = > €(0)a100) Unam),
SR €6,

where 7 and o range over all permutations. But it is immediately verified that

det(AT) = Z €(0)a14(1) "+ * Uno(n)-

0'6671

]

A useful consequence of Corollary 5.7 is that the determinant of a matrix is also a multi-
linear alternating map of its rows. This fact, combined with the fact that the determinant of
a matrix is a multilinear alternating map of its columns is often useful for finding short-cuts
in computing determinants. We illustrate this point on the following example which shows
up in polynomial interpolation.

Example 5.2. Consider the so-called Vandermonde determinant

1 1 ... 1

T i) . Tn

2 2 2

V(.I'l, ,.CCn) =| T P! Ty,
ot ! 1

We claim that

V(zy,...,x,) = H (x; — ),

1<i<j<n

with V(zq,...,z,) = 1, when n = 1. We prove it by induction on n > 1. The case n =1 is
obvious. Assume n > 2. We proceed as follows: multiply row n — 1 by x; and substract it
from row n (the last row), then multiply row n — 2 by x; and subtract it from row n — 1,
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etc, multiply row ¢ — 1 by 27 and subtract it from row ¢, until we reach row 1. We obtain

the following determinant:

1 1 1

0 Ty — T T, — T
V(x17' ;zn) — O .CCQ(.’L’Q —.I'1> .’L'n<33'n —1131>

0 28} (xg—m1) ... 2" %2, —11)

Now, expanding this determinant according to the first column and using multilinearity,
we can factor (z; — x1) from the column of index ¢ — 1 of the matrix obtained by deleting

the first row and the first column, and thus
V(xh R 7xn) - <x2 - l‘l)(xg - xl) o (In - 1'1)‘/(1'2, R 7xn>7

which establishes the induction step.

Lemma 5.4 can be reformulated nicely as follows.

Proposition 5.8. Let f: Ex ... x E — F be an n-linear alternating map. Let (uq, ...

and (vq,...,v,) be two families of n vectors, such that

V1 = a11U1 + -+ AU,

Up = Qp1Uy + -+ + Appln.

Equivalently, letting

a1 Q12 ... Q1p
A - a91 G?Q ... Qop
Gp1 Ap2 Qp oy
assume that we have
U1 Ui
(%) _ 4 U9
Up, Uy,

Then,
flor, ... v,) = det(A) fug, ... up).

, Un)

Proof. The only difference with Lemma 5.4 is that here, we are using A" instead of A. Thus,

by Lemma 5.4 and Corollary 5.7, we get the desired result.

]
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As a consequence, we get the very useful property that the determinant of a product of
matrices is the product of the determinants of these matrices.

Proposition 5.9. For any two n x n-matrices A and B, we have det(AB) = det(A) det(B).

Proof. We use Proposition 5.8 as follows: let (eq,...,e,) be the standard basis of K", and
let

w1 el
Cloap|
w, n
Then, we get
det(wy,...,w,) = det(AB) det(ey,...,e,) = det(AB),
since det(eq,...,e,) = 1. Now, letting
vy el
?1‘2 _ B €2 7
U n
we get
det(vy,...,v,) = det(B),
and since
w1 vy
Tleal .
wn n
we get

det(wy, ..., w,) = det(A) det(vy, ..., v,) = det(A) det(B).
O]

It should be noted that all the results of this section, up to now, also holds when K is a
commutative ring, and not necessarily a field. We can now characterize when an n x n-matrix
A is invertible in terms of its determinant det(A).

5.4 Inverse Matrices and Determinants

In the next two sections, K is a commutative ring and when needed, a field.
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Definition 5.6. Let K be a commutative ring. Given a matrix A € M, (K), let A = (i)
be the matrix defined such that

bij = (—1)i+j det(Aj,-),

the cofactor of a;;. The matrix A is called the adjugate of A, and each matrix A;; is called
a minor of the matrix A.

@ Note the reversal of the indices in
bij = (—1>i+j det(AJ,)
Thus, A is the transpose of the matrix of cofactors of elements of A.

We have the following proposition.

Proposition 5.10. Let K be a commutative ring. For every matriz A € M,,(K), we have
AA = AA = det(A)],.
As a consequence, A is invertible iff det(A) is invertible, and if so, A~ = (det(A)) ' A.

Proof. If A = (b;;) and AA = (¢;;), we know that the entry ¢ ; in row i and column j of AA
is
Cij = @itbij+ -+ aikbry + -+ ainbnj,

which is equal to
&il(—l)j+l det(Aj 1) 4+ 4 ain(—l)j+" det(AJn)

If j = 4, then we recognize the expression of the expansion of det(A) according to the i-th

row:
cii = det(A) = a;1 (1) det(A;1) + - + ain(—1)"" det(A; ).

If j # i, we can form the matrix A’ by replacing the j-th row of A by the i-th row of A.
Now, the matrix A;; obtained by deleting row j and column £ from A is equal to the matrix
A’ obtained by deleting row j and column & from A’ since A and A" only differ by the j-th
row. Thus,
det(A;jx) = det(A},),
and we have
¢ij = a1 (=17 det(A] ) + - 4 ain(—1)7"" det(A],).

However, this is the expansion of det(A’) according to the j-th row, since the j-th row of A’
is equal to the i-th row of A, and since A’ has two identical rows ¢ and j, because det is an
alternating map of the rows (see an earlier remark), we have det(A’) = 0. Thus, we have
shown that ¢;; = det(A), and ¢;; = 0, when j # 4, and so

AA = det(A)I,.
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It is also obvious from the definition of Z, that
AT = AT,
Then, applying the first part of the argument to A", we have
ATAT = det(AT)I,,,
and since, det(AT) = det(A), AT = Z?, and (AA)T = ATAT, we get
det(A)I, = ATAT = ATAT = (AA)7,
that is,

(AA)T = det(A)],,

which yields B
AA = det(A)I,,

since I, = I,,. This proves that
AA = AA = det(A),.

As a consequence, if det(A) is invertible, we have A™' = (det(A))*A. Conversely, if A is
invertible, from AA~! = I,,, by Proposition 5.9, we have det(A) det(A™) = 1, and det(A) is
invertible. [

When K is a field, an element a € K is invertible iff a # 0. In this case, the second part
of the proposition can be stated as A is invertible iff det(A) # 0. Note in passing that this
method of computing the inverse of a matrix is usually not practical.

We now consider some applications of determinants to linear independence and to solving
systems of linear equations. Although these results hold for matrices over an integral domain,
their proofs require more sophisticated methods (it is necessary to use the fraction field of
the integral domain, K). Therefore, we assume again that K is a field.

Let A be an n X n-matrix, x a column vectors of variables, and b another column vector,
and let A!, ..., A" denote the columns of A. Observe that the system of equation Az = b,

a1 a1 ... QAip W5} bl
21 Q29 ... QdA9p i) bQ
An1 Qpa ... Qnp Ty by,

is equivalent to
w1A1_|_..._|_$jAJ_|_..._|_.1-nA”:b’
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since the equation corresponding to the i-th row is in both cases
;1T + -+ a5+ aipTy, = b
First, we characterize linear independence of the column vectors of a matrix A in terms
of its determinant.

Proposition 5.11. Given an n x n-matrix A over a field K, the columns A',... A" of
A are linearly dependent iff det(A) = det(A',..., A") = 0. Equivalently, A has rank n iff
det(A) # 0.

Proof. First, assume that the columns A',..., A" of A are linearly dependent. Then, there
are xi,...,x, € K, such that

oA+ A 4 2, AT =0,
where z; # 0 for some j. If we compute
det(A', ... ;A 4+ A+, AT AT = det(AY L0, AT) =0,

where 0 occurs in the j-th position, by multilinearity, all terms containing two identical
columns A* for k # j vanish, and we get

zjdet(A', ..., A") = 0.
Since z;; # 0 and K is a field, we must have det(A', ..., A") = 0.

Conversely, we show that if the columns A',..., A" of A are linearly independent, then
det(A',...  A") # 0. If the columns A!,... A" of A are linearly independent, then they
form a basis of K™, and we can express the standard basis (ej,...,e,) of K™ in terms of
Al ... A" Thus, we have

€1 bll blg bln Al
€9 b21 b22 bgn A2
€n bnl bng Ce bnn A"

for some matrix B = (b;;), and by Proposition 5.8, we get
det(eq,...,e,) = det(B)det(A, ... A™),

and since det(ey,...,e,) = 1, this implies that det(A',..., A") # 0 (and det(B) # 0). For
the second assertion, recall that the rank of a matrix is equal to the maximum number of
linearly independent columns, and the conclusion is clear. O

If we combine Proposition 5.11 with Proposition 4.30, we obtain the following criterion
for finding the rank of a matrix.

Proposition 5.12. Given any m x n matriz A over a field K (typically K =R or K = C),
the rank of A is the maximum natural number r such that there is an r X r submatriz B of
A obtained by selecting r rows and r columns of A, and such that det(B) # 0.

6
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5.5 Systems of Linear Equations and Determinants

We now characterize when a system of linear equations of the form Az = b has a unique
solution.

Proposition 5.13. Given an n x n-matriz A over a field K, the following properties hold:

(1) For every column vector b, there is a unique column vector x such that Az = b iff the
only solution to Az = 0 is the trivial vector x = 0, iff det(A) # 0.

(2) If det(A) # 0, the unique solution of Ax = b is given by the expressions

det(Al L AL B AT LAY
YT Qet(AL, ... AL, AT AL, An)’

known as Cramer’s rules.
(8) The system of linear equations Ax =0 has a nonzero solution iff det(A) = 0.

Proof. Assume that Ax = b has a single solution z(, and assume that Ay = 0 with y # 0.
Then,
A(zg+y) = Axg + Ay = Axg + 0 = b,

and xg + y # xo is another solution of Ax = b, contadicting the hypothesis that Az = b has
a single solution xy. Thus, Az = 0 only has the trivial solution. Now, assume that Ax =0
only has the trivial solution. This means that the columns Al ... A" of A are linearly
independent, and by Proposition 5.11, we have det(A) # 0. Finally, if det(A) # 0, by
Proposition 5.10, this means that A is invertible, and then, for every b, Az = b is equivalent
to x = A~'b, which shows that Az = b has a single solution.

(2) Assume that Az =b. If we compute
det(A', ... oA+ A+, AN AT = det(AY b, AT,

where b occurs in the j-th position, by multilinearity, all terms containing two identical
columns A* for k # j vanish, and we get

zjdet(A', ... A") =det(A', ... AT b, AT AT,
for every j, 1 < j < n. Since we assumed that det(A) = det(Al,... A") # 0, we get the

desired expression.

(3) Note that Az = 0 has a nonzero solution iff A ... A" are linearly dependent (as
observed in the proof of Proposition 5.11), which, by Proposition 5.11, is equivalent to
det(A) = 0. O

As pleasing as Cramer’s rules are, it is usually impractical to solve systems of linear
equations using the above expressions.
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5.6 Determinant of a Linear Map

We close this chapter with the notion of determinant of a linear map f: £ — FE.

Given a vector space E of finite dimension n, given a basis (u1,...,u,) of E, for every
linear map f: E — E, if M(f) is the matrix of f w.r.t. the basis (u1,...,u,), we can define
det(f) = det(M(f)). If (vy,...,v,) is any other basis of E, and if P is the change of basis
matrix, by Corollary 3.5, the matrix of f with respect to the basis (v, ..., v,) is P"1M(f)P.
Now, by proposition 5.9, we have

det(P'M(f)P) = det(P~1) det(M(f)) det(P) = det(P~") det(P) det(M(f)) = det(M(f)).
Thus, det(f) is indeed independent of the basis of E.

Definition 5.7. Given a vector space E of finite dimension, for any linear map f: £ — F,
we define the determinant det(f) of f as the determinant det(M (f)) of the matrix of f in
any basis (since, from the discussion just before this definition, this determinant does not
depend on the basis).

Then, we have the following proposition.

Proposition 5.14. Given any vector space E of finite dimension n, a linear map f: E — E
is invertible iff det(f) # 0.

Proof. The linear map f: E — E is invertible iff its matrix M (f) in any basis is invertible
(by Proposition 3.2), iff det(M(f)) # 0, by Proposition 5.10. O

Given a vector space of finite dimension n, it is easily seen that the set of bijective linear
maps f: F — E such that det(f) = 1 is a group under composition. This group is a
subgroup of the general linear group GL(FE). It is called the special linear group (of E'), and
it is denoted by SL(E), or when £ = K™, by SL(n, K), or even by SL(n).

5.7 The Cayley—Hamilton Theorem

We conclude this chapter with an interesting and important application of Proposition 5.10,
the Cayley—Hamilton theorem. The results of this section apply to matrices over any com-
mutative ring K. First, we need the concept of the characteristic polynomial of a matrix.

Definition 5.8. If K is any commutative ring, for every n x n matrix A € M, (K), the
characteristic polynomial P4(X) of A is the determinant

Pa(X) = det(XT — A).



150 CHAPTER 5. DETERMINANTS

The characteristic polynomial P4(X) is a polynomial in K[X], the ring of polynomials
in the indeterminate X with coefficients in the ring K. For example, when n = 2, if

a b
a= (0 4),

PA(X):‘X_G b

then

— Y2 _ —
. X—d‘_X (a4 d)X + ad — be.

We can substitute the matrix A for the variable X in the polynomial P4(X), obtaining a
matriz Py. If we write
PA(X) = X"+ X"+ ey,

then
Pi=A"+c A" 4. 4l

We have the following remarkable theorem.

Theorem 5.15. (Cayley—Hamilton) If K is any commutative ring, for every n X n matriz
A e M, (K), if we let
Pa(X)=X"+aX"" 4+,

be the characteristic polynomial of A, then
Pi=A"+c A" '+ 4, ] =0.

Proof. We can view the matrix B = X1 — A as a matrix with coefficients in the polynomial
ring K[X], and then we can form the matrix B which is the transpose of the matrix of
cofactors of elements of B. Each entry in B is an (n — 1) x (n — 1) determinant, and thus a
polynomial of degree a most n — 1, so we can write B as

B=X"'By+ X" 2B, + -+ + By_1,
for some matrices By, ..., B,_1 with coefficients in K. For example, when n = 2, we have
(5 ) 8 (T ) () ()
By Proposition 5.10, we have
BB = det(B)I = Py(X)I.
On the other hand, we have

BB = (XI—-A)(X""'By+ X" 2B, +---+ X" 7 'Bj++---+ B, ),
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and by multiplying out the right-hand side, we get

BB =X"Do+ X" 'Dy+ -+ X"D; + -+ D,,

with
Do - BQ
Dl == Bl - AB[)
Dy, 1 =B, 1— ABn—2
Dn - _Aanl-
Since

PAX) = (X" 4+ X" oo ko),

the equality
X"Do+ X" 'Di4+ -4+ D= X"+ X" P4ty

is an equality between two matrices, so it 1requires that all corresponding entries are equal,
and since these are polynomials, the coefficients of these polynomials must be identical,
which is equivalent to the set of equations

I:BO
01]: Bl —ABO

Cj[ = B] — ABj,l
Cn—ll - Bn—l - ABn—Q
cnl = _Aanb
for all j, with 1 < j < n — 1. If we multiply the first equation by A", the last by I, and
generally the (5 + 1)th by A"/, when we add up all these new equations, we see that the
right-hand side adds up to 0, and we get our desired equation
A" 4+ AV e, I =0,

as claimed. n
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As a concrete example, when n = 2, the matrix
a b
)

A? — (a+d)A+ (ad — be)] = 0.

satisfies the equation

Most readers will probably find the proof of Theorem 5.15 rather clever but very myste-
rious and unmotivated. The conceptual difficulty is that we really need to understand how
polynomials in one variable “act” on vectors, in terms of the matrix A. This can be done
and yields a more “natural” proof. Actually, the reasoning is simpler and more general if we
free ourselves from matrices and instead consider a finite-dimensional vector space E and
some given linear map f: E — E. Given any polynomial p(X) = aoX" + a; X" ' +--- +a,
with coefficients in the field K, we define the linear map p(f): E — E by

p(f) =aof" +arf" + -+ + ayid,
where f¥ = fo...o f, the k-fold composition of f with itself. Note that
p(f)(u) = apf™(u) + ar f" (u) + - + ayu,

for every vector u € E. Then, we define a new kind of scalar multiplication -: K[X|x E — E
by polynomials as follows: for every polynomial p(X) € K[X], for every u € E,

p(X) - u=p(f)(u).
It is easy to verify that this is a “good action,” which means that
p-(u+v)=p-u+p-v
p+qu=putq-u

(pg) -u=p-(q-u)
1-u=u,

for all p, g € K[X] and all u,v € E. With this new scalar multiplication, F is a K[X]-module.
If p= X is just a scalar in K (a polynomial of degree 0), then

A u = (Aid)(u) = Au,

which means that K acts on E by scalar multiplication as before. If p(X) = X (the monomial
X), then
X -u= f(u).

Now, if we pick a basis (eq,...,e,), if a polynomial p(X) € K[X] has the property that

p(X)-e,=0, i=1,...,n,
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then this means that p(f)(e;) = 0 for ¢ = 1,...,n, which means that the linear map p(f)
vanishes on E. We can also check, as we did in Section 5.2, that if A and B are two n X n

matrices and if (ug,...,u,) are any n vectors, then
U1 (A}
A-| B- = (AB) .
Unp, Unp,

This suggests the plan of attack for our second proof of the Cayley—Hamilton theorem.
For simplicity, we prove the theorem for vector spaces over a field. The proof goes through
for a free module over a commutative ring.

Theorem 5.16. (Cayley—Hamilton) For every finite-dimensional vector space over a field
K, for every linear map f: E — E, for every basis (ey,...,e,), if A is the matriz over f
over the basis (eq,...,e,) and if

PAX)=X"+c X" '+ toe,
1s the characteristic polynomial of A, then
Pa(f)=f"+erf" 4+ epid = 0.

Proof. Since the columns of A consist of the vector f(e;) expressed over the basis (e, ..., e,),

we have
n

flej) = Zaijez‘, l<j<n

i=1
Using our action of K[X] on E, the above equations can be expressed as

n

X'ejzzaij‘eia 1<j<n,

i=1
which yields
7j—1 n
Z—aij~ei+(X—ajj)-ej—0—Z—a,-]weizo, 1§j§n
i=1 1=j+1

Observe that the transpose of the characteristic polynomial shows up, so the above system
can be written as

X —ar; —az1 —An1 €1 0
—ajy X —azy - —Qp2 €2 0

—Q1n —Q2p X_ann €En 0
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If we let B = XI — AT, then as in the previous proof, if B is the transpose of the matrix of
cofactors of B, we have

BB = det(B)I = det(X1 — AT)I = det(XI — A)I = P4I.

But then, since

€1 0
B. €9 _ 0 ’
en 0

and since B is matrix whose entries are polynomials in K[X], it makes sense to multiply on
the left by B and we get

€1 €1 €1 0 0
~ €2 ~ €9 €9 ~ 0 0
B-B — (BB)- —_pa-| 7P| =B _ :
that is,
Py-e;=0, j=1,...,n,
which proves that Pa(f) = 0, as claimed. ]

If K is a field, then the characteristic polynomial of a linear map f: F — F is independent
of the basis (ey, ..., e,) chosen in E. To prove this, observe that the matrix of f over another
basis will be of the form P~'AP, for some inverible matrix P, and then

det(XI — P 'AP) = det(XP'IP — P'AP)
=det(P1(XI — A)P)
= det(P ') det(X T — A) det(P)
= det(X1 — A).
Therefore, the characteristic polynomial of a linear map is intrinsic to f, and it is denoted

The zeros (roots) of the characteristic polynomial of a linear map f are called the eigen-
values of f. They play an important role in theory and applications. We will come back to
this topic later on.

5.8 Permanents

Recall that the explicit formula for the determinant of an n X n matrix is

det(A) = Z E(ﬂ->a7r(1)1 *Ar(n)n-

TeGy,
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If we drop the sign €(7) of every permutation from the above formula, we obtain a quantity
known as the permanent:
per(A) = > ary1 - Gaimyn-
WGGn

Permanents and determinants were investigated as early as 1812 by Cauchy. It is clear from
the above definition that the permanent is a multilinear and symmetric form. We also have

per(A4) = per(A"),
and the following unsigned version of the Laplace expansion formula:
per(A) = a;iper(A;1) + - - -+ a;jper(A;;) + - - - + ainper(Ain),

fori =1,...,n. However, unlike determinants which have a clear geometric interpretation as
signed volumes, permanents do not have any natural geometric interpretation. Furthermore,
determinants can be evaluated efficiently, for example using the conversion to row reduced
echelon form, but computing the permanent is hard.

Permanents turn out to have various combinatorial interpretations. One of these is in
terms of perfect matchings of bipartite graphs which we now discuss.

Recall that a bipartite (undirected) graph G = (V, F) is a graph whose set of nodes V' can
be partionned into two nonempty disjoint subsets V; and V5, such that every edge e € E has
one endpoint in V7 and one endpoint in V5. An example of a bipatite graph with 14 nodes
is shown in Figure 5.8; its nodes are partitioned into the two sets {x1, zo, 3, T4, x5, T6, 7}

and {y1, y2, Y3, Y4, Ys: Yo, Yr }-

Y7

X7

Figure 5.1: A bipartite graph G.

A matching in a graph G = (V, E) (bipartite or not) is a set M of pairwise non-adjacent
edges, which means that no two edges in M share a common vertex. A perfect matching is
a matching such that every node in V' is incident to some edge in the matching M (every
node in V' is an endpoint of some edge in M). Figure 5.8 shows a perfect matching (in red)
in the bipartite graph G.
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yr

X7

Figure 5.2: A perfect matching in the bipartite graph G.

Obviously, a perfect matching in a bipartite graph can exist only if its set of nodes has
a partition in two blocks of equal size, say {xi,...,x,} and {y1,...,yn}. Then, there is
a bijection between perfect matchings and bijections 7: {z1,...,2m} — {y1,...,Ym} such
that 7(z;) = y; iff there is an edge between z; and y;.

Now, every bipartite graph GG with a partition of its nodes into two sets of equal size as
above is represented by an m x m matrix A = (a;;) such that a;; = 1 iff there is an edge
between x; and y;, and a;; = 0 otherwise. Using the interpretation of perfect machings as
bijections 7: {z1,...,zm} — {y1,...,Ym}, we see that the permanent per(A) of the (0,1)-
matriz A representing the bipartite graph G counts the number of perfect matchings in G.

In a famous paper published in 1979, Leslie Valiant proves that computing the permanent
is a #P-complete problem. Such problems are suspected to be intractable. It is known that
if a polynomial-time algorithm existed to solve a #P-complete problem, then we would have
P = NP, which is believed to be very unlikely.

Another combinatorial interpretation of the permanent can be given in terms of systems
of distinct representatives. Given a finite set S, let (A, ..., A,) be any sequence of nonempty
subsets of S (not necessarily distinct). A system of distinct representatives (for short SDR)
of the sets Ay, ..., A, is a sequence of n distinct elements (ay,...,a,), with a; € A; for i =
1,...,n. The number of SDR’s of a sequence of sets plays an important role in combinatorics.
Now, if S = {1,2,...,n} and if we associate to any sequence (Ai,...,A,) of nonempty
subsets of S' the matrix A = (a;;) defined such that a;; = 1 if j € A; and a;; = 0 otherwise,
then the permanent per(A) counts the number of SDR’s of the set Ay, ..., A,.

This interpretation of permanents in terms of SDR’s can be used to prove bounds for the
permanents of various classes of matrices. Interested readers are referred to van Lint and
Wilson [113] (Chapters 11 and 12). In particular, a proof of a theorem known as Van der
Waerden conjecture is given in Chapter 12. This theorem states that for any n x n matrix
A with nonnegative entries in which all row-sums and column-sums are 1 (doubly stochastic
matrices), we have
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with equality for the matrix in which all entries are equal to 1/n.

5.9 Further Readings

Thorough expositions of the material covered in Chapters 2-4 and 5 can be found in Strang
[105, 104], Lax [71], Lang [67], Artin [4], Mac Lane and Birkhoff [73], Hoffman and Kunze
[62], Bourbaki [14, 15], Van Der Waerden [112], Serre [96], Horn and Johnson [57], and Bertin
[12]. These notions of linear algebra are nicely put to use in classical geometry, see Berger
8, 9], Tisseron [109] and Dieudonné [28].
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Chapter 6

Gaussian Elimination,
LU-Factorization, Cholesky
Factorization, Reduced Row Echelon
Form

6.1 Motivating Example: Curve Interpolation

Curve interpolation is a problem that arises frequently in computer graphics and in robotics
(path planning). There are many ways of tackling this problem and in this section we will
describe a solution using cubic splines. Such splines consist of cubic Bézier curves. They
are often used because they are cheap to implement and give more flexibility than quadratic
Bézier curves.

A cubic Bézier curve C(t) (in R? or R3) is specified by a list of four control points
(bo, ba, ba, b3) and is given parametrically by the equation

C(t) = (1 —1)%by + 3(1 — )%t by 4 3(1 — £)t2 by + 7 b,

Clearly, C(0) = by, C(1) = b3, and for ¢ € [0, 1], the point C(t) belongs to the convex hull of
the control points by, b1, ba, b3. The polynomials

(1—t)3% 3(1—1t)%, 31—t ¢

are the Bernstein polynomials of degree 3.

Typically, we are only interested in the curve segment corresponding to the values of ¢ in
the interval [0, 1]. Still, the placement of the control points drastically affects the shape of the
curve segment, which can even have a self-intersection; See Figures 6.1, 6.2, 6.3 illustrating
various configuations.

159
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Figure 6.1: A “standard” Bézier curve

b1

b
0 by

Figure 6.2: A Bézier curve with an inflexion point
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bo b3

Figure 6.3: A self-intersecting Bézier curve

Interpolation problems require finding curves passing through some given data points and
possibly satisfying some extra constraints.

A Bézier spline curve F is a curve which is made up of curve segments which are Bézier
curves, say C1,...,Cy, (m > 2). We will assume that F' defined on [0,m], so that for
1=1,...,m,

Fit)y=Cit—i+1), i—1<t<i.

Typically, some smoothness is required between any two junction points, that is, between
any two points C;(1) and C;11(0), for i = 1,...,m — 1. We require that C;(1) = C;11(0)
(C°-continuity), and typically that the derivatives of C; at 1 and of Cj,; at 0 agree up to
second order derivatives. This is called C%-continuity, and it ensures that the tangents agree
as well as the curvatures.

There are a number of interpolation problems, and we consider one of the most common
problems which can be stated as follows:

Problem: Given N + 1 data points z, ..., 2y, find a C? cubic spline curve F such that
F(i)=x;foralli, 0 <i< N (N >2).

A way to solve this problem is to find N + 3 auxiliary points d_1,...,dyy1, called de
Boor control points, from which N Bézier curves can be found. Actually,

d_1=x9 and dyy1 =N
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so we only need to find N + 1 points dy,...,dy.

It turns out that the C%-continuity constraints on the N Bézier curves yield only N — 1
equations, so dy and dy can be chosen arbitrarily. In practice, dy and dy are chosen according
to various end conditions, such as prescribed velocities at zy and xy. For the time being, we
will assume that dy and dy are given.

Figure 6.4 illustrates an interpolation problem involving N +1 =7+ 1 = 8 data points.
The control points dy and d; were chosen arbitrarily.

do

dy
T2

X1 d7

ds
T3

Tg

XLy

Ty
dy

¢ .

Ty = d_l Ty — d8

Figure 6.4: A C? cubic interpolation spline curve passing through the points zg, x1, 2, 73,
Ty, T5, Te, L7

It can be shown that dy,...,dy_1 are given by the linear system
% 1 dl 61’1 - %do
1 4 1 0 dg 6512'2
0 1 4 1 dn_2 62N _2
1 1) \dna 6rn_1 — Sdn

We will show later that the above matrix is invertible because it is strictly diagonally
dominant.
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Once the above system is solved, the Bézier cubics C1, ..., Cy are determined as follows
(we assume N > 2): For 2 <i < N — 1, the control points (b, b%, b5, b%) of C; are given by

bo = Ti—-1
2 1
b = =d;_1 + =d;
1 3 1 + 3
1 2
by, = —d; 1 + =d;
? 3 1 + 3

The control points (b}, b}, b3, b3) of C) are given by

b(l):l'o
b}:do

1 1
bt = =d —d
2=t t5h
bé:l'l,

and the control points (b}, bY, b5, b3) of Cy are given by
bév = IN-1
1 1
bY = sdy_1 + =d
1= 50N + 5 IN
bY =dy

b:j))v = TN.

We will now describe various methods for solving linear systems. Since the matrix of the
above system is tridiagonal, there are specialized methods which are more efficient than the
general methods. We will discuss a few of these methods.

6.2 Gaussian Elimination and LU-Factorization

Let A be an n x n matrix, let b € R™ be an n-dimensional vector and assume that A is
invertible. Our goal is to solve the system Az = b. Since A is assumed to be invertible,
we know that this system has a unique solution x = A~'h. Experience shows that two
counter-intuitive facts are revealed:

(1) One should avoid computing the inverse A™' of A explicitly. This is because this
would amount to solving the n linear systems Aul) = e;j for j = 1,...,n, where
e; =(0,...,1,...,0) is the jth canonical basis vector of R" (with a 1 is the jth slot).
By doing so, we would replace the resolution of a single system by the resolution of n
systems, and we would still have to multiply A~! by b.
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(2) One does not solve (large) linear systems by computing determinants (using Cramer’s
formulae). This is because this method requires a number of additions (resp. multipli-
cations) proportional to (n + 1)! (resp. (n+ 2)!).

The key idea on which most direct methods (as opposed to iterative methods, that look
for an approximation of the solution) are based is that if A is an upper-triangular matrix,
which means that a;; = 0 for 1 < j < i < n (resp. lower-triangular, which means that
a;; = 0 for 1 <i < j < n), then computing the solution z is trivial. Indeed, say A is an
upper-triangular matrix

ay; Aairz2 -+ QAip-2 A1n—1 A1n
0 age -+ agp-2 A2n—1 A2p
0 0 : :
A=
0 0 e 0 p—1n—-1 Qn—1n
0 o .- 0 0 Ay,

Then, det(A) = aj1as2 -+ apyp # 0, which implies that a;; # 0 for i = 1,...,n, and we can
solve the system Ax = b from bottom-up by back-substitution. That is, first we compute
x, from the last equation, next plug this value of z,, into the next to the last equation and
compute x,,_1 from it, etc. This yields

-1
Tp = a0y
-1
Tp—1 = anflnfl(bnfl - anflnxn)
-1
r = all(bl — Q12T — > — alnxn>-

Note that the use of determinants can be avoided to prove that if A is invertible then
a;; # 0 for i =1,... n. Indeed, it can be shown directly (by induction) that an upper (or
lower) triangular matrix is invertible iff all its diagonal entries are nonzero.

If A is lower-triangular, we solve the system from top-down by forward-substitution.

Thus, what we need is a method for transforming a matrix to an equivalent one in upper-
triangular form. This can be done by elimination. Let us illustrate this method on the
following example:

2 + y + z = 5
dr — 06y = —2
—2r + Ty + 2z = 0.

We can eliminate the variable x from the second and the third equation as follows: Subtract
twice the first equation from the second and add the first equation to the third. We get the
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new system

2 + y + 2z = 5
- 8y — 2z = —12
8y + 3z = 14

This time, we can eliminate the variable y from the third equation by adding the second
equation to the third:

2 + y + 2z = 5
- 8y — 2z = —12
z = 2

This last system is upper-triangular. Using back-substitution, we find the solution: z = 2,
y=1 2 =1.

Observe that we have performed only row operations. The general method is to iteratively
eliminate variables using simple row operations (namely, adding or subtracting a multiple of
a row to another row of the matrix) while simultaneously applying these operations to the
vector b, to obtain a system, M Ax = Mb, where M A is upper-triangular. Such a method is
called Gaussian elimination. However, one extra twist is needed for the method to work in
all cases: It may be necessary to permute rows, as illustrated by the following example:

r + vy + z =1
r + y + 3z =1
2v + 5y + 8z =1.

In order to eliminate x from the second and third row, we subtract the first row from the
second and we subtract twice the first row from the third:

r + y + z =1
2z =0
3y + 6z =-1

Now, the trouble is that y does not occur in the second row; so, we can’t eliminate y from
the third row by adding or subtracting a multiple of the second row to it. The remedy is
simple: Permute the second and the third row! We get the system:

r + vy + z =1
3y + 6z =-1
2z =0,

which is already in triangular form. Another example where some permutations are needed
is:
z = 1
—2r + Ty + 2z = 1
4r — 6y = —1.
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First, we permute the first and the second row, obtaining

2z 4+ Ty + 2z = 1
z = 1
dr — 06y = —1,

and then, we add twice the first row to the third, obtaining:

-2z + Ty + 2z = 1
z 1
8y + 4z = 1.

Again, we permute the second and the third row, getting

—2r + Ty + 2z =1
8y + 4z = 1
z = 1,

an upper-triangular system. Of course, in this example, z is already solved and we could
have eliminated it first, but for the general method, we need to proceed in a systematic
fashion.

We now describe the method of Gaussian Elimination applied to a linear system Ax = b,
where A is assumed to be invertible. We use the variable k to keep track of the stages of
elimination. Initially, & = 1.

(1) The first step is to pick some nonzero entry a;; in the first column of A. Such an
entry must exist, since A is invertible (otherwise, the first column of A would be the
zero vector, and the columns of A would not be linearly independent. Equivalently, we
would have det(A) = 0). The actual choice of such an element has some impact on the
numerical stability of the method, but this will be examined later. For the time being,
we assume that some arbitrary choice is made. This chosen element is called the pivot
of the elimination step and is denoted 7 (so, in this first step, m = a;1).

(2) Next, we permute the row (i) corresponding to the pivot with the first row. Such a
step is called pivoting. So, after this permutation, the first element of the first row is
NONZero.

(3) We now eliminate the variable x; from all rows except the first by adding suitable
multiples of the first row to these rows. More precisely we add —a;; /7 times the first
row to the ith row for i = 2,...,n. At the end of this step, all entries in the first
column are zero except the first.

(4) Increment k by 1. If k = n, stop. Otherwise, k& < n, and then iteratively repeat steps
(1), (2), (3) on the (n —k+ 1) x (n — k + 1) subsystem obtained by deleting the first
k —1 rows and k£ — 1 columns from the current system.
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If we let Ay = A and Ay, = (af;) be the matrix obtained after k£ — 1 elimination steps
(2 < k < n), then the kth elimination step is applied to the matrix Ay of the form

k k k
a’]_ 1 a]](_;Q PR PR PR a]];;n
a2 2 .. PRI DRI a2 n

Ay =

Ak Ay,

k k
Ay i Apn

Actually, note that
i

for all 7,7 with 1 < i < k —2 and ¢ < j < n, since the first £ — 1 rows remain unchanged
after the (k — 1)th step.

We will prove later that det(Ag) = £ det(A). Consequently, Ay is invertible. The fact
that A;, is invertible iff A is invertible can also be shown without determinants from the fact
that there is some invertible matrix My such that A, = M A, as we will see shortly.

Since Ay is invertible, some entry af, with k& < i < n is nonzero. Otherwise, the last
n — k + 1 entries in the first & columns of A, would be zero, and the first k columns of
Ay, would yield k vectors in R¥=!. But then, the first k& columns of A; would be linearly
dependent and A, would not be invertible, a contradiction.

So, one the entries af, with k < i < n can be chosen as pivot, and we permute the kth
row with the ith row, obtaining the matrix o = (a%,). The new pivot is 7, = o}, and we
zero the entries i = k + 1,...,n in column k by adding —a¥, /7, times row k to row i. At
the end of this step, we have Ap,;. Observe that the first £k — 1 rows of A are identical to

the first £ — 1 rows of Az ;.

It is easy to figure out what kind of matrices perform the elementary row operations
used during Gaussian elimination. The key point is that if A = PB, where A, B are m X n
matrices and P is a square matrix of dimension m, if (as usual) we denote the rows of A and
B by Ay,..., A, and By, ..., B, then the formula

m
Q5 = E pikbkj
k=1

giving the (i, j)th entry in A shows that the ith row of A is a linear combination of the rows
of B:
A =paBi+ -+ pimBm.

Therefore, multiplication of a matrix on the left by a square matriz performs row opera-
tions. Similarly, multiplication of a matrix on the right by a square matrix performs column
operations
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The permutation of the kth row with the ith row is achieved by multiplying A on the left
by the transposition matriz P(i, k), which is the matrix obtained from the identity matrix
by permuting rows ¢ and k, i.e.,

P(i, k) =

1
Observe that det(P(i, k)) = —1. Furthermore, P(i, k) is symmetric (P(i, k)" = P(i,k)), and
P(i, k)™ = P(i, k).

During the permutation step (2), if row k& and row i need to be permuted, the matrix A
is multiplied on the left by the matrix Py such that P, = P(i, k), else we set P, = 1.

Adding 8 times row j to row ¢ is achieved by multiplying A on the left by the elementary
matriz,
Eijp =1+ Beij,

where
(e1:)1 = 1 fk=dandl=j
WRET N0 ifk£iorl#7,
1.€.,
1 1
1 1
1 1 B
1 1
Eijs = or Ejjp=
1 1
B 1 1
1 1
1 1

On the left, 7 > j, and on the right, ¢« < j. Observe that the inverse of £ ;.3 = I + Be;; is
E;j_g=1— Pe;; and that det(E; ;.3) = 1. Therefore, during step 3 (the elimination step),
the matrix A is multiplied on the left by a product Ej, of matrices of the form FEjy.g,,, with
1> k.
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Consequently, we see that
App1 = By P Ay,

and then
Ak - Ekflpkfl t ElplA.

This justifies the claim made earlier that A, = M, A for some invertible matrix M;; we can
pick

My = Ex 1Py E1 Py,
a product of invertible matrices.

The fact that det(P(i,k)) = —1 and that det(E; ;3) = 1 implies immediately the fact
claimed above: We always have

det(Ag) = - det(A).

Furthermore, since
Ay =Ex 1By - E1PA

and since Gaussian elimination stops for k = n, the matrix
An = nflpnfl to E12P2EI1P114

is upper-triangular. Also note that ifwelet M = E,, 1P, 1--- EsPoE1 Py, thendet(M) = +1,
and
det(A) = £ det(A,).

The matrices P(i, k) and E; j,3 are called elementary matrices. We can summarize the
above discussion in the following theorem:

Theorem 6.1. (Gaussian Elimination) Let A be an n X n matriz (invertible or not). Then
there is some invertible matriz M so that U = M A is upper-triangular. The pivots are all
nonzero iff A is invertible.

Proof. We already proved the theorem when A is invertible, as well as the last assertion.
Now, A is singular iff some pivot is zero, say at stage k of the elimination. If so, we must
have a¥, = 0 for i = k,...,n; but in this case, Ay,; = Ay, and we may pick P, = Ep =1. O

Remark: Obviously, the matrix M can be computed as

M =En 1Py E2PEL P

but this expression is of no use. Indeed, what we need is M ~!; when no permutations are
needed, it turns out that M ~! can be obtained immediately from the matrices E}’s, in fact,
from their inverses, and no multiplications are necessary.
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Remark: Instead of looking for an invertible matrix M so that M A is upper-triangular, we
can look for an invertible matrix M so that M A is a diagonal matrix. Only a simple change
to Gaussian elimination is needed. At every stage, k, after the pivot has been found and
pivoting been performed, if necessary, in addition to adding suitable multiples of the kth
row to the rows below row k in order to zero the entries in column k for e = k+1,...,n,
also add suitable multiples of the kth row to the rows above row k in order to zero the
entries in column k for ¢ = 1,...,k — 1. Such steps are also achieved by multiplying on
the left by elementary matrices Ejy.gs,,, except that ¢ < k, so that these matrices are not
lower-triangular matrices. Nevertheless, at the end of the process, we find that A, = M A,
is a diagonal matrix.

This method is called the Gauss-Jordan factorization. Because it is more expansive than
Gaussian elimination, this method is not used much in practice. However, Gauss-Jordan
factorization can be used to compute the inverse of a matrix A. Indeed, we find the jth
column of A~! by solving the system Az() = e; (where e; is the jth canonical basis vector
of R™). By applying Gauss-Jordan, we are led to a system of the form D;x\)) = M;e;, where
Dj is a diagonal matrix, and we can immediately compute ),

It remains to discuss the choice of the pivot, and also conditions that guarantee that no
permutations are needed during the Gaussian elimination process. We begin by stating a
necessary and sufficient condition for an invertible matrix to have an LU-factorization (i.e.,
Gaussian elimination does not require pivoting).

We say that an invertible matrix A has an LU-factorization if it can be written as
A = LU, where U is upper-triangular invertible and L is lower-triangular, with L;; = 1 for
1=1,...,n.

A lower-triangular matrix with diagonal entries equal to 1 is called a unit lower-triangular
matrix. Given an n X n matrix A = (a;;), for any k with 1 < k <mn, let A[l..k, 1..k] denote
the submatrix of A whose entries are a;;, where 1 <74, j < k.

Proposition 6.2. Let A be an invertible n X n-matriz. Then, A has an LU -factorization
A = LU iff every matriz A[l..k,1..k] is invertible for k = 1,... ,n. Furthermore, when A
has an LU -factorization, we have

det(A[l.k,1.k]) =mmy---m,, k=1,...,n,

where Ty is the pivot obtained after k — 1 elimination steps. Therefore, the kth pivot is given
by
a;; = det(A[l1..1,1..1]) ifk=1
T = det(A[l..k,1..k]) ,
k=2,...,n.
QAN k-1 1 k-1 YE=2-m

Proof. First, assume that A = LU is an LU-factorization of A. We can write

Ao (AR k] A (L 0N (Un U\ _ (LU Ll
- As Ay) T \Ls Ly)\ 0 U) T \LsUy LyUs+ LU, )
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where L1, L4 are unit lower-triangular and Uy, Uy are upper-triangular. Thus,
All.k,1..k] = L Uy,

and since U is invertible, U; is also invertible (the determinant of U is the product of the
diagonal entries in U, which is the product of the diagonal entries in U; and Uy). As L is
invertible (since its diagonal entries are equal to 1), we see that A[l..k,1..k] is invertible for
k=1,...,n.

Conversely, assume that A[l..k, 1..k] is invertible for £ = 1,...,n. We just need to show
that Gaussian elimination does not need pivoting. We prove by induction on k that the kth
step does not need pivoting.

This holds for k£ = 1, since A[1..1,1..1] = (a11), so a;1 # 0. Assume that no pivoting was
necessary for the first £ — 1 steps (2 < k <n —1). In this case, we have

By BB A= Ay,

where L = FEj_;---FEyE; is a unit lower-triangular matrix and Ag[1..k,1..k] is upper-
triangular, so that LA = A; can be written as

Ly 0 A[lkﬁ,lk] A2 . U, Bs
L3 L4 A3 A4 N 0 B4 ’

where L is unit lower-triangular and U; is upper-triangular. But then,
LiA[1..k,1..k]) = Uy,

where Ly is invertible (in fact, det(L;) = 1), and since by hypothesis A[1..k, 1..k] is invertible,
U; is also invertible, which implies that (Uy), # 0, since U; is upper-triangular. Therefore,
no pivoting is needed in step k, establishing the induction step. Since det(L;) = 1, we also
have

det(Uy) = det(L1 A[l..k, 1..k]) = det(L;) det(A[l..k, 1..k]) = det(A[l..k, 1..k]),
and since U; is upper-triangular and has the pivots 7y, ..., 7 on its diagonal, we get
det(A[l.k,1.k])) = mmy -1, k=1,...,n,

as claimed. O

Remark: The use of determinants in the first part of the proof of Proposition 6.2 can be
avoided if we use the fact that a triangular matrix is invertible iff all its diagonal entries are
nonzero.

Corollary 6.3. (LU-Factorization) Let A be an invertible n X n-matriz. If every matriz
All..k,1..k] is invertible for k = 1,...,n, then Gaussian elimination requires no pivoting
and yields an LU -factorization A = LU.



172 CHAPTER 6. GAUSSIAN ELIMINATION, LU, CHOLESKY, ECHELON FORM

Proof. We proved in Proposition 6.2 that in this case Gaussian elimination requires no
pivoting. Then, since every elementary matrix E; .5 is lower-triangular (since we always
arrange that the pivot m; occurs above the rows that it operates on), since E; kl; 5 = Eik-p
and the Ej s are products of Ejy.g, s, from

E, 1 EsE/A=U,
where U is an upper-triangular matrix, we get
A= LU,

where L = E;'E;'---E. ', is a lower-triangular matrix. Furthermore, as the diagonal
entries of each Fj ;.3 are 1, the diagonal entries of each £}, are also 1. O

The reader should verify that the example below is indeed an LU-factorization.

2110 1 000 2110
4 33 1] (2100 0111
8 79 5] 4310 00 2 2
6 79 8 3411 000 2

One of the main reasons why the existence of an LU-factorization for a matrix A is
interesting is that if we need to solve several linear systems Az = b corresponding to the
same matrix A, we can do this cheaply by solving the two triangular systems

Lw=0b, and Uz =w.

There is a certain asymmetry in the LU-decomposition A = LU of an invertible matrix A.
Indeed, the diagonal entries of L are all 1, but this is generally false for U. This asymmetry
can be eliminated as follows: if

D = diag(uyy, ug2, - - -, Unp)

is the diagonal matrix consisting of the diagonal entries in U (the pivots), then we if let
U' = D7'U, we can write
A=LDU,

where L is lower- triangular, U’ is upper-triangular, all diagonal entries of both L and U’ are
1, and D is a diagonal matrix of pivots. Such a decomposition is called an L DU -factorization.
We will see shortly than if A is symmetric, then U’ = L.

As we will see a bit later, symmetric positive definite matrices satisfy the condition of
Proposition 6.2. Therefore, linear systems involving symmetric positive definite matrices can
be solved by Gaussian elimination without pivoting. Actually, it is possible to do better:
This is the Cholesky factorization.
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The following easy proposition shows that, in principle, A can be premultiplied by some
permutation matrix P, so that PA can be converted to upper-triangular form without using
any pivoting. Permutations are discussed in some detail in Section 20.3, but for now we
just need their definition. A permutation matriz is a square matrix that has a single 1 in
every row and every column and zeros everywhere else. It is shown in Section 20.3 that
every permutation matrix is a product of transposition matrices (the P(i, k)s), and that P
is invertible with inverse PT.

Proposition 6.4. Let A be an invertible n x n-matriz. Then, there is some permutation
matriz P so that PA[l..k,1..k] is invertible for k =1,... n.

Proof. The case n =1 is trivial, and so is the case n = 2 (we swap the rows if necessary). If
n > 3, we proceed by induction. Since A is invertible, its columns are linearly independent;
in particular, its first n — 1 columns are also linearly independent. Delete the last column of
A. Since the remaining n — 1 columns are linearly independent, there are also n — 1 linearly
independent rows in the corresponding n x (n — 1) matrix. Thus, there is a permutation
of these n rows so that the (n — 1) x (n — 1) matrix consisting of the first n — 1 rows is
invertible. But, then, there is a corresponding permutation matrix P;, so that the first n —1
rows and columns of P;A form an invertible matrix A’. Applying the induction hypothesis
to the (n — 1) x (n — 1) matrix A’, we see that there some permutation matrix P, (leaving
the nth row fixed), so that P,P; A[l..k,1..k] is invertible, for k = 1,...,n — 1. Since A is
invertible in the first place and P; and P; are invertible, P; P, A is also invertible, and we are
done. O]

Remark: One can also prove Proposition 6.4 using a clever reordering of the Gaussian
elimination steps suggested by Trefethen and Bau [110] (Lecture 21). Indeed, we know that
if A is invertible, then there are permutation matrices P; and products of elementary matrices
E;, so that

A, =FE, 1P, 1 E;P,E1 P A,

where U = A,, is upper-triangular. For example, when n = 4, we have E3PsEs P, PLA =U.
We can define new matrices E}, EY, B4 which are still products of elementary matrices so
that we have

EiEyE PsPyPLA =U.

Indeed, if we let B} = F3, B}, = P3E,P; !, and B = P3P, E Py ' Py ', we easily verify that
each Fj is a product of elementary matrices and that

EéE£E1P3P2P1 = Eg(PgEgpgil)<P3P2E1P271P371>P3P2P1 = E3P3E2P2E1P1.

It can also be proved that Ej, Ef, Ef are lower triangular (see Theorem 6.5).

In general, we let
E]’g =P, "Pk+1EkPk_+11 opl

n—1
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and we have
E _,---EPyy---PA=T,

where each E is a lower triangular matrix (see Theorem 6.5).

Using the above idea, we can prove the theorem below which also shows how to compute
P, L and U using a simple adaptation of Gaussian elimination. We are not aware of a
detailed proof of Theorem 6.5 in the standard texts. Although Golub and Van Loan [49]
state a version of this theorem as their Theorem 3.1.4, they say that “The proof is a messy
subscripting argument.” Meyer [80] also provides a sketch of proof (see the end of Section
3.10). In view of this situation, we offer a complete proof. It does involve a lot of subscripts
and superscripts, but in our opinion, it contains some interesting techniques that go far
beyond symbol manipulation.

Theorem 6.5. For every invertible n x n-matriz A, the following hold:

(1) There is some permutation matrixz P, some upper-triangular matriz U, and some unit
lower-triangular matriz L, so that PA = LU (recall, L;; =1 fori =1,...,n). Fur-
thermore, if P = I, then L and U are unique and they are produced as a result of
Gaussian elimination without pivoting.

(2) If E,_1...E1A = U is the result of Gaussian elimination without pivoting, write as
usual Ay, = Ey—y ... E1A (with Ay, = (afj)), and let Oy, = al, Jak,, with 1 <k <n—1
and k+1<i<n. Then

1 0 0
621 1 0
L=|01 [l 1

_ o O O O

gnl £n2 €n3
where the kth column of L is the kth column of E ', fork=1,...,n—1.
(8) If Ey 1P+ E1PLA = U is the result of Gaussian elimination with some pivoting,

write A, = Ey_1P,_1--- E1PiA, and define E]’-“, withl<j<n—1landj<k<n-—1,
such that, for j=1,....,n— 2,
EY = BEF P, fork=j+1,...,n—1,

and
Eg:ll - En—l-
Then,
Ef = PPy PiaEjPjy - Proi P
U=E'""{---EV'P, ;- PA,
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and if we set
P=P, P
L= (BN (BpT) 7Y
then
PA=LU.

Furthermore,
(Ef)fl:[—i-c‘ff, 1<j<n-—-17<k<n-—1,

where 5}‘3 s a lower triangular matriz of the form

0 --- 0 0 --- 0
ok _ 0 --- 0 0 --- 0
J O €J+1] O A O ’
o --- gﬁj 0 --- 0
we have
k_ k
and

E=pRE, 1<j<n-2j+1<k<n-—1,

where P, = I or else P, = P(k,i) for some i such that k+1 < i < n; if P, # I, this
means that (E¥)™" is obtained from (Ej’?_l)’1 by permuting the entries on row i and
k in column j. Because the matrices (Ejl-‘r)_1 are all lower triangular, the matriz L is
also lower triangular.

In order to find L, define lower triangular matrices Ay of the form

0 0 0 0 O --- -+ 0
A 0 0 0o 0 ¢ 10
MNoooXE, . 000 0

: : . 0 O :

Ay =

)‘£+11 )‘£+12 e )‘,If:—l—lk 0 0
)‘£+21 )‘£+22 e )‘£+2k 0 0
)\fﬂ )\% )\Zk 0O --- --- 0

to assemble the columns of L iteratively as follows: let

(—ligas - > —Log)



176 CHAPTER 6. GAUSSIAN ELIMINATION, LU, CHOLESKY, ECHELON FORM

be the last n — k elements of the kth column of Ey, and define Ay inductively by setting

0 O 0
A @1 0 0
1 — . . . 9
E}ﬂ 0O --- 0
then for k=2,...,n—1, define
A; = Pp\i_1,
and
0 0 0 0 0 0
M0 0 0 0 0
At Nkt 0 0 0
_ : : 0 0 :
Ak:(I+A;c)Ek1_I: Mo Mo - ’
/\kkl ! )‘ka b Akkkjl 0 0
)‘Ii‘r_lll Aﬁé e )‘klrllkq gllz—&—lk e 0
)\nkfl An’“f cee A f};_ll gi P |

with Py = I or P, = P(k,i) for some i > k. This means that in assembling L, row k
and row 1 of Ap_1 need to be permuted when a pivoting step permuting row k and row
1 of Ay, is required. Then
I+ A= (BN~ ()™
Ay =EF...&F

fork=1,....,n—1, and therefore

L:[—i—An,l.

Proof. (1) The only part that has not been proved is the uniqueness part (when P = I).
Assume that A is invertible and that A = L;U; = LyU,, with Ly, Ly unit lower-triangular
and Uy, Uy upper-triangular. Then, we have

Ly'Ly = U,U

However, it is obvious that L, is lower-triangular and that U; ! is upper-triangular, and so
Ly'Ly is lower-triangular and U,U; ' is upper-triangular. Since the diagonal entries of L,
and L, are 1, the above equality is only possible if UyU; ' = I, that is, U; = Us, and so
Ll = LQ.
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(2) When P = I, we have L = E;'E;'---E.',, where E is the product of n — k

n—1»
elementary matrices of the form Fj ._,,, where E; ;.4 subtracts ¢; times row k from row ¢,
with £;, = afk/a’,jk, 1<k<n-—1,and k+1 <17 < n. Then, it is immediately verified that

1 ... 0 0 --- 0
0 1 0 0
B = 0 Ll 1 01’
0 —l. 0 1
and that
1 0 0 0
Lo 10 0
B = 0 Crgar 1 0
0 b O 1
If we define L, by
1 0 0 0 0
loq 1 0 0 0 0
l31 U3 ' 0 0 0
L = : : 1 0 0
Uev1r lerrz - Ly 1 0
: : - : 0 0
an €n2 e gnk 0 1

for k =1,...,n — 1, we easily check that L; = E;', and that
Lpy=L,,E"', 2<k<n-—1,

because multiplication on the right by £, ! adds ¢; times column i to column k (of the matrix
Ly_1) with ¢ > k, and column ¢ of Lx_; has only the nonzero entry 1 as its ith element.

Since
Ly=E'--E' 1<k<n-1,

we conclude that L = L,,_1, proving our claim about the shape of L.

(3) First, we prove by induction on £ that
Apyr =EF¥ - EF¥P,...PA, k=1,...,n—-2.

For k = 1, we have Ay = E1PLA = E{ P A, since E{ = E), so our assertion holds trivially.
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Now, if k > 2,
A1 = EpP Ay,
and by the induction hypothesis,
Ay =E1 - EN'EF'P - PLA

Because Py is either the identity or a transposition, P? = I, so by inserting occurrences of
P, P, as indicated below we can write

Ak+1 = EkpkAk
= B P By BT Py PA
= B PyEF (PP - (Po P ES (PP EY Y (PP ) Pyy - PLA
= E (P EF1P) - (P ES ' P (PLEY ' P PPy - - P A.

Observe that P, has been “moved” to the right of the elimination steps. However, by
definition,

Ef =PRETP, j=1,...k-1
EF = B,

so we get
Apr = BBy ByE{ P PLA,

establishing the induction hypothesis. For k =n — 2, we get
U=A, 1 =E'""7---E"'P,_,---PA,
as claimed, and the factorization PA = LU with

P=P,, P
L= (B (B
is clear,

Since for j =1,...,n — 2, we have E]j:Ej

Ef =PE TP, k=j+1,...,n—1,

since £} = E,_; and Pk_1 = P, we get (Ej)_l = ]E’j_1 for y = 1,...,n — 1, and for
J=1,...,n—2 we have

(BN =P(EFY A, k=j+1....n—1

Since
E—1\—1 k—1
(Ej ) =1+ Sj



6.2. GAUSSIAN ELIMINATION AND LU-FACTORIZATION 179

and P, = P(k,1) is a transposition, P? = I, so we get
(EN) " = P(Ef ) '\ Pe=P(I+ & P =P+ P& Po=1+PET P
Therfore, we have

(EN) ' =1+R& 'R, 1<j<n—2j+1<k<n-1

We prove for j =1,...,n—1, that for k =7,...,n— 1, each EJ’? is a lower triangular matrix
of the form
0 --- O 0 --- 0
ok _ 0o --- 0O 0 --- 0
j 0« Ly 0 o 0
0 --. éﬁj 0 --- 0
and that

E=PRET, 1<j<n-2j+1<k<n-—1,

with P, = I or P, = P(k,i) for some ¢ such that k+1 <1i <n.

For each j (1 < j <n —1) we proceed by induction on k = j,...,n — 1. Since (E]].')_1 =

E; I and since E; 1is of the above form, the base case holds.

For the induction step, we only need to consider the case where P, = P(k,1) is a trans-
position, since the case where P, = [ is trivial. We have to figure out what Py 5;“’1 P, =
P(k,i) EF' P(k,i) is. However, since

0o --- 0 0O --- 0
k-1 0o --- 0 0O --- 0
. = k_ 5
i 0 G, 00 0
: : ki_l . T .
0 --- gnj 0O --- 0

and because k +1 < i < n and j < k — 1, multiplying Sf‘l on the right by P(k,i) will
permute columns i and k, which are columns of zeros, so
P(k, i) EFY P(k,i) = P(k,i) £,

and thus,
(EN)' =1+ P(k,i)EF,

J

which shows that
Er = P(k,i) &

J
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We also know that multiplying (5;-“_1)’1 on the left by P(k,i) will permute rows i and
k, which shows that £F has the desired form, as claimed. Since all EJ’-“ are strictly lower
triangular, all (E¥)~" = I + £F are lower triangular, so the product

L= By (Bpm) ™

is also lower triangular.

From the beginning of part (3), we know that
L= By~ (B~
We prove by induction on k that

I+ Ap=(EY)™ - (B

ot
fork=1,...,n—1.
If k=1, we have E] = F; and
1 0 - 0
B | ! "
00 e 1
We get
1 0 0
i R
f0

Since (E; 1)~ =1 + &L, we also get A, = £}, and the base step holds.
Since (E})™' = I 4 & with

0 0O 0 - 0
ok _ 0 --- 0O 0 --- 0
i~ 1o ... g?ﬂj 0 0l

0o --- gﬁj 0 --- 0

as in part (2) for the computation involving the products of L;’s, we get

(Efil)il"'(E]];:%)il :[_i_g]{g*lg]f:ll’ 2 S k Sn (*)
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Similarly, from the fact that Sf‘l P(k,i) = 8;”_1 ifi>k+1and j <k—1 and since
(BN =I1+PRE, 1<j<n-2j+1<k<n-1,

we get
(B (B ) =T+ RET T, 2<k<n—1. (%)

By the induction hypothesis,

I+ Aoy = (B (BT
and from (x), we get

Ay =&t g0

Using (x%), we deduce that

(EY) ™ (Bry) ™t =1+ Pl
Since Ef = E},, we obtain

(B7) ™ (Bioy) N (B) ™ = (T + P B
However, by definition
I+ A= (1 + Ph0) By,

which proves that
I+ A= (BY)7" - (Bpy) T (B (1)

and finishes the induction step for the proof of this formula.

If we apply equation () again with k + 1 in place of k, we have
(By) ™ (Bp) =T+ & &

and together with (}), we obtain,
Ay =EF...&F

also finishing the induction step for the proof of this formula. For & = n—1 in (), we obtain
the desired equation: L =1+ A,_1. O

Part (3) of Theorem 6.5 shows the remarkable fact that in assembling the matrix L while
performing Gaussian elimination with pivoting, the only change to the algorithm is to make
the same transposition on the rows of L (really Ay, since the one’s are not altered) that we
make on the rows of A (really Aj) during a pivoting step involving row k£ and row i. We
can also assemble P by starting with the identity matrix and applying to P the same row
transpositions that we apply to A and A. Here is an example illustrating this method.
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Counsider the matrix

1 2 -3 4
4 8 12 -8
A=, 3 2 1
3 -1 1 —4

We set Py = I, and we can also set Ag = 0. The first step is to permute row 1 and row 2,
using the pivot 4. We also apply this permutation to Fy:

4 8 12 -8 0100
, |1 2 -3 4 |t oo0o0
A1_2321 P1_0010

-3 -1 1 -4 0001

Next, we subtract 1/4 times row 1 from row 2, 1/2 times row 1 from row 3, and add 3/4
times row 1 to row 4, and start assembling A:

4 8 12 -8 0 000 0100
o 0o -6 6 |14 000 {1t o000
=1y 1 4 5 A= 1/2 0 0 0 P=1o 010
0 5 10 —10 —3/4 0 0 0 0001

Next we permute row 2 and row 4, using the pivot 5. We also apply this permutation to A
and P:

4 8 12 -8 0 000 0100

, 10 5 10 —10 , | -3/4 00 0 oo o0 1
=10 1 21 5 Az = 1/2 0 0 0 =190 10

0 0 —6 6 1/4 00 0 1000

Next we add 1/5 times row 2 to row 3, and update Al:

4 8 12 -8 0 0 00 0100

o 5 10 —10 | -3/4 0o o000 oo o0 1
=100 -2 3 Ay = 1/2 —-1/5 0 0 =190 10
00 —6 6 /4 0 00 1000

Next we permute row 3 and row 4, using the pivot —6. We also apply this permutation to
A and P:

4 8 12 -8 0 0 00 0100
, 10 5 10 —10 , | -3/4 0 00 oo o0 1
=100 =6 Ay = 1/4 0 00 B=11900
00 -2 3 1/2 —-1/5 0 0 0010
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Finally, we subtract 1/3 times row 3 from row 4, and update A}:

4 8 12 -8 0 0 0 O 01 00
10 5 10 -10 [ -3/4 0 0 O 10 0 0 1
A=100 6 6 Ay = /4 0 0 0 B=119000
00 0 1 1/2 —-1/5 1/3 0 0010
Consequently, adding the identity to A3, we obtain
1 0 0 0 4 8 12 =8 0100
1 -3/4 1 0 0 10 5 10 —10 10 0 0 1
L= 1/4 0 1 0l U= 00 —6 6 |’ P= 1 000
/2 —-1/5 1/3 1 00 O 1 0010
We check that
0100 1 2 -3 4 4 8 12 -8
0001 4 8 12 -8 -3 -1 1 -4
PA= 1 00 0 2 3 2 1] |1 2 =3 4]’
0010 -3 -1 1 -4 2 3 2 1
and that
1 0 0 0 4 8 12 -8 4 8 12 -8
1 -3/4 1 0 0 05 10 10| -3 -1 1 —4|
LU = 1/4 0 1 0 00 -6 6] |1 2 -3 4 = PA.
/2 —-1/5 1/3 1 00 O 1 2 3 2 1

Note that if one willing to overwrite the lower triangular part of the evolving matrix A,
one can store the evolving A there, since these entries will eventually be zero anyway! There
is also no need to save explicitly the permutation matrix P. One could instead record the
permutation steps in an extra column (record the vector (w(1),...,m(n)) corresponding to
the permutation 7 applied to the rows). We let the reader write such a bold and space-
efficient version of LU-decomposition!

As a corollary of Theorem 6.5(1), we can show the following result.

Proposition 6.6. If an invertible symmetric matriz A has an LU-decomposition, then A

has a factorization of the form
A=LDL",

where L is a lower-triangular matriz whose diagonal entries are equal to 1, and where D
consists of the pivots. Furthermore, such a decomposition is unique.

Proof. If A has an LU-factorization, then it has an LDU factorization

A= LDU,
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where L is lower-triangular, U is upper-triangular, and the diagonal entries of both L and
U are equal to 1. Since A is symmetric, we have

LDU=A=A"=U"DL",

with U lower-triangular and DL T upper-triangular. By the uniqueness of LU-factorization
(part (1) of Theorem 6.5), we must have L = U (and DU = DL"), thus U = L', as
claimed. O

Remark: It can be shown that Gaussian elimination + back-substitution requires n®/3 +
O(n?) additions, n3/3 + O(n?) multiplications and n?/2 + O(n) divisions.

Let us now briefly comment on the choice of a pivot. Although theoretically, any pivot
can be chosen, the possibility of roundoff errors implies that it is not a good idea to pick
very small pivots. The following example illustrates this point. Consider the linear system

107% + y = 1
r + y = 2.

Since 10™* is nonzero, it can be taken as pivot, and we get

1074z + Y = 1
(1-10Yy = 2-—10%

Thus, the exact solution is
104 10% — 2

T YT
However, if roundoff takes place on the fourth digit, then 10* — 1 = 9999 and 10* — 2 = 9998
will be rounded off both to 9990, and then the solution is z = 0 and y = 1, very far from the
exact solution where x ~ 1 and y =~ 1. The problem is that we picked a very small pivot. If

instead we permute the equations, the pivot is 1, and after elimination, we get the system

T + Y = 2
(1-10%)y = 1-2x107"%

This time, 1 — 107 = 0.9999 and 1 — 2 x 10~* = 0.9998 are rounded off to 0.999 and the
solution is x = 1,y = 1, much closer to the exact solution.
To remedy this problem, one may use the strategy of partial pivoting. This consists of

choosing during step k (1 <k <n — 1) one of the entries af, such that

k| _ k
|ag}] —krgfél’apk‘-

By maximizing the value of the pivot, we avoid dividing by undesirably small pivots.
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Remark: A matrix, A, is called strictly column diagonally dominant iff

n

|aj;| > Z laijl, forj=1,...,n
i=1,i#j

(resp. strictly row diagonally dominant iff

n

la;i| > Z la;;|, fori=1,...,n.)

=1,

It has been known for a long time (before 1900, say by Hadamard) that if a matrix A
is strictly column diagonally dominant (resp. strictly row diagonally dominant), then it is
invertible. (This is a good exercise, try it!) It can also be shown that if A is strictly column
diagonally dominant, then Gaussian elimination with partial pivoting does not actually re-
quire pivoting (See Problem 21.6 in Trefethen and Bau [110], or Question 2.19 in Demmel
[27]).

Another strategy, called complete pivoting, consists in choosing some entry a
k <1,7 <mn, such that

k

ij» Where

_ k
453 = B8, Vol

However, in this method, if the chosen pivot is not in column k, it is also necessary to
permute columns. This is achieved by multiplying on the right by a permutation matrix.
However, complete pivoting tends to be too expensive in practice, and partial pivoting is the
method of choice.

A special case where the LU-factorization is particularly efficient is the case of tridiagonal
matrices, which we now consider.

6.3 (Gaussian Elimination of Tridiagonal Matrices

Consider the tridiagonal matrix

by
as by Co
as bg C3

an—2 ban Cp—2
Ap-1 bpo1 cpo
a’n bn

Define the sequence

do=1, 01 =0b1, Op="0bp0p—1 — arCr_10x—2, 2=<k<n.
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Proposition 6.7. If A is the tridiagonal matriz above, then 6, = det(A[l..k,1..k]) for
k=1,...,n.

Proof. By expanding det(A[l..k, 1..k]) with respect to its last row, the proposition follows
by induction on k. O]

Theorem 6.8. If A is the tridiagonal matriz above and o, # 0 for k=1,...,n, then A has
the following LU -factorization:

1 é C1
a9 — 1 _2
51 5 51 Co
CL35—1 1 % 3
A= 2 8
Ap—1 5TL—3 1 571—1
5n—2 ) Cn—1
57172 n—2 5
Qp, 1 n
6n71 5n71

Proof. Since o), = det(A[l..k,1..k]) # 0 for k = 1,...,n, by Theorem 6.5 (and Proposition
6.2), we know that A has a unique LU-factorization. Therefore, it suffices to check that the
proposed factorization works. We easily check that

(LU)kk+1 = Cg, 1§k§n—1
(LU)kp—1 = ar, 2<k<n

(LU)e = 0, |k—1]>2

o
(LU)1, = 5—1 =b

0

—10p—2+90
(LU = 01 O2 F Ok =by, 2<k<n,
Ok—1
since 5k = bkék_l - akck_15k_2. O

It follows that there is a simple method to solve a linear system Ax = d where A is
tridiagonal (and d; # 0 for £ = 1,...,n). For this, it is convenient to “squeeze” the diagonal
matrix A defined such that Ay = d;/d;_1 into the factorization so that A = (LA)(A™'U),
and if we let

€1 Ok—1 On

n=—, zZx=¢—, 2<k<n-—-1, z,=
1 bl k k (Sk = = ) n 5n71

= bn — GpZn—1,
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A= (LA)(A7'U) is written as

1 Z1
c1 1 2
<1
Ca
as — I z3
z
2 Cs
a3 —
A= zZ3
Cn—1
Ap—1 1 2z
Zn—1
Qp, Zn 1 Zn—1

As a consequence, the system Ax = d can be solved by constructing three sequences: First,
the sequence

C1 Ck

leb_7 Zk k:27"‘7n_]-7 Zn:bn_anzn_l’
1

by — apzp-1
corresponding to the recurrence 6 = bpdr_1 — apcr_10x_2 and obtained by dividing both
sides of this equation by d;_1, next

dy _dy — apwi

wlzb—, W, k=2 ...,n,
1

by — apzper
corresponding to solving the system LAw = d, and finally

Tp = Wy, Tp =Wk — 2Tk, k=n—1,n—2,...,1,
corresponding to solving the system A~'Uz = w.

Remark: It can be verified that this requires 3(n — 1) additions, 3(n — 1) multiplications,
and 2n divisions, a total of 8n — 6 operations, which is much less that the O(2n?/3) required
by Gaussian elimination in general.

We now consider the special case of symmetric positive definite matrices (SPD matrices).
Recall that an n x n symmetric matrix A is positive definite iff

z" Az >0 for all z € R" with z # 0.

Equivalently, A is symmetric positive definite iff all its eigenvalues are strictly positive. The
following facts about a symmetric positive definite matrice A are easily established (some
left as an exercise):
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(1) The matrix A is invertible. (Indeed, if Az = 0, then x" Az = 0, which implies z = 0.)

(2) We have a;; > 0 for i =1,...,n. (Just observe that for x = e;, the ith canonical basis
vector of R™, we have e/ Ae; = a;; > 0.)

(3) For every n x n invertible matrix Z, the matrix Z' AZ is symmetric positive definite
iff A is symmetric positive definite.

Next, we prove that a symmetric positive definite matrix has a special LU-factorization
of the form A = BB, where B is a lower-triangular matrix whose diagonal elements are
strictly positive. This is the Cholesky factorization.

6.4 SPD Matrices and the Cholesky Decomposition

First, we note that a symmetric positive definite matrix satisfies the condition of Proposition
6.2.

Proposition 6.9. If A is a symmetric positive definite matriz, then A[l..k, 1..k] is symmetric
positive definite, and thus invertible for k=1,... n.

Proof. Since A is symmetric, each A[l..k, 1..k] is also symmetric. If w € R¥, with 1 < k < n,
we let x € R” be the vector with z; = w; fori =1,... )k and z; =0fori =k+1,...,n.
Now, since A is symmetric positive definite, we have " Az > 0 for all z € R™ with = # 0.
This holds in particular for all vectors x obtained from nonzero vectors w € R* as defined

earlier, and clearly
' Ar = w' ALk, 1.k w,

which implies that A[l..k, 1..k] is positive definite. Thus, A[l..k, 1..k] is also invertible. [

Proposition 6.9 can be strengthened as follows: A symmetric matriz A is positive definite
iff det(A[l..k,1..k]) >0 fork=1,... n.

The above fact is known as Sylvester’s criterion. We will prove it after establishing the
Cholesky factorization.

Let A be an n X n symmetric positive definite matrix and write
A— aiq WT ’
w C
where C'is an (n — 1) X (n — 1) symmetric matrix and W is an (n — 1) x 1 matrix. Since A

is symmetric positive definite, a;; > 0, and we can compute o = /a;;. The trick is that we
can factor A uniquely as

() D ) 65
<

i.e., as A = By A B], where B is lower-triangular with positive diagonal entries. Thus, B;
is invertible, and by fact (3) above, A; is also symmetric positive definite.
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Theorem 6.10. (Cholesky Factorization) Let A be a symmetric positive definite matriz.
Then, there is some lower-triangular matriz B so that A = BB'. Furthermore, B can be
chosen so that its diagonal elements are strictly positive, in which case B is unique.

Proof. We proceed by induction on the dimension n of A. For n = 1, we must have a;; > 0,
and if we let @ = (/a1 and B = («), the theorem holds trivially. If n > 2, as we explained
above, again we must have a;; > 0, and we can write

far W\ [ a 0\ /[1 0 a WTja\ T
A(W C)(W/a I) (0 C—WWT/aH) <o I )BlAlBl’

where o = /a7, the matrix B; is invertible and

! 0
r= 0 C’—WWT/aH

is symmetric positive definite. However, this implies that C' — WWT /a; is also symmetric
positive definite (consider x" Az for every x € R™ with x # 0 and z; = 0). Thus, we can
apply the induction hypothesis to C' — WW T /a;; (which is an (n — 1) x (n — 1) matrix),
and we find a unique lower-triangular matrix L with positive diagonal entries so that

C—-WW'/ay;, =LL".

But then, we get

1= (e D6 eowivn) 6 7°)
= (o )G ) G0
(i )6 D626
= (o 2) 6 ")

Therefore, if we let

we have a unique lower-triangular matrix with positive diagonal entries and A = BBT.

The uniqueness of the Cholesky decomposition can also be established using the unique-
ness of an LU decomposition. Indeed, if A = B;B] = ByB, where By and B, are lower
triangular with positive diagonal entries, if we let A; (resp. Aj) be the diagonal matrix
consisting of the diagonal entries of B; (resp. Bs) so that (Ag); = (Bg)i for k = 1,2, then
we have two LU decompositions

A= (BIAT)(ALB)) = (Bo2Ay 1) (AsBy)
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with ByATY, BoAS ! unit lower triangular, and Ay B, Ay B) upper triangular. By uniquenes
of LU factorization (Theorem 6.5(1)), we have

BAT' = B,A;Y, AB] = A,B,,
and the second equation yields
B1A; = ByA,. (%)

The diagonal entries of BiA; are (Bj)?% and similarly the diagonal entries of ByAy are (Bs)?,
so the above equation implies that

(B2 =(By)2, i=1,...,n.

Since the diagonal entries of both By and Bs are assumed to be positive, we must have
(B1)ii = (B2)u, i=1,...,m;

that is, A; = A, and since both are invertible, we conclude from (x) that B; = Bs. O

The proof of Theorem 6.10 immediately yields an algorithm to compute B from A by
solving for a lower triangular matrix B such that A = BB". For j =1,...,n,

i1 1/2
bjj = (%‘j‘Z@) )
k=1

and fori=j+1,...,n(and j=1,...,n—1)

j—1
bij = (aij - Zbikbjk> /bii-
k=1

The above formulae are used to compute the jth column of B from top-down, using the first
j — 1 columns of B previously computed, and the matrix A.

The Cholesky factorization can be used to solve linear systems Az = b where A is
symmetric positive definite: Solve the two systems Bw = b and Bz = w.

Remark: It can be shown that this methods requires n?/6 + O(n?) additions, n®/6 + O(n?)
multiplications, n?/2+0(n) divisions, and O(n) square root extractions. Thus, the Cholesky
method requires half of the number of operations required by Gaussian elimination (since
Gaussian elimination requires n®/3 + O(n?) additions, n®/3 + O(n?) multiplications, and
n?/2 + O(n) divisions). It also requires half of the space (only B is needed, as opposed to
both L and U). Furthermore, it can be shown that Cholesky’s method is numerically stable
(see Trefethen and Bau [110], Lecture 23).

Remark: If A = BB'", where B is any invertible matrix, then A is symmetric positive
definite.
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Proof. Obviously, BB is symmetric, and since B is invertible, BT is invertible, and from
2'"Ar =2"BB'x = (B'x) B,
it is clear that o' Az > 0 if 2 # 0. O

We now give three more criteria for a symmetric matrix to be positive definite.

Proposition 6.11. Let A be any n x n symmetric matrixz. The following conditions are
equivalent:

(a) A is positive definite.

(b) All principal minors of A are positive; that is: det(A[l..k,1..k]) >0 fork=1,....n
(Sylvester’s criterion).

(¢c) A has an LU-factorization and all pivots are positive.

(d) A has an LDL"-factorization and all pivots in D are positive.

Proof. By Proposition 6.9, if A is symmetric positive definite, then each matrix A[l1..k, 1..k] is
symmetric positive definite for k = 1,...,n. By the Cholsesky decomposition, A[l..k,1..k] =
Q' Q for some invertible matrix @, so det(A[l..k,1..k]) = det(Q)? > 0. This shows that (a)
implies (b).

If det(A[1..k,1..k]) > 0 for k = 1,...,n, then each A[l..k, 1..k] is invertible. By Proposi-
tion 6.2, the matrix A has an LU-factorization, and since the pivots 7 are given by

ay = det(A[1.1,1..1])  ifk=1
T = det(A[l..k, 1..k]) .
fh=2,...
det(A[Lk—1,1.k—1)) et

we see that m, > 0 for k =1,...,n. Thus (b) implies (c).

Assume A has an LU-factorization and that the pivots are all positive. Since A is
symmetric, this implies that A has a factorization of the form

A=LDL",

with L lower-triangular with 1’s on its diagonal, and where D is a diagonal matrix with
positive entries on the diagonal (the pivots). This shows that (c¢) implies (d).

Given a factorization A = LDL" with all pivots in D positive, if we form the diagonal

matrix
VD = diag(\/71, . . ., \/Tn)
and if we let B = LvV/D, then we have

Q= BB',

with B lower-triangular and invertible. By the remark before Proposition 6.11, A is positive
definite. Hence, (d) implies (a). O
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Criterion (c) yields a simple computational test to check whether a symmetric matrix is
positive definite. There is one more criterion for a symmetric matrix to be positive definite:
its eigenvalues must be positive. We will have to learn about the spectral theorem for
symmetric matrices to establish this criterion.

For more on the stability analysis and efficient implementation methods of Gaussian
elimination, LU-factoring and Cholesky factoring, see Demmel [27], Trefethen and Bau [110],
Ciarlet [24], Golub and Van Loan [49], Meyer [80], Strang [104, 105], and Kincaid and Cheney
63].

6.5 Reduced Row Echelon Form

Gaussian elimination described in Section 6.2 can also be applied to rectangular matrices.
This yields a method for determining whether a system Az = b is solvable, and a description
of all the solutions when the system is solvable, for any rectangular m x n matrix A.

It turns out that the discussion is simpler if we rescale all pivots to be 1, and for this we
need a third kind of elementary matrix. For any A # 0, let E; 5 be the n x n diagonal matrix

1

1
with (E; )i = A (1 <i<mn). Note that E; , is also given by
Eix=1+(\—1)e,

and that £ ) is invertible with
E;\ = E;x.

Now, after £ — 1 elimination steps, if the bottom portion

(aﬁlw aiJrlk’ s 7a’;1k:)
of the kth column of the current matrix Ay is nonzero so that a pivot m, can be chosen,
after a permutation of rows if necessary, we also divide row k by 7 to obtain the pivot 1,
and not only do we zero all the entries ¢ = £+ 1,...,m in column k, but also all the entries
1 =1,...,k — 1, so that the only nonzero entry in column k is a 1 in row k. These row
operations are achieved by multiplication on the left by elementary matrices.

If af), = af,,, = =aF,, =0, we move on to column k + 1.
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The result is that after performing such elimination steps, we obtain a matrix that has
a special shape known as a reduced row echelon matriz. Here is an example illustrating this
process: Starting from the matrix

102 1 5
Ai=11 15 2 7
1 2 8 4 12
we perform the following steps
10215
Al—)AQZ 0131 2 s
026 37T
by subtracting row 1 from row 2 and row 3;
102 15 10 2 1 5 1 0 2 1 5
A, — |0 2 6 3 7| — |0 1 3 3/2 7/2| —A3=(0 1 3 3/2 7/2 ],
0131 2 013 1 2 000 —1/2 -3/2

after choosing the pivot 2 and permuting row 2 and row 3, dividing row 2 by 2, and sub-
tracting row 2 from row 3;

102 1 5 1020 2
A3 — [0 1 3 3/2 7)2| — A,=(01 3 0 -1}/,
o000 1 3 0001 3
after dividing row 3 by —1/2, subtracting row 3 from row 1, and subtracting (3/2) x row 3

from row 2.

It is clear that columns 1,2 and 4 are linearly independent, that column 3 is a linear
combination of columns 1 and 2, and that column 5 is a linear combinations of columns
1,2, 4.

In general, the sequence of steps leading to a reduced echelon matrix is not unique. For
example, we could have chosen 1 instead of 2 as the second pivot in matrix A,. Nevertherless,
the reduced row echelon matrix obtained from any given matrix is unique; that is, it does
not depend on the the sequence of steps that are followed during the reduction process. This
fact is not so easy to prove rigorously, but we will do it later.

If we want to solve a linear system of equations of the form Az = b, we apply elementary
row operations to both the matrix A and the right-hand side b. To do this conveniently, we
form the augmented matriz (A,b), which is the m x (n + 1) matrix obtained by adding b as
an extra column to the matrix A. For example if

10 2 1 5
A=|1 1 5 2 and b= | T71],
1 2 8 4 12
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then the augmented matrix is

1 5
2 7
4 12

—_

Now, for any matrix M, since

M(A,b) = (MA, Mb),

performing elementary row operations on (A, b) is equivalent to simultaneously performing
operations on both A and b. For example, consider the system

Ty + 223 + x4 = B
Ty + X9 + 533'3 + 2$4 = 7
Ty + 2;62 + 81’3 + 4]74 = 12.

Its augmented matrix is the matrix

1021 5
Ab)=|1152 7
12 8 4 12

considered above, so the reduction steps applied to this matrix yield the system

il —|— 2[[‘3 = 2
) + 3ZL‘3 = -1
Ty = 3.
This reduced system has the same set of solutions as the original, and obviously z3 can be
chosen arbitrarily. Therefore, our system has infinitely many solutions given by

T = 2 — 21‘3, To = —1 - 3.’1]3, Ty = 3,
where x3 is arbitrary.

The following proposition shows that the set of solutions of a system Az = b is preserved
by any sequence of row operations.

Proposition 6.12. Given any m x n matriz A and any vector b € R™, for any sequence
of elementary row operations Ey,...,Ey, if P = Ey---Ey and (A',b') = P(A,b), then the
solutions of Ax = b are the same as the solutions of A'lx =U'.

Proof. Since each elementary row operation Ej; is invertible, so is P, and since (A’,b') =
P(A,b), then A = PA and ¥’ = Pb. If x is a solution of the original system Az = b, then
multiplying both sides by P we get PAx = Pb; that is, A’x = I/, so x is a solution of the

new system. Conversely, assume that x is a solution of the new system, that is A’z = ¥'.
Then, because A’ = PA, b/ = PB, and P is invertible, we get

Ar =P 'Ax = PV =1,

so x is a solution of the original system Ax = b. m
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Another important fact is this:

Proposition 6.13. Given a m xn matrix A, for any sequence of row operations E1, ..., Ey,
if P=FEy---FEy and B = PA, then the subspaces spanned by the rows of A and the rows of
B are identical. Therefore, A and B have the same row rank. Furthermore, the matrices A
and B also have the same (column) rank.

Proof. Since B = PA, from a previous observation, the rows of B are linear combinations
of the rows of A, so the span of the rows of B is a subspace of the span of the rows of A.
Since P is invertible, A = P71B, so by the same reasoning the span of the rows of A is a
subspace of the span of the rows of B. Therefore, the subspaces spanned by the rows of A
and the rows of B are identical, which implies that A and B have the same row rank.

Proposition 6.12 implies that the systems Axr = 0 and Bz = 0 have the same solutions.
Since Ax is a linear combinations of the columns of A and Bz is a linear combinations of
the columns of B, the maximum number of linearly independent columns in A is equal to
the maximum number of linearly independent columns in B; that is, A and B have the same
rank. O

Remark: The subspaces spanned by the columns of A and B can be different! However,
their dimension must be the same.

Of course, we know from Proposition 4.29 that the row rank is equal to the column rank.
We will see that the reduction to row echelon form provides another proof of this important
fact. Let us now define precisely what is a reduced row echelon matrix.

Definition 6.1. A mxn matrix A is a reduced row echelon matrix iff the following conditions
hold:

(a) The first nonzero entry in every row is 1. This entry is called a pivot.
(b) The first nonzero entry of row i + 1 is to the right of the first nonzero entry of row i.
(c¢) The entries above a pivot are zero.

If a matrix satisfies the above conditions, we also say that it is in reduced row echelon form,
for short rref.

Note that condition (b) implies that the entries below a pivot are also zero. For example,
the matrix

1
A=10
0

O OO
S = O

1
2
0
is a reduced row echelon matrix.

The following proposition shows that every matrix can be converted to a reduced row
echelon form using row operations.
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Proposition 6.14. Given any m x n matriz A, there is a sequence of row operations
Ey, ... E; such that if P = FEj--- Ey, then U = PA is a reduced row echelon matrix.

Proof. We proceed by induction on m. If m = 1, then either all entries on this row are zero,
so A =0, or if a; is the first nonzero entry in A, let P = (aj_l) (a 1 x 1 matrix); clearly, PA
is a reduced row echelon matrix.

Let us now assume that m > 2. If A = 0 we are done, so let us assume that A £ 0. Since
A # 0, there is a leftmost column j which is nonzero, so pick any pivot m = a;; in the jth
column, permute row ¢ and row 1 if necessary, multiply the new first row by 7~!, and clear
out the other entries in column j by subtracting suitable multiples of row 1. At the end of
this process, we have a matrix A; that has the following shape:

O --- 0 1 x *
0 -~ 00 x .
A=, o ,

where * stands for an arbitrary scalar, or more concisely
01 B
A, =
! (0 0 D) ’
where D is a (m — 1) x (n — j) matrix. If j = n, we are done. Otherwise, by the induction
hypothesis applied to D, there is a sequence of row operations that converts D to a reduced

row echelon matrix R’, and these row operations do not affect the first row of A;, which
means that A; is reduced to a matrix of the form

01 B
=60 &)
Because R’ is a reduced row echelon matrix, the matrix R satisfies conditions (a) and (b) of
the reduced row echelon form. Finally, the entries above all pivots in R’ can be cleared out

by subtracting suitable multiples of the rows of R’ containing a pivot. The resulting matrix
also satisfies condition (c), and the induction step is complete. ]

Remark: There is a Matlab function named rref that converts any matrix to its reduced
row echelon form.

If A is any matrix and if R is a reduced row echelon form of A, the second part of
Proposition 6.13 can be sharpened a little. Namely, the rank of A is equal to the number of
pivots in R.

This is because the structure of a reduced row echelon matrix makes it clear that its rank
is equal to the number of pivots.
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Given a system of the form Ax = b, we can apply the reduction procedure to the aug-
mented matrix (A,b) to obtain a reduced row echelon matrix (A’,?’) such that the system
A’z = b has the same solutions as the original system Ax = b. The advantage of the reduced
system A’x = I/ is that there is a simple test to check whether this system is solvable, and
to find its solutions if it is solvable.

Indeed, if any row of the matrix A’ is zero and if the corresponding entry in &' is nonzero,
then it is a pivot and we have the “equation”

0=1,

which means that the system A’z = b’ has no solution. On the other hand, if there is no
pivot in b', then for every row i in which b, # 0, there is some column j in A" where the
entry on row i is 1 (a pivot). Consequently, we can assign arbitrary values to the variable
xy, if column k& does not contain a pivot, and then solve for the pivot variables.

For example, if we consider the reduced row echelon matrix

(A/’ b/) =

o O =
O OO
O = O
O N =
_ O O

there is no solution to A’x = b’ because the third equation is 0 = 1. On the other hand, the
reduced system

1
(A0) =10
0

o O

011
1 2 3
000

has solutions. We can pick the variables xs, x4 corresponding to nonpivot columns arbitrarily,
and then solve for z3 (using the second equation) and z; (using the first equation).

The above reasoning proved the following theorem:

Theorem 6.15. Given any system Ax = b where A is a m X n matriz, if the augmented
matriz (A, b) is a reduced row echelon matriz, then the system Ax = b has a solution iff there
is no pivot in b. In that case, an arbitrary value can be assigned to the variable x; if column
7 does mot contain a pivot.

Nonpivot variables are often called free variables.

Putting Proposition 6.14 and Theorem 6.15 together we obtain a criterion to decide
whether a system Ax = b has a solution: Convert the augmented system (A,b) to a row
reduced echelon matrix (A’, ') and check whether " has no pivot.

Remark: When writing a program implementing row reduction, we may stop when the last
column of the matrix A is reached. In this case, the test whether the system Ax = b is
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solvable is that the row-reduced matrix A’ has no zero row of index ¢ > r such that b # 0
(where r is the number of pivots, and ¥’ is the row-reduced right-hand side).

If we have a homogeneous system Ax = 0, which means that b = 0, of course z = 0 is
always a solution, but Theorem 6.15 implies that if the system Ax = 0 has more variables
than equations, then it has some nonzero solution (we call it a nontrivial solution).

Proposition 6.16. Given any homogeneous system Ax = 0 of m equations in n variables,
if m < n, then there is a nonzero vector x € R™ such that Az = 0.

Proof. Convert the matrix A to a reduced row echelon matrix A’. We know that Az = 0 iff
A'r = 0. If r is the number of pivots of A’, we must have » < m, so by Theorem 6.15 we may
assign arbitrary values to n — r > 0 nonpivot variables and we get nontrivial solutions. [

Theorem 6.15 can also be used to characterize when a square matrix is invertible. First,
note the following simple but important fact:

If a square n X n matriz A is a row reduced echelon matriz, then either A is the identity
or the bottom row of A is zero.

Proposition 6.17. Let A be a square matriz of dimension n. The following conditions are
equivalent:

(a) The matriz A can be reduced to the identity by a sequence of elementary row operations.
(b) The matriz A is a product of elementary matrices.

(¢) The matriz A is invertible.

(d) The system of homogeneous equations Ax = 0 has only the trivial solution x = 0.

Proof. First, we prove that (a) implies (b). If (a) can be reduced to the identity by a sequence
of row operations I, ..., E,, this means that £, --- EF1A = I. Since each E; is invertible,
we get

A=E"E,

where each E; ! is also an elementary row operation, so (b) holds. Now if (b) holds, since
elementary row operations are invertible, A is invertible, and (c) holds. If A is invertible, we
already observed that the homogeneous system Az = 0 has only the trivial solution x = 0,
because from Az = 0, we get A~*Axr = A~10; that is, x = 0. It remains to prove that (d)
implies (a), and for this we prove the contrapositive: if (a) does not hold, then (d) does not
hold.

Using our basic observation about reducing square matrices, if A does not reduce to the
identity, then A reduces to a row echelon matrix A’ whose bottom row is zero. Say A’ = PA,
where P is a product of elementary row operations. Because the bottom row of A’ is zero,
the system A’z = 0 has at most n — 1 nontrivial equations, and by Proposition 6.16, this
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system has a nontrivial solution z. But then, Az = P~'A'z = 0 with x # 0, contradicting
the fact that the system Ax = 0 is assumed to have only the trivial solution. Therefore, (d)
implies (a) and the proof is complete. O

Proposition 6.17 yields a method for computing the inverse of an invertible matrix A:
reduce A to the identity using elementary row operations, obtaining
E, --EiA=1.
Multiplying both sides by A~ we get
A'=E, - E.

From a practical point of view, we can build up the product E,--- E; by reducing to row
echelon form the augmented n x 2n matrix (A, I,,) obtained by adding the n columns of the
identity matrix to A. This is just another way of performing the Gauss—Jordan procedure.

Here is an example: let us find the inverse of the matrix

5 4
A (6 5) |
We form the 2 x 4 block matrix

an-(314Y)

and apply elementary row operations to reduce A to the identity. For example:

5410 54 1 0
(A’I):(6 50 1>_>(1 1 -1 1)

by subtracting row 1 from row 2,
10 5 —4
11 -1 1

54 1 0y
11 -1 1

by subtracting 4 x row 2 from row 1,
10 5 -4\ 1
(0 1 —6 5 ) - <I7A )7

L0 5 —4) |

11 -1 1
L (5 —4
A_(_65>.

by subtracting row 1 from row 2. Thus

Proposition 6.17 can also be used to give an elementary proof of the fact that if a square
matrix A has a left inverse B (resp. a right inverse B), so that BA = I (resp. AB = I),
then A is invertible and A~! = B. This is an interesting exercise, try it!

For the sake of completeness, we prove that the reduced row echelon form of a matrix is
unique. The neat proof given below is borrowed and adapted from W. Kahan.
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Proposition 6.18. Let A be any m X n matriz. If U and V are two reduced row echelon
matrices obtained from A by applying two sequences of elementary row operations E, ..., I,
and Fi, ..., Fy,, so that

U=E, --EiA and V =F,---FA,

then U =V and E,--- Ey, = F,--- Fy. In other words, the reduced row echelon form of any
matrix s unique.

Proof. Let
C’zEp~--E1F1_1---Fq_1

so that
U=CV and V =C'U.

We prove by induction on n that U =V (and C = 1I).

Let ¢; denote the jth column of the identity matrix I,,, and let u; = U¥¢;, v; = VY,
c; = Cl;, and a; = Al;, be the jth column of U, V, C, and A respectively.

First, I claim that u; =0 iff v; = 0, iff a; = 0.

Indeed, if v; = 0, then (because U = CV) u; = Cv; = 0, and if u; = 0, then v; =
C'u; =0. Since A= E,--- E,U, we also get a; = 0 iff u; = 0.

Therefore, we may simplify our task by striking out columns of zeros from U, V', and A,
since they will have corresponding indices. We still use n to denote the number of columns of
A. Observe that because U and V are reduced row echelon matrices with no zero columns,
we must have u; = vy = ;.

Claim. If U and V are reduced row echelon matrices without zero columns such that
U=CV, forall k> 1,if k <n, then ¢, occurs in U iff ¢}, occurs in V', and if ¢, does occurs
in U, then

1. ¢y occurs for the same index j; in both U and V;
2. the first j; columns of U and V match;

3. the subsequent columns in U and V' (of index > j;) whose elements beyond the kth
all vanish also match;

4. the first k£ columns of C' match the first k& columns of I,,.
We prove this claim by induction on k.
For the base case k = 1, we already know that u; = v; = ¢;. We also have

C1 :Cgl :C’Ul = U 251-
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If v; = M for some i € R, then
U; = Ugl = CV& = CUJ‘ = )\Cgl = )\61 = Vj.

A similar argument using C~' shows that if u; = M, then v; = wu;. Therefore, all the
columns of U and V' proportional to £; match, which establishes the base case. Observe that
if /5 appears in U, then it must appear in both U and V' for the same index, and if not then
U=V.

Next us now prove the induction step; this is only necessary if ¢, appears in both U,
in wich case, by (3) of the induction hypothesis, it appears in both U and V for the same
index, say jr1. Thus uy, = vj, ., = lpy1. It follows that

k1 = Ol = Cujipy = 5y = i,

so the first £ + 1 columns of C' match the first £ + 1 columns of I,.

Consider any subsequent column v; (with j > ji41) whose elements beyond the (k+1)th
all vanish. Then, v; is a linear combination of columns of V' to the left of v}, so

’LL]' = C’Uj = ’Uj.

because the first k£ + 1 columns of C' match the first column of [,,. Similarly, any subsequent
column u; (with j > ji41) whose elements beyond the (k + 1)th all vanish is equal to v;.
Therefore, all the subsequent columns in U and V' (of index > ji.1) whose elements beyond
the (k + 1)th all vanish also match, which completes the induction hypothesis.

We can now prove that U = V (recall that we may assume that U and V have no zero
columns). We noted earlier that u; = v; = ¢4, so there is a largest & < n such that ¢, occurs
in U. Then, the previous claim implies that all the columns of U and V match, which means
that U = V. O

The reduction to row echelon form also provides a method to describe the set of solutions
of a linear system of the form Ax = b. First, we have the following simple result.

Proposition 6.19. Let A be any m x n matriz and let b € R™ be any vector. If the system
Ax = b has a solution, then the set Z of all solutions of this system is the set

Z =x9+ Ker(A) = {zo+ 2 | Az = 0},

where xo € R™ is any solution of the system Ax = b, which means that Axg = b (xq is called
a special solution), and where Ker (A) = {x € R" | Ax = 0}, the set of solutions of the
homogeneous system associated with Ax = b.

Proof. Assume that the system Ax = b is solvable and let xq and x; be any two solutions so
that Axqg = b and Az, = b. Subtracting the first equation from the second, we get

A(ml - -1'0) = 07
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which means that z; — zy € Ker (A). Therefore, Z C xy + Ker (A), where z, is a special
solution of Az = b. Conversely, if Azy = b, then for any z € Ker (A), we have Az = 0, and
S0

A(zg+2) =Azg+ Az=b+ 0=,

which shows that z¢ + Ker (A) C Z. Therefore, Z = ¢ + Ker (A). O

Given a linear system Az = b, reduce the augmented matrix (A,b) to its row echelon
form (A’,0"). As we showed before, the system Ax = b has a solution iff &’ contains no pivot.
Assume that this is the case. Then, if (A’, ') has r pivots, which means that A’ has r pivots
since b’ has no pivot, we know that the first » columns of I,, appear in A’.

We can permute the columns of A" and renumber the variables in x correspondingly so
that the first » columns of [,, match the first » columns of A’, and then our reduced echelon
matrix is of the form (R, ') with

I, F
= (Om—r,T Om—r,n—r)

. [ d
= (o)

where F'is a r X (n —r) matrix and d € R". Note that R has m — r zero rows.

I, F d\ [ d
Om—r,r Om—r,n—'r On—r N Om—r ’
- d

0=\ 0,

is a special solution of Rx = V', and thus to Ax = b. In other words, we get a special solution
by assigning the first r components of & to the pivot variables and setting the nonpivot
variables (the free variables) to zero.

and

Then, because

we see that

We can also find a basis of the kernel (nullspace) of A using F. If = (u,v) is in the
kernel of A, with u € R” and v € R"™", then z is also in the kernel of R, which means that

Rx = 0; that is,
I, F w\ (u+Fv\ [ 0,
Omfr,r Omfr,nfr v B Omfr N Omfr '

Therefore, u = —Fv, and Ker (A) consists of all vectors of the form

()= ()
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for any arbitrary v € R"™". It follows that the n — r columns of the matrix

v=(.1)

form a basis of the kernel of A. This is because N contains the identity matrix I,,_, as a
submatrix, so the columns of N are linearly independent. In summary, if N!, ..., N*™" are
the columns of N, then the general solution of the equation Az = b is given by

T = (Od ) +xr+1N1+~~~+an”_T,

where z,,1,...,x, are the free variables; that is, the nonpivot variables.

In the general case where the columns corresponding to pivots are mixed with the columns
corresponding to free variables, we find the special solution as follows. Let i; < --- < i, be
the indices of the columns corresponding to pivots. Then, assign b} to the pivot variable
x;, for K = 1,...,r, and set all other variables to 0. To find a basis of the kernel, we
form the n — r vectors N* obtained as follows. Let j; < --- < j,_, be the indices of the
columns corresponding to free variables. For every column j; corresponding to a free variable
(1 <k <n—r), form the vector N* defined so that the entries Ni’j, cee Ni’j are equal to the
negatives of the first r entries in column jj, (flip the sign of these entries); let Nﬁ =1, and set
all other entries to zero. The presence of the 1 in position j, guarantees that N, ... K N*~"

are linearly independent.

An illustration of the above method, consider the problem of finding a basis of the
subspace V of n x n matrices A € M,,(R) satisfying the following properties:

1. The sum of the entries in every row has the same value (say ¢;);
2. The sum of the entries in every column has the same value (say ¢).

It turns out that ¢; = ¢ and that the 2n — 2 equations corresponding to the above conditions
are linearly independent. We leave the proof of these facts as an interesting exercise. By the
duality theorem, the dimension of the space V' of matrices satisying the above equations is
n? — (2n — 2). Let us consider the case n = 4. There are 6 equations, and the space V has
dimension 10. The equations are

ay + arp + a3 + a4 — a1 — Gz — A3 — agq = 0
a1 + Aoy + Qg3 + Qg4 — A31 — A3z — a3z — a3y = 0
asy; + azp + azz + azq — A4 — Qg — A3 — a4 = 0
a1y + agy + azi + aq — @12 — Gz — azp — ag2 =0
12 + Aoz + A3z + Qg2 — A13 — Qg3 — a3z — a43 = 0

(13 + A3 + a3z + a43 — Q14 — A4 — A34 — Agq = 0,
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and the corresponding matrix is

11 1 1 -1 -1 -1 -1 0 O O O O O O O
o o 60 o0 1 1 1 1 -1 -1-1-1 0 O O O
A oo o0 o o o0 oo o0 1 1 1 1 -1 -1 -1 -1
1 -1 0 o0 1 -1 0 0 1 -1 0 O 1 -1 0 0
o1 -1o0 o0 1 -1 0 0 1 -1 0 0 1 =1 0
o o0 1 -1 0 0 1 -1 0 o0 1 -1 0 0 1 -1

The result of performing the reduction to row echelon form yields the following matrix
in rref:

10000 -1 -1-10-1-1-1 2 1 1 1
co1ro0001 o0 O0O0O1 O 0 -1 0 -1 -1
U— coo1r00o0 1 O0O0OO0O 1 0O -1 -1 0 -1
cooo601ro0 o0 o0 100 0 1 -1 -1 -1 0
cooo60o01 1 1 100 O O -1 -1 -1 -1
oooo0oo0o o6 o o011 1 1 -1 -1 -1 -1

The list pivlist of indices of the pivot variables and the list freelist of indices of the free
variables is given by

pivlist = (1,2,3,4,5,9),
freelist = (6,7,8,10,11,12,13, 14,15, 16).

After applying the algorithm to find a basis of the kernel of U, we find the following 16 x 10

matrix
1 1 1 1 1 1 -2 -1 -1 -1

-1 0 0 -1 0 0 1 0 1 1
o -1 0 0 -1 0 1 1 0 1
o 0 -1 0 O -1 1 1 1 O
-1 -1 -1 0 0 O 1 1 1 1
10 o o0 o0 o o0 0 0 O
o 1 0 O O O o0 o0 0 O
o o0 1 o o0 0 o0 o0 0 O
Bi = o o0 o0 -1 -1 -1 1 1 1 1
o o o 1 0 0 0 0 0 O
o o0 o o 1 0 0 0 0 O
o o0 o o o0 1 0 0o 0 O
o o0 o o o0 o0 1 o0 0 O
o o0 o o o0 o0 o 1 0 O
o o o o o0 o0 o0 o0 1 0
o o0 o o o0 o0 o0 0 0 1

The reader should check that that in each column j of BK, the lowest 1 belongs to the
row whose index is the jth element in freelist, and that in each column j of BK, the signs of
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the entries whose indices belong to pivlist are the fipped signs of the 6 entries in the column
U corresponding to the jth index in freelist. We can now read off from BK the 4 x 4 matrices
that form a basis of V: every column of BK corresponds to a matrix whose rows have been
concatenated. We get the following 10 matrices:

1 —-100 1 0 -1 0 1 00 —1
1 1 00 10 1 0 100 1
M1_00007M2_0000’M3_0000’
0 0 00 0 0 0 0 0 00 0
1 —-100 1 0 -1 0 1 00 —1
0 0 00 0 0 0 0 0 00 0
Mi=1 4 4 0 0] Ms = -1 0 1 o}l Mg = -1 00 1|
0 0 00 0 0 0 0 0 00 0
211 1 101 1 110 1
1 000 1 00 0 1 00 0
M7_1000’ M8_1000’ M9_1000’
1 00 0 0 100 0 010
-1 110
1 00 0
M10—1000
0 00 1

Recall that a magic square is a square matrix that satisfies the two conditions about
the sum of the entries in each row and in each column to be the same number, and also
the additional two constraints that the main descending and the main ascending diagonals
add up to this common number. Furthermore, the entries are also required to be positive
integers. For n = 4, the additional two equations are

A2 + a33 + a4q — a12 — a3 — a4 = 0

a41 + azz + a3 — aj; — ajz — a3 = 0,

and the 8 equations stating that a matrix is a magic square are linearly independent. Again,
by running row elimination, we get a basis of the “generalized magic squares” whose entries
are not restricted to be positive integers. We find a basis of 8 matrices. For n = 3, we find
a basis of 3 matrices.

A magic square is said to be normal if its entries are precisely the integers 1,2...,n%

Then, since the sum of these entries is
n?(n*+1)

1+2+3+---+n2:T,
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and since each row (and column) sums to the same number, this common value (the magic
sum) is

n(n®+1)

—
It is easy to see that there are no normal magic squares for n = 2. For n = 3, the magic sum
is 15, for n = 4, it is 34, and for n = 5, it is 65.

In the case n = 3, we have the additional condition that the rows and columns add up
to 15, so we end up with a solution parametrized by two numbers x, x5; namely,

$1+ZEQ—5 10-1‘2 ]_0—171
20—2111—1’2 ) 2$1+ZB2—1O
1 i) 15—.1'1—1}2

Thus, in order to find a normal magic square, we have the additional inequality constraints

T+ x93 > D
r1 < 10
T < 10
2r1 + 19 < 20
211 + 29 > 10
1 >0
To >0
T1+ 1o < 15,

and all 9 entries in the matrix must be distinct. After a tedious case analysis, we discover the
remarkable fact that there is a unique normal magic square (up to rotations and reflections):

=~ O N
w Ot
o = O

It turns out that there are 880 different normal magic squares for n = 4, and 275, 305, 224
normal magic squares for n = 5 (up to rotations and reflections). Even for n = 4, it takes a
fair amount of work to enumerate them all! Finding the number of magic squares for n > 5
is an open problem!

Instead of performing elementary row operations on a matrix A, we can perform elemen-
tary columns operations, which means that we multiply A by elementary matrices on the
right. As elementary row and column operations, P(i, k), E; .5, E; » perform the following
actions:

1. As a row operation, P(i, k) permutes row i and row k.
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2. As a column operation, P(i, k) permutes column ¢ and column k.
3. The inverse of P(i, k) is P(i, k) itself.
4. As a row operation, E; ;.3 adds 3 times row j to row i.

5. As a column operation, E; ;.3 adds § times column ¢ to column j (note the switch in
the indices).

6. The inverse of E; .5 is E; ;3.
7. As a row operation, £; » multiplies row ¢ by A.
8. As a column operation, E; , multiplies column 7 by A.

9. The inverse of E;  is E; y-1.

We can define the notion of a reduced column echelon matrix and show that every matrix
can be reduced to a unique reduced column echelon form. Now, given any m x n matrix A,
if we first convert A to its reduced row echelon form R, it is easy to see that we can apply
elementary column operations that will reduce R to a matrix of the form

]7’ Or,n—r
Om—r,r Om—r,n—r ’
where r is the number of pivots (obtained during the row reduction). Therefore, for every
m x n matrix A, there exist two sequences of elementary matrices £, ..., E, and F, ..., I,
such that
[r Or,nfr
E, - -EAF,---F, = Omrr Omrnr)

The matrix on the right-hand side is called the rank normal form of A. Clearly, r is the

rank of A. It is easy to see that the rank normal form also yields a proof of the fact that A
and its transpose A" have the same rank.

6.6 Transvections and Dilatations

In this section, we characterize the linear isomorphisms of a vector space F that leave every
vector in some hyperplane fixed. These maps turn out to be the linear maps that are
represented in some suitable basis by elementary matrices of the form F; ;.5 (transvections)
or E;, (dilatations). Furthermore, the transvections generate the group SL(E), and the
dilatations generate the group GL(E).

Let H be any hyperplane in E, and pick some (nonzero) vector v € E such that v ¢ H,
so that
E=H® Kwv.
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Assume that f: £ — E is a linear isomorphism such that f(u) = u for all u € H, and that
f is not the identity. We have

f(v) =h+av, for some h € H and some a € K,

with o # 0, because otherwise we would have f(v) = h = f(h) since h € H, contradicting
the injectivity of f (v # h since v ¢ H). For any x € E, if we write

xr=1y+tv, forsomey e H and somet € K,

then
f(x) = fly) + f(tv) =y +tf(v) =y +th+tav,

and since ar = ay + tav, we get
f(z) —ar=(1—a)y+th
fx) —z=t(h+ (= 1)v).
Observe that if E is finite-dimensional, by picking a basis of E consisting of v and basis

vectors of H, then the matrix of f is a lower triangular matrix whose diagonal entries are
all 1 except the first entry which is equal to a. Therefore, det(f) = a.

Case 1. a # 1.
We have f(z) = ax iff (1 —a)y+th =0 iff

t
a—1"

y:

Then, if we let w = h + (o — 1)v, for y = (t/(av — 1))h, we have

t
a—1

(h+ (a—1)v) =

t
x:y—ktv:ﬁh%—tv: w,

a—1

which shows that f(z) = az iff + € Kw. Note that w ¢ H, since o # 1 and v ¢ H.
Therefore,
E=Hao Kuw,

and f is the identity on H and a magnification by « on the line D = Kw.

Definition 6.2. Given a vector space E, for any hyperplane H in E, any nonzero vector
u € F such that u ¢ H, and any scalar o # 0,1, a linear map f such that f(x) = z for all
x € H and f(z) = ax for every x € D = Ku is called a dilatation of hyperplane H, direction
D, and scale factor a.

If 7y and 7p are the projections of E onto H and D, then we have

f(l‘) = 7TH(.1') + CWTD(m).
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The inverse of f is given by

f @) =7mr(z) + o 'mp(2).

When o = —1, we have f? = id, and f is a symmetry about the hyperplane H in the
direction D.
Case 2. a = 1.

In this case,
f(z) =z =th,

that is, f(x) —x € Kh for all x € E. Assume that the hyperplane H is given as the kernel
of some linear form ¢, and let a = p(v). We have a # 0, since v ¢ H. For any = € E, we
have

p(r —a p(x)v) = p(a) — a™ p(r)p(v) = p(z) — p(z) = 0,
which shows that z —a™lp(z)v € H for all x € E. Since every vector in H is fixed by f, we
get

r—a e = f(z—a (z)v)
= f(z) —a " p(x) f(v),

f@) =z +@)(f(a"'v) —a"lv).

Since f(z) — 2z € Kh for all z € E, we conclude that v = f(a™'v) — a~'v = Sh for some
p € K, so ¢(u) =0, and we have

flx) =a+p(x)u, ¢(u)=0. (*)
A linear map defined as above is denoted by 7, ,,.

Conversely for any linear map f = 7, given by equation (), where ¢ is a nonzero linear
form and w is some vector u € F such that ¢(u) = 0, if v = 0 then f is the identity, so
assume that u # 0. If so, we have f(x) = x iff p(z) = 0, that is, iff x € H. We also claim
that the inverse of f is obtained by changing u to —u. Actually, we check the slightly more
general fact that

Tou © Tow = Toutuv-

Indeed, using the fact that ¢(v) = 0, we have
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_ _ _ -1 .
For v = —u, we have 7, 1, = ¢, 0 = id, so Tou = To—us 88 claimed.

Therefore, we proved that every linear isomorphism of E that leaves every vector in some
hyperplane H fixed and has the property that f(x) —x € H for all z € E' is given by a map
T, as defined by equation (), where ¢ is some nonzero linear form defining H and w is
some vector in H. We have 7,, =id iff u = 0.

Definition 6.3. Given any hyperplane H in E, for any nonzero nonlinear form ¢ € E*
defining H (which means that H = Ker (¢)) and any nonzero vector v € H, the linear map
Tou given by

Tou(z) = 2+ @(z)u, @(u) =0,
for all z € F is called a transvection of hyperplane H and direction u. The map 7, leaves
every vector in H fixed, and f(x) —x € Ku for all x € E.

The above arguments show the following result.

Proposition 6.20. Let f: E — E be a bijective linear map and assume that f # id and
that f(x) = x for all x € H, where H is some hyperplane in E. If there is some nonzero
vector u € E such that w ¢ H and f(u) —u € H, then f is a transvection of hyperplane H ;
otherwise, f is a dilatation of hyperplane H .

Proof. Using the notation as above, for some v ¢ H, we have f(v) = h 4+ av with a # 0,
and write u =y +tv with y € H and t # 0 since uw ¢ H. If f(u) —u € H, from

fu) —u=th+ (a—1)v),

we get (o — 1)v € H, and since v ¢ H, we must have a = 1, and we proved that f is a
transvection. Otherwise, o # 0, 1, and we proved that f is a dilatation. n

If E is finite-dimensional, then a = det(f), so we also have the following result.

Proposition 6.21. Let f: E — E be a bijective linear map of a finite-dimensional vector
space E and assume that f # id and that f(x) = x for allx € H, where H is some hyperplane
in E. If det(f) = 1, then f is a transvection of hyperplane H; otherwise, f is a dilatation
of hyperplane H.

Suppose that f is a dilatation of hyperplane H and direction u, and say det(f) = a # 0, 1.

Pick a basis (u,es,...,e,) of E where (es,...,e,) is a basis of H. Then, the matrix of f is
of the form

a 0 - 0

0 1

0



6.6. TRANSVECTIONS AND DILATATIONS 211

which is an elementary matrix of the form E,; ,. Conversely, it is clear that every elementary
matrix of the form E; , with o # 0,1 is a dilatation.

Now, assume that f is a transvection of hyperplane H and direction u € H. Pick some
v ¢ H, and pick some basis (u, es, ..., e,) of H, so that (v,u,es,...,e,)is a basis of E. Since
f(v) — v € Ku, the matrix of f is of the form

10 --- 0
a 1 0
00 --- 1

which is an elementary matrix of the form Fj ;... Conversely, it is clear that every elementary
matrix of the form E; ;,, (o # 0) is a transvection.

The following proposition is an interesting exercise that requires good mastery of the
elementary row operations E; j.3.

Proposition 6.22. Given any invertible n X n matriz A, there is a matriz S such that

SA = <In_1 O) = Enaa
0 « ’

with o = det(A), and where S is a product of elementary matrices of the form E; ;.3; that
18, S 1s a composition of transvections.

Surprisingly, every transvection is the composition of two dilatations!

Proposition 6.23. If the field K is not of charateristic 2, then every transvection f of
hyperplane H can be written as f = dy o dy, where dyi,dy are dilatations of hyperplane H,
where the direction of dy can be chosen arbitrarily.

Proof. Pick some dilalation d; of hyperplane H and scale factor a # 0,1. Then, dy = fod;*
leaves every vector in H fixed, and det(dy) = a~! # 1. By Proposition 6.21, the linear map
ds is a dilatation of hyperplane H, and we have f = dy o d;, as claimed. O

Observe that in Proposition 6.23, we can pick o = —1; that is, every transvection of
hyperplane H is the compositions of two symmetries about the hyperplane H, one of which
can be picked arbitrarily.

Remark: Proposition 6.23 holds as long as K # {0, 1}.
The following important result is now obtained.
Theorem 6.24. Let E be any finite-dimensional vector space over a field K of characteristic

not equal to 2. Then, the group SL(FE) is generated by the transvections, and the group
GL(E) is generated by the dilatations.
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Proof. Consider any f € SL(F), and let A be its matrix in any basis. By Proposition 6.22,

there is a matrix S such that
SA = ([nl O) = En s
0 « '

with a = det(A), and where S is a product of elementary matrices of the form FE; ;5. Since
det(A) = 1, we have a = 1, and the resulxt is proved. Otherwise, £, , is a dilatation, S is a
product of transvections, and by Proposition 6.23, every transvection is the composition of
two dilatations, so the second result is also proved. O]

We conclude this section by proving that any two transvections are conjugate in GL(F).
Let 7, (u # 0) be a transvection and let ¢ € GL(E) be any invertible linear map. We have

(goTpuog ) (x)=glg™ (x) + (g~ (x))u)
=z +¢(g7 (2))g(w).

Let us find the hyperplane determined by the linear form x — ¢(g~*(z)). This is the set of
vectors z € E such that ¢(g~'(z)) = 0, which holds iff g~!(z) € H iff x € g(H). Therefore,
Ker (pog™') = g(H) = H', and we have g(u) € g(H) = H', s0 goT,,09 " is the transvection
of hyperplane H' = g(H) and direction v’ = g(u) (with u’ € H').

Conversely, let 7, be some transvection (v’ # 0). Pick some vector v,v" such that
p(v) =¥ (v') =1, so that
E=H&Kv=H ¢

There is a linear map g € GL(F) such that g(u) = v/, g(v) = ¢/, and g(H) = H'. To
define g, pick a basis (v,u,es,...,€e,_1) where (u,es,...,e, 1) is a basis of H and pick a

basis (v/,u/, €}, ... el ;) where (v, €}, ... e, ;) is a basis of H'; then g is defined so that

glv) =, g(u) =, and g(e;) = g(e}), for i = 2,...,n — 1. If n = 2, then ¢; and €} are
missing. Then, we have

/

(goTpuog () =+ (g~ (x)u'.

Now, ¢ o g~* also determines the hyperplane H' = g(H), so we have ¢ o g~ = \¢) for some
nonzero A in K. Since v = g(v), we get

p(v) = pog (V) = M),
and since p(v) = ¥ (v') = 1, we must have A = 1. It follows that
(goTpuog (@) =2+ (x) = Tpuw(z).

In summary, we proved almost all parts the following result.
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Proposition 6.25. Let E be any finite-dimensional vector space. For every transvection
Tou (u # 0) and every linear map g € GL(E), the map g o T,, 0 g~ ' is the transvection
of hyperplane g(H) and direction g(u) (that is, g o Tyu © 7" = Tpog—1,4())- For every other
transvection Ty, (W # 0), there is some g € GL(E) such Ty = g0 Tpu 0 g ' in other
words any two transvections (# id) are conjugate in GL(E). Moreover, if n > 3, then the
linear isomorphim g as above can be chosen so that g € SL(E).

Proof. We just need to prove that if n > 3, then for any two transvections 7., and 7,
(u,u’ # 0), there is some g € SL(E) such that 7, = go7,,09 . As before, we pick a basis

(v,u,e9,...,e,_1) where (u, e, ..., e, 1) is a basis of H, we pick a basis (v/, v, €}, ..., el _,)

/

where (', €}, ...,¢el,_;) is a basis of H’, and we define g as the unique linear map such that

gv) =, glu) =, and g(e;) = €}, for i = 1,...,n — 1. But, in this case, both H and
H' = g(H) have dimension at least 2, so in any basis of H' including v, there is some basis
vector e}, independent of u/, and we can rescale €}, in such a way that the matrix of g over
the two bases has determinant +1. H

6.7 Summary

The main concepts and results of this chapter are listed below:
e One does not solve (large) linear systems by computing determinants.
e Upper-triangular (lower-triangular) matrices.
e Solving by back-substitution (forward-substitution).
e Gaussian elimination.
e Permuting rows.
e The pivot of an elimination step; pivoting.
e Transposition matriz; elementary matriz.
e The Gaussian elimination theorem (Theorem 6.1).
e Gauss-Jordan factorization.

o LU-factorization; Necessary and sufficient condition for the existence of an
LU-factorization (Proposition 6.2).

o LDU-factorization.
e “PA = LU theorem” (Theorem 6.5).

e LDL"-factorization of a symmetric matrix.
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Avoiding small pivots: partial pivoting; complete pivoting.

Gaussian elimination of tridiagonal matrices.

LU-factorization of tridiagonal matrices.

Symmetric positive definite matrices (SPD matrices).

Cholesky factorization (Theorem 6.10).

Criteria for a symmetric matrix to be positive definite; Sylvester’s criterion.
Reduced row echelon form.

Reduction of a rectangular matrix to its row echelon form.

Using the reduction to row echelon form to decide whether a system Az = b is solvable,

and to find its solutions, using a special solution and a basis of the homogeneous system
Ax = 0.

Magic squares.

transvections and dilatations.



Chapter 7

Vector Norms and Matrix Norms

7.1 Normed Vector Spaces

In order to define how close two vectors or two matrices are, and in order to define the
convergence of sequences of vectors or matrices, we can use the notion of a norm. Recall
that R, = {z € R | x > 0}. Also recall that if 2 = a + ib € C is a complex number, with
a,b € R, then Z = a — ib and |z| = v/2Z = Va2 + b2 (|2 is the modulus of z).

Definition 7.1. Let F be a vector space over a field K, where K is either the field R of
reals, or the field C of complex numbers. A norm on E is a function || ||: E — R, assigning
a nonnegative real number |ju|| to any vector v € E, and satisfying the following conditions
for all z,y,z € F:

(N1) ||z|| > 0, and ||z|| = 0 iff x = 0. (positivity)

(N2) [[Az]| = [A] [|=]]. (homogeneity (or scaling))

(N3) lz +yll < |l=| + llyl]- (triangle inequality)
A vector space E together with a norm || || is called a normed vector space.

By (N2), setting A = —1, we obtain
=2l = [[(=D)a|l = [ = 1 ll=[l = ll=[l;
that is, |—z|| = [|z||. From (N3), we have
el = llz =y +yll < llz =yl + llyll,

which implies that
Izl = [yl < llz = yll-
By exchanging = and y and using the fact that by (N2),

ly —zll = I=(z =yl = [z = yll,

215
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we also have
[yl = [l=|l <[z =yl

Therefore,
Nzl = llylll < ll= —yll, forallz,y € E. (%)

Observe that setting A = 0 in (N2), we deduce that ||0|] = 0 without assuming (N1).
Then, by setting y = 0 in (%), we obtain

=]l < =], forall z € E.

Therefore, the condition ||z|| > 0 in (N1) follows from (N2) and (N3), and (N1) can be
replaced by the weaker condition

(N1’) For all z € E| if ||z]| = 0 then z =0,

A function || || : £ — R satisfying axioms (N2) and (N3) is called a seminorm. From the
above discussion, a seminorm also has the properties

|z|| > 0 for all x € E, and ||0]| = 0.

However, there may be nonzero vectors z € E such that ||z|| = 0. Let us give some
examples of normed vector spaces.

Example 7.1.
1. Let E =R, and ||z|| = ||, the absolute value of x.
2. Let F =C, and ||z|| = |z, the modulus of z.

3. Let £ =R" (or E = C"). There are three standard norms. For every (z1,...,2,) € E,
we have the norm ||z||;, defined such that,

[l =[]+ - -+ |2l

we have the Fuclidean norm ||z||2, defined such that,

NI

l2ll2 = (lzo[* + -+ |zal?) 2,
and the sup-norm |||/, defined such that,

[£]loe = max{ai| | 1 < <n}.
More generally, we define the ¢,-norm (for p > 1) by

lzllp = (Jal” + - + Jzal?)'.

There are other norms besides the ¢,-norms; we urge the reader to find such norms.

Some work is required to show the triangle inequality for the ¢,-norm.
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Proposition 7.1. If E is a finite-dimensional vector space over R or C, for every real
number p > 1, the {,-norm is indeed a norm.

Proof. The cases p =1 and p = oo are easy and left to the reader. If p > 1, then let ¢ > 1

such that
1 1
S+ -=1
p g
We will make use of the following fact: for all o, § € R, if a;, 8 > 0, then
p q
aﬂ < a— 4+ —. (*)
p q

To prove the above inequality, we use the fact that the exponential function ¢ — e’ satisfies
the following convexity inequality:

e@:)ﬂr(lf@)y < O + (1 . y)ey7

for all z,y € R and all 0 with 0 <6 <1.

Since the case a8 = 0 is trivial, let us assume that a > 0 and § > 0. If we replace 6 by
1/p, z by plog o and y by qlog 3, then we get

1

e%plogo&ﬁqlogﬁ < lepbga + _quOgﬁ’
p q
which simplifies to
aP q
Oéﬁ S —+ 6_7
p q

as claimed.

We will now prove that for any two vectors u,v € E, we have

n
> vl <l 1ol - (xx)
=1

Since the above is trivial if u = 0 or v = 0, let us assume that u # 0 and v # 0. Then, the
inequality (x) with a = [u;|/ [Jul|, and 8 = [v;|/ [[v]], yields

|u;v;] |u; [P |vg]?

lll, lwll, = pllully gl

for i =1,...,n, and by summing up these inequalities, we get

n
> fugoi] < Jlull, o]l
i=1
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as claimed. To finish the proof, we simply have to prove that property (N3) holds, since
(N1) and (N2) are clear. Now, for i = 1,...,n, we can write

(Jl + val) = Juil (fel + Joah)P ="+ foal (] + i )P,

so that by summing up these equations we get

n

S Gl + iy = 3l (el + Ty + 3 ol ol + ol
i=1 i=1

i=1
and using the inequality (xx), we get

n n

1/q
S (sl + )P < (Jull, + ||v||p>(2<|uz-| n |vi|><p-1>q) |

i=1 i=1
However, 1/p+ 1/q = 1 implies pg = p + q, that is, (p — 1)g = p, so we have

n n

1/q
> (ual + [vil)? < (Jull, + ||U||p)<2(lui| + Ivil)”) ,

=1 i=1

which yields

n 1/p
(Zw ; mnp) < llull, + Il

=1

Since |u; +v;| < |uy] + vi], the above implies the triangle inequality [lu + v||, < [|ull, + [|v]|,,
as claimed. n

For p> 1 and 1/p+ 1/q = 1, the inequality

n n 1/p n
S ] < (Z rui\p) (Z |vi|q)
=1 =1 =1

is known as Hélder’s inequality. For p = 2, it is the Cauchy—-Schwarz inequality.

1/q

Actually, if we define the Hermitian inner product (—, —) on C" by

n
(u,v) = Zuﬁi,
i=1

where u = (uq,...,u,) and v = (vy,...,v,), then

n

n
|<7,L, U>’ < Z |ulﬁl‘ = Z |uivi‘7
=1

=1
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so Holder’s inequality implies the inequality

[{w, 0] < flull, (o]l

also called Holder’s inequality, which, for p = 2 is the standard Cauchy—Schwarz inequality.
The triangle inequality for the £,-norm,

n 1/p n 1/p n 1/q
(Ctwsab) < (Shak) +(Xhar)
i=1 i=1 i=1
is known as Minkowski’s inequality.

When we restrict the Hermitian inner product to real vectors, u,v € R", we get the
FEuclidean inner product
n
(u,v) = z:u,vZ
i=1

It is very useful to observe that if we represent (as usual) u = (uq, ..., u,) and v = (vy,...,v,)
(in R™) by column vectors, then their Euclidean inner product is given by

(u,v) =u"v=0v"u,

and when u,v € C", their Hermitian inner product is given by

*
9 - = u*v.
(u,v) = v*'u = u*v

In particular, when u = v, in the complex case we get

*

lully = u"u,

and in the real case, this becomes

2
lully = u'u.

As convenient as these notations are, we still recommend that you do not abuse them; the
notation (u,v) is more intrinsic and still “works” when our vector space is infinite dimen-
sional.

The following proposition is easy to show.

Proposition 7.2. The following inequalities hold for all x € R™ (or z € C"):

[2]loo < llzll < nfl2 o0,

2llo0 < [l2ll2 < v/nll2]|o,
]2 < [lzlly < Vol

Proposition 7.2 is actually a special case of a very important result: in a finite-dimensional
vector space, any two norms are equivalent.



220 CHAPTER 7. VECTOR NORMS AND MATRIX NORMS

Definition 7.2. Given any (real or complex) vector space E, two norms || ||, and || ||, are
equivalent iff there exists some positive reals C, Cy > 0, such that

Jull, < Crflull, and Jjull, < Cy [|ul,, for all u € E.

Given any norm || || on a vector space of dimension n, for any basis (ey,...,e,) of E,
observe that for any vector x = z1e; + - - - + x,€,, we have

2]l = llzrer + -+ @nenll <zl fleall + -+ zal [lenll < Clza] + - -+ |2a]) = Cllzll;
with C' = maxy<;<, ||e;|| and
)y = [lzrer + - - 4 @nenll = faa] + - - + |zl
The above implies that
[l =l < flu =l < Clu=wlly,
which means that the map u +— |Ju|| is continuous with respect to the norm || ||;.

et S, be the unit sphere with respect to the norm , name
Let ST ! be th it sph ith resp h 1 ly
S ={ze Bz, =1}

Now, S7 ! is a closed and bounded subset of a finite-dimensional vector space, so by Heine—
Borel (or equivalently, by Bolzano-Weiertrass), S{'~* is compact. On the other hand, it
is a well known result of analysis that any continuous real-valued function on a nonempty
compact set has a minimum and a maximum, and that they are achieved. Using these facts,
we can prove the following important theorem:

Theorem 7.3. If E is any real or complex vector space of finite dimension, then any two
norms on E are equivalent.

Proof. 1t is enough to prove that any norm || || is equivalent to the 1-norm. We already proved
that the function x +— ||z|| is continuous with respect to the norm || ||, and we observed that
the unit sphere ST ! is compact. Now, we just recalled that because the function f: x — ||z
is continuous and because S7! is compact, the function f has a minimum m and a maximum
M, and because ||z|| is never zero on S7~!, we must have m > 0. Consequently, we just
proved that if ||z||, = 1, then

0<m<|z|| <M,

so for any x € E with x # 0, we get
m < [lz/ [lzfl, | < M,

which implies
m|zll; < llzfl < Ml .

Since the above inequality holds trivially if z = 0, we just proved that || || and || ||, are
equivalent, as claimed. O

Next, we will consider norms on matrices.
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7.2 Matrix Norms

For simplicity of exposition, we will consider the vector spaces M,,(R) and M,,(C) of square
n x n matrices. Most results also hold for the spaces M,, ,,(R) and M,, ,(C) of rectangular
m X n matrices. Since n X n matrices can be multiplied, the idea behind matrix norms is
that they should behave “well” with respect to matrix multiplication.

Definition 7.3. A matriz norm || || on the space of square n x n matrices in M,,(K), with
K =Ror K = C, is a norm on the vector space M,,(K), with the additional property called

submultiplicativity that
[AB[| < [[All | Bl

for all A, B € M, (K). A norm on matrices satisfying the above property is often called a
submultiplicative matrix norm.

Since I? = I, from ||I|| = ||I?|| < ||1||, we get ||I|| > 1, for every matrix norm.

Before giving examples of matrix norms, we need to review some basic definitions about
matrices. Given any matrix A = (a;;) € M,,.,(C), the conjugate A of A is the matrix such
that

Zij:aij, 1§z§m,1§j§n

The transpose of A is the n x m matrix A" such that

The adjoint of A is the n x m matrix A* such that

At = (AT) = (AT,
When A is a real matrix, A* = AT. A matrix A € M,,(C) is Hermitian if
A* = A
If Ais a real matrix (A € M, (R)), we say that A is symmetric if
AT = A

A matrix A € M,,(C) is normal if

AA* = A™A,
and if A is a real matrix, it is normal if

AAT = AT A.
A matrix U € M,,(C) is unitary if

vur=U0"U = 1.
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A real matrix @ € M, (R) is orthogonal if
QRT=Q'Q=1

Given any matrix A = (a;;) € M,(C), the trace tr(A) of A is the sum of its diagonal
elements
tr(A) = a1 + -+ + apn.

It is easy to show that the trace is a linear map, so that
tr(AA) = Atr(A)

and
tr(A+ B) = tr(A) + tr(B).

Moreover, if A is an m X n matrix and B is an n X m matrix, it is not hard to show that

tr(AB) = tr(BA).

We also review eigenvalues and eigenvectors. We content ourselves with definition in-
volving matrices. A more general treatment will be given later on (see Chapter 8).

Definition 7.4. Given any square matrix A € M,(C), a complex number A € C is an
eigenvalue of A if there is some nonzero vector u € C”, such that

Au = \u.

If \ is an eigenvalue of A, then the nonzero vectors u € C" such that Au = Au are called
eigenvectors of A associated with \; together with the zero vector, these eigenvectors form a
subspace of C" denoted by E\(A), and called the eigenspace associated with .

Remark: Note that Definition 7.4 requires an eigenvector to be nonzero. A somewhat
unfortunate consequence of this requirement is that the set of eigenvectors is not a subspace,
since the zero vector is missing! On the positive side, whenever eigenvectors are involved,
there is no need to say that they are nonzero. The fact that eigenvectors are nonzero is
implicitly used in all the arguments involving them, so it seems safer (but perhaps not as
elegant) to stituplate that eigenvectors should be nonzero.

If A is a square real matrix A € M,,(R), then we restrict Definition 7.4 to real eigenvalues
A € R and real eigenvectors. However, it should be noted that although every complex
matrix always has at least some complex eigenvalue, a real matrix may not have any real
eigenvalues. For example, the matrix
0 —1
A=



7.2. MATRIX NORMS 223

has the complex eigenvalues ¢ and —i, but no real eigenvalues. Thus, typically, even for real
matrices, we consider complex eigenvalues.

Observe that A € C is an eigenvalue of A
ifft Au = Au for some nonzero vector u € C"
iff (Al —A)u=0
iff the matrix A\l — A defines a linear map which has a nonzero kernel, that is,
iff \I — A not invertible.

However, from Proposition 5.10, AI — A is not invertible iff
det(A — A) = 0.
Now, det(A] — A) is a polynomial of degree n in the indeterminate A, in fact, of the form
A —tr(A)AT 4 4 (1) det(A).

Thus, we see that the eigenvalues of A are the zeros (also called roots) of the above polyno-
mial. Since every complex polynomial of degree n has exactly n roots, counted with their
multiplicity, we have the following definition:

Definition 7.5. Given any square n x n matrix A € M,,(C), the polynomial
det(A — A) = A" —tr(A)N" " + -+ 4 (=1)" det(A)

is called the characteristic polynomial of A. The n (not necessarily distinct) roots Ay, ..., A\,

of the characteristic polynomial are all the eigenvalues of A and constitute the spectrum of
A. We let
p(A) = max |X;]

1<i<n

be the largest modulus of the eigenvalues of A, called the spectral radius of A.

Proposition 7.4. For any matriz norm || || on M,(C) and for any square n x n matriz
A e M, (C), we have
p(A) < |[A]l-

Proof. Let X be some eigenvalue of A for which || is maximum, that is, such that |A| = p(A).
If u (5 0) is any eigenvector associated with A and if U is the n x n matrix whose columns
are all u, then Au = Au implies

AU = MU,

and since

AHIUN = AU = [[AU]] < [|A]HIU]]
and U # 0, we have ||U]| # 0, and get

p(A) = A < [|A[l,

as claimed. n
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Proposition 7.4 also holds for any real matrix norm || || on M, (R) but the proof is more
subtle and requires the notion of induced norm. We prove it after giving Definition 7.7.

Now, it turns out that if A is a real n x n symmetric matrix, then the eigenvalues of A
are all real and there is some orthogonal matrix ) such that

A= Qdiag(A\1, ..., \)QT,

where diag(Aq, ..., A,) denotes the matrix whose only nonzero entries (if any) are its diagonal
entries, which are the (real) eigenvalues of A. Similarly, if A is a complex n x n Hermitian
matrix, then the eigenvalues of A are all real and there is some unitary matrix U such that

A = Udiag(Ay, ..., \)U,
where diag(Aq, . .., A,) denotes the matrix whose only nonzero entries (if any) are its diagonal
entries, which are the (real) eigenvalues of A.

We now return to matrix norms. We begin with the so-called Frobenius norm, which is
just the norm || ||, on C**, where the n x n matrix A is viewed as the vector obtained by
concatenating together the rows (or the columns) of A. The reader should check that for
any n x n complex matrix A = (a;;),

n

(2

4,j=1

1/2
|a,-j|2) = /tr(A*A) = \/tr(AA*).

Definition 7.6. The Frobenius norm || || is defined so that for every square n x n matrix
A e M,(C),

n 1/2
JAll, = (Z \am?) — (AL = /(A A).

4,j=1

The following proposition show that the Frobenius norm is a matrix norm satisfying other
nice properties.

Proposition 7.5. The Frobenius norm || || on M, (C) satisfies the following properties:
(1) It is a matriz norm; that is, |AB| < ||A||z || Bl g, for all A, B € M,,(C).
(2) It is unitarily invariant, which means that for all unitary matrices U,V , we have

1Al = [IUA[lp = [[AV][p = [UAV ]| .

(3) /(A A) < [ Allp < Vny/p(A*A), for all A € M (C).
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Proof. (1) The only property that requires a proof is the fact ||[AB| . < ||A||||B|| . This
follows from the Cauchy—Schwarz inequality:

n

IABII7 =)

n

Z @by

2

ig=1 k=1

SHONTRIONN

ij=1 \ h=1 k=1
= (Z |aih\2) ( 2. \%’\2) = Al 1Bl
ih=1 k=1
(2) We have
A5 = tr(A*A) = tr(VV*A*A) = tr(V*A*AV) = || AV |5,

and

|A||3 = tr(A*A) = tr(A*U*UA) = |[UA|% .

The identity
[Allp = [UAV]

follows from the previous two.

(3) It is well known that the trace of a matrix is equal to the sum of its eigenvalues.
Furthermore, A*A is symmetric positive semidefinite (which means that its eigenvalues are
nonnegative), so p(A*A) is the largest eigenvalue of A*A and

p(A*A) < tr(A*A) < np(A*A),
which yields (3) by taking square roots. ]

Remark: The Frobenius norm is also known as the Hilbert-Schmidt norm or the Schur
norm. So many famous names associated with such a simple thing!

We now give another method for obtaining matrix norms using subordinate norms. First,
we need a proposition that shows that in a finite-dimensional space, the linear map induced
by a matrix is bounded, and thus continuous.

Proposition 7.6. For every norm || || on C* (or R"), for every matrix A € M,(C) (or
A € M,(R)), there is a real constant Cy > 0, such that

[Aul] < Calull,

for every vector u € C" (or u € R™ if A is real).
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Proof. For every basis (eq,...,e,) of C" (or R"), for every vector u = uje; + - -+ + upe,, we
have

[Au]l = llur Aler) + - + un Alen) |
< fua| |ACen)]| + - -+ + lunl | A(en)]]
< Cilfua] + -+ fun) = Cr flull;

where C) = maxi<;<, ||A(e;)||. By Theorem 7.3, the norms || || and || ||, are equivalent, so
there is some constant Cy > 0 so that ||ul|; < Cs ||u|| for all w, which implies that

[Aul < Callul,
where CA = 0102. ]

Proposition 7.6 says that every linear map on a finite-dimensional space is bounded. This
implies that every linear map on a finite-dimensional space is continuous. Actually, it is not
hard to show that a linear map on a normed vector space F is bounded iff it is continuous,
regardless of the dimension of E.

Proposition 7.6 implies that for every matrix A € M,,(C) (or A € M, (R)),

A
sup 1421
secn |||
x#0
Now, since |[Aul| = |A| ||u||, for every nonzero vector x, we have

[Azl _ Nzl [AC/ =D _ [[AC/ =D
el Al G/ DI G/l DI

which implies that

A
sup ——-— I Az]] = sup ||Az].
zE(C" || || zeC™
flzfl=1
Similarly
sup I Az]] = sup ||Az].
z€eR™ ||I| TeR™
p= laf=1

The above considerations justify the following definition.

Definition 7.7. If || || is any norm on C", we define the function || || on M, (C) by

Azl 4z,

[zl secr
Jall=1

Al = sup =

The function A — || A]| is called the subordinate matriz norm or operator norm induced
by the norm || ||.
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It is easy to check that the function A — ||A]| is indeed a norm, and by definition, it
satisfies the property
[Az[| < [JA[| lz[|,  for all z € C".

A norm || || on M,,(C) satisfying the above property is said to be subordinate to the vector
norm || || on C™. As a consequence of the above inequality, we have

[ABz|| < [[A[ | B[l < [|A[[ B =]l
for all z € C™, which implies that
IAB| < ||A]| ||1B]| for all A, B € M, (C),

showing that A — ||AJ| is a matrix norm (it is submultiplicative).

Observe that the operator norm is also defined by
|A]| = inf{\ € R | ||Az|| < A||z|, for allz € C"}.

Since the function = — ||Az|| is continuous (because |||Ay|| — ||Az|| < [[Ay — Az|| <
Callz —yl||) and the unit sphere S"! = {z € C" | ||z|| = 1} is compact, there is some
x € C" such that ||z| =1 and

[ Az = [[A]l

Equivalently, there is some x € C" such that x # 0 and
[Az]| = [[A]l ]| -
The definition of an operator norm also implies that
1] = 1.

The above shows that the Frobenius norm is not a subordinate matrix norm (why?). The
notion of subordinate norm can be slightly generalized.

Definition 7.8. If K =R or K = C, for any norm || || on M,,,(K), and for any two norms
|]l, on K™ and || ||, on K™, we say that the norm || || is subordinate to the norms || ||, and
I, i

| Az, < [|A]| |||, for all Ae M,,,(K) and all z € K.

Remark: For any norm || || on C”, we can define the function || || on M, (R) by

Ax
14l = sup A0 1 4a)
z n | H rER?
40 lal=1

The function A — || Al is a matrix norm on M, (R), and

[Alle < 1A
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for all real matrices A € M,,(R). However, it is possible to construct vector norms || || on C"
and real matrices A such that
[A]lz <[]l

In order to avoid this kind of difficulties, we define subordinate matrix norms over M, (C).
Luckily, it turns out that ||A||z = ||A|| for the vector norms, || ||,, ] ||,, and | |-

We now prove Proposition 7.4 for real matrix norms.

Proposition 7.7. For any matriz norm || || on M, (R) and for any square n x n matriz
A € M,(R), we have
p(A) < [|A]].

Proof. We follow the proof in Denis Serre’s book [96]. If A is a real matrix, the problem is
that the eigenvectors associated with the eigenvalue of maximum modulus may be complex.
We use a trick based on the fact that for every matrix A (real or complex),

p(AF) = (p(A))",

which is left as an exercise (use Proposition 8.5 which shows that if (Ay,...,\,) are the (not
necessarily distinct) eigenvalues of A, then (A¥, ... \F) are the eigenvalues of A*, for k > 1).

Pick any complex norm || ||, on C" and let || ||. denote the corresponding induced norm
on matrices. The restriction of || ||, to real matrices is a real norm that we also denote by
||],- Now, by Theorem 7.3, since M, (R) has finite dimension n?, there is some constant
C > 0 so that

|All. < C|A]l, forall AeM,(R).

Furthermore, for every k > 1 and for every real n x n matrix A, by Proposition 7.4, p(A¥) <
| A% ||, and because || || is a matrix norm, ||A*|| < | A|[*, so we have

(p(A)*F = p(A") < [|[A¥]|, < C A% < C A",
for all £k > 1. It follows that
p(A) < CYE||A||, forall k> 1.

However because C' > 0, we have limy, ,o, C'/* = 1 (we have lim,_,o % log(C') = 0). There-
fore, we conclude that
p(A) < [|A]],

as desired. O

We now determine explicitly what are the subordinate matrix norms associated with the
vector norms || [|y, | [, and [ {|.
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Proposition 7.8. For every square matriv A = (a;;) € M, (C), we have

n
1All, = sup [|Az]l, = max ) " |ay]
zeC" J

—
llzll, =1 '

n
Al = sup [|Az]| = maxz |aij|
xeCn v

|l =1 =1
|All, = Sél(g |Az[l, = /p(A*A) = /p(AA*).
llz[l,=1

Furthermore, || A*||y, = ||All,, the norm || ||, is unitarily invariant, which means that
[A[l, = l7AV]],
for all unitary matrices U,V , and if A is a normal matriz, then ||All, = p(A).

Proof. For every vector u, we have
[Aull, = ‘ > asu
i J

which implies that

< S bl X legl < (max el ) ful,

n
IA]l; < max ayl.
J i=1

It remains to show that equality can be achieved. For this let j, be some index such that
mgxz il = laiz|,
i i

and let u; = 0 for all ¢ # jo and u;, = 1.

In a similar way, we have

[ Aul] . = max
7

Zaijuj < (mzaxzmij‘) [uf|  ,
3 J

which implies that
n
[A]l o < mﬁxz |ai;|.
j=1
To achieve equality, let iy be some index such that

miaXZ jaisl = Y lai-
j ;
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The reader should check that the vector given by

—‘ZZOJ‘ lf aioj 7A 0
uj = 09
1 if Ay = 0

works.

We have

JA|2 = sup [[Az||? = sup z*A*Axz.
xeCm =
zrr=1 r*r=1

Since the matrix A*A is symmetric, it has real eigenvalues and it can be diagonalized with
respect to an orthogonal matrix. These facts can be used to prove that the function x —
r*A*Ar has a maximum on the sphere z*xr = 1 equal to the largest eigenvalue of A*A,
namely, p(A*A). We postpone the proof until we discuss optimizing quadratic functions.
Therefore,

[A[ly = v/ p(A*A).

Let use now prove that p(A*A) = p(AA*). First, assume that p(A*A) > 0. In this case,
there is some eigenvector u (# 0) such that

A" Au = p(A*A)u,
and since p(A*A) > 0, we must have Au # 0. Since Au # 0,
AA*(Au) = p(A*A) Au
which means that p(A*A) is an eigenvalue of AA*, and thus
p(A*A) < p(AAY).
Because (A*)* = A, by replacing A by A*, we get
p(AA") < p(AA),

and so p(A*A) = p(AA*).

If p(A*A) = 0, then we must have p(AA*) = 0, since otherwise by the previous reasoning
we would have p(A*A) = p(AA*) > 0. Hence, in all case

1A]l; = p(A*A) = p(AAT) = ||A"] 5.

For any unitary matrices U and V, it is an easy exercise to prove that V*A*AV and A*A
have the same eigenvalues, so

1All; = p(A*A) = p(VFA*AV) = || AV ],
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and also
2 * T T 2
[Ally = p(A*A) = p(A"UUA) = |[UA]];.
Finally, if A is a normal matrix (AA* = A*A), it can be shown that there is some unitary

matrix U so that
A=UDU",

where D = diag(Aq, ..., \,) is a diagonal matrix consisting of the eigenvalues of A, and thus
A*A = (UDU")*'UDU* =UD*U*UDU* =UD*DU".
However, D*D = diag(|\1]?, ..., |\x|?), which proves that
p(A"A) = p(D*D) = max |\if* = (p(A))*,
so that || A||, = p(A). O

The norm || A]|, is often called the spectral norm. Observe that property (3) of proposition
7.5 says that
Al < [|All < V|| All,,

which shows that the Frobenius norm is an upper bound on the spectral norm. The Frobenius
norm is much easier to compute than the spectal norm.

The reader will check that the above proof still holds if the matrix A is real, confirming
the fact that ||Al|p = ||A|| for the vector norms || ||, ||,, and || || .. It is also easy to verify
that the proof goes through for rectangular matrices, with the same formulae. Similarly,
the Frobenius norm is also a norm on rectangular matrices. For these norms, whenever AB
makes sense, we have

IAB| < [|A[[BII-

Remark: Let (E, || ||) and (F, | ||) be two normed vector spaces (for simplicity of notation,
we use the same symbol || || for the norms on E and F'; this should not cause any confusion).
Recall that a function f: E — F' is continuous if for every a € E, for every ¢ > 0, there is
some 77 > 0 such that for all x € F,

if [z —al <n then |[f(z)— fla)ll <e

It is not hard to show that a linear map f: E — F' is continuous iff there is some constant
C > 0 such that
lf(x)]] < Clz| for all z € E.

If so, we say that f is bounded (or a linear bounded operator). We let L(E; F') denote the
set of all continuous (equivalently, bounded) linear maps from E to F'. Then, we can define
the operator norm (or subordinate norm) || || on L(E; F') as follows: for every f € L(E; F),

151 = sup L = sup 701,
ph =1
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or equivalently by
|l = inf{A € R | [|f(@)]| < ], for allz € E}.

It is not hard to show that the map f + || f]| is a norm on L(E; F') satisfying the property

1F @) < A1)
for all x € E, and that if f € L(E; F) and g € L(F;G), then

lgo fll < llgll I f1I-

Operator norms play an important role in functional analysis, especially when the spaces E
and F' are complete.

The following proposition will be needed when we deal with the condition number of a
matrix.

Proposition 7.9. Let || || be any matriz norm and let B be a matriz such that || B|| < 1.
(1) If || || is a subordinate matriz norm, then the matriz I + B is invertible and
|0 +B)|| < ——.
1Bl

(2) If a matriz of the form I + B is singular, then ||B|| > 1 for every matriz norm (not
necessarily subordinate).

Proof. (1) Observe that (I + B)u = 0 implies Bu = —u, so
[ull = [|Bu] -

Recall that
| Bull < [|B| [|ul]

for every subordinate norm. Since ||B]| < 1, if v # 0, then
[Bull < lu],

which contradicts ||u|| = ||Bu||. Therefore, we must have u = 0, which proves that I + B is
injective, and thus bijective, i.e., invertible. Then, we have

(I+B)'+B(I+B)'=(I+B)(I+B) =1,

so we get
([—i—B)*1 =1—- B(I+B)*1,
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which yields
[(T+B)7Y| <1+ [IB]l (1 +B)7

and finally,
1

I+ < =

(2) If I + B is singular, then —1 is an eigenvalue of B, and by Proposition 7.4, we get
p(B) < ||BJ|, which implies 1 < p(B) < || B]]. O

The following result is needed to deal with the convergence of sequences of powers of
matrices.

Proposition 7.10. For every matriz A € M,,(C) and for every e > 0, there is some subor-
dinate matriz norm || || such that

[Al < p(A) + e

Proof. By Theorem 8.4, there exists some invertible matrix U and some upper triangular
matrix 7" such that

A=UTU!,

and say that

Atttz o g

0 Ay oz - ton

T=1": o : : ’

0 0 e )\nfl tnfln

o 0 --- 0 An
where A1, ..., \, are the eigenvalues of A. For every § # 0, define the diagonal matrix

Ds = diag(1,9,0%,...,0" 1),

and consider the matrix

At Oty 0%ty oo 0"y,

0 Ao Otas e 5n_2t2n
(UD(;)_lA(UD(;) = Da_lTD(; = : :

0 0 A1 Otn_1n

0 0 0 An

Now, define the function || ||: M, (C) — R by

IB|| = ||(UDs)~' B(UDs)|

oo’
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for every B € M,,(C). Then it is easy to verify that the above function is the matrix norm
subordinate to the vector norm

v ||(UDs) || -
Furthermore, for every ¢ > 0, we can pick ¢ so that
En: 677 <€, 1<i<n-—1,
j=i+1
and by definition of the norm | ||, we get
[A]l < p(A) + €,

which shows that the norm that we have constructed satisfies the required properties. [

Note that equality is generally not possible; consider the matrix
0 1
=(00)
for which p(A) =0 < ||A]|, since A # 0.

7.3 Condition Numbers of Matrices

Unfortunately, there exist linear systems Ax = b whose solutions are not stable under small
perturbations of either b or A. For example, consider the system

107 8 7\ (= 32
75 6 5 |[x] |23
8 6 10 9 | |as] |33
75 9 10/ \ay 31

The reader should check that it has the solution = = (1,1,1,1). If we perturb slightly the
right-hand side, obtaining the new system

75 6 5| |a+An|  |229
8§ 6 10 9 x3+Axs | | 331 ]
7 5 9 10 x4+ Axy 30.9

the new solutions turns out to be x = (9.2, —12.6,4.5, —1.1). In other words, a relative error
of the order 1/200 in the data (here, b) produces a relative error of the order 10/1 in the
solution, which represents an amplification of the relative error of the order 2000.
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Now, let us perturb the matrix slightly, obtaining the new system

10 7T 81 72 x1 + Az 32
7.08 504 6 ) To+Axg | |23
8 598 998 9 r3+Axz | |33
6.99 499 9 998 x4+ Axy 31

This time, the solution is x = (—81, 137, —34,22). Again, a small change in the data alters
the result rather drastically. Yet, the original system is symmetric, has determinant 1, and
has integer entries. The problem is that the matrix of the system is badly conditioned, a
concept that we will now explain.

Given an invertible matrix A, first, assume that we perturb b to b+ db, and let us analyze
the change between the two exact solutions x and = 4 dx of the two systems

Arz=b
A(x + 0x) = b+ 0b.

We also assume that we have some norm || | and we use the subordinate matrix norm on
matrices. From

Axr =0
Ax + Adx = b+ b,

we get
oxr = A‘léb,
and we conclude that
16| < [|A™| [160]]
1ol < [JA[[ || -

Consequently, the relative error in the result ||0z|| /||z|| is bounded in terms of the relative
error ||0b|| /||b]| in the data as follows:

||5$|| HH —1” ||5b||
IED || B [loll

Now let us assume that A is perturbed to A+ A, and let us analyze the change between
the exact solutions of the two systems

Az =D
(A+ AA)(x + Azx) = b.

The second equation yields Az + AAz + AA(z + Ax) = b, and by subtracting the first

equation we get
Ar = —ATTAA(z + Ax).
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It follows that
[Az]| < [[A7H | IAA] [l + Az,

which can be rewritten as

1Az NIV
o+ oy = UAHTATD G

Observe that the above reasoning is valid even if the matrix A + AA is singular, as long
as  + Ax is a solution of the second system. Furthermore, if [|AA|| is small enough, it is
not unreasonable to expect that the ratio ||Az| / ||z + Az|| is close to [|Az|| /||z||. This will
be made more precise later.

In summary, for each of the two perturbations, we see that the relative error in the result
is bounded by the relative error in the data, multiplied the number ||A| [|A7]]. In fact, this
factor turns out to be optimal and this suggests the following definition:

Definition 7.9. For any subordinate matrix norm || ||, for any invertible matrix A, the
number

cond(A) = | A ||A7Y|
is called the condition number of A relative to || ||.

The condition number cond(A) measures the sensitivity of the linear system Az = b to
variations in the data b and A; a feature referred to as the condition of the system. Thus,
when we says that a linear system is #ll-conditioned, we mean that the condition number of
its matrix is large. We can sharpen the preceding analysis as follows:

Proposition 7.11. Let A be an invertible matriz and let x and x + dx be the solutions of
the linear systems

Ax =0
A(z + 0x) = b+ db.

If b # 0, then the inequality
160]

2]

holds and is the best possible. This means that for a given matriz A, there exist some vectors
b # 0 and éb # 0 for which equality holds.

l9z] < cond(A)

]~

Proof. We already proved the inequality. Now, because || || is a subordinate matrix norm,
there exist some vectors x # 0 and b # 0 for which

|A7%60]| = A o]l and Al = [[All ]
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Proposition 7.12. Let A be an invertible matriz and let x and x + Ax be the solutions of
the two systems

Az =b
(A+ AA)(x + Azx) =b.

If b # 0, then the inequality

| Azl

[AA]
|z + Az|| —

ond(A) T

holds and is the best possible. This means that given a matriz A, there exist a vector b # 0
and a matrix AA # 0 for which equality holds. Furthermore, if ||AA|| is small enough (for
instance, if ||[AA| < 1/[|A7Y]), we have

[Az| [AA]
—— < cond(A)———(1+ O(||AA]));
i (AL 0(1AA])
i fact, we have
[Az| [AA] ( 1 )
< cond(A .
[l “) [AIN N1 = [J[AZH[ |AA]

Proof. The first inequality has already been proved. To show that equality can be achieved,
let w be any vector such that w # 0 and

|47 ][ = A7l

and let 8 # 0 be any real number. Now, the vectors

Az = —fA w
r+Ar=w
b= (A+pBlHw
and the matrix
AA = (I
sastisfy the equations
Ax =10

(A+AA)(x+Azx) =D
1Az]| = 18] |A7 w]| = [AA] |A7H|l= + Az]].

Finally, we can pick [ so that —f3 is not equal to any of the eigenvalues of A, so that
A+ AA = A+ Bl is invertible and b is is nonzero.
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If |AA| < 1/ ||A7Y|], then
Ja—taa] < la 1a4) <1,

so by Proposition 7.9, the matrix I + A~'AA is invertible and

1 1
< .
L= [[AZTAA] = 1 = JAZH[JAA]

(I +A7'AA)| <

Recall that we proved earlier that
Az = —A'AA(z + Ax),
and by adding x to both sides and moving the right-hand side to the left-hand side yields
(I + A7'AA)(x + Ax) = ,

and thus
v+ Ar=(I+ATAA) 'z,

which yields

Az = (T+AAA) — D= (I+ATAA) (I — (I + A7 AA))z
= (I + AT'AA)TTATH(AA).

From this and

1
(I+A7'AA) ] < — ,
” I < =
we get
IATH [ IAA]
[Az]| < = ],
1—[lA=H[[AA]
which can be written as
[Az| [AA] ( 1 )
< cond(A) :
] [AIN N1 = [[AZH[ |AA]
which is the kind of inequality that we were seeking. O]

Remark: If A and b are perturbed simultaneously, so that we get the “perturbed” system
(A+ AA)(x + 0x) = b+ db,
it can be shown that if ||AA|| < 1/]|A7Y|| (and b # 0), then

|Az|| _  cond(A) (HAAH N H5bll)
2l = 1= [[ATHH[[AA X [lA ol

9
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see Demmel [27], Section 2.2 and Horn and Johnson [57], Section 5.8.

We now list some properties of condition numbers and figure out what cond(A) is in the
case of the spectral norm (the matrix norm induced by || ||,). First, we need to introduce a
very important factorization of matrices, the singular value decomposition, for short, SVD.

It can be shown that given any n x n matrix A € M,,(C), there exist two unitary matrices
U and V, and a real diagonal matrix ¥ = diag(oy,...,0,), with o1 > 09 > -+ > 0, > 0,
such that
A=VXIU".

The nonnegative numbers o4, ..., 0, are called the singular values of A.

If A is a real matrix, the matrices U and V are orthogonal matrices. The factorization
A = VXU* implies that

A*A =UX?U* and AA* =VXV*,

which shows that o, ..., 02 are the eigenvalues of both A*A and AA*, that the columns of U
are corresponding eivenvectors for A*A, and that the columns of V' are corresponding eiven-
vectors for AA*. In the case of a normal matrix if A,..., \, are the (complex) eigenvalues
of A, then

Proposition 7.13. For every invertible matriz A € M,,(C), the following properties hold:

(1)

cond(aA) = cond(A) for all « € C — {0}.

(2) If condy(A) denotes the condition number of A with respect to the spectral norm, then

condy(A) = Z—i,
where o1 > - -+ > 0, are the singular values of A.
(3) If the matriz A is normal, then
At
condy(A) = ‘|)\n||,
where A1, ..., \, are the eigenvalues of A sorted so that |A\i| > -+ > |\,].

(4) If A is a unitary or an orthogonal matriz, then

condy(A) = 1.
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(5) The condition number conds(A) is invariant under unitary transformations, which

means that
condy(A) = condy(UA) = condy(AV),

for all unitary matrices U and V.

Proof. The properties in (1) are immediate consequences of the properties of subordinate
matrix norms. In particular, AA™ = I implies

L= [17] < A] A7 = cond(4).

(2) We showed earlier that || A||5 = p(A*A), which is the square of the modulus of the largest
eigenvalue of A*A. Since we just saw that the eigenvalues of A*A are g2 > --- > 02, where

o1,...,0, are the singular values of A, we have
[A]ly = o1
Now, if A is invertible, then oy > --- > ¢, > 0, and it is easy to show that the eigenvalues

of (A*A)~" are 0,2 > --- > 072, which shows that

A7, =0

n

and thus -
dy(A) = =,
conds(A) p
(3) This follows from the fact that ||Al|, = p(A) for a normal matrix.
(4) If A is a unitary matrix, then A*A = AA* = I, so p(A*A) = 1, and [|4], =

p(A*A) = 1. We also have ||A71||, = ||A*]|, = v/p(AA*) = 1, and thus cond(A) = 1.

(5) This follows immediately from the unitary invariance of the spectral norm. O

Proposition 7.13 (4) shows that unitary and orthogonal transformations are very well-
conditioned, and part (5) shows that unitary transformations preserve the condition number.

In order to compute condy(A), we need to compute the top and bottom singular values
of A, which may be hard. The inequality

1ALl < Al < Vi llAll, .
may be useful in getting an approximation of condy(A) = ||All,[|[A7 |y, if A™! can be

determined.

Remark: There is an interesting geometric characterization of conds(A). If §(A) denotes
the least angle between the vectors Au and Av as u and v range over all pairs of orthonormal
vectors, then it can be shown that

condy(A) = cot(6(A)/2)).
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Thus, if A is nearly singular, then there will be some orthonormal pair u,v such that Au
and Av are nearly parallel; the angle §(A) will the be small and cot(6(A)/2)) will be large.
For more details, see Horn and Johnson [57] (Section 5.8 and Section 7.4).

It should be noted that in general (if A is not a normal matrix) a matrix could have
a very large condition number even if all its eigenvalues are identical! For example, if we
consider the n x n matrix

12 0 0 00
12 0 00
00 1 2 00

A= :
00 0 1 20
00 0 0 1
00 0 0 01

it turns out that condy(A) > 2771,

A classical example of matrix with a very large condition number is the Hilbert matrix
H™  the n x n matrix with

S
I
VR

~.
+
S| =
|
—_

For example, when n = 5,

1 1 1 1

1 33 1 3
11111

2 3 4 5 6
G)_ |1 1 1 1 1
H_34567
L1111

4 5 6 7 8
11111

5 6 7 8 9

It can be shown that
condy(H®)) & 4.77 x 10°.

Hilbert introduced these matrices in 1894 while studying a problem in approximation
theory. The Hilbert matrix H™ is symmetric positive definite. A closed-form formula can
be given for its determinant (it is a special form of the so-called Cauchy determinant). The
inverse of H™ can also be computed explicitly! It can be shown that

condy(H™) = O((1 + v2)* //n).

Going back to our matrix

10 7 8 7

7 5 6 5
A= 8 6 10 9 |’

7 5 9 10
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which is a symmetric, positive, definite, matrix, it can be shown that its eigenvalues, which
in this case are also its singular values because A is SPD, are

A1 = 30.2887 > Ay &~ 3.858 > A3 ~ 0.8431 > X\ =~ 0.01015,

so that

condy(A) = % ~~ 2984.
4

The reader should check that for the perturbation of the right-hand side b used earlier, the

relative errors ||dz|| /||z|| and [[éz|| /||x|| satisfy the inequality
0] 160]
—— < cond(A)—-
]l 161l

and comes close to equality.

7.4 An Application of Norms: Solving Inconsistent
Linear Systems

The problem of solving an inconsistent linear system Az = b often arises in practice. This
is a system where b does not belong to the column space of A, usually with more equations
than variables. Thus, such a system has no solution. Yet, we would still like to “solve” such
a system, at least approximately.

Such systems often arise when trying to fit some data. For example, we may have a set
of 3D data points

{pla s 7pn}7

and we have reason to believe that these points are nearly coplanar. We would like to find
a plane that best fits our data points. Recall that the equation of a plane is

ar + Py +yz+6 =0,

with (a, 8,7) # (0,0,0). Thus, every plane is either not parallel to the z-axis (a # 0) or not
parallel to the y-axis (8 # 0) or not parallel to the z-axis (y # 0).

Say we have reasons to believe that the plane we are looking for is not parallel to the
z-axis. If we are wrong, in the least squares solution, one of the coefficients, «, 3, will be
very large. If v # 0, then we may assume that our plane is given by an equation of the form

z=ax + by +d,

and we would like this equation to be satisfied for all the p;’s, which leads to a system of n
equations in 3 unknowns a, b, d, with p; = (x;, y;, 2;);

ary +by1 +d =2z

axy, + by, +d = z,.
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However, if n is larger than 3, such a system generally has no solution. Since the above
system can’t be solved exactly, we can try to find a solution (a,b,d) that minimizes the

least-squares error
n

Z(axi + by; +d — ).

i=1
This is what Legendre and Gauss figured out in the early 1800’s!

In general, given a linear system

Axr = b,
we solve the least squares problem: minimize || Az — b|)3.

Fortunately, every n x m-matrix A can be written as
A=VDUT

where U and V' are orthogonal and D is a rectangular diagonal matrix with non-negative
entries (singular value decomposition, or SVD); see Chapter 16.

The SVD can be used to solve an inconsistent system. It is shown in Chapter 17 that
there is a vector x of smallest norm minimizing ||Az — b||,. It is given by the (Penrose)
pseudo-inverse of A (itself given by the SVD).

It has been observed that solving in the least-squares sense may give too much weight to
“outliers,” that is, points clearly outside the best-fit plane. In this case, it is preferable to
minimize (the ¢;-norm)

Z lax; + by; + d — z].
i=1

This does not appear to be a linear problem, but we can use a trick to convert this
minimization problem into a linear program (which means a problem involving linear con-
straints).

Note that |x| = max{x, —z}. So, by introducing new variables ey, ..., e,, our minimiza-
tion problem is equivalent to the linear program (LP):

minimize e t+---+e,
subject to ar; + by, +d — z; < e;
—(az; +by; +d — z) < ¢
1< <n.

Observe that the constraints are equivalent to

e; > |ax; + by; +d — z, 1<i<n.
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For an optimal solution, we must have equality, since otherwise we could decrease some e;
and get an even better solution. Of course, we are no longer dealing with “pure” linear
algebra, since our constraints are inequalities.

We prefer not getting into linear programming right now, but the above example provides
a good reason to learn more about linear programming!

7.5 Summary
The main concepts and results of this chapter are listed below:
e Norms and normed vector spaces.
e The triangle inequality.
e The Buclidean norm; the £,-norms.
e Holder’s inequality; the Cauchy—Schwarz inequality; Minkowski’s inequality.
e Hermitian inner product and Fuclidean inner product.
e Fquivalent norms.
e All norms on a finite-dimensional vector space are equivalent (Theorem 7.3).
o Matriz norms.
e Hermitian, symmetric and normal matrices. Orthogonal and unitary matrices.
e The trace of a matrix.
e Figenvalues and eigenvectors of a matrix.
e The characteristic polynomial of a matrix.
e The spectral radius p(A) of a matrix A.
e The Frobenius norm.
e The Frobenius norm is a unitarily invariant matrix norm.
e Bounded linear maps.
o Subordinate matriz norms.

e Characterization of the subordinate matrix norms for the vector norms || ||, , | ||,, and

[Hloo-
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e The spectral norm.

e For every matrix A € M,(C) and for every € > 0, there is some subordinate matrix
norm || || such that | Al < p(A) + €.

o (Condition numbers of matrices.
e Perturbation analysis of linear systems.
e The singular value decomposition (SVD).

e Properties of conditions numbers. Characterization of conds(A) in terms of the largest
and smallest singular values of A.

e The Hilbert matriz: a very badly conditioned matrix.

e Solving inconsistent linear systems by the method of least-squares; linear programming.
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Chapter 8

Eigenvectors and Eigenvalues

8.1 Eigenvectors and Eigenvalues of a Linear Map

Given a finite-dimensional vector space E, let f: E — E be any linear map. If, by luck,

there is a basis (ey, ..., e,) of E' with respect to which f is represented by a diagonal matriz
A 0 ... 0
D 0 Ao : ’
S R ¢
0 ... 0 X\

then the action of f on E is very simple; in every “direction” e;, we have

f(ei) = Aies.
We can think of f as a transformation that stretches or shrinks space along the direction
e1,...,e, (at least if F is a real vector space). In terms of matrices, the above property

translates into the fact that there is an invertible matrix P and a diagonal matrix D such
that a matrix A can be factored as

A= PDP

When this happens, we say that f (or A) is diagonalizable, the \;s are called the eigenvalues
of f, and the e;s are eigenvectors of f. For example, we will see that every symmetric matrix
can be diagonalized. Unfortunately, not every matrix can be diagonalized. For example, the

matrix
1 1
=0 1)

can’t be diagonalized. Sometimes, a matrix fails to be diagonalizable because its eigenvalues
do not belong to the field of coefficients, such as

0 —1
AQ_(l 0)7

247
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whose eigenvalues are 4. This is not a serious problem because A, can be diagonalized over
the complex numbers. However, A; is a “fatal” case! Indeed, its eigenvalues are both 1 and
the problem is that A; does not have enough eigenvectors to span E.

The next best thing is that there is a basis with respect to which f is represented by
an upper triangular matrix. In this case we say that f can be triangularized, or that f is
triangulable. As we will see in Section 8.2, if all the eigenvalues of f belong to the field of
coefficients K, then f can be triangularized. In particular, this is the case if K = C.

Now, an alternative to triangularization is to consider the representation of f with respect
to two bases (eq,...,e,) and (f1,..., f,), rather than a single basis. In this case, if K = R
or K = C, it turns out that we can even pick these bases to be orthonormal, and we get a
diagonal matrix > with nonnegative entries, such that

flei)) =oif;, 1<i<n.

The nonzero o;s are the singular values of f, and the corresponding representation is the
singular value decomposition, or SVD. The SVD plays a very important role in applications,
and will be considered in detail later.

In this section, we focus on the possibility of diagonalizing a linear map, and we introduce
the relevant concepts to do so. Given a vector space E over a field K, let I denote the identity
map on F.

Definition 8.1. Given any vector space E and any linear map f: F — E, a scalar A € K
is called an eigenvalue, or proper value, or characteristic value of f if there is some nonzero
vector u € F such that

f(u) = M.
Equivalently, A is an eigenvalue of f if Ker (A — f) is nontrivial (i.e., Ker (A — f) # {0}).

A vector u € E is called an eigenvector, or proper vector, or characteristic vector of f if
u # 0 and if there is some A € K such that

fu) = Au;

the scalar A\ is then an eigenvalue, and we say that w is an eigenvector associated with
A. Given any eigenvalue A € K, the nontrivial subspace Ker (A — f) consists of all the
eigenvectors associated with A together with the zero vector; this subspace is denoted by
E\(f), or E(X, f), or even by E), and is called the eigenspace associated with X\, or proper
subspace associated with \.

Note that distinct eigenvectors may correspond to the same eigenvalue, but distinct
eigenvalues correspond to disjoint sets of eigenvectors.

Remark: As we emphasized in the remark following Definition 7.4, we require an eigenvector
to be nonzero. This requirement seems to have more benefits than inconvenients, even though
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it may considered somewhat inelegant because the set of all eigenvectors associated with an
eigenvalue is not a subspace since the zero vector is excluded.

Let us now assume that F is of finite dimension n. The next proposition shows that the

eigenvalues of a linear map f: F — E are the roots of a polynomial associated with f.

Proposition 8.1. Let E be any vector space of finite dimension n and let f be any linear
map f: E — E. The eigenvalues of f are the roots (in K ) of the polynomial

det(A — f).

Proof. A scalar A € K is an eigenvalue of f iff there is some nonzero vector u # 0 in E such
that

fu) = Au
iff
(M = f)(u) =0
iff (A\I — f) is not invertible iff, by Proposition 5.14,

det(\ — f) = 0. O

In view of the importance of the polynomial det(A — f), we have the following definition.

Definition 8.2. Given any vector space E of dimension n, for any linear map f: £ — F,
the polynomial Pr(X) = xf(X) = det(XI — f) is called the characteristic polynomial of
f. For any square matrix A, the polynomial P4(X) = xa(X) = det(X I — A) is called the
characteristic polynomial of A.

Note that we already encountered the characteristic polynomial in Section 5.7; see Defi-
nition 5.8.

Given any basis (eq,...,e,), if A = M(f) is the matrix of f w.r.t. (e,...,e,), we can
compute the characteristic polynomial x¢(X) = det(X I — f) of f by expanding the following
determinant:

X—a11 —Qa19 —d1n

—a921 X—a22 —Q9

det(XT — A) = !
—an1 —Qan2 X—ann

If we expand this determinant, we find that
xa(X)=det(XT —A) = X" — (a1 + -+ apn) X" 4+ (=1)"det(A).

The sum tr(A) = a;1+- - - +a,, of the diagonal elements of A is called the trace of A. Since
we proved in Section 5.7 that the characteristic polynomial only depends on the linear map
f, the above shows that tr(A) has the same value for all matrices A representing f. Thus,
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the trace of a linear map is well-defined; we have tr(f) = tr(A) for any matrix A representing

f

Remark: The characteristic polynomial of a linear map is sometimes defined as det(f—X1).
Since

det(f — XI) = (—1)"det(XI — f),

this makes essentially no difference but the version det(X I — f) has the small advantage
that the coefficient of X™ is +1.

If we write
Xa(X) =det(XT — A) = X" — 1 (A)X" oo 4 (=D (A X" F 4o (=1)"7,(A),
then we just proved that
71(A) =tr(A) and 7,(A) = det(A).

It is also possible to express 7;(A) in terms of determinants of certain submatrices of A. For
any nonempty subset, I C {1,...,n},say I = {iy <... <ig}, let A;; be the kx k submatrix
of A whose jth column consists of the elements a;, ;;, where h =1,..., k. Equivalently, A ;
is the matrix obtained from A by first selecting the columns whose indices belong to I, and
then the rows whose indices also belong to I. Then, it can be shown that

Tk(A) = E det(A”).
I¢{1,...,n}
|I|=k

If all the roots, A1, ..., A,, of the polynomial det(X I — A) belong to the field K, then we
can write

Xa(X)=det(XI —A)=(X =X (X = \),
where some of the \;s may appear more than once. Consequently,

xa(X)=det(XI —A) = X" — ()X 4+ + (=Dfor W)X F + -+ (=1)"0,,(N),

o= > I

IC{1,...n} i€l
[7|=Fk

where

the kth symmetric function of the \;’s. From this, it clear that
ok(A) = Te(A)
and, in particular, the product of the eigenvalues of f is equal to det(A) = det(f), and the
sum of the eigenvalues of f is equal to the trace tr(A) = tr(f), of f; for the record,
tr(f) =M+ + N\,
det(f) = A1+ A,
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where A1, ..., \, are the eigenvalues of f (and A), where some of the \;s may appear more
than once. In particular, f is not invertible iff it admits 0 has an eigenvalue.

Remark: Depending on the field K, the characteristic polynomial x 4(X) = det(XI — A)
may or may not have roots in K. This motivates considering algebraically closed fields,
which are fields K such that every polynomial with coefficients in K has all its root in K.
For example, over K = R, not every polynomial has real roots. If we consider the matrix

cosf) —sind
A= (sin9 cos@) ’
then the characteristic polynomial det(X I — A) has no real roots unless § = kr. However,

over the field C of complex numbers, every polynomial has roots. For example, the matrix
above has the roots cos@ £ isin = e**.

It is possible to show that every linear map f over a complex vector space F must have
some (complex) eigenvalue without having recourse to determinants (and the characteristic
polynomial). Let n = dim(F), pick any nonzero vector v € E, and consider the sequence

u, fu), f2(u),.. f"(w).

Since the above sequence has n + 1 vectors and F has dimension n, these vectors must be
linearly dependent, so there are some complex numbers ¢y, . .., ¢, not all zero, such that

cof ™) F e f™ N u) 4+ -+ epu =0,

where m < n is the largest integer such that the coefficient of f™(u) is nonzero (m must
exits since we have a nontrivial linear dependency). Now, because the field C is algebraically
closed, the polynomial

oX™+a X" ey

can be written as a product of linear factors as
X"+ X" e =co(X = A) (X = M)
for some complex numbers A{,..., \,, € C, not necessarily distinct. But then, since ¢y # 0,
cof™(u) +erf" N u) 4+ + cpu =0

is equivalent to
(f =Moo (f—Ap)(u)=0.

If all the linear maps f — \;1 were injective, then (f —A;I)o---o(f—A\,,I) would be injective,
contradicting the fact that u # 0. Therefore, some linear map f — ;I must have a nontrivial
kernel, which means that there is some v # 0 so that

f(v) = A\iv;



252 CHAPTER 8. EIGENVECTORS AND EIGENVALUES

that is, \; is some eigenvalue of f and v is some eigenvector of f.

As nice as the above argument is, it does not provide a method for finding the eigenvalues
of f, and even if we prefer avoiding determinants as a much as possible, we are forced to
deal with the characteristic polynomial det(X 1 — f).

Definition 8.3. Let A be an n X n matrix over a field K. Assume that all the roots of the
characteristic polynomial x 4(X) = det(X 1 — A) of A belong to K, which means that we can
write

det(XT —A) = (X = A)F - (X = \0)Fm,

where Aq,..., A\, € K are the distinct roots of det(X7 — A) and ky + -+ + k,, = n. The
integer k; is called the algebraic multiplicity of the eigenvalue )\;, and the dimension of the
eigenspace E), = Ker(\,I — A) is called the geometric multiplicity of A\;. We denote the
algebraic multiplicity of A; by alg();), and its geometric multiplicity by geo()\;).

By definition, the sum of the algebraic multiplicities is equal to n, but the sum of the
geometric multiplicities can be strictly smaller.

Proposition 8.2. Let A be an nxn matriz over a field K and assume that all the roots of the
characteristic polynomial x 4(X) = det(XT — A) of A belong to K. For every eigenvalue \;
of A, the geometric multiplicity of \; is always less than or equal to its algebraic multiplicity,
that is,

geo(X;) < alg(Xy).

Proof. To see this, if n; is the dimension of the eigenspace E), associated with the eigenvalue
Ai, we can form a basis of K™ obtained by picking a basis of F, and completing this linearly
independent family to a basis of K™. With respect to this new basis, our matrix is of the

form
, (il B
)

and a simple determinant calculation shows that
det(XT — A) =det(XT — A') = (X — \)" det(XI,,_,, — D).

Therefore, (X — \;)™ divides the characteristic polynomial of A’, and thus, the characteristic
polynomial of A. It follows that n; is less than or equal to the algebraic multiplicity of A;. [

The following proposition shows an interesting property of eigenspaces.

Proposition 8.3. Let E be any vector space of finite dimension n and let f be any linear
map. If ui, ... u,, are eigenvectors associated with pairwise distinct eigenvalues A1, ..., Ay,
then the family (uy, ..., u,) is linearly independent.
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Proof. Assume that (uq,...,u,) is linearly dependent. Then, there exists py,...,ux € K
such that

H1Uiy T+t HrUiy, = 07
where 1 < k < m, p; # 0 for all 7, 1 <1 <k, {iy,...,5} C {1,...,m}, and no proper
subfamily of (u;,,...,u;,) is linearly dependent (in other words, we consider a dependency
relation with & minimal). Applying f to this dependency relation, we get

M Wiy - A, g, = 0,

and if we multiply the original dependency relation by \;, and subtract it from the above,
we get
M2(/\i2 - )‘il)uiz +eet /’Lk()\zk - /\11>qu =0,

which is a nontrivial linear dependency among a proper subfamily of (u;,,. .., u;, ) since the
A; are all distinct and the p; are nonzero, a contradiction. O]
Thus, from Proposition 8.3, if A{,..., )\, are all the pairwise distinct eigenvalues of f

(where m < n), we have a direct sum
EA1 DD EAm
of the eigenspaces F),. Unfortunately, it is not always the case that

E=FE\,® - -DLE),.

When
E=FE\ @ ---®L),

we say that f is diagonalizable (and similarly for any matrix associated with f). Indeed,
picking a basis in each FE),, we obtain a matrix which is a diagonal matrix consisting of the
eigenvalues, each \; occurring a number of times equal to the dimension of E),. This happens
if the algebraic multiplicity and the geometric multiplicity of every eigenvalue are equal. In
particular, when the characteristic polynomial has n distinct roots, then f is diagonalizable.
It can also be shown that symmetric matrices have real eigenvalues and can be diagonalized.

For a negative example, we leave as exercise to show that the matrix

"

cannot be diagonalized, even though 1 is an eigenvalue. The problem is that the eigenspace
of 1 only has dimension 1. The matrix

A — [cos f —sinf
~ \sinf  cosf
cannot be diagonalized either, because it has no real eigenvalues, unless # = kw. However,
over the field of complex numbers, it can be diagonalized.
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8.2 Reduction to Upper Triangular Form

Unfortunately, not every linear map on a complex vector space can be diagonalized. The
next best thing is to “triangularize,” which means to find a basis over which the matrix has
zero entries below the main diagonal. Fortunately, such a basis always exist.

We say that a square matrix A is an upper triangular matriz if it has the following shape,

a1 Qi aiz ... QAip-1 a1n
0 aze azz ... a2n—1 a2 p
0 0 ass ... asn—1 asn
7
0 0 0 cee Ap_1n—1 Qp—_1n
0 0 0o ... 0 Qnn

i.e., a;; = 0 whenever j <1, 1<17,j <n.

Theorem 8.4. Given any finite dimensional vector space over a field K, for any linear map
f: E — E, there is a basis (uy, ..., u,) with respect to which f is represented by an upper
triangular matriz (in M, (K) ) iff all the eigenvalues of f belong to K. Equivalently, for every
n x n matric A € M,,(K), there is an invertible matriz P and an upper triangular matriz T
(both in M,,(K)) such that

A=prP!

iff all the eigenvalues of A belong to K.

Proof. 1f there is a basis (u1, ..., u,) with respect to which f is represented by an upper
triangular matrix 7" in M,,(K), then since the eigenvalues of f are the diagonal entries of T,
all the eigenvalues of f belong to K.

For the converse, we proceed by induction on the dimension n of E. For n = 1 the result
is obvious. If n > 1, since by assumption f has all its eigenvalue in K, pick some eigenvalue
A1 € K of f, and let u; be some corresponding (nonzero) eigenvector. We can find n — 1

vectors (vg,...,v,) such that (uj,ve,...,v,) is a basis of E, and let F' be the subspace of
dimension n — 1 spanned by (vg,...,v,). In the basis (uj,vy...,v,), the matrix of f is of
the form
)\1 a1 ... Q1p
U — 0 29 ... QAp 7
0 Ap2 ... QApnp
since its first column contains the coordinates of A\ju; over the basis (uy,vs, ..., v,). If we

let p: E — F be the projection defined such that p(u;) = 0 and p(v;) = v; when 2 < i < n,
the linear map ¢g: F — F defined as the restriction of p o f to F' is represented by the
(n —1) x (n — 1) matrix V' = (a;;)2<ij<n over the basis (vq,...,v,). We need to prove
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that all the eigenvalues of g belong to K. However, since the first column of U has a single
nonzero entry, we get

Xo(X) = det(XT — U) = (X — M) det(XT — V) = (X — Ay (X),

where yy(X) is the characteristic polynomial of U and xy (X) is the characteristic polynomial
of V. It follows that xy(X) divides xy(X), and since all the roots of xy(X) are in K, all
the roots of xy(X) are also in K. Consequently, we can apply the induction hypothesis, and
there is a basis (ug,...,u,) of F' such that g is represented by an upper triangular matrix
(bij)1<ij<n—1. However,

E:Kul@F,

and thus (uq,...,u,) is a basis for E. Since p is the projection from E = Ku; & F onto F
and g: F' — F'is the restriction of po f to F', we have

flur) = Mg
and

f(uip1) = aysur + Z bi juji1
=1
for some a1; € K, when 1 <1i <n—1. But then the matrix of f with respect to (uy,...,u,)
is upper triangular.

For the matrix version, we assume that A is the matrix of f with respect to some basis,
Then, we just proved that there is a change of basis matrix P such that A = PTP~! where
T is upper triangular. O

If A= PTP~! where T is upper triangular, note that the diagonal entries of T are the
eigenvalues A, ..., A\, of A. Indeed, A and T have the same characteristic polynomial. Also,
if A is a real matrix whose eigenvalues are all real, then P can be chosen to real, and if A
is a rational matrix whose eigenvalues are all rational, then P can be chosen rational. Since
any polynomial over C has all its roots in C, Theorem 8.4 implies that every complex n x n
matrix can be triangularized.

If X is an eigenvalue of the matrix A and if u is an eigenvector associated with A, from
Au = Au,

we obtain

A?u = A(Au) = A(Du) = NAu = N,

which shows that \? is an eigenvalue of A? for the eigenvector u. An obvious induction shows
that \¥ is an eigenvalue of A* for the eigenvector u, for all & > 1. Now, if all eigenvalues
A, ..., A\, of Aarein K, it follows that A}, ... AF are eigenvalues of A*. However, it is not
obvious that A* does not have other eigenvalues. In fact, this can’t happen, and this can be
proved using Theorem 8.4.
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Proposition 8.5. Given any n x n matric A € M,,(K) with coefficients in a field K, if all
eigenvalues Ay, ..., A\, of A are in K, then for every polynomial q(X) € K[X], the eigenvalues

of q(A) are exactly (q(A\1),...,q(\n)).

Proof. By Theorem 8.4, there is an upper triangular matrix 7" and an invertible matrix P
(both in M,,(K)) such that
A= PTP

Since A and T are similar, they have the same eigenvalues (with the same multiplicities), so
the diagonal entries of T" are the eigenvalues of A. Since

AF = pTFPY k> 1,
for any polynomial ¢(X) = coX™ + -+ + ¢;n_1X + ¢, We have

q(A) =A™ + -+ e 1A+ el
=cPT™"P ' +. - +¢,, PTP' 4 ¢,PIP!
= P(coT™ + -+ 1T + e ) P
= Pg(T)P .

Furthermore, it is easy to check that ¢(7") is upper triangular and that its diagonal entries
are q(A1),...,q(\,), where A\j, ..., A, are the diagonal entries of T', namely the eigenvalues
of A. It follows that g(A1),...,q(\,) are the eigenvalues of g(A). O

If £ is a Hermitian space (see Chapter 12), the proof of Theorem 8.4 can be easily adapted
to prove that there is an orthonormal basis (uq, ..., u,) with respect to which the matrix of
f is upper triangular. This is usually known as Schur’s lemma.

Theorem 8.6. (Schur decomposition) Given any linear map f: E — E over a complex
Hermitian space E, there is an orthonormal basis (uy,...,u,) with respect to which f is
represented by an upper triangular matriz. Equivalently, for every n x n matriz A € M,(C),
there is a unitary matriz U and an upper triangular matriz T such that

A=UTU".

If A is real and if all its eigenvalues are real, then there is an orthogonal matriz Q) and a
real upper triangular matriz T such that

A=QTQ".

Proof. During the induction, we choose F' to be the orthogonal complement of Cu; and we
pick orthonormal bases (use Propositions 12.10 and 12.9). If E is a real Euclidean space
and if the eigenvalues of f are all real, the proof also goes through with real matrices (use
Propositions 10.9 and 10.8). O
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Using, Theorem 8.6, we can derive the fact that if A is a Hermitian matrix, then there
is a unitary matrix U and a real diagonal matrix D such that A = UDU*. Indeed, since
A* = A, we get

urv*=U0rT"U-,
which implies that T'= T™. Since T' is an upper triangular matrix, 7% is a lower triangular
matrix, which implies that T is a real diagonal matrix. In fact, applying this result to a
(real) symmetric matrix A, we obtain the fact that all the eigenvalues of a symmetric matrix
are real, and by applying Theorem 8.6 again, we conclude that A = QDQT, where Q is
orthogonal and D is a real diagonal matrix. We will also prove this in Chapter 13.

When A has complex eigenvalues, there is a version of Theorem 8.6 involving only real
matrices provided that we allow T to be block upper-triangular (the diagonal entries may
be 2 x 2 matrices or real entries).

Theorem 8.6 is not a very practical result but it is a useful theoretical result to cope
with matrices that cannot be diagonalized. For example, it can be used to prove that
every complex matrix is the limit of a sequence of diagonalizable matrices that have distinct
eigenvalues!

Remark: There is another way to prove Proposition 8.5 that does not use Theorem 8.4, but
instead uses the fact that given any field K, there is field extension K of K (K C K) such
that every polynomial ¢(X) = ¢oX™ + -+ 4+ ¢;n—1X + ¢, (of degree m > 1) with coefficients
c; € K factors as

(X)=co(X —ay) - (X —a), as€K,i=1,...,n.
The field K is called an algebraically closed field (and an algebraic closure of K).

Assume that all eigenvalues Aq,..., A, of A belong to K. Let ¢(X) be any polynomial
(in K[X]) and let u € K be any eigenvalue of g(A) (this means that yu is a zero of the
characteristic polynomial x,4)(X) € K[X] of g(A). Since K is algebraically closed, x4(4)(X)
has all its root in K). We claim that u = ¢();) for some eigenvalue \; of A.

Proof. (After Lax [71], Chapter 6). Since K is algebraically closed, the polynomial y —q(X)
factors as
p—q(X) =co(X —an) - (X —an),

for some o; € K. Now, ul — q(A) is a matrix in M, (K), and since u is an eigenvalue of
q(A), it must be singular. We have
pl —q(A) = co(A—onl) - (A—a,l),

and since the left-hand side is singular, so is the right-hand side, which implies that some
factor A — oI is singular. This means that «; is an eigenvalue of A, say a; = \;. As a; = \;
is a zero of u — q(X), we get

1= q(X),

which proves that p is indeed of the form ¢()\;) for some eigenvalue \; of A. O
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8.3 Location of Eigenvalues

If Ais an n X n complex (or real) matrix A, it would be useful to know, even roughly, where
the eigenvalues of A are located in the complex plane C. The Gershgorin discs provide some
precise information about this.

Definition 8.4. For any complex n x n matrix A, fort:=1,...,n, let
Ri(A) = layl
j=1
J#i
and let

G(A) = J{z € C |z —ai| < Ri(A)}.

i=1

Each disc {z € C | |z — a;;] < Ri(A)} is called a Gershgorin disc and their union G(A) is
called the Gershgorin domain.

Although easy to prove, the following theorem is very useful:

Theorem 8.7. (Gershgorin’s disc theorem) For any complex n X n matriz A, all the eigen-
values of A belong to the Gershgorin domain G(A). Furthermore the following properties
hold:

(1) If A is strictly row diagonally dominant, that is

n

|aii| > Z lai;l,  fori=1,...,n,

J=1,j#i
then A is invertible.

(2) If A is strictly row diagonally dominant, and if a;; > 0 fori = 1,...,n, then every
eigenvalue of A has a strictly positive real part.

Proof. Let A be any eigenvalue of A and let u be a corresponding eigenvector (recall that we
must have u # 0). Let k be an index such that

Jur| = max fu;].

Since Au = Au, we have

n
()\ — akk)uk = Z akjuj,
=1

j'_
J7#k
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which implies that

n n

A = anrlfun] < ol [us] < Jue] D laxs|
P =1
Gk J#k

and since u # 0 and |ug| = max;<;<, |u;|, we must have |ug| # 0, and it follows that

A= apr] <) lans| = Ri(A),

j=1
j#k
and thus
A€ {Z eC | |Z — akk| < R;C(A)} - G(A),
as claimed.

(1) Strict row diagonal dominance implies that 0 does not belong to any of the Gershgorin
discs, so all eigenvalues of A are nonzero, and A is invertible.

(2) If A is strictly row diagonally dominant and a;; > 0 for i = 1, ..., n, then each of the
Gershgorin discs lies strictly in the right half-plane, so every eigenvalue of A has a strictly
positive real part. O

In particular, Theorem 8.7 implies that if a symmetric matrix is strictly row diagonally
dominant and has strictly positive diagonal entries, then it is positive definite. Theorem 8.7
is sometimes called the Gershgorin-Hadamard theorem.

Since A and A" have the same eigenvalues (even for complex matrices) we also have a
version of Theorem 8.7 for the discs of radius

CiA) = il
=
whose domain is denoted by G(A"). Thus we get the following:
Theorem 8.8. For any complex n X n matriz A, all the eigenvalues of A belong to the

intersection of the Gershgorin domains, G(A)NG(AT). Furthermore the following properties
hold:

(1) If A is strictly column diagonally dominant, that is

n

|aii| > Z lai|, forj=1,...,n,

i=1,i#j

then A is invertible.
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(2) If A is strictly column diagonally dominant, and if a;; > 0 fori=1,...,n, then every
eigenvalue of A has a strictly positive real part.

There are refinements of Gershgorin’s theorem and eigenvalue location results involving
other domains besides discs; for more on this subject, see Horn and Johnson [57], Sections
6.1 and 6.2.

Remark: Neither strict row diagonal dominance nor strict column diagonal dominance are
necessary for invertibility. Also, if we relax all strict inequalities to inequalities, then row
diagonal dominance (or column diagonal dominance) is not a sufficient condition for invert-
ibility.

8.4 Summary

The main concepts and results of this chapter are listed below:
e Diagonal matriz.
e Figenvalues, eigenvectors; the eigenspace associated with an eigenvalue.
e The characteristic polynomial.
e The trace.
e algebraic and geometric multiplicity.
e Eigenspaces associated with distinct eigenvalues form a direct sum (Proposition 8.3).
e Reduction of a matrix to an upper-triangular matrix.
e Schur decomposition.

e The Gershgorin’s discs can be used to locate the eigenvalues of a complex matrix; see
Theorems 8.7 and 8.8.



Chapter 9

Iterative Methods for Solving Linear
Systems

9.1 Convergence of Sequences of Vectors and Matrices

In Chapter 6 we have discussed some of the main methods for solving systems of linear
equations. These methods are direct methods, in the sense that they yield exact solutions
(assuming infinite precision!).

Another class of methods for solving linear systems consists in approximating solutions
using iterative methods. The basic idea is this: Given a linear system Az = b (with A a
square invertible matrix), find another matrix B and a vector ¢, such that

1. The matrix I — B is invertible

2. The unique solution x of the system Ax = b is identical to the unique solution u of the
system
u = Bu + c,

and then, starting from any vector uy, compute the sequence (uy) given by
Ugy1 = Bug +¢, keN.
Under certain conditions (to be clarified soon), the sequence (uy) converges to a limit u

which is the unique solution of u = Bu + ¢, and thus of Ax = b.

Consequently, it is important to find conditions that ensure the convergence of the above
sequences and to have tools to compare the “rate” of convergence of these sequences. Thus,
we begin with some general results about the convergence of sequences of vectors and ma-
trices.

Let (E, || ||) be a normed vector space. Recall that a sequence (uy) of vectors uy € E
converges to a limit u € F, if for every € > 0, there some natural number N such that

lug —ul| <€, for all k> N.

261
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We write

uw = lim wuy.
k—o0

If E is a finite-dimensional vector space and dim(F) = n, we know from Theorem 7.3 that
any two norms are equivalent, and if we choose the norm || ||, we see that the convergence
of the sequence of vectors uy is equivalent to the convergence of the n sequences of scalars
formed by the components of these vectors (over any basis). The same property applies to
the finite-dimensional vector space M,,,,(K) of m x n matrices (with K = R or K = C),
(k)

which means that the convergence of a sequence of matrices Ay = (a;;

convergence of the m x n sequences of scalars (al(f)), with 4,7 fixed (1 <i<m, 1<j<n).

) is equivalent to the

The first theorem below gives a necessary and sufficient condition for the sequence (B*)
of powers of a matrix B to converge to the zero matrix. Recall that the spectral radius p(B)
of a matrix B is the maximum of the moduli |);| of the eigenvalues of B.

Theorem 9.1. For any square matriz B, the following conditions are equivalent:
(1) limy, ;o B¥ =0,
(2) limy, oo B¥v = 0, for all vectors v,
(3) p(B) <1,
(4) ||B|| < 1, for some subordinate matriz norm || ||.

Proof. Assume (1) and let || || be a vector norm on F and || || be the corresponding matrix
norm. For every vector v € E, because || || is a matrix norm, we have

1Bl < 1B*[[lv]].

and since limy,_,o, B* = 0 means that limy, ., || B¥|| = 0, we conclude that limy, ., || B*v|| = 0,
that is, limy,_,o, B*v = 0. This proves that (1) implies (2).

Assume (2). If We had p(B) > 1, then there would be some eigenvector u (# 0) and
some eigenvalue A\ such that

Bu=Au, [A=p(B) =1,

but then the sequence (B*u) would not converge to 0, because Bfu = My and |N\¥| = [A|F >
1. It follows that (2) implies (3).

Assume that (3) holds, that is, p(B) < 1. By Proposition 7.10, we can find € > 0 small
enough that p(B) + ¢ < 1, and a subordinate matrix norm || || such that

1Bl < p(B) + ¢,

which is (4).
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Finally, assume (4). Because || || is a matrix norm,
1Bl < 1B]*,

and since ||B]| < 1, we deduce that (1) holds. O

The following proposition is needed to study the rate of convergence of iterative methods.

Proposition 9.2. For every square matriz B and every matriz norm || ||, we have

lim [ BF|[E = p(B).

Proof. We know from Proposition 7.4 that p(B) < ||B||, and since p(B) = (p(B*))'/*, we
deduce that
p(B) < ||B¥|V* for allk > 1,

and so
p(B) < lim || B*||'/%,
k—00
Now, let us prove that for every e > 0, there is some integer N (¢) such that

| B*||** < p(B) + ¢ for allk > N(e),

which proves that
lim [ B[ < o(B),
=00

and our proposition.

For any given € > 0, let B, be the matrix

Since ||B.|| < 1, Theorem 9.1 implies that limy, .o, B¥ = 0. Consequently, there is some
integer N (€) such that for all £k > N(e), we have

IB*]

I8 = g ar < 1

which implies that
1B < p(B) + ¢,

as claimed. O

We now apply the above results to the convergence of iterative methods.
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9.2 Convergence of Iterative Methods

Recall that iterative methods for solving a linear system Az = b (with A invertible) consists
in finding some matrix B and some vector ¢, such that I — B is invertible, and the unique
solution = of Ax = b is equal to the unique solution @ of uw = Bu + ¢. Then, starting from
any vector ug, compute the sequence (uy) given by

Up+1 = Bur +c¢, keN,
and say that the iterative method is convergent iff

lim U = ﬂ,
k—o00

for every initial vector uy.

Here is a fundamental criterion for the convergence of any iterative methods based on a
matrix B, called the matriz of the iterative method.

Theorem 9.3. Given a system u = Bu+c as above, where I — B is invertible, the following
statements are equivalent:

(1) The iterative method is convergent.

(2) p(B) < 1.
(3) ||B|| < 1, for some subordinate matriz norm || ||.
Proof. Define the vector e, (error vector) by
er = up — U,

where u is the unique solution of the system u = Bu + c. Clearly, the iterative method is
convergent iff

lim e, = 0.
ko0

We claim that
er = B¥ey, k>0,

where eg = ug — .

This is proved by induction on k. The base case k = 0 is trivial. By the induction
hypothesis, e, = B¥ey, and since w4, = Buy, + ¢, we get

Upy1 — U = Bug + ¢ — 1,
and because & = Bu + ¢ and e, = B¥ej (by the induction hypothesis), we obtain
Upy1 — U = Bug — Bu = B(u, — 1) = Bey = BB*ey = B* e,
proving the induction step. Thus, the iterative method converges iff

lim B*ey = 0.
k—o0

Consequently, our theorem follows by Theorem 9.1. n
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The next proposition is needed to compare the rate of convergence of iterative methods.

It shows that asymptotically, the error vector ey = BFey behaves at worst like (p(B))*.

Proposition 9.4. Let ||| be any vector norm, let B be a matrixz such that I — B is invertible,
and let u be the unique solution of u = Bu + c.

(1) If (ug) is any sequence defined iteratively by
Ugy1 = Bug +¢, keN,

then
lm | sup |lux —u||"*| = p(B).

k200 | Jlug—)|=1

(2) Let By and By be two matrices such that I — By and I — By are invertibe, assume
that both u = Biu+ ¢y and u = Bou + ¢o have the same unique solution u, and consider any
two sequences (uy) and (vy) defined inductively by

U1 = Biug + 1

Vg1 = Bavy + co,

with ug = vo. If p(By) < p(Bz), then for any € > 0, there is some integer N(€), such that
for all k > N(e), we have

sup ~ —
fuo—uf=1 L [[ux = | Bi) +¢
Proof. Let || || be the subordinate matrix norm. Recall that

u, — u = BPey,
with eg = ug — u. For every k € N, we have

(p(B1)* = p(BY) < | Bl = sup [|Byeoll,

lleol|=1

which implies
p(B1) = sup [|Byeo||V* = || By||V*,

lleol|=1
and statement (1) follows from Proposition 9.2.
Because ug = vy, we have
Up — U = Bfeo

Vi — U= Bgeo,
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with eg = ug — u = v9 — u. Again, by Proposition 9.2, for every ¢ > 0, there is some natural
number N (e) such that if £ > N(e), then

sup || Breo|'* < p(By) +e.

lleoll=1
Furthermore, for all £ > N(¢), there exists a vector eg = eg(k) such that
leol =1 and || Byeol|'* = || B3||'"* > p(B),

which implies statement (2). O

In light of the above, we see that when we investigate new iterative methods, we have to
deal with the following two problems:

1. Given an iterative method with matrix B, determine whether the method is conver-
gent. This involves determining whether p(B) < 1, or equivalently whether there is
a subordinate matrix norm such that ||B|| < 1. By Proposition 7.9, this implies that
I — B is invertible (since || — B|| = || B||, Proposition 7.9 applies).

2. Given two convergent iterative methods, compare them. The iterative method which
is faster is that whose matrix has the smaller spectral radius.

We now discuss three iterative methods for solving linear systems:
1. Jacobi’s method

2. Gauss-Seidel’s method

3. The relaxation method.

9.3 Description of the Methods of Jacobi,
Gauss-Seidel, and Relaxation

The methods described in this section are instances of the following scheme: Given a linear
system Ax = b, with A invertible, suppose we can write A in the form

A=M—N,

with M invertible, and “easy to invert,” which means that M is close to being a diagonal or
a triangular matrix (perhaps by blocks). Then, Au = b is equivalent to

Mu = Nu+ b,

that is,
u=M"'Nu+ M 1b.
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Therefore, we are in the situation described in the previous sections with B = M~'N and
c= M. In fact, since A = M — N, we have

B=M'N=MYM-A) =I-M"A,

which shows that I — B = M~!A is invertible. The iterative method associated with the
matrix B = M !N is given by

Ups1 = M Nuy + Mo, k>0,

starting from any arbitrary vector uy. From a practical point of view, we do not invert M,
and instead we solve iteratively the systems

M’LL]H_l:NUk—f-b, kJZO

Various methods correspond to various ways of choosing M and N from A. The first two
methods choose M and N as disjoint submatrices of A, but the relaxation method allows
some overlapping of M and N.

To describe the various choices of M and N, it is convenient to write A in terms of three
submatrices D, E, F', as
A=D—-FE—F,

where the only nonzero entries in D are the diagonal entries in A, the only nonzero entries
in E are entries in A below the the diagonal, and the only nonzero entries in F' are entries
in A above the diagonal. More explicitly, if

a1 Q12 a3 s A1n—1 Q1n
21 22 23 Tt A2n—1 Q2n
a31 32 a33 T A3n—1 a3n
A= ,
Qp—-11 Ap—12 QAp-13 °°° Qpn—1n—-1 Apn—1n
an 1 Qp 2 an3 Apn—1 Ann
then
a1 0 0 0 0
0 929 0 0 0
0 0 as3 0 0
D= ,
0 0 0O -+ ap_1n-1 O

o o0 0 --- 0 Qnn,
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0 0 0 cee 0 0 0 aix a3 -+ Qip—1 Qin
Qo1 0 0 cee 0 0 0 0 asg -+ asp—1 Qo
asi a3z 0 e 0 0 0O 0 0 3n—1 A3y
_E=  —F =
Ap—11 Qp—12 Qp_13 - 0 0 o o o --- 0 An—1n
an 1 Qp 2 apn3z *+° Gpp—1 0 0 O o .- 0 0

In Jacobi’s method, we assume that all diagonal entries in A are nonzero, and we pick
M =D
N=FE+F,

so that
B=M1'N= D*I(E—i—F) =] — DA

As a matter of notation, we let
J=I-D'A=DYE+F),

which is called Jacobi’s matriz. The corresponding method, Jacobi’s iterative method, com-
putes the sequence (uy) using the recurrence

Uy = DYE + F)u, + Db, k> 0.
In practice, we iteratively solve the systems

If we write uy, = (u¥, ..., uF), we solve iteratively the following system:

k+1 _ k k k

a11uy = —a12Us —a3Us e —Q1pU, + by
k+1 _ k k k

22Uy = —a21U; —a23Us s —QoplU, + by

k1 _ k k k
An—1 n—lunfl = —0p-—1 lul T —Qp—1 n—2un72 —Qp—1 nun + bn—l

k+1 _ k k k

annunJr - —Qp, lul _an2u2 T _ann—lun_l + bn

Observe that we can try to “speed up” the method by using the new value v instead

of u¥ in solving for u5*? using the second equations, and more generally, use uf™, ... uM'}
instead of u¥,... u¥ | in solving for u¥™ in the ith equation. This observation leads to the
system
k+1 _ k k k
a11Uy = —Q12Uy —Qa13U3 T —A1nUy, + b
k41 k+1 k k
A22Uog = —A21Uq —Q23U3 cee —QapU,, + b2
K+l _ k+1 k+1 k
Ap—1n—-1U,_ 1 = —AQp—11U e —Ap—1n—2U,_o —Ap—1nU, + bnfl
K+l _ k1 ket ket
AUy, = —aniu — Gy 2Us EE —Qp 1y + bn,
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which, in matrix form, is written
Duk+1 = Euk+1 + Fuk + b.

Because D is invertible and F is lower triangular, the matrix D — E' is invertible, so the
above equation is equivalent to

U1 = (D — E) '"Fup + (D — E)™'b, k>0.
The above corresponds to choosing M and N to be

M=D-E
N=F,

and the matrix B is given by
B=M"'N=(D—-E)'F

Since M = D — E is invertible, we know that I — B = M~'A is also invertible.

The method that we just described is the iterative method of Gauss-Seidel, and the
matrix B is called the matriz of Gauss-Seidel and denoted by L, with

L= (D-E)'F

One of the advantages of the method of Gauss-Seidel is that is requires only half of the
memory used by Jacobi’s method, since we only need

k+1 k+1 .k k
UY e Uy Uy gy e ey Uy

to compute uf“. We also show that in certain important cases (for example, if A is a

tridiagonal matrix), the method of Gauss-Seidel converges faster than Jacobi’s method (in
this case, they both converge or diverge simultaneously).

The new ingredient in the relaxation method is to incorporate part of the matrix D into
N: we define M and N by

D
M==—-E
w
1—
N=—"D+F
w

where w # 0 is a real parameter to be suitably chosen. Actually, we show in Section 9.4 that
for the relaxation method to converge, we must have w € (0,2). Note that the case w = 1
corresponds to the method of Gauss-Seidel.
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If we assume that all diagonal entries of D are nonzero, the matrix M is invertible. The
matrix B is denoted by L, and called the matriz of relazation, with

L, = (g — E)_l (%D + F) = (D —wE) (1 —w)D + wF).

The number w is called the parameter of relaxation. When w > 1, the relaxation method is
known as successive overrelaxation, abbreviated as SOR.

At first glance, the relaxation matrix £, seems at lot more complicated than the Gauss-
Seidel matrix £, but the iterative system associated with the relaxation method is very
similar to the method of Gauss-Seidel, and is quite simple. Indeed, the system associated
with the relaxation method is given by

D 1—
<_ —E>Uk+1 — (—MD+F)uk+b,
w w

which is equivalent to
(D —wE)ugy1 = (1 — w)D + wF)uy + wb,
and can be written
Duyyy = Dup — w(Duy — Eugy — Fug — b).
Explicitly, this is the system
an it = aput — wlanul + apub 4 agsul 4+ Fag ouf o+ agut | Fagut —b)
AU ™ = agoul — w(ag ul ™ F agoul + agsul + - 4 agn_ouf , + agn_uf | 4 aguf — by)

k+1

_ k k41 k+1
Ay = Aty — wW(ap U] + Gpols

k+1 k+1 k
+ -+ ann—2un_2 + ann—lun_l + annun - bn)

What remains to be done is to find conditions that ensure the convergence of the relax-
ation method (and the Gauss-Seidel method), that is:

1. Find conditions on w, namely some interval I C R so that w € I implies p(L,) < 1;
we will prove that w € (0,2) is a necessary condition.

2. Find if there exist some optimal value wy of w € I, so that

p(Luy) = inf p(Lo).

We will give partial answers to the above questions in the next section.

It is also possible to extend the methods of this section by using block decompositions of
the form A = D — E — F', where D, E, and F consist of blocks, and with D an invertible
block-diagonal matrix.
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9.4 Convergence of the Methods of Jacobi,
Gauss-Seidel, and Relaxation

We begin with a general criterion for the convergence of an iterative method associated with
a (complex) Hermitian, positive, definite matrix, A = M — N. Next, we apply this result to
the relaxation method.

Proposition 9.5. Let A be any Hermitian, positive, definite matriz, written as
A=M— N,
with M invertible. Then, M* + N 1is Hermitian, and if it is positive, definite, then
p(M™'N) <1,
so that the iterative method converges.
Proof. Since M = A+ N and A is Hermitian, A* = A, so we get
M*+N=A"+N"+N=A+N+N"'=M+ N*"=(M"+ N)",

which shows that M™* 4+ N is indeed Hermitian.

Because A is symmetric, positive, definite, the function

v (v Av)l/?
from C" to R is a vector norm || ||, and let || || also denote its subordinate matrix norm. We
prove that

IMIN <1,

which, by Theorem 9.1 proves that p(M~*N) < 1. By definition

IMTIN| = | = M~ Al = sup [jv— M~ Av],

l[oll=1

which leads us to evaluate ||[v — M~ Av|| when ||v|| = 1. If we write w = M~ Av, using the
facts that [[v]| =1, v = A" Mw, A* = A, and A = M — N, we have

lv = wlf* = (v — w)"A(v — w)
= [|v|* — v* Aw — w* Av + w* Aw
=1—wMw—wMw+w Aw
=1—w'(M"+ N)w.

Now, since we assumed that M* + N is positive definite, if w # 0, then w*(M* + N)w > 0,

and we conclude that
if |lvl=1 then [v— M 'Av| <1.



272 CHAPTER 9. ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

Finally, the function
v v — M A

is continuous as a composition of continuous functions, therefore it achieves its maximum
on the compact subset {v € C" | ||v]| = 1}, which proves that

and completes the proof. O

Now, as in the previous sections, we assume that A is written as A = D — E — F,
with D invertible, possibly in block form. The next theorem provides a sufficient condition
(which turns out to be also necessary) for the relaxation method to converge (and thus, for
the method of Gauss-Seidel to converge). This theorem is known as the Ostrowski-Reich
theorem.

Theorem 9.6. If A =D — E — F is Hermitian, positive, definite, and if 0 < w < 2, then
the relaxzation method converges. This also holds for a block decomposition of A.

Proof. Recall that for the relaxation method, A = M — N with

D
M="_F
w
N=l"%pip
w

and because D* = D, E* = F (since A is Hermitian) and w # 0 is real, we have

D 1 92—
—EB+—py+F="""p
w w w

M*+ N =

If D consists of the diagonal entries of A, then we know from Section 6.3 that these entries
are all positive, and since w € (0,2), we see that the matrix ((2—w)/w)D is positive definite.
If D consists of diagonal blocks of A, because A is positive, definite, by choosing vectors z
obtained by picking a nonzero vector for each block of D and padding with zeros, we see
that each block of D is positive, definite, and thus D itself is positive definite. Therefore, in
all cases, M* 4+ N is positive, definite, and we conclude by using Proposition 9.5. O

Remark: What if we allow the parameter w to be a nonzero complex number w € C? In
this case, we get

D 1 11
_—EH~—3D+F:(—+:—QD

M*+ N =
w w w W
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But,

so the relaxation method also converges for w € C, provided that
lw—1] < 1.
This condition reduces to 0 < w < 2 if w is real.

Unfortunately, Theorem 9.6 does not apply to Jacobi’s method, but in special cases,
Proposition 9.5 can be used to prove its convergence. On the positive side, if a matrix
is strictly column (or row) diagonally dominant, then it can be shown that the method of
Jacobi and the method of Gauss-Seidel both converge. The relaxation method also converges
if w € (0, 1], but this is not a very useful result because the speed-up of convergence usually
occurs for w > 1.

We now prove that, without any assumption on A = D — E — F', other than the fact
that A and D are invertible, in order for the relaxation method to converge, we must have
w € (0,2).

Proposition 9.7. Given any matricr A = D — E — F, with A and D invertible, for any
w # 0, we have
p(Ly) 2w —1].

Therefore, the relaxation method (possibly by blocks) does not converge unless w € (0,2). If
we allow w to be complex, then we must have

lw—1] <1
for the relaxation method to converge.
Proof. Observe that the product Ay - - - A, of the eigenvalues of £,,, which is equal to det(L,,),
is given by

w

det (
AL A, =det(Ly) = i) =(1—-w)"
det (— — E)
w
p(Lo) = i A = w = 1]
The proof is the same if w € C. m

1__WD+F)

It follows that

We now consider the case where A is a tridiagonal matriz, possibly by blocks. In this
case, we obtain precise results about the spectral radius of J and L,,, and as a consequence,
about the convergence of these methods. We also obtain some information about the rate of
convergence of these methods. We begin with the case w = 1, which is technically easier to
deal with. The following proposition gives us the precise relationship between the spectral
radii p(J) and p(L;) of the Jacobi matrix and the Gauss-Seidel matrix.
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Proposition 9.8. Let A be a tridiagonal matriz (possibly by blocks). If p(J) is the spectral
radius of the Jacobi matriz and p(Ly) is the spectral radius of the Gauss-Seidel matriz, then
we have

p(L1) = (p(]))*.

Consequently, the method of Jacobi and the method of Gauss-Seidel both converge or both
diverge simultaneously (even when A is tridiagonal by blocks); when they converge, the method
of Gauss-Seidel converges faster than Jacobi’s method.

Proof. We begin with a preliminary result. Let A(u) with a tridiagonal matrix by block of
the form

A pley 0 0 . 0
,LLBl A2 ;Fng 0 tee 0
Ay = | | ,
. .. 0
0 cee 0 ,LLBP_Q Ap—l ,u_le_l
0 R . 0 ,qu_l Ap

then
det(A(1)) = det(A(1)), p 0,

To prove this fact, form the block diagonal matrix
P(H) = dlag(ulh M2127 s ’Mp[p)v

where I; is the identity matrix of the same dimension as the block A;. Then, it is easy to
see that

and thus,
det(A(u)) = det(P(u)A(1)P(n)™") = det(A(1)).

Since the Jacobi matrix is J = D™'(E + F), the eigenvalues of J are the zeros of the
characteristic polynomial
ps(\) = det(\] — DYE + F)),

and thus, they are also the zeros of the polynomial
q;(\) =det(AD — E — F) = det(D)ps(N).

Similarly, since the Gauss-Seidel matrix is £, = (D — E)~'F, the zeros of the characteristic
polynomial
pe,(N) =det(M — (D — E)'F)

are also the zeros of the polynomial

qe,(A) = det(AD — AE — F) = det(D — E)pg, ().
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Since A is tridiagonal (or tridiagonal by blocks), using our preliminary result with 1 = X\ # 0,
we get
qc,(N?) = det(X2D — V’E — F) = det(\2D — AE — AF) = \"q ().

By continuity, the above equation also holds for A = 0. But then, we deduce that:

1. For any /8 # 0, if § is an eigenvalue of £, then 5'/2 and — /2 are both eigenvalues of
J, where /2 is one of the complex square roots of /3.

2. For any a # 0, if @ and —a are both eigenvalues of J, then a? is an eigenvalue of £;.

The above immediately implies that p(L£1) = (p(J))%. O

We now consider the more general situation where w is any real in (0, 2).

Proposition 9.9. Let A be a tridiagonal matriz (possibly by blocks), and assume that the
eigenvalues of the Jacobi matriz are all real. If w € (0,2), then the method of Jacobi and the
method of relazation both converge or both diverge simultaneously (even when A is tridiagonal
by blocks). When they converge, the function w — p(L,) (for w € (0,2)) has a unique
manimum equal to wy — 1 for

2
T VI= GO

where 1 < wy < 2 if p(J) > 0. We also have p(Ly) = (p(J))?, as before.

Proof. The proof is very technical and can be found in Serre [96] and Ciarlet [24]. As in the
proof of the previous proposition, we begin by showing that the eigenvalues of the matrix
L, are the zeros of the polynomnial

Adw—1
w

D
qﬁw()\):det( D—AE—F) = det (——E)pgw()\),

w
where p,_(\) is the characteristic polynomial of £,. Then, using the preliminary fact from
Proposition 9.8, it is easy to show that

A tw-—1
A2) = \" - -

for all A € C, with A # 0. This time, we cannot extend the above equation to A = 0. This
leads us to consider the equation
NMrw—1
Aw -
which is equivalent to
M —awl+w—1=0,

for all A # 0. Since A # 0, the above equivalence does not hold for w = 1, but this is not a
problem since the case w = 1 has already been considered in the previous proposition. Then,
we can show the following:
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1. For any (8 # 0, if 8 is an eigenvalue of L, then

B+tw—-1  BHw-1
Bl2g 8172

are eigenvalues of J.

2. For every a # 0, if @ and —a« are eigenvalues of J, then p, (o, w) and p_(o,w) are
eigenvalues of £, where p(a,w) and p_(a,w) are the squares of the roots of the
equation

M —awA+w—1=0.

It follows that

(L) = | max {max(|p (o)l Jn- (o))},

and since we are assuming that J has real roots, we are led to study the function

M(er,w) = max{|ps (@, )|, [p—(a, W)},

where o € R and w € (0,2). Actually, because M (—a,w) = M (a,w), it is only necessary to
consider the case where a > 0.

Note that for a # 0, the roots of the equation
M —awl+w—-1=0.

are

aw + Valw? — dw + 4
5 .
In turn, this leads to consider the roots of the equation

wiao? —dw+4=0,

which are

2(1 £ 1 - a?)
a? ’
for av # 0. Since we have

20+vV1—a?) 20+VI—ad)(1-vV1I-a?) 2

a 21— Vi) T Vita

and

21-vV1I-a?) 20+vVI-a®)(1-V1-a?) 2
a? B a2(1 41— a?) 141 —a?

9 9
=— w(a)= ———.
1+vVI—a? (@) 1—vVi-a?

these roots are

wo()
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Observe that the expression for wy(a) is exactly the expression in the statement of our
proposition! The rest of the proof consists in analyzing the variations of the function M (o, w)
by considering various cases for a.. In the end, we find that the minimum of p(L,,) is obtained
for wo(p(J)). The details are tedious and we omit them. The reader will find complete proofs
in Serre [96] and Ciarlet [24]. O

Combining the results of Theorem 9.6 and Proposition 9.9, we obtain the following result
which gives precise information about the spectral radii of the matrices J, £,, and L.

Proposition 9.10. Let A be a tridiagonal matriz (possibly by blocks) which is Hermitian,
positive, definite. Then, the methods of Jacobi, Gauss-Seidel, and relaxation, all converge
for w € (0,2). There is a unique optimal relazation parameter

o — 2
Dl T ()

such that
p(Lyy) = inf p(Ly) =wp — 1.

O<w<?2

Furthermore, if p(J) > 0, then

p(Lan) < p(L1) = (p(]))* < p(J),
and if p(J) =0, then wy =1 and p(Ly) = p(J) = 0.

Proof. In order to apply Proposition 9.9, we have to check that J = D™!(E + F') has real
eigenvalues. However, if « is any eigenvalue of J and if u is any corresponding eigenvector,
then

DY E+ F)u=au

implies that
(E+ F)u = aDu,

and since A = D — E — F, the above shows that (D — A)u = aDu, that is,
Au = (1 — a)Du.

Consequently,
uwAu = (1 — a)u*Du,

and since A and D are hermitian, positive, definite, we have u*Au > 0 and u*Du > 0 if
u # 0, which proves that o € R. The rest follows from Theorem 9.6 and Proposition 9.9. [J

Remark: It is preferable to overestimate rather than underestimate the relaxation param-
eter when the optimum relaxation parameter is not known exactly.
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9.5 Summary

The main concepts and results of this chapter are listed below:

Iterative methods. Splitting A as A = M — N.
Convergence of a sequence of vectors or matrices.

A criterion for the convergence of the sequence (B*) of powers of a matrix B to zero
in terms of the spectral radius p(B).

A characterization of the spectral radius p(B) as the limit of the sequence (| B*||'/*).
A criterion of the convergence of iterative methods.
Asymptotic behavior of iterative methods.

Splitting A as A = D— FE — F, and the methods of Jacobi, Gauss-Seidel, and relaxation
(and SOR).

The Jacobi matriz, J = D™'(E + F).
The Gauss-Seidel matriz, Ly = (D — E)~'F.
The matriz of relazation, L, = (D — wE) '((1 —w)D + wF).

Convergence of iterative methods: a general result when A = M — N is Hermitian,
positive, definite.

A sufficient condition for the convergence of the methods of Jacobi, Gauss-Seidel, and
relaxation. The Ostrowski-Reich Theorem: A is symmetric, positive, definite, and
w € (0,2).

A necessary condition for the convergence of the methods of Jacobi , Gauss-Seidel, and
relaxation: w € (0, 2).

The case of tridiagonal matrices (possibly by blocks). Simultaneous convergence or di-
vergence of Jacobi’s method and Gauss-Seidel’s method, and comparison of the spectral
radii of p(J) and p(L1): p(L1) = (p(J))%.

The case of tridiagonal, Hermitian, positive, definite matrices (possibly by blocks).
The methods of Jacobi, Gauss-Seidel, and relaxation, all converge.

In the above case, there is a unique optimal relaxation parameter for which p(L,,) <

p(Ly) = (p(1))* < p(J) (if p(J) # 0).



Chapter 10

Euclidean Spaces

Rien n’est beau que le vrai.
—Hermann Minkowski

10.1 Inner Products, Euclidean Spaces

So far, the framework of vector spaces allows us to deal with ratios of vectors and linear
combinations, but there is no way to express the notion of length of a line segment or to talk
about orthogonality of vectors. A Euclidean structure allows us to deal with metric notions
such as orthogonality and length (or distance).

This chapter covers the bare bones of Euclidean geometry. Deeper aspects of Euclidean
geometry are investigated in Chapter 11. One of our main goals is to give the basic properties
of the transformations that preserve the Euclidean structure, rotations and reflections, since
they play an important role in practice. FEuclidean geometry is the study of properties
invariant under certain affine maps called rigid motions. Rigid motions are the maps that
preserve the distance between points.

We begin by defining inner products and Euclidean spaces. The Cauchy—Schwarz in-
equality and the Minkowski inequality are shown. We define orthogonality of vectors and of
subspaces, orthogonal bases, and orthonormal bases. We prove that every finite-dimensional
Euclidean space has orthonormal bases. The first proof uses duality, and the second one
the Gram—Schmidt orthogonalization procedure. The () R-decomposition for invertible ma-
trices is shown as an application of the Gram—Schmidt procedure. Linear isometries (also
called orthogonal transformations) are defined and studied briefly. We conclude with a short
section in which some applications of Euclidean geometry are sketched. One of the most
important applications, the method of least squares, is discussed in Chapter 17.

For a more detailed treatment of Euclidean geometry, see Berger [8, 9], Snapper and
Troyer [99], or any other book on geometry, such as Pedoe [88], Coxeter [26], Fresnel [40],
Tisseron [109], or Cagnac, Ramis, and Commeau [19]. Serious readers should consult Emil
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Artin’s famous book [3], which contains an in-depth study of the orthogonal group, as well
as other groups arising in geometry. It is still worth consulting some of the older classics,
such as Hadamard [53, 54] and Rouché and de Comberousse [89]. The first edition of [53]
was published in 1898, and finally reached its thirteenth edition in 1947! In this chapter it is
assumed that all vector spaces are defined over the field R of real numbers unless specified
otherwise (in a few cases, over the complex numbers C).

First, we define a Euclidean structure on a vector space. Technically, a Euclidean struc-
ture over a vector space E is provided by a symmetric bilinear form on the vector space
satisfying some extra properties. Recall that a bilinear form ¢: E'x E — R is definite if for
every u € E, u # 0 implies that ¢(u,u) # 0, and positive if for every u € E, ¢(u,u) > 0.

Definition 10.1. A Fuclidean space is a real vector space E equipped with a symmetric
bilinear form ¢: E x F — R that is positive definite. More explicitly, ¢: E x F — R satisfies
the following axioms:

p(ur + uz,v) p(u1,v) + p(uz,v),
p(u,v1 +v2) = @(u,v1) + p(u,va),
e(Au,v) = Ap(u,v),
o(u, \v) = Ap(u,v),
e(u,v) = ¢(v,u),

u # 0Oimplies that ¢(u,u) > 0.

The real number ¢(u,v) is also called the inner product (or scalar product) of w and v. We
also define the quadratic form associated with o as the function ®: £ — R, such that

(I)(u) = QO(U, u)7
for all u € F.

Since ¢ is bilinear, we have ¢(0,0) = 0, and since it is positive definite, we have the
stronger fact that
o(u,u) =0 iff uw=0,

that is, ®(u) = 0 iff u = 0.

Given an inner product ¢: E x E — R on a vector space F, we also denote ¢(u,v) by
w-v or (u,v) or (ulv),
and /®(u) by |lul.

Example 10.1. The standard example of a Euclidean space is R, under the inner product
- defined such that

(@1, @) - (Y1, Yn) = T1Y1 + DaYo + -0+ Tl
This Fuclidean space is denoted by E".
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There are other examples.

Example 10.2. For instance, let E be a vector space of dimension 2, and let (e, e3) be a
basis of E. If a > 0 and b* — ac < 0, the bilinear form defined such that

@(r1€1 + Y1€a, Ta€1 + Yaa) = ar1T2 + b(T1y2 + T2Y1) + CY1y2
yields a Euclidean structure on E. In this case,
®(ze; + yey) = ax® + 2bxy + cy®.

Example 10.3. Let Cla,b] denote the set of continuous functions f: [a,b] — R. It is
easily checked that Cla,b] is a vector space of infinite dimension. Given any two functions

f,g € Cla,b], let b
(f,9) z/ f(t)g(t)dt.

We leave as an easy exercise that (—, —) is indeed an inner product on Cla,b]. In the case
where a = —m and b = 7 (or a = 0 and b = 27, this makes basically no difference), one
should compute

(sinpz,sinqz), (sinpzx,cosqr), and (cospz,cosqr),

for all natural numbers p,q > 1. The outcome of these calculations is what makes Fourier
analysis possible!

Example 10.4. Let £ = M, (R) be the vector space of real n x n matrices. If we view
a matrix A € M,(R) as a “long” column vector obtained by concatenating together its
columns, we can define the inner product of two matrices A, B € M,,(R) as

(A, B) = Z aijbij,

ij=1
which can be conveniently written as
(A,B) =tr(A"B) = tr(B' A).

Since this can be viewed as the Euclidean product on R”Q, it is an inner product on M, (R).
The corresponding norm

1Al = Vtr(ATA)
is the Frobenius norm (see Section 7.2).

Let us observe that ¢ can be recovered from ®. Indeed, by bilinearity and symmetry, we
have

Ou+v) = plutv, utw)

o(u, u+v)+ p(v, u+v)
(
(

p(u, w) + 2¢(u, v) + @(v, v)
= O(u) +2¢(u, v) + (v).
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Thus, we have
ol v) = 3[8(u+v) — D) — D))

We also say that ¢ is the polar form of ®.

If E is finite-dimensional and if ¢: F x E — R is a bilinear form on F, given any basis

(e1,...,e,) of E, we can write z = 3 7 | z;e; and y = 7, y;e;, and we have
p(z,y) = SO(Z ZiCi, Zyjej) = Z ziyp(ei, e5).
i=1 j=1 ij=1

If we let G be the matrix G = (¢(e;, €;)), and if x and y are the column vectors associated
with (z1,...,2,) and (y1,...,¥y»), then we can write

plr,y) =2'Gy=y' G

Note that we are committing an abuse of notation, since x = >\ | x;¢; is a vector in E, but
the column vector associated with (z1,...,x,) belongs to R™. To avoid this minor abuse, we
could denote the column vector associated with (z1,...,z,) by x (and similarly y for the
column vector associated with (y1,...,,)), in wich case the “correct” expression for ¢(z,y)
is
p(z.y) =x'Gy.

However, in view of the isomorphism between E and R”, to keep notation as simple as
possible, we will use x and y instead of x and y.

Also observe that ¢ is symmetric iff G = G, and ¢ is positive definite iff the matrix G
is positive definite, that is,

z'Ge >0 forallz € R*, z #0.

The matrix G associated with an inner product is called the Gram matriz of the inner
product with respect to the basis (eq, ..., e,).

Conversely, if A is a symmetric positive definite n X n matrix, it is easy to check that the
bilinear form
(w,y) =" Ay

is an inner product. If we make a change of basis from the basis (eq,...,e,) to the basis
(f1,--, fn), and if the change of basis matrix is P (where the jth column of P consists of
the coordinates of f; over the basis (ey,...,e,)), then with respect to coordinates 2’ and ¢/’
over the basis (f1,..., fn), we have

(x,y) =2'Gy=12""PTGPy,

so the matrix of our inner product over the basis (fi,..., f,) is PTGP. We summarize these
facts in the following proposition.
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Proposition 10.1. Let E be a finite-dimensional vector space, and let (eq, ..., e,) be a basis
of E.

1. For any inner product (—,—) on E, if G = ({e;, e;)) is the Gram matriz of the inner
product (—,—) w.r.t. the basis (eq,...,e,), then G is symmetric positive definite.

2. For any change of basis matriz P, the Gram matriz of (—,—) with respect to the new
basis is PTGP.

3. If A is any n X n symmetric positive definite matriz, then
(w,y) =" Ay
18 an inner product on E.

We will see later that a symmetric matrix is positive definite iff its eigenvalues are all
positive.

One of the very important properties of an inner product ¢ is that the map u +— /®(u)
is a norm.

Proposition 10.2. Let E be a Euclidean space with inner product ¢, and let ® be the
corresponding quadratic form. For all u,v € E, we have the Cauchy—Schwarz inequality

p(u,v)* < O(u)P(v),

the equality holding iff u and v are linearly dependent.
We also have the Minkowski inequality

VO(u+v) < /P(u) +/P(v),

the equality holding iff u and v are linearly dependent, where in addition if u # 0 and v # 0,
then uw = v for some A > 0.

Proof. For any vectors u,v € E, we define the function 7: R — R such that
T(\) = ®(u+ M),
for all A € R. Using bilinearity and symmetry, we have
O(u+Av) = ou+ v, u+ M)
= o(u, u+ )+ Ap(v, u+ Av)
= p(u, u) + 2Xp(u, v) + XNo(v, v)
= ®(u) + 2 p(u, v) + N2 ®(v).
Since ¢ is positive definite, ® is nonnegative, and thus 7'(A) > 0 for all A € R. If ®(v) = 0,

then v = 0, and we also have ¢(u, v) = 0. In this case, the Cauchy—Schwarz inequality is
trivial, and v = 0 and w are linearly dependent.
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Now, assume ®(v) > 0. Since T'(A) > 0, the quadratic equation
N (v) 4+ 2Xp(u, v) + ®(u) =0
cannot have distinct real roots, which means that its discriminant
A = 4(p(u, v)* = D(u)(v))
is null or negative, which is precisely the Cauchy—Schwarz inequality
o(u,v)? < ®(u)®(v).
If
p(u,v)* = o(u)(v)

then there are two cases. If ®(v) = 0, then v = 0 and u and v are linearly dependent. If
®(v) # 0, then the above quadratic equation has a double root g, and we have ®(u+ \gv) =
0. Since ¢ is positive definite, ®(u 4+ A\gv) = 0 implies that u + Agv = 0, which shows that u
and v are linearly dependent. Conversely, it is easy to check that we have equality when u
and v are linearly dependent.

The Minkowski inequality

VO(u+v) < V/O(u) + /()
is equivalent to
D(u+v) < O(u) + P(v) + 2/ P(u)P(v).

However, we have shown that
2p(, v) = B+ v) — B(u) — B(v),
and so the above inequality is equivalent to

p(u, v) </ @(u)®(v),

which is trivial when ¢(u, v) < 0, and follows from the Cauchy—Schwarz inequality when
©(u, v) > 0. Thus, the Minkowski inequality holds. Finally, assume that u # 0 and v # 0,

and that
\/q)(u +v) = \/fID(u) + \/<b(v).

When this is the case, we have

p(u, v) =/ @(u)@(v),

and we know from the discussion of the Cauchy—Schwarz inequality that the equality holds
iff u and v are linearly dependent. The Minkowski inequality is an equality when u or v is
null. Otherwise, if u # 0 and v # 0, then u = v for some A\ # 0, and since

p(u, v) = Ap(v, v) = /@(u)®(v),

by positivity, we must have A > 0. O
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Note that the Cauchy—Schwarz inequality can also be written as

|o(u, )] < V@ (u)y/®(v).

Remark: It is easy to prove that the Cauchy-Schwarz and the Minkowski inequalities still
hold for a symmetric bilinear form that is positive, but not necessarily definite (i.e., p(u,v) >
0 for all u,v € E). However, v and v need not be linearly dependent when the equality holds.

The Minkowski inequality

VO(u+v) < /O(u) + /®(v)

shows that the map u — /®(u) satisfies the convexity inequality (also known as triangle
inequality), condition (N3) of Definition 7.1, and since ¢ is bilinear and positive definite, it
also satisfies conditions (N1) and (N2) of Definition 7.1, and thus it is a norm on E. The
norm induced by ¢ is called the Fuclidean norm induced by ¢.

Note that the Cauchy—Schwarz inequality can be written as
Ju - v < ullllo]],
and the Minkowski inequality as

lu 4ol < Jlull + l]l-

Remark: One might wonder if every norm on a vector space is induced by some Euclidean
inner product. In general, this is false, but remarkably, there is a simple necessary and
sufficient condition, which is that the norm must satisfy the parallelogram law:

2 2 2 2
[+ vl|” + flu = ol" = 2([Jul” + [[o]]%).
If (—, —) is an inner product, then we have

2 2 2
[[u+ ol = flul” + o] + 2(u, v)

2 2 2
[ =l = {le]l” + [Jo]]” = 2(u, v),
and by adding and subtracting these identities, we get the parallelogram law and the equation
1 2 2
(u,v) = J(llu+ol” = flu = v[%),

which allows us to recover (—, —) from the norm.
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Conversely, if || || is a norm satisfying the parallelogram law, and if it comes from an
inner product, then this inner product must be given by

1
(u,v) = 2(lu+v]]* = [lu = vlf).

We need to prove that the above form is indeed symmetric and bilinear.

Symmetry holds because ||[u —v|| = ||—(u —v)|| = |[[v — u||. Let us prove additivity in
the variable u. By the parallelogram law, we have

2|z + 2* + lyll*) = e+ y + 21° + [l — y + 2|
which yields

lz +y+2[” = 2|« + =I* + ly|*) — Iz — y + 2|°

lz+y+ 21" = 2(ly + 2I1” + l2]*) = lly — = + =||*,

where the second formula is obtained by swapping x and y. Then by adding up these
equations, we get

1 1
2 2 2 2 2 2 2
lz+y + 20" = llz[I” + Iyl” + llz + 2"+ lly + 20" = Sz =y + 217 = 5 lly —a + 2|
Replacing z by —z in the above equation, we get
2 2 2 2 2 1 2 1 2
lz+y = 2" = llz[I” + lyl” + llz = 2"+ lly = 21" = 5 llo =y = 2" = 5 lly =2 = =]I",

Since [z —y+z]| = [—(z—y+2) = ly—z -zl and [ly —z+2]| = [[-(y —z+2)| =
|z —y — z||, by subtracting the last two equations, we get

1
(wty2) = (e +y+2’ = llz+y— 2]

1 2 2 1 2 2
= g+ 2" = flz = 27) + 2 (ly + 21" = [ly = 2[I")

= (z,2) + (Y, 2),
as desired.

Proving that
(Ar,y) = Nax,y) forall \eR

is a little tricky. The strategy is to prove the identity for A € Z, then to promote it to Q,
and then to R by continuity.

Since
1
Gﬂﬂ0=1m—U+MF—H—U—Mﬁ
1
ZZWU—UW—HU+MW

= —<U,U>,
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the property holds for A = —1. By linearity and by induction, for any n € N with n > 1,
writing n =n — 1+ 1, we get

(Ax,y) = Max,y) forall A € N,

and since the above also holds for A = —1, it holds for all A € Z. For A\ = p/q with p,q € Z
and ¢ # 0, we have

q((p/Q)u’ U> = <pu, U) = p(u, U>?
which shows that

((p/qQ)u,v) = (p/q)(u,v),

and thus
(Ax,y) = Nax,y) forall A € Q.

To finish the proof, we use the fact that a norm is a continuous map = — ||z||. Then, the
continuous function ¢ — {(tu,v) defined on R — {0} agrees with (u,v) on Q — {0}, so it is
equal to (u,v) on R — {0}. The case A = 0 is trivial, so we are done.

We now define orthogonality.

10.2 Orthogonality, Duality, Adjoint of a Linear Map

An inner product on a vector space gives the ability to define the notion of orthogonality.
Families of nonnull pairwise orthogonal vectors must be linearly independent. They are
called orthogonal families. In a vector space of finite dimension it is always possible to find
orthogonal bases. This is very useful theoretically and practically. Indeed, in an orthogonal
basis, finding the coordinates of a vector is very cheap: It takes an inner product. Fourier
series make crucial use of this fact. When F has finite dimension, we prove that the inner
product on F induces a natural isomorphism between E and its dual space E*. This allows
us to define the adjoint of a linear map in an intrinsic fashion (i.e., independently of bases).
It is also possible to orthonormalize any basis (certainly when the dimension is finite). We
give two proofs, one using duality, the other more constructive using the Gram-Schmidt
orthonormalization procedure.

Definition 10.2. Given a Euclidean space E, any two vectors u,v € E are orthogonal, or
perpendicular, if u-v = 0. Given a family (u;);e; of vectors in E, we say that (u;);es is
orthogonal if u; - u; = 0 for all 4,5 € I, where i # j. We say that the family (u;);e; is
orthonormal if w; - u; = 0 for all i,j € I, where ¢ # j, and ||u;|| = w; - u; = 1, for all ¢ € I.
For any subset F' of E, the set

Fr={veE|u-v=0,forallu € F},

of all vectors orthogonal to all vectors in F, is called the orthogonal complement of F.
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Since inner products are positive definite, observe that for any vector u € F, we have
u-v=0 forallve E iff u=0.

It is immediately verified that the orthogonal complement F+ of F' is a subspace of E.

Example 10.5. Going back to Example 10.3 and to the inner product

() = | satoe
on the vector space C[—m, |, it is easily checked that

' ) ) lfPIQ7p7q21’
(sinpzx,singz) = {() ifp#4q,pq>1,

7 ifp=gq pqg>1,
(COSpraCOSqm>_ {0 1fp7'éq, p7q20’

and
(sin pzx, cos qz) = 0,

for all p > 1 and ¢ > 0, and of course, (1,1) = [* dx = 2x.

As a consequence, the family (sin pz),>1U(cos gx),>0 is orthogonal. It is not orthonormal,
but becomes so if we divide every trigonometric function by /7, and 1 by /2.

We leave the following simple two results as exercises.

Proposition 10.3. Given a Euclidean space E, for any family (u;);cr of nonnull vectors in
E, if (u;)ier is orthogonal, then it is linearly independent.

Proposition 10.4. Given a Euclidean space E, any two vectors u,v € E are orthogonal iff

le+1* = [lull* + [Jo]]*.

One of the most useful features of orthonormal bases is that they afford a very simple
method for computing the coordinates of a vector over any basis vector. Indeed, assume
that (ey,...,en) is an orthonormal basis. For any vector

T =211+ "+ Tmlm,
if we compute the inner product x - e;, we get

T-€=T1€1 €+ -+ X6 €+ -+ Ty € =Ty,
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since

{1 ifi=j,
GTEGT0 ifi#j

is the property characterizing an orthonormal family. Thus,

Ti = T - €,

which means that z,e; = (z - e;)e; is the orthogonal projection of z onto the subspace
generated by the basis vector e;. If the basis is orthogonal but not necessarily orthonormal,

then
xT - €; T - e€;

T; = =—.
Coee el?

All this is true even for an infinite orthonormal (or orthogonal) basis (e;);er.

@ However, remember that every vector x is expressed as a linear combination
Tr = E €T;€;
i€l

where the family of scalars (z;);c; has finite support, which means that x; = 0 for all
i € I —J, where J is a finite set. Thus, even though the family (sinpz),>1 U (cos qz)g>o is
orthogonal (it is not orthonormal, but becomes so if we divide every trigonometric function by
V7, and 1 by v/27; we won’t because it looks messy!), the fact that a function f € C°[—, 7]
can be written as a Fourier series as

f(z) =ao+ Z(ak cos kx + by, sin kx)
k=1

does not mean that (sinpz),>1 U (cosqx),>o is a basis of this vector space of functions,
because in general, the families (a;) and (b;) do not have finite support! In order for this
infinite linear combination to make sense, it is necessary to prove that the partial sums

ag + Z(ak cos kx + by sin kx)

k=1

of the series converge to a limit when n goes to infinity. This requires a topology on the
space.

A very important property of Euclidean spaces of finite dimension is that the inner
product induces a canonical bijection (i.e., independent of the choice of bases) between the
vector space F and its dual E*.

Given a Euclidean space E, for any vector u € E, let ¢,: E — R be the map defined
such that

wu(v) =u-v,
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for allv € F.

Since the inner product is bilinear, the map ¢, is a linear form in E*. Thus, we have a
map b: E — E*, defined such that

b(u) = pu.

Theorem 10.5. Given a Euclidean space E, the map b: E — E* defined such that

b(u) = pu

is linear and injective. When E is also of finite dimension, the map b: E — E* is a canonical
1somorphism.

Proof. That b: E — E* is a linear map follows immediately from the fact that the inner
product is bilinear. If ¢, = @, then ¢, (w) = p,(w) for all w € E, which by definition of ¢,
means that

U-w=0v-w

for all w € E, which by bilinearity is equivalent to
(v—u)-w=0

for all w € E, which implies that u = v, since the inner product is positive definite. Thus,
b: F — E* is injective. Finally, when F is of finite dimension n, we know that E* is also of
dimension n, and then b: £ — E* is bijective. O]

The inverse of the isomorphism b: E — E* is denoted by #: E* — E.

As a consequence of Theorem 10.5, if F is a Euclidean space of finite dimension, every
linear form f € E* corresponds to a unique u € E such that

) =u-v,

for every v € E. In particular, if f is not the null form, the kernel of f, which is a hyperplane
H, is precisely the set of vectors that are orthogonal to w.

Remarks:

(1) The “musical map” b: £ — E* is not surjective when E has infinite dimension. The
result can be salvaged by restricting our attention to continuous linear maps, and by
assuming that the vector space E is a Hilbert space (i.e., E is a complete normed vector
space w.r.t. the Euclidean norm). This is the famous “little” Riesz theorem (or Riesz
representation theorem).



10.2. ORTHOGONALITY, DUALITY, ADJOINT OF A LINEAR MAP 291

(2) Theorem 10.5 still holds if the inner product on F is replaced by a nondejgenerate
symmetric bilinear form . We say that a symmetric bilinear form ¢: E x F — R is
nondegenerate if for every u € E,

if ¢(u,v)=0 forallveF, then wu=0.
For example, the symmetric bilinear form on R?* defined such that

(w1, 72,3, 24), (Y1, Y2, Y3,Y4)) = T1Y1 + ToY2 + T3ys — T4¥s

is nondegenerate. However, there are nonnull vectors u € R* such that ¢(u, u) = 0,
which is impossible in a Euclidean space. Such vectors are called isotropic.

The existence of the isomorphism b: £ — E* is crucial to the existence of adjoint maps.
The importance of adjoint maps stems from the fact that the linear maps arising in physical
problems are often self-adjoint, which means that f = f*. Moreover, self-adjoint maps can
be diagonalized over orthonormal bases of eigenvectors. This is the key to the solution of
many problems in mechanics, and engineering in general (see Strang [104]).

Let E be a Euclidean space of finite dimension n, and let f: E — FE be a linear map.
For every v € E, the map
v u- f(v)

is clearly a linear form in E*, and by Theorem 10.5, there is a unique vector in F denoted
by f*(u) such that

P v = f()

for every v € E. The following simple proposition shows that the map f* is linear.

Proposition 10.6. Given a Fuclidean space E of finite dimension, for every linear map
f: E — E, there is a unique linear map f*: E — E such that

frw)-v=u-f(v),
for allu,v € E. The map f* is called the adjoint of f (w.r.t. to the inner product).
Proof. Given uq,us € F, since the inner product is bilinear, we have
(ug +ug) - f(v) =ug - f(v) +ug - f(v),

for all v € E, and
(f*(w) + fH(uz) v = f*(w) - v+ f*(u2) - v,

for all v € E, and since by assumption,

fr(ur) -v = - f(v)
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and
[ (uz) v =uy - f(v),
for all v € E, we get

(f*(wr) + f*(u2)) - v = (ur + ug) - f(v),

for all v € E. Since b is bijective, this implies that

(w4 ug) = f*(ur) + f*(uz).

Similarly,
(Au) - f(v) = Au- f(v)),
for all v € E/, and

(A" () - v = A(f"(u) - v),

for all v € E, and since by assumption,

fr(u)-v=u-f(v),

for all v € E, we get
(A5 () - v = (Au) - f(v),

for all v € E. Since b is bijective, this implies that

fr(Au) = Af*(u).

Thus, f* is indeed a linear map, and it is unique, since b is a bijection. O

Linear maps f: F — E such that f = f* are called self-adjoint maps. They play a very
important role because they have real eigenvalues, and because orthonormal bases arise from
their eigenvectors. Furthermore, many physical problems lead to self-adjoint linear maps (in
the form of symmetric matrices).

Remark: Proposition 10.6 still holds if the inner product on E' is replaced by a nondegen-
erate symmetric bilinear form ¢.

Linear maps such that f~! = f*, or equivalently
frof=fof =id,

also play an important role. They are linear isometries, or isometries. Rotations are special
kinds of isometries. Another important class of linear maps are the linear maps satisfying
the property

frof=fof
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called normal linear maps. We will see later on that normal maps can always be diagonalized
over orthonormal bases of eigenvectors, but this will require using a Hermitian inner product

(over C).

Given two Euclidean spaces E and F', where the inner product on E is denoted by (—, —);
and the inner product on F' is denoted by (—, —)s, given any linear map f: E — F, it is
immediately verified that the proof of Proposition 10.6 can be adapted to show that there
is a unique linear map f*: F' — E such that

<f(U),’U>2 = <U,, f*('U)>1
for all w € F and all v € F'. The linear map f* is also called the adjoint of f.

Remark: Given any basis for £ and any basis for F, it is possible to characterize the matrix
of the adjoint f* of f in terms of the matrix of f, and the symmetric matrices defining the
inner products. We will do so with respect to orthonormal bases. Also, since inner products
are symmetric, the adjoint f* of f is also characterized by

flu)-v=wu-f"(v),

for all u,v € E.

We can also use Theorem 10.5 to show that any Euclidean space of finite dimension has
an orthonormal basis.

Proposition 10.7. Given any nontrivial Euclidean space E of finite dimension n > 1, there
is an orthonormal basis (uy,. .., u,) for E.

Proof. We proceed by induction on n. When n = 1, take any nonnull vector v € E, which
exists, since we assumed E nontrivial, and let

v

U= —.
[v]]

If n > 2, again take any nonnull vector v € E, and let

v

Uy = —.
o]l

Consider the linear form ¢,, associated with u;. Since u; # 0, by Theorem 10.5, the linear
form ,, is nonnull, and its kernel is a hyperplane H. Since @, (w) = 0 iff u; - w = 0,
the hyperplane H is the orthogonal complement of {u;}. Furthermore, since u; # 0 and
the inner product is positive definite, u; - uy # 0, and thus, u; ¢ H, which implies that
E = H @& Ru;. However, since F is of finite dimension n, the hyperplane H has dimension
n — 1, and by the induction hypothesis, we can find an orthonormal basis (us, ..., u,) for H.
Now, because H and the one dimensional space Ru; are orthogonal and £ = H @ Ruy, it is
clear that (uy,...,u,) is an orthonormal basis for E. O
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There is a more constructive way of proving Proposition 10.7, using a procedure known as
the Gram-Schmidt orthonormalization procedure. Among other things, the Gram—Schmidt
orthonormalization procedure yields the Q) R-decomposition for matrices, an important tool
in numerical methods.

Proposition 10.8. Given any nontrivial Fuclidean space E of finite dimensionn > 1, from
any basis (e1,...,e,) for E we can construct an orthonormal basis (uy, ..., u,) for E, with
the property that for every k, 1 < k < n, the families (ey,...,ex) and (uy,...,ux) generate
the same subspace.

Proof. We proceed by induction on n. For n =1, let

€1
Uy = .
lea
For n > 2, we also let
€1
Ur = 17—
leal
and assuming that (ug,...,ux) is an orthonormal system that generates the same subspace
as (eq,...,eg), for every k with 1 < k < n, we note that the vector
k

/
U1 = Ck+1 — Z(€k+1 S U
i=1

is nonnull, since otherwise, because (u1, ..., u;) and (eq,. .., ex) generate the same subspace,
(é1,...,exr1) would be linearly dependent, which is absurd, since (eq, ..., €,) is a basis.
Thus, the norm of the vector uj_, being nonzero, we use the following construction of the
vectors uy and uy:

ul
uh = e U = —1
b [ ]|”
and for the inductive step
k o
/ k+1
Ugyr1 = Ck+1 — Z(€k+1 ) U, Uk+1 = 77— )
]
where 1 < k < n — 1. It is clear that ||ur1|| = 1, and since (uq,...,ux) is an orthonormal

system, we have
! = = =0
Upyq - U = €1 - Uy — (€k+1 : uz)uz CU; = Cpg1 n U — Cy1 " Uy = U,y

for all ¢ with 1 < ¢ < k. This shows that the family (uq,...,ugy1) is orthonormal, and since
(u1,...,ug) and (eq,...,er) generates the same subspace, it is clear from the definition of
Ups1 that (ug,...,upyq) and (eq,...,exr1) generate the same subspace. This completes the
induction step and the proof of the proposition. n
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Note that wj_ , is obtained by subtracting from e, the projection of ey itself onto the
orthonormal vectors uy, ..., u; that have already been computed. Then, uj_ , is normalized.

Remarks:

(1) The QR-decomposition can now be obtained very easily, but we postpone this until
Section 10.4.

(2) We could compute ), ; using the formula

k
/ o Ckt1 - u; /
Upiq = €k+1 — Z HU/HQ Uj,s
i

i=1

and normalize the vectors uj at the end. This time, we are subtracting from ey ;
the projection of ej;; itself onto the orthogonal vectors uf,...,u). This might be
preferable when writing a computer program.

(3) The proof of Proposition 10.8 also works for a countably infinite basis for F, producing
a countably infinite orthonormal basis.

Example 10.6. If we consider polynomials and the inner product

(f. ) = / gt

applying the Gram—Schmidt orthonormalization procedure to the polynomials

which form a basis of the polynomials in one variable with real coefficients, we get a family
of orthonormal polynomials @, (x) related to the Legendre polynomials.

The Legendre polynomials P, (x) have many nice properties. They are orthogonal, but
their norm is not always 1. The Legendre polynomials P,(x) can be defined as follows.
Letting f,, be the function

fal@) = (2" = 1)",

we define P,(x) as follows:
Py(z)=1, and P,(z)=—

where £ is the nth derivative of f,.
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They can also be defined inductively as follows:

Po(l') = 1,
P(x) = =
2n+1 n
P, = P,(x) — P, .
@) = T aP() - S P()

The polynomials (),, are related to the Legendre polynomials P, as follows:

Qula) =[P Pala),

Example 10.7. Consider polynomials over [—1, 1], with the symmetric bilinear form

(f.9) = / 1 ﬁ F()g(t)dt.

We leave it as an exercise to prove that the above defines an inner product. It can be shown
that the polynomials T},(x) given by

T, (z) = cos(narccosz), n >0,

(equivalently, with = cos@, we have T, (cosf) = cos(n#)) are orthogonal with respect to
the above inner product. These polynomials are the Chebyshev polynomials. Their norm is
not equal to 1. Instead, we have

if n >0,

TnyTn - 2
< ) {7‘[‘ ifn=020.

Using the identity (cos@ + isiné)™ = cosnf + isinnf and the binomial formula, we obtain
the following expression for T,,(z):

Ln/2]

Tu(z) =Y (;ﬁ) (2% — 1)Fg"=2k,

k=0

The Chebyshev polynomials are defined inductively as follows:

To([L’) =1
Ti(x)=x
Toi1(x) = 22T, (x) — T4 (x), n>1.

Using these recurrence equations, we can show that

(x — V22 = 1)" + (x—l—m)”‘

To(z) = B
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The polynomial 7,, has n distinct roots in the interval [—1,1]. The Chebyshev polynomials
play an important role in approximation theory. They are used as an approximation to a
best polynomial approximation of a continuous function under the sup-norm (co-norm).

The inner products of the last two examples are special cases of an inner product of the
form

(f,g) = / WS90

where W (t) is a weight function. If W is a nonzero continuous function such that W(z) >0
on (—1,1), then the above bilinear form is indeed positive definite. Families of orthogonal
polynomials used in approximation theory and in physics arise by a suitable choice of the
weight function W. Besides the previous two examples, the Hermite polynomials correspond
to W(x) = e~ the Laguerre polynomials to W(x) = e, and the Jacobi polynomials
to W(z) = (1 — 2)*(1 + z)?, with o, 8 > —1. Comprehensive treatments of orthogonal
polynomials can be found in Lebedev [72], Sansone [91], and Andrews, Askey and Roy [2].

As a consequence of Proposition 10.7 (or Proposition 10.8), given any Euclidean space
of finite dimension n, if (ey,...,e,) is an orthonormal basis for F, then for any two vectors
U =ue; + -+ upe, and v =vie; + - - - + v,€,, the inner product u - v is expressed as

u-v = (urer + -+ upey) - (Vier + -+ vpe,) = Zum’
i—1

and the norm |jul| as

n 1/2
lull = fluser + - - + tnen]) = (Zu?) |

=1

The fact that a Euclidean space always has an orthonormal basis implies that any Gram
matrix G can be written as

G=Q'Q,
for some invertible matrix ). Indeed, we know that in a change of basis matrix, a Gram
matrix G becomes G’ = PTG P. If the basis corresponding to G’ is orthonormal, then G’ = I,
so G = (P HTpPL

We can also prove the following proposition regarding orthogonal spaces.

Proposition 10.9. Given any nontrivial Fuclidean space E of finite dimension n > 1, for
any subspace F of dimension k, the orthogonal complement F+ of F' has dimension n — k,
and E = F ® F*+. Furthermore, we have F*++ = F.

Proof. From Proposition 10.7, the subspace F' has some orthonormal basis (u1, . .., ux). This
linearly independent family (u1, ..., u;) can be extended to a basis (u1, ..., Uk, Vki1, .-, Un),
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and by Proposition 10.8, it can be converted to an orthonormal basis (u1,...,u,), which
contains (u1, ..., uy) as an orthonormal basis of F'. Now, any vector w = wyu; +- - - +wyu, €
E' is orthogonal to F'iff w - u; = 0, for every i, where 1 < ¢ < k, iff w; = 0 for every ¢, where
1 <i < k. Clearly, this shows that (ug;1,...,u,) is a basis of F'*, and thus £ = F@® F*, and
F* has dimension n — k. Similarly, any vector w = wyu; + - - - + w,u, € E is orthogonal to
FLiff w-u; = 0, for every i, where k+1 < i < n, iff w; = 0 for every 4, where k +1 < i < n.
Thus, (uy,...,u) is a basis of F++ and F++ = F. O

10.3 Linear Isometries (Orthogonal Transformations)

In this section we consider linear maps between Euclidean spaces that preserve the Euclidean
norm. These transformations, sometimes called rigid motions, play an important role in
geometry.

Definition 10.3. Given any two nontrivial Euclidean spaces E and F' of the same finite
dimension n, a function f: F — F' is an orthogonal transformation, or a linear isometry, if
it is linear and

[ f(u)]| = |lul|, foralluc E.
Remarks:

(1) A linear isometry is often defined as a linear map such that

1f(w) = Fl)ll = o=,

for all u,v € E. Since the map f is linear, the two definitions are equivalent. The
second definition just focuses on preserving the distance between vectors.

(2) Sometimes, a linear map satisfying the condition of Definition 10.3 is called a metric
map, and a linear isometry is defined as a bijective metric map.

An isometry (without the word linear) is sometimes defined as a function f: E — F (not
necessarily linear) such that

1 () = Fla)ll = o=,

for all u,v € E, i.e., as a function that preserves the distance. This requirement turns out to
be very strong. Indeed, the next proposition shows that all these definitions are equivalent
when E and F are of finite dimension, and for functions such that f(0) = 0.

Proposition 10.10. Given any two nontrivial Euclidean spaces E and F' of the same finite
dimension n, for every function f: E — F, the following properties are equivalent:

(1) f is a linear map and || f(u)|| = ||u||, for all u € E;
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(2) [ f(v) = fWl = llv —ul], for all u,v € E, and f(0) = 0;
(3) f(u)- f(v)=wu-wv, for all u,v € E.

Furthermore, such a map is bijective.

Proof. Clearly, (1) implies (2), since in (1) it is assumed that f is linear.
Assume that (2) holds. In fact, we shall prove a slightly stronger result. We prove that
if
1f(v) = f)]l = llv =]
for all u,v € E, then for any vector 7 € E, the function g: £ — F' defined such that
g(u) = f(T +u) = f(7)
for all u € F is a linear map such that g(0) = 0 and (3) holds. Clearly, g(0) = f(7)—f(7) = 0.
Note that from the hypothesis

1 (v) = f(w)]| = llv —ul
for all u,v € F, we conclude that
lg(w) =gl = |lf(T+v) = f(7) = (f(T +u) = F(T)I],
= fr+v) = fr+u)],

= lr+o—=(r+ul,
= v —ul,

for all u,v € E. Since g(0) = 0, by setting u = 0 in
lg(v) = g(w)l| = v =],

we get
lg()]l =[]l

for all v € E. In other words, g preserves both the distance and the norm.

To prove that g preserves the inner product, we use the simple fact that
2 2 2
2u-v = [Jull2 + Jolf? = flu—v|
for all u,v € E. Then, since g preserves distance and norm, we have

29(u) - g(v) = lg@)I* + lg@)I* = llg(u) — g(v)|
= ull® +llvll* = flu = vl

2u - v,
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and thus g(u)-g(v) = u-v, for all u,v € E, which is (3). In particular, if f(0) = 0, by letting
7 =0, we have g = f, and [ preserves the scalar product, i.e., (3) holds.

Now assume that (3) holds. Since E is of finite dimension, we can pick an orthonor-
mal basis (ej,...,e,) for E. Since f preserves inner products, (f(e;),..., f(en)) is also
orthonormal, and since F' also has dimension n, it is a basis of F'. Then note that for any
u=ue; + -+ + uy,e,, we have

U; = U - €4,
for all 7, 1 <i <n. Thus, we have

n

Fw) = (f(u)- fle)f(er),

i=1
and since f preserves inner products, this shows that

n

Flu) =D (- e f(e) = D uif(e).

i=1

which shows that f is linear. Obviously, f preserves the Euclidean norm, and (3) implies
(1).

Finally, if f(u) = f(v), then by linearity f(v —wu) =0, so that || f(v —u)|| = 0, and since

f preserves norms, we must have ||[v — u| = 0, and thus v = v. Thus, f is injective, and
since F and F' have the same finite dimension, f is bijective. m
Remarks:

(i) The dimension assumption is needed only to prove that (3) implies (1) when f is not
known to be linear, and to prove that f is surjective, but the proof shows that (1)
implies that f is injective.

(ii) The implication that (3) implies (1) holds if we also assume that f is surjective, even
if £ has infinite dimension.

In (2), when f does not satisfy the condition f(0) = 0, the proof shows that f is an affine
map. Indeed, taking any vector 7 as an origin, the map g is linear, and

f(r4+u) = f(r)+ g(u) forallu e E.

From section 19.7, this shows that f is affine with associated linear map g.

This fact is worth recording as the following proposition.
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Proposition 10.11. Given any two nontrivial Euclidean spaces E and I of the same finite
dimension n, for every function f: E — F, if

1 () = f)ll = [l =l for allu,v € E,

then f 1s an affine map, and its associated linear map g is an isometry.

In view of Proposition 10.10, we will drop the word “linear” in “linear isometry,” unless
we wish to emphasize that we are dealing with a map between vector spaces.

We are now going to take a closer look at the isometries f: E — E of a Euclidean space
of finite dimension.

10.4 The Orthogonal Group, Orthogonal Matrices

In this section we explore some of the basic properties of the orthogonal group and of
orthogonal matrices.

Proposition 10.12. Let E be any Euclidean space of finite dimension n, and let f: E — E
be any linear map. The following properties hold:

(1) The linear map f: E — E is an isometry iff

fof = fof=id

(2) For every orthonormal basis (e, ..., e,) of E, if the matriz of f is A, then the matriz
of f* is the transpose AT of A, and f is an isometry iff A satisfies the identities

AAT = ATA=1,

where I, denotes the identity matriz of order n, iff the columns of A form an orthonor-
mal basis of E, iff the rows of A form an orthonormal basis of E.

Proof. (1) The linear map f: E — E is an isometry iff

for all u,v € E, iff
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for all u,v € E. Since the inner product is positive definite, we must have

[ (f(u) —u=0

for all uw € F, that is,
[ref=fof =id
The converse is established by doing the above steps backward.

(2) If (eq,...,e,) is an orthonormal basis for E, let A = (a;;) be the matrix of f, and let
B = (b;;) be the matrix of f*. Since f* is characterized by

J () v = f(0)

for all u,v € F, using the fact that if w = wye; + - -+ + wye, we have w, = w - ¢ for all k,
1 <k < n,letting u = ¢; and v = ¢;, we get

bji=f"(e;)-ej=e;- flej) =aij,

for all i,7, 1 < i,5 < n. Thus, B = AT. Now, if X and Y are arbitrary matrices over
the basis (ey,...,e,), denoting as usual the jth column of X by X7, and similarly for Y, a
simple calculation shows that

XY =(X*. Yj)1§¢,jgn-
Then it is immediately verified that if X =Y = A, then
ATA=AAT =1,

iff the column vectors (Al ... A™) form an orthonormal basis. Thus, from (1), we see that
(2) is clear (also because the rows of A are the columns of AT). O

Proposition 10.12 shows that the inverse of an isometry f is its adjoint f*. Recall that
the set of all real n x n matrices is denoted by M, (R). Proposition 10.12 also motivates the
following definition.

Definition 10.4. A real n X n matrix is an orthogonal matriz if

AAT=ATA=1,.

Remark: It is easy to show that the conditions AAT =1,, ATA =1, and A~' = AT are

equivalent. Given any two orthonormal bases (uy, ..., u,) and (vy,...,v,), if P is the change
of basis matrix from (uy,...,u,) to (vi,...,v,), since the columns of P are the coordinates
of the vectors v; with respect to the basis (u1, ..., u,), and since (v1, ..., v,) is orthonormal,

the columns of P are orthonormal, and by Proposition 10.12 (2), the matrix P is orthogonal.
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The proof of Proposition 10.10 (3) also shows that if f is an isometry, then the image of an
orthonormal basis (uy,...,u,) is an orthonormal basis. Students often ask why orthogonal
matrices are not called orthonormal matrices, since their columns (and rows) are orthonormal
bases! I have no good answer, but isometries do preserve orthogonality, and orthogonal
matrices correspond to isometries.

Recall that the determinant det(f) of a linear map f: £ — F is independent of the
choice of a basis in E. Also, for every matrix A € M, (R), we have det(A) = det(A"), and
for any two n x n matrices A and B, we have det(AB) = det(A) det(B). Then, if f is an
isometry, and A is its matrix with respect to any orthonormal basis, AAT = ATA = I,
implies that det(A)? = 1, that is, either det(A) = 1, or det(A) = —1. It is also clear that
the isometries of a Euclidean space of dimension n form a group, and that the isometries of
determinant 41 form a subgroup. This leads to the following definition.

Definition 10.5. Given a Euclidean space E of dimension n, the set of isometries f: E — F
forms a subgroup of GL(F) denoted by O(E), or O(n) when E = R", called the orthogonal
group (of E). For every isometry f, we have det(f) = £1, where det(f) denotes the deter-
minant of f. The isometries such that det(f) = 1 are called rotations, or proper isometries,
or proper orthogonal transformations, and they form a subgroup of the special linear group
SL(E) (and of O(F)), denoted by SO(E), or SO(n) when E = R", called the special or-
thogonal group (of E'). The isometries such that det(f) = —1 are called improper isometries,
or improper orthogonal transformations, or flip transformations.

As an immediate corollary of the Gram—Schmidt orthonormalization procedure, we obtain
the Q R-decomposition for invertible matrices.

10.5 (@R-Decomposition for Invertible Matrices

Now that we have the definition of an orthogonal matrix, we can explain how the Gram-—
Schmidt orthonormalization procedure immediately yields the () R-decomposition for matri-
ces.

Proposition 10.13. Given any real n x n matriz A, if A is invertible, then there is an

orthogonal matriz () and an upper triangular matriz R with positive diagonal entries such
that A = QR.

Proof. We can view the columns of A as vectors A, ..., A" in E". If A is invertible, then they
are linearly independent, and we can apply Proposition 10.8 to produce an orthonormal basis
using the Gram—Schmidt orthonormalization procedure. Recall that we construct vectors

Q" and Q'* as follows:
Q"

Q =4, Q= S
Q7]
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and for the inductive step

kbl _ pk+l - k41 iy i p . QF
QI =AY (AN Q@ = TR

=1

where 1 < k < n — 1. If we express the vectors A* in terms of the Q' and Q, we get the
triangular system

AY = Qe
A o= (AQHQ + -+ (A QNQ + -+ Q7@

AV = (AT QNQ -+ (A QT QM Q@™

Letting 71, = ||Q||, and r;; = A7 - Q' (the reversal of i and j on the right-hand side is
intentional!), where 1 < k <n,2 < j <n,and 1 <i < j—1, and letting ¢;; be the ith
component of 7, we note that a; ;, the ith component of A7, is given by

@ij = T1Qi1 +  FTijGi + o+ 755G = qaTij++ QTij + -+ il

If we let Q = (g;;), the matrix whose columns are the components of the @7, and R = (r;;),
the above equations show that A = QR, where R is upper triangular. The diagonal entries
ek = ||QF|| = A* - Q% are indeed positive. O

The reader should try the above procedure on some concrete examples for 2 x 2 and 3 x 3
matrices.

Remarks:

(1) Because the diagonal entries of R are positive, it can be shown that ) and R are
unique.

(2) The QR-decomposition holds even when A is not invertible. In this case, R has some
zero on the diagonal. However, a different proof is needed. We will give a nice proof
using Householder matrices (see Proposition 11.3, and also Strang [104, 105], Golub
and Van Loan [49], Trefethen and Bau [110], Demmel [27], Kincaid and Cheney [63],
or Ciarlet [24]).

Example 10.8. Consider the matrix

0
A=10
1

— o O
— = ot
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We leave as an exercise to show that A = QR, with

Q=

_ O O
o = O

1 1 11
0 and R=10 41
0 00 5

Example 10.9. Another example of () R-decomposition is

V2 1/v/2 0\ (V2 1/V2 V2
0 0o 1 0 1/vV2 V2
1/vV2 —1/v2 0 0 0 1

The QR-decomposition yields a rather efficient and numerically stable method for solving
systems of linear equations. Indeed, given a system Az = b, where A is an n X n invertible
matrix, writing A = QR, since () is orthogonal, we get

Rr=Q"b,

1 1 2
A=10 0 1] =
1 00

and since R is upper triangular, we can solve it by Gaussian elimination, by solving for the
last variable z,, first, substituting its value into the system, then solving for x,_ 1, etc. The
Q) R-decomposition is also very useful in solving least squares problems (we will come back
to this later on), and for finding eigenvalues. It can be easily adapted to the case where A is
a rectangular m x n matrix with independent columns (thus, n < m). In this case, @ is not
quite orthogonal. It is an m X n matrix whose columns are orthogonal, and R is an invertible
n X n upper triangular matrix with positive diagonal entries. For more on QR, see Strang
[104, 105], Golub and Van Loan [49], Demmel [27], Trefethen and Bau [110], or Serre [96].

It should also be said that the Gram—Schmidt orthonormalization procedure that we have
presented is not very stable numerically, and instead, one should use the modified Gram—
Schmidt method. To compute Q**!, instead of projecting A**! onto @', ..., Q" in a single
step, it is better to perform k projections. We compute Q% Q5™ A

..., Qp " as follows:
Q= AR (A Q) Q!,
Qi = Q- @ Qe
where 1 < i < k — 1. Tt is easily shown that Q**' = i“. The reader is urged to code this
method.

A somewhat surprising consequence of the QR-decomposition is a famous determinantal
inequality due to Hadamard.

Proposition 10.14. (Hadamard) For any real n x n matriz A = (a;;), we have

n n 1/2 n n 1/2
| det(A)] < H(Z a?j) and |det(A)] < H(Z a?J.) ,
=1 tj=l1 j=1 Ni=1

j:
Moreover, equality holds iff either A has a zero column in the left inequality or a zero row in
the right inequality, or A is orthogonal.
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Proof. If det(A) = 0, then the inequality is trivial. In addition, if the righthand side is also
0, then either some column or some row is zero. If det(A) # 0, then we can factor A as
A = @R, with @ is orthogonal and R = (r;;) upper triangular with positive diagonal entries.
Then, since @ is orthogonal det(Q) = +1, so

| det(A)] = |det(Q)| | det(R)| = [ [ 75
j=1
Now, as @) is orthogonal, it preserves the Euclidean norm, so

>_ah =14 = IRl = | RIF = 3 > v
i=1 1=1

which implies that

n

. n on 1/2
| det(A)| = Hrjj < H HRjH2 < H(Zmﬂ) :

j=1 i=1

The other inequality is obtained by replacing A by A". Finally, if det(A) # 0 and equality

holds, then we must have '
rii = |4,

which can only occur is R is orthogonal. O

l<j<n,

Another version of Hadamard’s inequality applies to symmetric positive semidefinite
matrices.

Proposition 10.15. (Hadamard) For any real n x n matriz A = (a;;), if A is symmetric
positive semidefinite, then we have

i=1

Moreover, if A is positive definite, then equality holds iff A is a diagonal matriz.

Proof. 1f det(A) = 0, the inequality is trivial. Otherwise, A is positive definite, and by
Theorem 6.10 (the Cholesky Factorization), there is a unique upper triangular matrix B
with positive diagonal entries such that

A= B'B.

Thus, det(A) = det(B' B) = det(B") det(B) = det(B)?. If we apply the Hadamard inequal-
ity (Proposition 10.15) to B, we obtain

det(B) < ]j(zn: bfj) " (+)

=1
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However, the diagonal entries a; of A = BT B are precisely the square norms ||B’||§ =
i1 b, 80 by squaring (), we obtain

n n

&MAy_®dBV§]1<§?%)_IIm@

i=1 =1

If det(A) # 0 and equality holds, then B must be orthogonal, which implies that B is a
diagonal matrix, and so is A. O

We derived the second Hadamard inequality (Proposition 10.15) from the first (Proposi-
tion 10.14). We leave it as an exercise to prove that the first Hadamard inequality can be
deduced from the second Hadamard inequality.

10.6 Some Applications of Euclidean Geometry

Euclidean geometry has applications in computational geometry, in particular Voronoi dia-
grams and Delaunay triangulations. In turn, Voronoi diagrams have applications in motion
planning (see O'Rourke [87]).

Euclidean geometry also has applications to matrix analysis. Recall that a real n x n
matrix A is symmetric if it is equal to its transpose A". One of the most important properties
of symmetric matrices is that they have real eigenvalues and that they can be diagonalized
by an orthogonal matrix (see Chapter 13). This means that for every symmetric matrix A,
there is a diagonal matrix D and an orthogonal matrix P such that

A=PDP'.

Even though it is not always possible to diagonalize an arbitrary matrix, there are various
decompositions involving orthogonal matrices that are of great practical interest. For exam-
ple, for every real matrix A, there is the Q R-decomposition, which says that a real matrix
A can be expressed as

A=QR,

where () is orthogonal and R is an upper triangular matrix. This can be obtained from the
Gram—Schmidt orthonormalization procedure, as we saw in Section 10.5, or better, using
Householder matrices, as shown in Section 11.2. There is also the polar decomposition,
which says that a real matrix A can be expressed as

A=Qs,

where @) is orthogonal and S is symmetric positive semidefinite (which means that the eigen-
values of S are nonnegative). Such a decomposition is important in continuum mechanics
and in robotics, since it separates stretching from rotation. Finally, there is the wonderful
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singular value decomposition, abbreviated as SVD, which says that a real matrix A can be
expressed as
A=VDUT,

where U and V' are orthogonal and D is a diagonal matrix with nonnegative entries (see
Chapter 16). This decomposition leads to the notion of pseudo-inverse, which has many
applications in engineering (least squares solutions, etc). For an excellent presentation of all
these notions, we highly recommend Strang [105, 104], Golub and Van Loan [49], Demmel
[27], Serre [96], and Trefethen and Bau [110].

The method of least squares, invented by Gauss and Legendre around 1800, is another
great application of Euclidean geometry. Roughly speaking, the method is used to solve
inconsistent linear systems Az = b, where the number of equations is greater than the
number of variables. Since this is generally impossible, the method of least squares consists
in finding a solution z minimizing the Euclidean norm ||Az — b||?, that is, the sum of the
squares of the “errors.” It turns out that there is always a unique solution z™ of smallest
norm minimizing || Az — b||?, and that it is a solution of the square system

AT Az = ATb,

called the system of normal equations. The solution ™ can be found either by using the Q)R-
decomposition in terms of Householder transformations, or by using the notion of pseudo-
inverse of a matrix. The pseudo-inverse can be computed using the SVD decomposition.
Least squares methods are used extensively in computer vision More details on the method
of least squares and pseudo-inverses can be found in Chapter 17.

10.7 Summary
The main concepts and results of this chapter are listed below:
e Bilinear forms; positive definite bilinear forms.
e inner products, scalar products, Euclidean spaces.
e quadratic form associated with a bilinear form.
e The Euclidean space E".
e The polar form of a quadratic form.
e Gram matriz associated with an inner product.
e The Cauchy—Schwarz inequality; the Minkowski inequality.

e The parallelogram law.
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e Orthogonality, orthogonal complement F*; orthonormal family.

e The musical isomorphisms b: E — E* and §: E* — E (when FE is finite-dimensional);
Theorem 10.5.

e The adjoint of a linear map (with respect to an inner product).

e Existence of an orthonormal basis in a finite-dimensional Euclidean space (Proposition
10.7).

e The Gram-Schmidt orthonormalization procedure (Proposition 10.8).
e The Legendre and the Chebyshev polynomials.

e Linear isometries (orthogonal transformations, rigid motions).

e The orthogonal group, orthogonal matrices.

e The matrix representing the adjoint f* of a linear map f is the transpose of the matrix
representing f.

e The orthogonal group O(n) and the special orthogonal group SO(n).
e (QR-decomposition for invertible matrices.
e The Hadamard inequality for arbitrary real matrices.

e The Hadamard inequality for symmetric positive semidefinite matrices.
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Chapter 11

(QR-Decomposition for Arbitrary
Matrices

11.1 Orthogonal Reflections

Hyperplane reflections are represented by matrices called Householder matrices. These ma-
trices play an important role in numerical methods, for instance for solving systems of linear
equations, solving least squares problems, for computing eigenvalues, and for transforming a
symmetric matrix into a tridiagonal matrix. We prove a simple geometric lemma that imme-
diately yields the () R-decomposition of arbitrary matrices in terms of Householder matrices.

Orthogonal symmetries are a very important example of isometries. First let us review
the definition of projections. Given a vector space F, let I' and G be subspaces of E that
form a direct sum £ = F' & G. Since every u € E can be written uniquely as u = v + w,
where v € F' and w € G, we can define the two projections pp: E — F and pg: E — G such
that pr(u) = v and pg(u) = w. It is immediately verified that pg and pp are linear maps,

and that p% = pr, p% = pg, pr © pe = pc o pr = 0, and pr + pg = id.

Definition 11.1. Given a vector space F, for any two subspaces F' and G that form a direct
sum F = F & G, the symmetry (or reflection) with respect to F and parallel to G is the
linear map s: F — FE defined such that

s(u) = 2pr(u) — u,
for every u € F.
Because pr + pg = id, note that we also have

s(u) = pr(u) = pa(u)

and
s(u) = u — 2pg(u),

311
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s? = id, s is the identity on F, and s = —id on G. We now assume that F is a Euclidean
space of finite dimension.

Definition 11.2. Let E be a Euclidean space of finite dimension n. For any two subspaces
F and G, if F and G form a direct sum F = F & G and F and G are orthogonal, i.e.,
F = G+, the orthogonal symmetry (or reflection) with respect to F' and parallel to G is the
linear map s: £ — E defined such that

s(u) = 2pp(u) — u,

for every u € E. When F' is a hyperplane, we call s a hyperplane symmetry with respect to
F (or reflection about F), and when G is a plane (and thus dim(F) = n — 2), we call s a
flip about F.

For any two vectors u, v € E, it is easily verified using the bilinearity of the inner product
that
lu+vl* = [lu = vl|* = 4(u - v).
Then, since
u=ppr(u) + pe(u)
and
s(u) = pr(u) — pa(u),

since F' and G are orthogonal, it follows that

pr(u) - pe(v) =0,

and thus,
ls(u)ll = flull,
so that s is an isometry.

Using Proposition 10.8, it is possible to find an orthonormal basis (eq, ..., e,) of E con-
sisting of an orthonormal basis of F' and an orthonormal basis of G. Assume that F' has di-
mension p, so that G has dimension n—p. With respect to the orthonormal basis (ey, ..., e,),
the symmetry s has a matrix of the form

I, 0
0 I,/

Thus, det(s) = (—=1)""?, and s is a rotation iff n — p is even. In particular, when F is

a hyperplane H, we have p = n — 1 and n — p = 1, so that s is an improper orthogonal
transformation. When F' = {0}, we have s = —id, which is called the symmetry with respect
to the origin. The symmetry with respect to the origin is a rotation iff n is even, and an
improper orthogonal transformation iff n is odd. When n is odd, we observe that every
improper orthogonal transformation is the composition of a rotation with the symmetry
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with respect to the origin. When G is a plane, p = n — 2, and det(s) = (—1)? = 1, so that a
flip about F'is a rotation. In particular, when n = 3, F' is a line, and a flip about the line
F' is indeed a rotation of measure 7.

Remark: Given any two orthogonal subspaces F, G forming a direct sum E = F & G, let
f be the symmetry with respect to F' and parallel to G, and let g be the symmetry with
respect to G and parallel to F'. We leave as an exercise to show that

fog=gof=—id.

When F' = H is a hyperplane, we can give an explicit formula for s(u) in terms of any
nonnull vector w orthogonal to H. Indeed, from

u = pp(u) + pe(u),
since pg(u) € G and G is spanned by w, which is orthogonal to H, we have
pe(u) = Aw

for some A € R, and we get
u-w = Nwl?,

and thus ( )
u-w
pe(u) = ——— w.
[
Since
s(u) = u — 2pg(u),
we get
s(u):u—2(u'w>

[Jw]]?
Such reflections are represented by matrices called Householder matrices, and they play

an important role in numerical matrix analysis (see Kincaid and Cheney [63] or Ciarlet
[24]). Householder matrices are symmetric and orthogonal. It is easily checked that over an

orthonormal basis (ey, ..., €e,), a hyperplane reflection about a hyperplane H orthogonal to
a nonnull vector w is represented by the matrix
wwT wwT’
H=1,-2——=1,—2——,
W2 wriw
where W is the column vector of the coordinates of w over the basis (e1,...,e,), and I, is

the identity n x n matrix. Since
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the matrix representing pg is
wwT
WTw’
and since py + pg = id, the matrix representing py is

I wwT
TWTW

These formulae can be used to derive a formula for a rotation of R3, given the direction w
of its axis of rotation and given the angle 6 of rotation.

The following fact is the key to the proof that every isometry can be decomposed as a
product of reflections.

Proposition 11.1. Let E be any nontrivial Euclidean space. For any two vectors u,v € F,
if ||u]| = ||v||, then there is a hyperplane H such that the reflection s about H maps u to v,
and if u # v, then this reflection is unique.

Proof. If u = v, then any hyperplane containing u does the job. Otherwise, we must have
H = {v —u}*, and by the above formula,

u-(v—u 2||ul]? — 2u - v
S(U)ZU_QW(Z}_U):U+|\|(U)——U)|P(U_U)7
and since
(v = w* = [[ull* + [Jv]|* = 2u - v
and [|ul| = ||v]|, we have
(v = w* = 2jull* - 2u - v,
and thus, s(u) = v. O

@ If F is a complex vector space and the inner product is Hermitian, Proposition 11.1

is false. The problem is that the vector v —u does not work unless the inner product
u-v is real! The proposition can be salvaged enough to yield the ) R-decomposition in terms
of Householder transformations; see Gallier [44].

We now show that hyperplane reflections can be used to obtain another proof of the
() R-decomposition.
11.2 (@ R-Decomposition Using Householder Matrices

First, we state the result geometrically. When translated in terms of Householder matrices,
we obtain the fact advertised earlier that every matrix (not necessarily invertible) has a
() R-decomposition.
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Proposition 11.2. Let E be a nontrivial Euclidean space of dimensionn. For any orthonor-
mal basis (eq, ..., e,) and for any n-tuple of vectors (vy, ..., v,), there is a sequence of n
isometries hy, ..., hy, such that h; is a hyperplane reflection or the identity, and if (r1,..., 1)
are the vectors given by

r; =hyo---0hyohi(v)),

then every r; is a linear combination of the vectors (eq,...,e;), 1 < j <n. Equivalently, the
matriz R whose columns are the components of the r; over the basis (ey, ..., ey,) is an upper
triangular matriz. Furthermore, the h; can be chosen so that the diagonal entries of R are
nonnegative.

Proof. We proceed by induction on n. For n = 1, we have v; = Ae; for some A € R. If
A >0, we let hy =id, else if A < 0, we let hy = —id, the reflection about the origin.

For n > 2, we first have to find hy. Let
ria = [log].
If v1 =7y 161, we let hy = id. Otherwise, there is a unique hyperplane reflection h; such that
hl(Ul) =T1,1 €1,
defined such that

(u - w)
|1 [

hi(u) =u—2

w1

for all u € F, where
Wy =Ty1,1€1 — V1.

The map h; is the reflection about the hyperplane H; orthogonal to the vector w; = 711 €; —
vy. Letting
= hl(Ul) =T11 €1,

it is obvious that r; belongs to the subspace spanned by ey, and 711 = ||v|| is nonnegative.

Next, assume that we have found k linear maps hq, ..., hy, hyperplane reflections or the
identity, where 1 < k < n — 1, such that if (ry,...,ry) are the vectors given by

Tj:hko...thOhl(Uj)a

then every r; is a linear combination of the vectors (ey,...,e;), 1 < j < k. The vectors
(é1,...,ex) form a basis for the subspace denoted by U}, the vectors (egy1,...,e,) form
a basis for the subspace denoted by U/, the subspaces U, and U, are orthogonal, and
E=U.®U]. Let

Upy1 = hyo---ohyo h1(Uk+1)~

We can write
/ 1
Up+1 = Upqq + Uy,
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where u;, ., € Uy, and ), € U} Let

"
Tk+1,k+1 = ||Uk+1||
If wy, 1 = Thi1p41 €hg1, We let hpyq = id. Otherwise, there is a unique hyperplane reflection

hi+1 such that

"
hk+1(uk+1> = Tk+1,k+1 Ck+1,

defined such that
(U : wk+1)

hipr1(u) =u—2
w() Toeml?

We41

for all u € F, where

1
W41 = Th41,k+1 Cht1 — Upyq-

The map hyq is the reflection about the hyperplane Hy,; orthogonal to the vector wg,; =
Th+1,k+1 Cht1 — Uy, 1. However, since uj_,, ex41 € U} and Uy, is orthogonal to U}/, the subspace
U, is contained in Hj 1, and thus, the vectors (ry,...,7;) and uj_,, which belong to Uy, are
invariant under hj,;. This proves that

g1 (Uig1) = gt (W 1) + it (Wi g 1) = Whyy + Thot k1 €ht
is a linear combination of (eq, ..., e 1). Letting
Tro1 = M1 (Ung1) = Wp oy + Thot ks €rg1,
since ugy1 = hi o+ 0 hy o hi(vgs1), the vector

Tkt1 = PNgg1 0 -+ - 0 hg 0 hy(vg41)

is a linear combination of (ey, ..., ex41). The coeflicient of r, 1 over exi1 i i1 k1 = |ug, 4]l
which is nonnegative. This concludes the induction step, and thus the proof. O
Remarks:

(1) Since every h; is a hyperplane reflection or the identity,
p:hno...oh20h1

is an isometry.

(2) If we allow negative diagonal entries in R, the last isometry h, may be omitted.
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(3) Instead of picking ry, = ||uf||, which means that
Wi = Tkl €k — uy,,

where 1 < k < n, it might be preferable to pick ryx = —||u}| if this makes |wy|?*
larger, in which case
Wk = T,k Ck + U,k/

Indeed, since the definition of Ay involves division by ||wy||?, it is desirable to avoid
division by very small numbers.

(4) The method also applies to any m-tuple of vectors (vy,...,v,,), where m is not neces-
sarily equal to n (the dimension of F). In this case, R is an upper triangular n x m
matrix we leave the minor adjustments to the method as an exercise to the reader (if
m > n, the last m — n vectors are unchanged).

Proposition 11.2 directly yields the @) R-decomposition in terms of Householder transfor-
mations (see Strang [104, 105], Golub and Van Loan [49], Trefethen and Bau [110], Kincaid
and Cheney [63], or Ciarlet [24]).

Theorem 11.3. For every real n X n matrixz A, there is a sequence Hy, ..., H, of matrices,
where each H; is either a Householder matrixz or the identity, and an upper triangular matrix
R such that

R=H, ---HyHA.

As a corollary, there is a pair of matrices Q, R, where Q) is orthogonal and R is upper
triangular, such that A = QR (a QR-decomposition of A). Furthermore, R can be chosen
so that its diagonal entries are nonnegative.

Proof. The jth column of A can be viewed as a vector v; over the canonical basis (e, ..., e,)
of E* (where (e;); = 1 if i = j, and 0 otherwise, 1 < 4,5 < n). Applying Proposition 11.2
to (vi,...,v,), there is a sequence of n isometries hy, ..., h, such that h; is a hyperplane
reflection or the identity, and if (rq,...,7,) are the vectors given by

Tj:hno'“OhQOhl(Uj)?

then every r; is a linear combination of the vectors (eq,...,e;), 1 <j < n. Letting R be the
matrix whose columns are the vectors r;, and H; the matrix associated with h;, it is clear
that

R=H, ---HyH A,

where R is upper triangular and every H; is either a Householder matrix or the identity.
However, h; o h; = id for all 7, 1 <7 <n, and so

vj =hyohgo---0hy,(r;)

forall 5,1 <753 <n. But p=hyjohyo---0h, is an isometry represented by the orthogonal
matrix ) = H{Hsy --- H,,. It is clear that A = QR, where R is upper triangular. As we noted
in Proposition 11.2, the diagonal entries of R can be chosen to be nonnegative. O]
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Remarks:

(1) Letting
Apy1 = Hi - - HoHh A,

with A1 = A, 1 < k < n, the proof of Proposition 11.2 can be interpreted in terms of

the