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Preface

There is, I think, a gap between what many students learn in their first course in
formal logic, and what they are expected to know for their second. Thus courses
in mathematical logic with metalogical components often cast the barest glance at
mathematical induction, and even the very idea of reasoning from definitions. But
a first course also may leave these untreated, and fail as well explicitly to lay down
the definitions upon which the second course is based. The aim of this text is to
integrate material from these courses and, in particular, to make serious mathematical
logic accessible to students I teach. The first parts introduce classical symbolic logic
as appropriate for beginning students; the material builds to Gédel’s adequacy and
incompleteness results in the last parts. A distinctive feature of the last part is a
complete development of Godel’s second incompleteness theorem.

Accessibility, in this case, includes components which serve to locate this text
among others: First, assumptions about background knowledge are minimal. I do
not assume particular content about computer science, or about mathematics much
beyond high school algebra. Officially, everything is introduced from the ground up.
No doubt, the material requires a certain sophistication — which one might acquire
from other courses in critical reasoning, mathematics or computer science. But the
requirement does not extend to particular contents from any of these areas.

Second, I aim to build skills, and to keep conceptual distance for different appli-
cations of ‘so’ relatively short. Authors of books that are entirely correct and precise,
may assume skills and require readers to recognize connections and arguments that
are not fully explicit. Perhaps this accounts for some of the reputed difficulty of the
material. In contrast, I strive to make arguments almost mechanical and mundane
(some would say “pedantic”). In many cases, I attempt this by introducing relatively
concrete methods for reasoning. The methods are, no doubt, tedious or unnecessary
for the experienced logician. However, I have found that they are valued by students,
insofar as students are presented with an occasion for success. These methods are not
meant to wash over or substitute for understanding details, but rather to expose and
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clarify them. Clarity, beauty and power come, I think, by getting at details, rather
than burying or ignoring them.

Third, the discussion is ruthlessly directed at core results. Results may be ren-
dered inaccessible to students, who have many constraints on their time and sched-
ules, simply because the results would come up in, say, a second course rather than
a first. My idea is to exclude side topics and problems, and to go directly after (what
I see as) the core. One manifestation is the way definitions and results from earlier
sections feed into ones that follow. Thus simple integration is a benefit. Another is
the way predicate logic with identity is introduced as a whole in Part I. Though it
is possible to isolate sentential logic from the first parts of chapter 2 through chap-
ter 7, and so to use the text for separate treatments of sentential and predicate logic,
the guiding idea is to avoid repetition that would be associated with independent
treatments for sentential logic, or perhaps monadic predicate logic, the full predicate
logic, and predicate logic with identity.

Also (though it may suggest I am not so ruthless about extraneous material as
I would like to think), I try to offer some perspective about what is accomplished
along the way. In addition, this text may be of particular interest to those who have,
or desire, an exposure to natural deduction in formal logic. In this case, accessibility
arises from the nature of the system, and association with what has come before.
In the first part, I introduce both axiomatic and natural derivation systems; and in
Part I1I, show how they are related.

Answers to selected exercises indicated by star are provided in the back of the
book. Answers function as additional examples, complete demonstrations, and sup-
ply a check to see that work is on the right track. It is essential to success that you
work a significant body of exercises successfully and independently. So do not ne-
glect exercises!

There are different ways to organize a course around this text. For students who
are likely to complete the whole, the ideal is to proceed sequentially through the text
from beginning to end (but postponing chapter 3 until after chapter 6). Taken as
wholes, Part II depends on Part [; parts III and IV on parts I and II. Part I'V is mostly
independent of Part III. I am currently working within a sequence that isolates sen-
tential logic from quantificational logic, treating them in separate quarters, together
covering all of chapters 1 - 7 (except 3). A third course picks up leftover chapters
from the first two parts (3 and 8) with Part III; and a fourth the leftover chapters
from the first parts with Part IV. Perhaps not the most efficient arrangement, but the
best I have been able to do with shifting student populations. Other organizations are
possible!

A remark about chapter 7 especially for the instructor: By a formal system for
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reasoning with semantic definitions, chapter 7 aims to leverage derivation skills from
earlier chapters to informal reasoning with definitions. I have had a difficult time
convincing instructors to try this material — and even been told flatly that these
skills “cannot be taught.” In my experience, this is false (and when I have been able
to convince others to try the chapter, they have quickly seen its value). Perhaps the
difficulty is that it is “weird” — none of us had (or needed) anything like this when
we learned logic. Of course, if one is presented with students whose mathematical
sophistication is sufficient for advanced work, the material is not necessary. But if, as
is often the case especially for students in philosophy, one obtains one’s mathematical
sophistication from courses in logic, this chapter is an important part of the bridge
from earlier material to later. Additionally, the chapter is an important “take-away”
even for students who will not continue to later material. The chapter closes an
open question — how it is possible to demonstrate quantificational validity — from
chapter 4. But further, the ability to reason closely with definitions is a skill from
which students in (sentential or) predicate logic, even though they never go on to
formalize another sentence or do another derivation, will benefit both for philosophy
and more generally.

Naturally, results in this book are not innovative. If there is anything original,
it is in presentation. Even here, I am greatly indebted to others, especially perhaps
Bergmann, Moor and Nelson, The Logic Book, Mendelson, Introduction to Math-
ematical Logic, and Smith, An Introduction to Godel’s Theorems. 1 thank my first
logic teacher, G.J. Mattey, who communicated to me his love for the material. And
I thank especially my colleagues John Mumma and Darcy Otto for many helpful
comments. In addition I have received helpful feedback from Hannah Roy and Steve
Johnson, along with students in different logic classes at CSUSB. I welcome com-
ments, and expect that your sufferings will make it better still.

This text evolved over a number of years starting modestly from notes originally
provided as a supplement to other texts. It is now long (!) and perhaps best conceived
in separate volumes for parts I and II and for parts III and I'V. With the addition of
Part IV it is complete for the first time in this version. (But chapter 11, which I never
get to in teaching, remains a stub that could be developed in different directions.)
Most of the text is reasonably stable, though I shall be surprised if I have not intro-
duced errors in the last part both substantive and otherwise. I apologize for these in
advance, and anticipate that you will let me hear about them in short order!

I think this is fascinating material, and consider it great reward when students
respond “cool!” as they sometimes do. I hope you will have that response more than
once along the way.
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Part 1

The Elements: Four Notions of
Validity



Introductory

Symbolic logic is a tool for argument evaluation. In this part of the text we introduce
the basic elements of that tool. Those parts are represented in the following diagram.

Semantic
Methods
Ordinary Formal Metalogical
Arguments Language Consideration
Derivation
Methods

The starting point is ordinary arguments. Such arguments come in various forms and
contexts — from politics and ordinary living, to mathematics and philosophy. Here
is a classic, simple case.

All men are mortal.
(A) Socrates is a man.

Socrates is mortal.

This argument has premises listed above a line, with a conclusion listed below. Here
is another case which may seem less simple.

If the maid did it, then it was done with a revolver only if it was done in the
parlor. But if the butler is innocent, then the maid did it unless it was done in
the parlor. The maid did it only if it was done with a revolver, while the butler
is guilty if it did happen in the parlor. So the butler is guilty.

(B)

(It is fun to think about this; from the given evidence, it follows that the butler did it!)
At any rate, we begin in chapter 1 with an account of success for ordinary arguments
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(the leftmost box). This introduces us to the fundamental notions of logical validity
and logical soundness.

But just as it is one thing to know what a cookie is, and another to know whether
there is one in the jar, so it is one thing to know what logical validity and soundness
are, and another to know whether arguments have them. In some cases, it may be ob-
vious. But others are not so clear. Consider, say, the butler case (B) above, along with
complex or controversial arguments in philosophy or mathematics. Thus symbolic
logic is introduced as a sort of machine or tool to identify validity and soundness.
This machine begins with certain formal representations of ordinary reasonings. We
introduce these representations in chapter 2 and translate from ordinary arguments
to the formal representations in chapter 5 (the box second from the left). Once ar-
guments have this formal representation, there are different modes of operation upon
them. A semantic notion of validity is developed in chapter 4 and chapter 7 (the
upper box). And a pair of derivation systems, with corresponding notions of validity,
are introduced in chapter 3 and chapter 6 (the lower box). Evaluation of the butler
case is entirely routine given the methods of just the first parts from, say, chapter 4
and chapter 5, or chapter 5 and chapter 6.

These, then, are the elements of our logical “machine” — we start with the fun-
damental notion of logical validity; then there are formal representations of ordinary
reasonings, along with semantic validity, and validity for our two derivation systems.
These elements are developed in this part. In later parts we turn to thinking about
how these parts work. In particular, we begin thinking how to reason about logic
(Part II), demonstrate that the same arguments come out valid by semantic methods
as come out valid by the derivation methods (Part III), and develop application of the
methods to arithmetic and computation (Part IV). But first we have to say what the
elements are. And that is the task we set ourselves in this part.



Chapter 1

Logical Validity and Soundness

Symbolic logic is a tool or machine for the identification of argument goodness. It
makes sense to begin, however, not with the machine, but by saying something about
this argument goodness that the machinery is supposed to identify. That is the task

of this chapter.

But first, we need to say what an argument is.

AR An argument is some sentences, one of which (the conclusion) is taken to be
supported by the remaining sentences (the premises).

Important definitions are often
offset and given a short name as
above. Then there may be appeal
to the definition by its name, in
this case, ‘AR’.

So some sentences are an argument depend-
ing on whether premises are taken to sup-
port a conclusion. Such support is often
indicated by words or phrases of the sort,
‘so’, ‘it follows’, ‘therefore’, or the like.
We will typically indicate the division by a

simple line between premises and conclu-

sion. Roughly, an argument is good if premises do what they are taken to do, if they

actually support the conclusion. An argument is bad if they do not accomplish what
they are taken to do, if they do not actually support the conclusion.
Logical validity and soundness correspond to different ways an argument can go

wrong. Consider the following two arguments:

Only citizens can vote
(A) Hannah is a citizen

Hannah can vote

All citizens can vote

(B) Hannah is a citizen

Hannah can vote
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The line divides premises from conclusion, indicating that the premises are supposed
to support the conclusion. Thus these are arguments. But these arguments go wrong
in different ways. The premises of argument (A) are true; as a matter of fact, only
citizens can vote, and Hannah (my daughter) is a citizen. But she cannot vote; she
is not old enough. So the conclusion is false. Thus, in argument (A), the relation
between the premises and the conclusion is defective. Even though the premises
are true, there is no guarantee that the conclusion is true as well. We will say that
this argument is logically invalid. In contrast, argument (B) is logically valid. If its
premises were true, the conclusion would be true as well. So the relation between
the premises and conclusion is not defective. The problem with this argument is that
the premises are not true — not all citizens can vote. So argument (B) is defective,
but in a different way. We will say that it is logically unsound.

The task of this chapter is to define and explain these notions of logical validity
and soundness. I begin with some preliminary notions, then turn to official definitions
of logical validity and soundness, and finally to some consequences of the definitions.

1.1 Consistent Stories

Given a certain notion of a possible or consistent story, it is easy to state definitions
for logical validity and soundness. So I begin by identifying the kind of stories that
matter. Then we will be in a position to state the definitions, and apply them in some
simple cases.

Let us begin with the observation that there are different sorts of possibility. Con-
sider, say, “Hannah could make it in the WNBA.” This seems true. She is reasonably
athletic, and if she were to devote herself to basketball over the next few years, she
might very well make it in the WNBA. But wait! Hannah is only a kid — she rarely
gets the ball even to the rim from the top of the key — so there is no way she could
make it in the WNBA. So she both could and could not make it. But this cannot be
right! What is going on? Here is a plausible explanation: Different sorts of possibil-
ity are involved. When we hold fixed current abilities, we are inclined to say there is
no way she could make it. When we hold fixed only general physical characteristics,
and allow for development, it is natural to say that she might. The scope of what is
possible varies with whatever constraints are in play. The weaker the constraints, the
broader the range of what is possible.

The sort of possibility we are interested in is very broad, and constraints are
correspondingly weak. We will allow that a story is possible or consistent so long
as it involves no internal contradiction. A story is impossible when it collapses from
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within. For this it may help to think about the way you respond to ordinary fiction.
Consider, say, Bill and Ted’s Excellent Adventure (set and partly filmed locally for
me in San Dimas, CA). Bill and Ted travel through time in a modified phone booth
collecting historical figures for a history project. Taken seriously, this is bizarre, and
it is particularly outlandish to think that a phone booth should travel through time.
But the movie does not so far contradict itself. So you go along. So far, then, so good
(excellent).

But, late in the movie, Bill and Ted have a problem breaking the historical figures
out of jail. So they decide today to go back in time tomorrow to set up a diversion
that will go off in the present. The diversion goes off as planned, and the day is
saved. Somehow, then, as often happens in these films, the past depends on the
future, at the same time as the future depends on the past. This, rather than the time
travel itself, generates an internal conflict. The movie makes it the case that you
cannot have today apart from tomorrow, and cannot have tomorrow apart from today.
Perhaps today and tomorrow have always been repeating in an eternal loop. But,
according to the movie, there were times before today and after tomorrow. So the
movie faces internal collapse. Notice: the objection does not have anything to do
with the way things actually are — with the nature of actual phone booths and the
like; it has rather to do with the way the movie hangs together internally — it makes
it impossible for today to happen without tomorrow, and for tomorrow to happen
without today.! Similarly, we want to ask whether stories hold together internally. If
a story holds together internally, it counts for our purposes as consistent and possible.
If a story does not hold together, it is not consistent or possible.

In some cases, then, stories may be consistent with things we know are true in the
real world. Thus perhaps I come home, notice that Hannah is not in her room, and
imagine that she is out back shooting baskets. There is nothing inconsistent about
this. But stories may remain consistent though they do not fit with what we know to
be true in the real world. Here are cases of phone booths traveling through time and
the like. Stories become inconsistent when they collapse internally — as when today
both can and cannot happen apart from tomorrow.

As with a movie or novel, we can say that different things are true or false in our
stories. In Bill and Ted’s Excellent Adventure it is true that Bill and Ted travel through

In more consistent cases of time travel (in the movies) time seems to move in a sort of “Z’ so that
after yesterday and today, there is another yesterday and another today. So time does not return to the
very point at which it first turns back. In the trouble cases, however, time seems to move in a sort of
“loop” so that a point on the path to today (this very day) goes through tomorrow. With this in mind,
it is interesting to think about say, the Terminator and Back to the Future movies and, maybe more
consistent, Groundhog Day. Even if I am wrong, and Bill and Ted is internally consistent, the overall
point should be clear. And it should be clear that I am not saying anything serious about time travel.
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time in a phone booth, but false that they go through time in a DeLorean (as in the
Back to the Future films). In the real world, of course, it is false that phone booths go
through time, and false that DeLoreans go through time. Officially, a complete story
is always maximal in the sense that any sentence is either true or false in it. A story
is inconsistent when it makes some sentence both true and false. Since, ordinarily,
we do not describe every detail of what is true and what is false when we tell a story,
what we tell is only part of a maximal story. In practice, however, it will be sufficient
for us merely to give or fill in whatever details are relevant in a particular context.

But there are a couple of cases where we cannot say when sentences are true or
false in a story. The first is when stories we tell do not fill in relevant details. In The
Wizard of Oz, it is true that Dorothy wears red shoes. But neither the movie nor the
book have anything to say about whether she likes Twinkies. By themselves, then,
neither the book nor the movie give us enough information to tell whether “Dorothy
likes Twinkies” is true or false in the story. Similarly, there is a problem when stories
are inconsistent. Suppose according to some story,

(a) All dogs can fly
(b) Fido is a dog
(c) Fido cannot fly

Given (a), all dogs fly; but from (b) and (c), it seems that not all dogs fly. Given (b),
Fido is a dog; but from (a) and (c) it seems that Fido is not a dog. Given (c), Fido
cannot fly; but from (a) and (b) it seems that Fido can fly. The problem is not that
inconsistent stories say too little, but rather that they say too much. When a story is
inconsistent, we will simply refuse to say that it makes any sentence (simply) true or
false.”

Consider some examples: (a) The true story, “Everything is as it actually is.”
Since no contradiction is actually true, this story involves no contradiction; so it is
internally consistent and possible.

(b) “All dogs can fly: over the years, dogs have developed extraordinarily
large and muscular ears; with these ears, dogs can fly.” It is bizarre, but not obviously
inconsistent. If we allow the consistency of stories according to which monkeys fly,
as in The Wizard of Oz, or elephants fly, as in Dumbo, then we should allow that this
story is consistent as well.

2The intuitive picture developed above should be sufficient for our purposes. However, we are
on the verge of vexed issues. For further discussion, you may want to check out the vast literature
on “possible worlds.” Contributions of my own include the introductory article, “Modality,” in The
Continuum Companion to Metaphysics.
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(c) “All dogs can fly, but my dog Fido cannot; Fido’s ear was injured while he
was chasing a helicopter, and he cannot fly.” This is not internally consistent. If all
dogs can fly and Fido is a dog, then Fido can fly. You might think that Fido remains
a flying sort of thing. In evaluating internal consistency, however, we require that
meanings remain the same: If “can fly” means just “is a flying sort of thing,” then
the story falls apart insofar as it says both that Fido is and is not that sort of thing;
if “can fly” means “is himself able to fly,” then the story falls apart insofar as it says
that Fido himself both is and is not able to fly. So long as “can fly” means the same
in each use, the story is sure to fall apart insofar as it says both that Fido is and is not
that sort of thing.

(d) “Germany won WWII; the United States never entered the war; after a long
and gallant struggle, England and the rest of Europe surrendered.” It did not happen;
but the story does not contradict itself. For our purposes, then it counts as possible.

(e) “1 + 1 = 3; the numerals ‘2’ and ‘3’ are switched (‘1°, ‘3°, ‘2°, ‘4°, ‘5°, ‘6’,
“T’...); so that taking one thing and one thing results in three things.” This story does
not hang together. Of course numerals can be switched; but switching numerals does
not make one thing and one thing three things! We tell stories in our own language
(imagine that you are describing a foreign-language film in English). According to
the story, people can say correctly ‘1 + 1 =3’, but this does not make it the case that 1
+ 1 =3. Compare a language like English except that ‘fly’ means ‘bark’; and consider
a movie where dogs are ordinary, but people correctly assert, in this language, “dogs
fly”: it would be wrong to say, in English, that this is a movie in which dogs fly. And,
similarly, we have not told a story where 1 + 1 = 3.

LR N3

Some authors prefer talk of “possible worlds,” “possible situations” or the like
to that of consistent stories. It is conceptually simpler to stick with stories, as
I have, than to have situations and distinct descriptions of them. However, it is
worth recognizing that our consistent stories are or describe possible situations,
so that the one notion matches up directly with the others.

E1.1. Say whether each of the following stories is internally consistent or inconsis-
tent. In either case, explain why.

*a. Smoking cigarettes greatly increases the risk of lung cancer, although most
people who smoke cigarettes do not get lung cancer.

b. Joe is taller than Mary, but Mary is taller than Joe.

*c. Abortion is always morally wrong, though abortion is morally right in order
to save a woman'’s life.
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E1.2.

Mildred is Dr. Saunders’s daughter, although Dr. Saunders is not Mildred’s
father.

*e. No rabbits are nearsighted, though some rabbits wear glasses.

Ray got an ‘A’ on the final exam in both Phil 200 and Phil 192. But he got a
‘C’ on the final exam in Phil 192.

. Bill Clinton was never president of the United States, although Hillary is

president right now.

Egypt, with about 100 million people is the most populous country in Africa,
and Africa contains the most populous country in the world. But the United
States has over 200 million people.

*1. The death star is a weapon more powerful than that in any galaxy, though

there is, in a galaxy far far away, a weapon more powerful than it.

. Luke and the rebellion valiantly battled the evil empire, only to be defeated.

The story ends there.

For each of the following sentences, (i) say whether it is true or false in the
real world and then (ii) say if you can whether it is true or false according to
the accompanying story. In each case, explain your answers. Do not forget
about contexts where we refuse to say sentences are true or false. The first
problem is worked as an example.

. Sentence: Aaron Burr was never a president of the United States.

Story: Aaron Burr was the first president of the United States, however he
turned traitor and was impeached and then executed.

(i) It is true in the real world that Aaron Burr was never a president of the
United States. (i1) But the story makes the sentence false, since the story says
Burr was the first president.

Sentence: In 2006, there were still buffalo.

Story: A thundering herd of buffalo overran Phoenix Arizona in early 2006.
The city no longer exists.
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*c. Sentence: After overrunning Phoenix in early 2006, a herd of buffalo overran
Newark, New Jersey.

Story: A thundering herd of buffalo overran Phoenix Arizona in early 2006.
The city no longer exists.
d. Sentence: There has been an all-out nuclear war.
Story: After the all-out nuclear war, John Connor organized resistance against
the machines — who had taken over the world for themselves.
*e. Sentence: Jack Nicholson has swum the Atlantic.
Story: No human being has swum the Atlantic. Jack Nicholson and Bill
Clinton and you are all human beings, and at least one of you swam all the
way across!
f. Sentence: Some people have died as a result of nuclear explosions.
Story: As aresult of a nuclear blast that wiped out most of this continent, you
have been dead for over a year.
*g. Sentence: Your instructor is not a human being.
Story: No beings from other planets have ever made it to this country. How-
ever, your instructor made it to this country from another planet.
h. Sentence: Lassie is both a television and movie star.
Story: Dogs have super-big ears and have learned to fly. Indeed, all dogs can
fly. Among the many dogs are Lassie and Rin Tin Tin.
*1. Sentence: The Yugo is the most expensive car in the world.
Story: Jaguar and Rolls Royce are expensive cars. But the Yugo is more
expensive than either of them.
j- Sentence: Lassie is a bird who has learned to fly.

Story: Dogs have super-big ears and have learned to fly. Indeed, all dogs can
fly. Among the many dogs are Lassie and Rin Tin Tin.

1.2 The Definitions

The definition of logical validity depends on what is true and false in consistent
stories. The definition of soundness builds directly on the definition of validity. Note:
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in offering these definitions, I stipulate the way the terms are to be used; there is no
attempt to say how they are used in ordinary conversation; rather, we say what they
will mean for us in this context.

LV An argument is logically valid if and only if (iff) there is no consistent story in
which all the premises are true and the conclusion is false.

LS An argument is logically sound iff it is logically valid and all of its premises
are true in the real world.

Logical (deductive) validity and soundness are to be distinguished from inductive
validity and soundness or success. For the inductive case, it is natural to focus on
the plausibility or the probability of stories — where an argument is relatively strong
when stories that make the premises true and conclusion false are relatively implausi-
ble. Logical (deductive) validity and soundness are thus a sort of limiting case, where
stories that make premises true and conclusion false are not merely implausible, but
impossible. In a deductive argument, conclusions are supposed to be guaranteed;
in an inductive argument, conclusions are merely supposed to be made probable or
plausible. For mathematical logic, we set the inductive case to the side, and focus on
the deductive.

1.2.1 Invalidity

It will be easiest to begin thinking about invalidity. If an argument is logically valid,
there is no consistent story that makes the premises true and conclusion false. So, to
show that an argument is invalid, it is enough to produce even one consistent story
that makes premises true and conclusion false. Perhaps there are stories that result in
other combinations of true and false for the premises and conclusion; this does not
matter for the definition. However, if there is even one story that makes premises true
and conclusion false then, by definition, the argument is not logically valid — and
if it is not valid, by definition, it is not logically sound. We can work through this
reasoning by means of a simple invalidity test. Given an argument, this test has the
following four stages.

IT  a. List the premises and negation of the conclusion.

b. Produce a consistent story in which the statements from (a) are all true.

o

. Apply the definition of validity.

o

. Apply the definition of soundness.
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We begin by considering what needs to be done to show invalidity. Then we do it.
Finally we apply the definitions to get the results. For a simple example, consider the
following argument,

Eating Brussels sprouts results in good health
(C) Ophilia has good health

Ophilia has been eating brussels sprouts

The definition of validity has to do with whether there are consistent stories in which
the premises are true and the conclusion false. Thus, in the first stage, we simply
write down what would be the case in a story of this sort.

a. List premises and  In any story with the premises true and conclusion false,

negation of conclu- (1) Eating brussels sprouts results in good health

(2) Ophilia has good health
(3) Ophilia has not been eating brussels sprouts

sion.

Observe that the conclusion is reversed! At this stage we are not giving an argument.
We rather merely list what is the case when the premises are true and conclusion
false. Thus there is no line between premises and the last sentence, insofar as there is
no suggestion of support. It is easy enough to repeat the premises. Then we say what
is required for the conclusion to be false. Thus, “Ophilia has been eating brussels
sprouts” is false if Ophilia has not been eating brussels sprouts. I return to this point
below, but that is enough for now.

An argument is invalid if there is even one consistent story that makes the premises
true and the conclusion false. Thus, to show invalidity, it is enough to produce a con-
sistent story that makes the premises true and conclusion false.

b. Produce a consis-  Story: Eating brussels sprouts results in good health, but
tent story in which  eating spinach does so as well; Ophilia is in good health
the statements from  but has been eating spinach, not brussels sprouts.

(a) are all true.

For the statements listed in (a): we satisfy (1) insofar as eating brussels sprouts results
in good health; (2) is satisfied since Ophilia is in good health; and (3) is satisfied since
Ophilia has not been eating brussels sprouts. The story explains how she manages to
maintain her health without eating brussels sprouts, and so the consistency of (1) - (3)
together. The story does not have to be true — and, of course, many different stories
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will do. All that matters is that there is a consistent story in which the premises of
the original argument are true, and the conclusion is false.

Producing a story that makes the premises true and conclusion false is the creative
part. What remains is to apply the definitions of validity and soundness. By LV an
argument is logically valid only if there is no consistent story in which the premises
are true and the conclusion is false. So if, as we have demonstrated, there is such a
story, the argument cannot be logically valid.

c. Apply the defini- This is a consistent story that makes the premises true
tion of validity. and the conclusion false; thus, by definition, the argu-
ment is not logically valid.

By LS, for an argument to be sound, it must have its premises true in the real world
and be logically valid. Thus if an argument fails to be logically valid, it automatically
fails to be logically sound.

d. Apply the defini- Since the argument is not logically valid, by definition,
tion of soundness. it is not logically sound.

Given an argument, the definition of validity depends on stories that make the
premises true and the conclusion false. Thus, in step (a) we simply list claims re-
quired of any such story. To show invalidity, in step (b), we produce a consistent
story that satisfies each of those claims. Then in steps (c) and (d) we apply the def-
initions to get the final results; for invalidity, these last steps are the same in every
case.

It may be helpful to think of stories as a sort of “wedge” to pry the premises of
an argument off its conclusion. We pry the premises off the conclusion if there is a
consistent way to make the premises true and the conclusion not. If it is possible to
insert such a wedge between the premises and conclusion, then a defect is exposed
in the way premises are connected to the conclusion. Observe that this is just what
we did with argument (A) at the beginning of the chapter: Faced with the premises
that only citizens can vote and Hannah is a citizen, it was natural to worry that she
might be under-age and so cannot vote. But this is precisely to produce a story that
makes the premises true and conclusion false. Thus our method is not “strange” or
“foreign”! Rather, it makes rigorous what has seemed natural from the start. Observe
also that the flexibility allowed in consistent stories (with flying dogs and the like)
corresponds directly to the strength of connections required. If connections are suf-
ficient to resist all such attempts to wedge the premises off the conclusion, they are
significant indeed.
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Here is another example of our method. Though the argument may seem on its
face not to be a very good one, we can expose its failure by our methods — in fact,
again, our method may formalize or make rigorous a way you very naturally think
about cases of this sort. Here is the argument,

I shall run for president

(D)
I will be one of the most powerful men on earth

To show that the argument is invalid, we turn to our standard procedure.

a. In any story with the premise true and conclusion false,

1. I shall run for president
2. I will not be one of the most powerful men on earth

b. Story: I do run for president, but get no financing and gain no votes; I lose the
election. In the process, I lose my job as a professor and end up begging for
scraps outside a Domino’s Pizza restaurant. I fail to become one of the most
powerful men on earth.

c. This is a consistent story that makes the premise true and the conclusion false;
thus, by definition, the argument is not logically valid.

d. Since the argument is not logically valid, by definition, it is not logically sound.

This story forces a wedge between the premise and the conclusion. Thus we use the
definition of validity to explain why the conclusion does not properly follow from
the premises. It is, perhaps, obvious that running for president is not enough to make
me one of the most powerful men on earth. Our method forces us to be very explicit
about why: running for president leaves open the option of losing, so that the premise
does not force the conclusion. Once you get used to it, then, our method may come
to seem a natural approach to arguments.

If you follow this method for showing invalidity, the place where you are most
likely to go wrong is stage (b), telling stories where the premises are true and the
conclusion false. Be sure that your story is consistent, and that it verifies each of the
claims from stage (a). If you do this, you will be fine.

E1.3. Use our invalidity test to show that each of the following arguments is not
logically valid, and so not logically sound. Understand terms in their most
natural sense.
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*a. If Joe works hard, then he will get an ‘A’
Joe will get an ‘A’

Joe works hard

b. Harry had his heart ripped out by a government agent

Harry is dead

c. Everyone who loves logic is happy
Jane does not love logic

Jane is not happy

d. Our car will not run unless it has gasoline
Our car has gasoline

Our car will run

e. Only citizens can vote
Hannabh is a citizen

Hannah can vote

1.2.2  Validity

For a given argument, if you cannot find a story that makes the premises true and
conclusion false, you may begin to suspect that it is valid. However, mere failure
to demonstrate invalidity does not demonstrate validity — for all we know, there
might be some tricky story we have not thought of yet. So, to show validity, we need
another approach. If we could show that every story which makes the premises true
and conclusion false is inconsistent, then we could be sure that no consistent story
makes the premises true and conclusion false — and so we could conclude that the
argument is valid. Again, we can work through this by means of a procedure, this
time a validity test.

VT  a. List the premises and negation of the conclusion.
b. Expose the inconsistency of such a story.
c. Apply the definition of validity.
d. Apply the definition of soundness.

In this case, we begin in just the same way. The key difference arises at stage (b).
For an example, consider this sample argument.
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No car is a person
(E) My mother is a person

My mother is not a car

Since LV has to do with stories where the premises are true and the conclusion false,
as before we begin by listing the premises together with the negation of the conclu-
sion.

a. List premises and In any story with the premises true and conclusion false,
negation of conclu-

) (1) No car is a person
sion.

(2) My mother is a person
(3) My mother is a car

Any story where “My mother is not a car” is false, is one where my mother is a car
(perhaps along the lines of the much reviled 1965 TV series, “My Mother the Car.”).

For invalidity, we would produce a consistent story in which (1) - (3) are all true.
In this case, to show that the argument is valid, we show that this cannot be done.
That is, we show that no story that makes each of (1) - (3) true is consistent.

b. Expose the incon-  In any such story,
sistency of such a

Given (1) and (3),
story.

(4) My mother is not a person
Given (2) and (4),
(5) My mother is and is not a person

The reasoning should be clear if you focus just on the specified lines. Given (1) and
(3), if no car is a person and my mother is a car, then my mother is not a person. But
then my mother is a person from (2) and not a person from (4). So we have our goal:
any story with (1) - (3) as members contradicts itself and therefore is not consistent.
Observe that we could have reached this result in other ways. For example, we might
have reasoned from (1) and (2) that (4"), my mother is not a car; and then from (3) and
(4) to the result that (5") my mother is and is not a car. Either way, an inconsistency
is exposed. Thus, as before, there are different options for this creative part.

Now we are ready to apply the definitions of logical validity and soundness. First,

c. Apply the defini- So no consistent story makes the premises true and con-
tion of validity. clusion false; so by definition, the argument is logically
valid.
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For the invalidity test, we produce a consistent story that “hits the target” from stage
(a), to show that the argument is invalid. For the validity test, we show that any
attempt to hit the target from stage (a) must collapse into inconsistency: no consistent
story includes each of the elements from stage (a) so that there is no consistent story
in which the premises are true and the conclusion false. So by application of LV the
argument is logically valid.

Given that the argument is logically valid, LS makes logical soundness depend
on whether the premises are true in the real world. Suppose we think the premises of
our argument are in fact true. Then,

d. Apply the defini- In the real world no car is a person and my mother is a
tion of soundness. person, so all the premises are true; so since the argu-
ment is also logically valid, by definition, it is logically

sound.

Observe that LS requires for logical soundness that an argument is logically valid
and that its premises are true in the real world. Thus we are no longer thinking about
merely possible stories! And we do not say anything at this stage about claims other
than the premises of the original argument! Thus we do not make any claim about the
truth or falsity of the conclusion, “my mother is not a car.” Rather, the observations
have entirely to do with the two premises, “no car is a person” and “my mother is a
person.” When an argument is valid and the premises are true in the real world, by
LS, it is logically sound.

But it will not always be the case that a valid argument has true premises. Say
“My Mother the Car” is (surprisingly) a documentary about a person reincarnated
as a car (the premise of the show) and therefore a true account of some car that is a
person. Then some cars are persons and the first premise is false; so you would have
to respond as follows,

d. Since in the real world some cars are persons, the first premise is not true. So,
though the argument is logically valid, by definition it is not logically sound.

Another option is that you are in doubt about reincarnation into cars, and in particular
about whether some cars are persons. In this case you might respond as follows,

d. Although in the real world my mother is a person, I cannot say whether no car
is a person; so I cannot say whether the first premise is true. So though the
argument is logically valid, I cannot say whether it is logically sound.
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So given validity there are three options: (i) You are in a position to identify all of
the premises as true in the real world. In this case, you should do so, and apply the
definition for the conclusion that the argument is logically sound. (ii) You are in a
position to say that at least one of the premises is false in the real world. In this case,
you should do so, and apply the definition for the conclusion that the argument is not
logically sound. (iii) You cannot identify any premise as false, but neither can you
identify them all as true. In this case, you should explain the situation and apply the
definition for the result that you are not in a position to say whether the argument is
logically sound.

Again, given an argument we say in step (a) what would be the case in any story
that makes the premises true and the conclusion false. Then, at step (b), instead of
finding a consistent story in which the premises are true and conclusion false, we
show that there is no such thing. Steps (c) and (d) apply the definitions for the final
results. Observe that only one method can be correctly applied in a given case! If
we can produce a consistent story according to which the premises are true and the
conclusion is false, then it is not the case that no consistent story makes the premises
true and the conclusion false. Similarly, if no consistent story makes the premises
true and the conclusion false, then we will not be able to produce a consistent story
that makes the premises true and the conclusion false.

In this case, the most difficult steps are (a) and (b), where we say what is the case
in every story that makes the premises true and the conclusion false. For an example,
consider the following argument.

Some collies can fly
(F) Allcollies are dogs

All dogs can fly

It is invalid. We can easily tell a story that makes the premises true and the conclusion
false — say one where Lassie is a collie who can fly, but otherwise things are as usual.
Suppose, however, that we proceed with the validity test as follows,

a. In any story with the premises true and conclusion false,

(1) Some collies can fly
(2) All collies are dogs
(3) No dogs can fly

b. In any such story,
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Given (1) and (2),

(4) Some dogs can fly

Given (3) and (4),

(5) Some dogs can and cannot fly

c. So no consistent story makes the premises true and conclusion false; so by
definition, the argument is logically valid.

d. Since in the real world no collies can fly, the first premise is not true. So, though
the argument is logically valid, by definition it is not logically sound.

The reasoning at (b), (c¢) and (d) is correct. Any story with (1) - (3) is inconsistent.
But something is wrong. (Can you see what?) There is a mistake at (a): It is not
the case that every story that makes the premises true and conclusion false makes (3)
true. The negation of “All dogs can fly” is not “No dogs can fly,” but rather, “Not
all dogs can fly” (“Some dogs cannot fly”). All it takes to falsify the claim that all
dogs fly, is one dog that does not. Thus, for example, all it takes to falsify the claim
that everyone will get an ‘A’ is one person who does not (on this, see the extended
discussion on p. 20). We have indeed shown that every story of a certain sort is
inconsistent, but have not shown that every story which makes the premises true and
conclusion false is inconsistent. In fact, as we have seen, there are consistent stories
that make the premises true and conclusion false. Similarly, in step (b) it is easy to
get confused if you consider too much information at once. Ordinarily, if you focus
on sentences singly or in pairs, it will be clear what must be the case in every story
including those sentences. It does not matter which sentences you consider in what
order, so long as you reach a contradiction, according to which something is and is
not so, in the end.

So far, we have seen our procedures applied in contexts where it is given ahead of
time whether an argument is valid or invalid. And some exercises have been this way
too. But not all situations are so simple. In the ordinary case, it is not given whether
an argument is valid or invalid. In this case, there is no magic way to say ahead of
time which of our two tests, IT or VT applies. The only thing to do is to try one way
— if it works, fine. If it does not, try the other. It is perhaps most natural to begin by
looking for stories to pry the premises off the conclusion. If you can find a consistent
story to make the premises true and conclusion false, the argument is invalid. If you
cannot find any such story, you may begin to suspect that the argument is valid. This
suspicion does not itself amount to a demonstration of validity! But you might try
to turn your suspicion into such a demonstration by attempting the validity method.
Again, if one procedure works, the other better not!
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Negation and Quantity

In general you want to be careful about negations. To negate any claim & it is
always correct to write simply, if is not the case that J?. You may choose to do
this for conclusions in the first step of our procedures. At some stage, however,
you will need to understand what the negation comes to. We have chosen to offer
interpreted versions in the text. It is easy enough to see that,

My motherisacar and My mother is not a car

negate one another. However, there are cases where caution is required. This is
particularly the case where quantity terms are involved.

In the first step of our procedures, we say what is the case in any story where the
premises are true and the conclusion is false. The negation of a claim states what
is required for falsity, and so meets this condition. If I say there are at least ten
apples in the basket, my claim is of course false if there are only three. But not
every story where my claim is false is one in which there are three apples. Rather,
my claim is false just in case there are less than ten. Any story in which there are
less than ten makes my claim false.

A related problem arises with other quantity terms. To bring this out, consider
grade examples: First, if a professor says, “everyone will not get an ‘A’)” she
says something disastrous. To deny it, all you need is one person to get an ‘A’. In
contrast, if she says, “someone will not get an ‘A (“not everyone will get an ‘A’™),
she says only what you expect from the start. To deny it, you need that everyone
will get an ‘A’. Thus the following pairs negate one another.

Everybody will get an ‘A° and  Somebody will not get an ‘A’
Somebody will get an ‘A> and  Everybody will not get an ‘A’

A sort of rule is that pushing or pulling ‘not’ past ‘all’ or ‘some’ flips one to the
other. But it is difficult to make rules for arbitrary quantity terms. So it is best just
to think about what you are saying, perhaps with reference to examples like these.
Thus the following also are negations of one another.

Somebody will getan ‘A> and  Nobody will get an ‘A’

Only jocks will getan ‘A’ and  Some non-jock will get an ‘A’

The first works because “nobody will get an ‘A is just like “everybody will not
get an ‘A’,)” so the first pair reduces to the parallel one above. In the second case,
everything turns on whether a non-jock gets an ‘A’: if none does, then only jocks
will get an ‘A’; if one or more do, then some non-jock does get an ‘A’.
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El.4.

*a.

E1.5.

*C.

Use our validity procedure to show that each of the following is logically
valid, and to decide (if you can) whether it is logically sound.

If Bill is president, then Hillary is first lady
Hillary is not first lady

Bill is not president

Only fools find love
Elvis was no fool

Elvis did not find love

. If there is a good and omnipotent god, then there is no evil

There is evil

There is no good and omnipotent god

All sparrows are birds
All birds fly

All sparrows fly

All citizens can vote
Hannabh is a citizen

Hannah can vote

Use our procedures to say whether the following are logically valid or invalid,
and sound or unsound. Hint: You may have to do some experimenting to
decide whether the arguments are logically valid or invalid — and so to decide
which procedure applies.

If Bill is president, then Hillary is first lady
Bill is president

Hillary is first lady

Most professors are insane
TR is a professor

TR is insane

Some dogs have red hair
Some dogs have long hair

Some dogs have long red hair
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d. If you do not strike the match, then it does not light
The match lights

You strike the match

e. Shagq is taller than Kobe
Kobe is at least as tall as TR

Kobe is taller than TR

1.3 Some Consequences

We now know what logical validity and soundness are and should be able to identify
them in simple cases. Still, it is one thing to know what validity and soundness
are, and another to know how we can use them. So in this section I turn to some
consequences of the definitions.

1.3.1 Soundness and Truth

First, a consequence we want: The conclusion of every sound argument is true in the
real world. Observe that this is not part of what we require to show that an argument
is sound. LS requires just that an argument is valid and that its premises are true.
However, it is a consequence of these requirements that the conclusion is true as
well. To see this, suppose we have a sound two-premise argument, and think about
the nature of the true story. The premises and conclusion must fall into one of the
following combinations of true and false in the real world:

1 2 3 4 5 6 7 8
T T T F T F F F
T T F T F T F F
T F T T F F T F

If the argument is logically sound, it is logically valid; so no consistent story makes
the premises true and the conclusion false. But the true story is a consistent story.
So we can be sure that the true story does not result in combination (2). So far,
the true story might fall into any of the other combinations. Thus the conclusion of
a valid argument may or may not be true in the real world. But if an argument is
sound, its premises are true in the real world. So, for a sound argument, we can be
sure that the premises do not fall into any of the combinations (3) - (8). (1) is the
only combination left: in the true story, the conclusion is true. And, in general, if an
argument is sound, its conclusion is true in the real world: If there is no consistent



CHAPTER 1. LOGICAL VALIDITY AND SOUNDNESS 23

story where the premises are true and the conclusion is false, and the premises are
in fact true, then the conclusion must be true as well. Or with true premises, if the
conclusion were false then the real world would correspond to a story with premises
true and conclusion false, and the argument would not be valid after all — so the
argument would not be sound. Note again: we do not need that the conclusion is
true in the real world in order to say that an argument is sound, and saying that
the conclusion is true is no part of our procedure for validity or soundness! Rather,
by discovering that an argument is logically valid and that its premises are true, we
establish that it is sound; this gives us the result that its conclusion therefore is true.
And that is just what we want.

1.3.2 Validity and Form

Some of the arguments we have seen so far are of the same general form. Thus both
of the arguments on the left have the form on the right.

If Joe works hard, then

9P
he will get an ‘A’ then she can vote If  then @

(2]
G Joe works hard Hannabh is a citizen J_
Q

If Hannah is a citizen

Joe will get an ‘A’ Hannah can vote

As it turns out, all arguments of this form are valid. In contrast, the following argu-
ments with the indicated form are not.

If Joe works hard then If Hannah can vote,

If P then @

he will get an ‘A’

(H) Joe will get an ‘A’

Joe works hard

then she is a citizen Q
Hannabh is a citizen

P
Hannah can vote

There are stories where, say, Joe cheats for the ‘A’, or Hannah is a citizen but not old
enough to vote. In these cases, there is some other way to obtain condition € than by
having # — this is what the stories bring out. And, generally, it is often possible to
characterize arguments by their forms, where a form is valid iff every instance of it is
logically valid. Thus the first form listed above is valid, and the second not. In fact,
the logical machine to be developed in chapters to come takes advantage of certain
very general formal or structural features of arguments to demonstrate the validity of
arguments with those features.

For now, it is worth noting that some presentations of critical reasoning (which
you may or may not have encountered), take advantage of such patterns, listing typ-
ical ones that are valid, and typical ones that are not (for example, Cederblom and
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Paulsen, Critical Reasoning). A student may then identify valid and invalid argu-
ments insofar as they match the listed forms. This approach has the advantage of
simplicity — and one may go quickly to applications of the logical notions to con-
crete cases. But the approach is limited to application of listed forms, and so to a very
limited range, whereas our definition has application to arbitrary arguments. Further,
a mere listing of valid forms does not explain their relation to truth, whereas the
definition is directly connected. Similarly, our logical machine develops an account
of validity for arbitrary forms (within certain ranges). So we are pursuing a general
account or theory of validity that goes well beyond the mere lists of these other more
traditional approaches.’

1.3.3 Relevance
Another consequence seems less welcome. Consider the following argument.

Snow is white
(1) Snow is not white

All dogs can fly

It is natural to think that the premises are not connected to the conclusion in the
right way — for the premises have nothing to do with the conclusion — and that this
argument therefore should not be logically valid. But if it is not valid, by definition,
there is a consistent story that makes the premises true and the conclusion false.
And, in this case, there is no such story, for no consistent story makes the premises
true. Thus, by definition, this argument is logically valid. The procedure applies in a
straightforward way. Thus,

a. In any story that makes the premises true and conclusion false,

(1) Snow is white
(2) Snow is not white
(3) Some dogs cannot fly

b. In any such story,

3Some authors introduce a notion of formal validity (maybe in the place of logical validity as
above) such that an argument is formally valid iff it has some valid form. As above, formal validity
is parasitic on logical validity, together with a to-be-specified notion of form. But if an argument is
formally valid, it is logically valid. So if our logical machine is adequate to identify formal validity, it
identifies logical validity as well.
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Given (1) and (2),
(4) Snow is and is not white

c. So no consistent story makes the premises true and conclusion false; so by
definition, the argument is logically valid.

d. Since in the real world snow is white, the second premise is not true. So, though
the argument is logically valid, by definition it is not logically sound.

This seems bad! Intuitively, there is something wrong with the argument. But,
on our official definition, it is logically valid. One might rest content with the obser-
vation that, even though the argument is logically valid, it is not logically sound. But
this does not remove the general worry. For this argument,

There are fish in the sea
JH —
1+1=2
has all the problems of the other and is logically sound as well. (Why?) One might,
on the basis of examples of this sort, decide to reject the (classical) account of validity
with which we have been working. Some do just this.* But, for now, let us see what
can be said in defense of the classical approach. (And the classical approach is,
no doubt, the approach you have seen or will see in any standard course on critical
thinking or logic.)

As a first line of defense, one might observe that the conclusion of every sound ar-
gument is true and ask, “What more do you want?”” We use arguments to demonstrate
the truth of conclusions. And nothing we have said suggests that sound arguments
do not have true conclusions: An argument whose premises are inconsistent, is sure
to be unsound. And an argument whose conclusion cannot be false, is sure to have a
true conclusion. So soundness may seem sufficient for our purposes. Even though we
accept that there remains something about argument goodness that soundness leaves
behind, we can insist that soundness is useful as an intellectual tool. Whenever it is
the truth or falsity of a conclusion that matters, we can profitably employ the classical
notions.

But one might go further, and dispute even the suggestion that there is something
about argument goodness that soundness leaves behind. Consider the following two
argument forms.

4Especially the so-called “relevance” logicians. For an introduction, see Graham Priest, Non-
Classical Logics. But his text presumes mastery of material corresponding to Part I and Part II (or at
least Part I with chapter 7) of this one. So the non-classical approaches develop or build on the classical
one developed here.
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(ds) &P or @, not-P (add) P
Q P or@

According to ds (disjunctive syllogism), if you are given that &2 or @ and that not-
&, you can conclude that @. If you have cake or ice cream, and you do not have
cake, you have ice cream; if you are in California or New York, and you are not in
California, you are in New York; and so forth. Thus ds seems hard to deny. And
similarly for add (addition). Where ‘or’ means “one or the other or both,” when you
are given that &, you can be sure that J or anything. Say you have cake, then you
have cake or ice cream, cake or brussels sprouts, and so forth; if grass is green, then
grass is green or pigs have wings, grass is green or dogs fly, and so forth.

Return now to our problematic argument. As we have seen, it is valid according
to the classical definition LV. We get a similar result when we apply the ds and add
principles.

1. Snow is white premise

2. Snow is not white premise

3. Snow is white or all dogs can fly from 1 and add

4. All dogs can fly from 2 and 3 and ds

If snow is white, then snow is white or anything. So snow is white or dogs fly. So
we use line 1 with add to get line 3. But if snow is white or dogs fly, and snow is
not white, then dogs fly. So we use lines 2 and 3 with ds to reach the final result. So
our principles ds and add go hand-in-hand with the classical definition of validity.
The argument is valid on the classical account; and with these principles, we can
move from the premises to the conclusion. If we want to reject the validity of this
argument, we will have to reject not only the classical notion of validity, but also one
of our principles ds or add. And it is not obvious that one of the principles should
go. If we decide to retain both ds and add then, seemingly, the classical definition
of validity should stay as well. If we have intuitions according to which ds and add
should stay, and also that the definition of validity should go, we have conflicting
intuitions. Thus our intuitions might, at least, be sensibly resolved in the classical
direction.

These issues are complex, and a subject for further discussion. For now, it is
enough for us to treat the classical approach as a useful tool: It is useful in contexts
where what we care about is whether conclusions are true. And alternate approaches
to validity typically develop or modify the classical approach. So it is natural to begin
where we are, with the classical account. At any rate, this discussion constitutes a
sort of acid test: If you understand the validity of the “snow is white” and “fish in the
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sea” arguments (I) and (J), you are doing well — you understand how the definition
of validity works, with its results that may or may not now seem controversial. If you
do not see what is going on in those cases, then you have not yet understood how the
definitions work and should return to section 1.2 with these cases in mind.

E1.6. Use our procedures to say whether the following are logically valid or invalid,
and sound or unsound. Hint: You may have to do some experimenting to
decide whether the arguments are logically valid or invalid — and so to decide
which procedure applies.

a. Bob is over six feet tall
Bob is under six feet tall

Bob is disfigured

b. Marilyn is not over six feet tall
Marilyn is not under six feet tall

Marilyn is beautiful

*c. The earth is (approximately) round

There is no round square

d. There are fish in the sea
There are birds in the sky
There are bats in the belfry

Two dogs are more than one

e. All dogs can fly
Fido is a dog
Fido cannot fly

I am blessed

E1.7. Respond to each of the following.

a. Create another argument of the same form as the first set of examples (G)
from section 1.3.2, and then use our regular procedures to decide whether it
is logically valid and sound. Is the result what you expect? Explain.

b. Create another argument of the same form as the second set of examples (H)
from section 1.3.2, and then use our regular procedures to decide whether it
is logically valid and sound. Is the result what you expect? Explain.
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ELl.S8.

E1.9.

Which of the following are true, and which are false? In each case, explain
your answers, with reference to the relevant definitions. The first is worked
as an example.

. A logically valid argument is always logically sound.

False. An argument is sound iff it is logically valid and all of its premises are
true in the real world. Thus an argument might be valid but fail to be sound
if one or more of its premises is false in the real world.

. A logically sound argument is always logically valid.

*c. If the conclusion of an argument is true in the real world, then the argument

must be logically valid.

. If the premises and conclusion of an argument are true in the real world, then

the argument must be logically sound.

‘e. If apremise of an argument is false in the real world, then the argument cannot

be logically valid.

If an argument is logically valid, then its conclusion is true in the real world.

. If an argument is logically sound, then its conclusion is true in the real world.

If an argument has contradictory premises (its premises are true in no consis-
tent story), then it cannot be logically valid.

*1. If the conclusion of an argument cannot be false (is false in no consistent

story), then the argument is logically valid.

. The premises of every logically valid argument are relevant to its conclusion.

For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

Logical validity

. Logical soundness
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E1.10. Do you think we should accept the classical account of validity? In an essay
of about two pages, explain your position, with special reference to difficul-
ties raised in section 1.3.3.



Chapter 2

Formal Languages

In the picture of symbolic logic from p. 2, we suggested that symbolic logic is
introduced as a machine or tool to identify validity and soundness. This machine
begins with formal representations of ordinary reasonings.

There are different ways to introduce a formal language. It is natural to introduce
expressions of a new language in relation to expressions of one that is already famil-
iar. Thus, a standard course in a foreign language is likely to present vocabulary lists
of the sort,

chou: cabbage
petit: small

But such lists do not define the terms of one language relative to another. It is not a
legitimate criticism of a Frenchman who refers to his sweetheart as mon petit chou to
observe that she is no cabbage. Rather, French has conventions such that sometimes
‘chouw’ corresponds to ‘cabbage’ and sometimes it does not. It is possible to use such
correlations to introduce conventions of a new language. But it is also possible to
introduce a language “as itself” — the way a native speaker learns it. In this case,
one avoids the danger of importing conventions and patterns from one language onto
the other. Similarly, the expressions of a formal language might be introduced in
correlation with expressions of, say, English. But this runs the risk of obscuring just
what the official definitions accomplish. Since we will be concerned extensively with
what follows from the definitions, it is best to introduce our languages in their “pure”
forms.

In this chapter, we develop the grammar of our formal languages. As a computer
can check the spelling and grammar of English without reference to meaning, so we

30
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can introduce the vocabulary and grammar of our formal languages without reference
to what their expressions mean or what makes them true. We will give some hints for
the way formal expressions match up with ordinary language. But do not take these
as defining the formal language. The formal language has definitions of its own. And
the grammar, taken alone, is completely straightforward. Taken this way, we work
directly from the definitions, without “pollution” from associations with English or
whatever.

2.1 Sentential Languages

Let us begin with some of those hints at least to suggest the way things will work.
Consider some simple sentences of an ordinary language, say, ‘Bill is happy’ and
‘Hillary is happy’. It will be convenient to use capital letters to abbreviate these,
say, B and H. Such sentences may combine to form ones that are more complex
as, ‘It is not the case that Bill is happy’ or ‘If Bill is happy, then Hillary is happy.
We shall find it convenient to express these, ‘~Bill is happy’ and ‘Bill is happy —
Hillary is happy’, with operators ~ and —. Putting these together we get, ~B and
B — H. Operators may be combined in obvious ways so that B — ~ H says that if
Bill is happy, then Hillary is not. And so forth. We shall see that incredibly complex
expressions of this sort are possible!

In the above case, simple sentences, ‘Bill is happy’ and ‘Hillary is happy’ are
“atoms” and complex sentences are built out of them. This is characteristic of the
sentential languages to be considered in this section. For the quantificational lan-
guages of section 2.2, certain sentence parts are taken as atoms. So quantificational
languages expose structure beyond that considered here. However, this should be
enough to give you a glimpse of the overall strategy and aims for the sentential lan-
guages of which we are about to introduce the grammar.

Specification of the grammar for a formal language breaks into specification of
the vocabulary or symbols of the language, and specification of those expressions
which count as grammatical sentences. After introducing the vocabulary, and then
the grammar for our languages, we conclude with some discussion of abbreviations
for official expressions.

2.1.1 Vocabulary

The specification of a formal language begins with specification of its vocabulary. In
the sentential case, this includes,
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vC (p) Punctuation symbols: ( )
(o) Operator symbols: ~ —

(s) A non-empty countable collection of sentence letters

And that is all. ~ is tilde and — is arrow. Sometimes sentential languages include
operators in addition to ~ and — (for example, Vv, A, <).! Such symbols will
be introduced in due time — but as abbreviations for complex official expressions.
A “stripped-down” vocabulary is sufficient to accomplish what can be done with
expanded ones. And when we turn to reasoning about the language and logic, it will
be convenient to have simple specifications, with a stripped-down vocabulary.

Some definitions have both a sentential and then an extended quantificational ver-
sion. In this case, I adopt the convention of naming the initial sentential version
in small caps. Thus the definition above is VC, and the parallel definition of the
next section, VC.

In order to fully specify the vocabulary of any particular sentential language, we
need to specify its sentence letters — so far as definition VC goes, different languages
may differ in their collections of sentence letters. The only constraint on such spec-
ifications is that the collections of sentence letters be non-empty and countable. A
collection is non-empty iff it has at least one member. So any sentential language has
at least one sentence letter. A collection is countable iff its members can be corre-
lated one-to-one with some or all of the integers. Thus, for some language, we might
let the sentence letters be A, B ... Z, where these correlate with the integers 1. .. 26.
Or we might let there be infinitely many sentence letters, So, S1,S2 ... where the
letters are correlated by their subscripts.

Let us introduce a standard language &£, whose sentence letters are Roman italics
A ... Z with or without integer subscripts. Thus,

A C Ly R3 Z 25
are all sentence letters of £;. We will not use the subscripts very often. But they
guarantee that we never run out of sentence letters! Perhaps surprisingly, as described
on p. 33 and then E2.2, these letters too can be correlated with the integers. Official
sentences of &£, are built out of this vocabulary.

To proceed, we need some conventions for talking about expressions of a lan-
guage like £4. For any formal object language £, an expression is a sequence of one

! And sometimes sentential languages are introduced with different symbols, for example, — for ~,
D for —, or & for A. It should be easy to convert between presentations of the different sorts.
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Countability

To see the full range of languages which are allowed under vC, observe how
multiple infinite series of sentence letters may satisfy the countability constraint.
Thus, for example, suppose we have two series of sentence letters, Ag, A; ... and
By, B; ... These can be correlated with the integers as follows,

Ao Bo A1 B1 Ay B>

I
0 1 2 3 4 5

For any integer n, A, is matched with 2n, and B, with 2n + 1. So each sentence
letter is matched with some integer; so the sentence letters are countable. If there
are three series, they may be correlated,

Ao Bo Co A1 B1 C

I N N
0 1 2 3 4 5

so that every sentence letter is matched to some integer. And similarly for any
finite number of series. And there might be 26 such series, as for our language £;.

In fact even this is not the most general case. If there are infinitely many series
of sentence letters, we can still line them up and correlate them with the integers.
Here is one way to proceed. Order the letters as follows,

Ao — A Ay — Az
e /! e

Bo B B> B3

I/ v

CO C] C2 C3
e

Dy D D, D3

And following the arrows, match them accordingly with the integers,

A() A1 BO CO Bl A2

I N N
0 1 2 3 4 5

so that, again, any sentence letter is matched with some integer. It may seem odd
that we can line symbols up like this, but it is hard to dispute that we have done so.
Thus we may say that VC is compatible with a wide variety of specifications, but
also that all legitimate specifications have something in common: If a collection
is countable, it is possible to sort its members into a series with a first member, a
second member, and so forth.
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or more elements of its vocabulary. The sentences of any language &£ are a subset of
its expressions. Thus, already, it is clear that (A * B) is not an official sentence of
£5. (Why?). We shall use script characters # . .. Z to represent expressions. Insofar
as these script characters are symbols for symbols, they are “metasymbols” and so
part of a metalanguage. ‘~’, ‘—’, °(’, and )’ represent themselves. Concatenated or
joined symbols in the metalanguage represent the concatenation of the symbols they
represent. Thus, where & represents an arbitrary sentence letter, ~& may represent
any of, ~A, ~B, or ~Z»4. But ~(A — B) is not of that form, for it does not consist
of a tilde followed by a sentence letter. However, where # is allowed to represent
any arbitrary expression, ~(A — B) is of the form ~J, for it consists of a tilde
followed by an expression of some sort.

It is convenient to think of metalinguistic expressions as “mapping” onto object-
language ones. Thus, with & restricted to sentence letters, there is a straightforward
map from ~& onto ~A, ~B, or ~Z»4, but not from ~& onto ~(4 — B).

~8 ~8 ~8 ~8
@ ] H Vi .
~A ~B ~Zn4 ~(A — B)

In the first three cases, ~ maps to itself, and & to a sentence letter. In the last case
there is no map. We might try mapping § to A or B; but this would leave the rest of
the expression unmatched. An object-language expression has some metalinguistic
form just when there is a complete map from the metalinguistic form to it.

Say & may represent any arbitrary expression. Then by similar reasoning, (4 —
B) - (A — B) is of the form  — £.

P - P

(B) A TN
——— — |
(A—- B)—>(A— B)

In this case, & maps to all of (A — B) and — to itself. A constraint on our maps
is that the use of the metavariables # ...Z must be consistent within a given map.
Thus (A — B) — (B — B) is not of the form  — .

P —->P P - P
© / L ? or ? i \

—— — ——— ———
(A— B) — (B — B) (A— B)— (B — B)
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We are free to associate & with whatever we want. However, within a given map,
once & is associated with some expression, we have to use it consistently within that
map.

Observe again that ~& and # — & are not expressions of £;. Rather, we use
them to talk about expressions of &£5. And it is important to see how we can use the
metalanguage to make claims about a range of expressions all at once. Given that
~A, ~B and ~Z,4 are all of the form ~-§, when we make some claim about ex-
pressions of the form ~&, we say something about each of them — but not about
~(A — B). Similarly, if we make some claim about expressions of the form
P — P, we say something with application to ranges of expressions. In the next
section, for the specification of formulas, we use the metalanguage in just this way.

E2.1. Assuming that § may represent any sentence letter, and & any arbitrary ex-
pression of £, use maps to determine whether each of the following expres-
sions is (i) of the form (§ — ~&) and then (ii) whether it is of the form
(P — ~P). In each case, explain your answers.

a. (A — ~A)
b. (4 > ~(R > ~Z))

c. (~A > ~(R —> ~Z))

d. (R —>~Z) > ~(R— ~Z))

e, (= ~) = ~(— ~)

E2.2. On the pattern of examples from the countability guide on p. 33, show that
the sentence letters of &£, are countable — that is, that they can be correlated
with the integers. On the scheme you produce, what integers correlate with
A, By and Cy¢? Hint: Supposing that A without subscript is like A, for any
integer 1, you should be able to produce a formula for the position of any A4,,
and similarly for By, C,, and the like. Then it will be easy to find the position
of any letter, even if the question is about, say, L125.

2.1.2 Formulas

We are now in a position to say which expressions of a sentential language are its
grammatical formulas and sentences. The specification itself is easy. We will spend
a bit more time explaining how it works. For a given sentential language &£,
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FR (s) If & is a sentence letter, then & is a formula.
(~) If # is a formula, then ~& is a formula.
(—) If  and @ are formulas, then (£ — @) is a formula.

(cL) Any formula may be formed by repeated application of these rules.

In the quantificational case, we will distinguish a class of expressions that are formu-
las from those that are sentences. But, here, we simply identify the two: an expres-
sion is a sentence iff it is a formula.

FR is a first example of a recursive definition. Such definitions always build from
the parts to the whole. Frequently we can use “tree” diagrams to see how they work.
Thus, for example, by repeated applications of the definition, ~(4 — (~B — A))
is a formula and sentence of £;.

A B A These are formulas by FR(s)

Since B is a formula, this is a formula by FR(~)

Since ~B and A are formulas, this is a formula by FR(—)

D)

(A— (~B — 4)) Since A and (~B — A) are formulas, this is a formula by FR(—)

~(4 — (~B — A4)) Since (A — (~B — A)) is a formula, this is a formula by FR(~)

By FR(s), the sentence letters, A, B and A are formulas; given this, clauses FR(~) and
FR(—) let us conclude that other, more complex, expressions are formulas as well.
Notice that, in the definition, &2 and @ may be any expressions that are formulas: By
FR(~), if B is a formula, then tilde followed by it is a formula; but similarly, if ~B
and A are formulas, then an opening parenthesis followed by ~ B, followed by —
followed by A and then a closing parenthesis is a formula; and so forth as on the tree
above. You should follow through each step very carefully. In contrast, (A~B) for
example, is not a formula. A is a formula and ~ B is a formula; but there is no way
to put them together, by the definition, without — in between.

A recursive definition always involves some “basic” starting elements, in this
case, sentence letters. These occur across the top row of our tree. Other elements
are constructed, by the definition, out of ones that come before. The last, closure,
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clause tells us that any formula is built this way. To demonstrate that an expression is
a formula and a sentence, it is sufficient to construct it, according to the definition, on
a tree. If an expression is not a formula, there will be no way to construct it according
to the rules.

Here are a couple of last examples which emphasize the point that you must
maintain and respect parentheses in the way you construct a formula. Thus consider,

A B These are formulas by FR(S)
E) (4— B) Since A and B are formulas, this is a formula by FR(—)
~(A — B) Since (A — B) is a formula, this is a formula by FR(~)

And compare it with,

A B These are formulas by FR(s)
F ~4 Since A is a formula, this is a formula by FR(~)
(~A — B) Since ~A and B are formulas, this is a formula by FR(—)

Once you have (A — B) as in the first case, the only way to apply FR(~) puts the
tilde on the outside. To get the tilde inside the parentheses, by the rules, it has to go
on first, as in the second case. The significance of this point emerges immediately
below.

It will be helpful to have some additional definitions, each of which may be
introduced in relation to the trees. First, for any formula 4, each formula which
appears in the tree for & including P itself is a subformula of . Thus ~(A — B)
has subformulas,

A B (A— B) ~(A— B)
In contrast, (~4 — B) has subformulas,
A B ~A (~A — B)

So it matters for the subformulas how the tree is built. The immediate subformulas
of a formula & are the subformulas to which # is directly connected by lines. Thus
~(A — B) has one immediate subformula, (4 — B); (~A — B) has two, ~A and
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B. The atomic subformulas of a formula J are the sentence letters that appear across
the top row of its tree. Thus both ~(4A — B) and (~A — B) have A and B as their
atomic subformulas. Finally, the main operator of a formula J is the last operator
added in its tree. Thus ~ is the main operator of ~(4 — B), and — is the main
operator of (~A — B). So, again, it matters how the tree is built. We sometimes
speak of a formula by means of its main operator: A formula of the form ~& is a
negation; a formula of the form (# — @) is a (material) conditional, where P is the
antecedent of the conditional and @ is the consequent.

Parts of a Formula

The parts of a formula are here defined in relation to its tree.

SB Each formula which appears in the tree for formula & including # itself is
a subformula of P.

IS The immediate subformulas of a formula & are the subformulas to which P
is directly connected by lines.

AS The atomic subformulas of a formula J are the sentence letters that appear
across the top row of its tree.

MO The main operator of a formula J is the last operator added in its tree.

E2.3. For each of the following expressions, demonstrate that it is a formula and a
sentence of £, with a tree. Then on the tree (i) bracket all the subformulas,
(i1) box the immediate subformula(s), (iii) star the atomic subformulas, and
(iv) circle the main operator. A first case for ((~4 — B) — A) is worked as

an example.
. A* B* 4% These are formulas by FR(s)
S
u
b
f| ~A From A, formula by FR(~)
o
r
m|
u
1 (~4A — B) From ~A and B, formula by FR(—)
a
S
\_ ((~A — B)@A) From (~A — B) and A, formula by FR(—)
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*a.

E2.4.

b,

A

oo~ A

. ~(~A— B)

. (~C > ~(A —> ~B))

(~(A— B) - (C - ~A4))

Explain why the following expressions are not formulas or sentences of &£;.
Hint: you may find that an attempted tree will help you see what is wrong.

. (ADB)

(P — Q)

. (~B)

(A—->~B —>C)

.(A—-B)—>~(A—-C)—> D)

. For each of the following expressions, determine whether it is a formula and

sentence of £;. If it is, show it on a tree, and exhibit its parts as in E2.3. If it
is not, explain why as in E2.4.

*a, ~((A — B) —> (~(A — B) —> A))

~(A— B — (~(A— B) —> A))

*c. ~(A—> B) > (~(A— B) > A)

(~(A— B) > (~C - D)) > ~(~(E - F) —> G))
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2.1.3 Abbreviations

We have completed the official grammar for our sentential languages. So far, the
languages are relatively simple. For the purposes of later parts, when we turn to
reasoning about logic, it will be good to have languages of this sort. However, for
applications of logic, it will be advantageous to have additional expressions which,
though redundant with expressions of the language already introduced, simplify the
work. I begin by introducing these additional expressions, and then turn to the ques-
tion about how to understand the redundancy.

Abbreviating. As may already be obvious, formulas of a sentential language like
&£, can get complicated quickly. Abbreviated forms give us ways to manipulate
official expressions without undue pain. First, for any formulas # and @,

AB (V) (£ Vv @) abbreviates (~P — @)
(A) (P A Q) abbreviates ~(P — ~Q)
(<) (£ < Q) abbreviates ~((£ — @) > ~(Q — P))

The last of these is easier than it looks; I say something about this below. V is
wedge, A is caret, and <> is double arrow. An expression of the form (P v @)
is a disjunction with  and @ as disjuncts; it has the standard reading, (# or Q).
An expression of the form (£ A @) is a conjunction with & and @ as conjuncts;
it has the standard reading, (# and @). An expression of the form (# <> @) is a
(material) biconditional; it has the standard reading, (P iff @).” Again, we do not
use ordinary English to define our symbols. All the same, this should suggest how
the extra operators extend the range of what we are able to say in a natural way.

With the abbreviations, we are in a position to introduce derived clauses for FR.
Suppose &# and @ are formulas; then by FR(~), ~& is a formula; so by FR(—),
(~P — @) is a formula; but this is just to say that (# v @) is a formula. And
similarly in the other cases. (If you are confused by such reasoning, work it out on a
tree.) Thus we arrive at the following conditions.

FR' (V) If £ and @ are formulas, then (£ Vv Q) is a formula.
(A) If # and @ are formulas, then (P A @) is a formula.

(<) If & and @ are formulas, then (P <« @) is a formula.

2Common alternatives are & for A, and = for <.
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Once FR is extended in this way, the additional conditions may be applied directly in
trees. Thus, for example, if & is a formula and @ is a formula, we can safely move
in a tree to the conclusion that (£ Vv @) is a formula by FR'(V). Similarly, for a more
complex case, ((A < B) A (~A Vv B)) is a formula.

A B A B These are formulas by FR(s)
(4 < B) ~A These are formulas by FR'(<>) and FR(~)
(&)
(~AV B) This is a formula by FR'(V)
(A< B)A(~AV B)) This is a formula by FR'(A)

In a derived sense, expressions with the new symbols have subformulas, atomic sub-
formulas, immediate subformulas, and main operator all as before. Thus, with no-
tation from exercises, with star for atomic formulas, box for immediate subformulas
and circle for main operator, on the diagram immediately above,

(A B* A* B*  These are formulas by FR(s)
s
u
b
(1; (4 < B) ~A These are formulas by FR’(<>) and FR(~)
H) 5
u
1 This is a formula by FR'(V)
a
s
" This is a formula by FR'(A)

In the derived sense, ((4 <> B) A (~A Vv B)) has immediate subformulas (4 <> B)
and (~A Vv B), and main operator A.

Return to the case of ( <> @) and observe that it can be thought of as based on
a simple abbreviation of the sort we expect. That is, ((# — Q) A (@ — P)) is of
the sort (A A B); so by AB(A), it abbreviates ~(A — ~B); but with ( — @) for
A and (@ — &) for B, this is just, ~(( = Q) —> ~(Q — P)) as in AB(<>). So
you may think of (2 <> @) as an abbreviation of ((# — @) A (@ — #)), which in
turn abbreviates the more complex ~((# — @) — ~(Q — P)).

A couple of additional abbreviations concern parentheses. First, it is sometimes
convenient to use a pair of square brackets [ ] in place of parentheses ( ). This
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is purely for visual convenience; for example ((()())) may be more difficult to ab-
sorb than ([()()]). Second, if the very last step of a tree for some formula £ is
justified by FR(—), FR'(A), FR'(V), or FR'(<>), we feel free to abbreviate # with
the outermost set of parentheses or brackets dropped. Again, this is purely for vi-
sual convenience. Thus, for example, we might write, A — (B — C) in place
of (A — (B — ()). As it turns out, where 4, 8, and € are formulas, there is
a difference between ((A — B) — €) and (A — (B — €)), insofar as the main
operator shifts from one case to the other. In (A — B — €), however, it is not
clear which arrow should be the main operator. That is why we do not count the
latter as a grammatical formula or sentence. Similarly there is a difference between
~(A — B) and (~A — B); again, the main operator shifts. However, there is no
room for ambiguity when we drop just an outermost pair of parentheses and write
(A —> B) — € for ((A — B) — €); and similarly when we write A — (B — ©)
for (A — (B — €)). And similarly for abbreviations with A, V, or <>. So dropping
outermost parentheses counts as a legitimate abbreviation.

An expression which uses the extra operators, square brackets, or drops outer-
most parentheses is a formula just insofar as it is a sort of shorthand for an official
formula which does not. But we will not usually distinguish between the shorthand
expressions and official formulas. Thus, again, the new conditions may be applied
directly in trees and, for example, the following is a legitimate tree to demonstrate
that A v ([A — B] A B) is a formula.

A A B B Formulas by FR(s)

[A — B] Formula by FR(—), with [ ]
D

([A — Bl A B) Formula by FR'(A)

Av([A— B]AB) Formula by FR’(V), with outer () dropped
So we use our extra conditions for FR’, introduce square brackets instead of paren-
theses, and drop parentheses in the very last step. Remember that the only case where
you can omit parentheses is if they would have been added in the very last step of
the tree. So long as we do not distinguish between shorthand expressions and official
formulas, we regard a tree of this sort as sufficient to demonstrate that an expression
is a formula and a sentence.
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Unabbreviating. As we have suggested, there is a certain tension between the ad-
vantages of a simple language, and one that is more complex. When a language is
simple, it is easier to reason about; when it has additional resources, it is easier to
use. Expressions with A, V and < are redundant with expressions that do not have
them — though it is easier to work with a language that has A, Vv and < than with
one that does not (something like reciting the Pledge of Allegiance in English, and
then in Morse code; you can do it in either, but it is easier in the former). If all we
wanted was a simple language to reason about, we would forget about the extra oper-
ators. If all we wanted was a language easy to use, we would forget about keeping the
language simple. To have the advantages of both, we have adopted the position that
expressions with the extra operators abbreviate, or are a shorthand for, expressions of
the original language. It will be convenient to work with abbreviations in many con-
texts. But, when it comes to reasoning about the language, we set the abbreviations
to the side, and focus on the official language itself.

For this to work, we have to be able to undo abbreviations when required. It is, of
course, easy enough to substitute parentheses back for square brackets, or to replace
outermost dropped parentheses. For formulas with the extra operators, it is always
possible to work through trees, using AB to replace formulas with unabbreviated
forms, one operator at a time. Consider an example.

(A < B) \/ ~((A — B) > ~(B — A)) “A\/

(~AV B) (~~A — B)

A

((A< B)A(~AV B)) ~(~((A —> B) > ~(B > A)) > ~(~~A — B))
The tree on the left is (G) from above. The tree on the right simply includes “un-
packed” versions of the expressions on the left. Atomics remain as before. Then,
at each stage, given an unabbreviated version of the parts, we give an unabbreviated
version of the whole. First, (A <> B) abbreviates ~((A — B) — ~(B — A));
this is a simple application of AB(<«>). ~A is not an abbreviation and so remains
as before. From AB(V), (£ Vv @) abbreviates (~P — @) so (~A Vv B) abbreviates
tilde the left disjunct, arrow the right (so that we get two tildes). For the final result,
we combine the input formulas according to the unabbreviated form for A. It is more
a bookkeeping problem than anything: There is one formula & that is (4 < B),
another @ that is (~A4 Vv B); these are combined into (# A @) and so, by AB(A), into
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~(P — ~@). You should be able to see that this is just what we have done. There
is a tilde and a parenthesis; then the &; then an arrow and a tilde; then the @, and a
closing parenthesis. Not only is the abbreviation more compact but, as we shall see,
there is a corresponding advantage when it comes to grasping what an expression
says.

Here is a another example, this time from (I). In this case, we replace also square
brackets and restore dropped outer parentheses.

A AvB e AvB /
[A — B] (A— B)
(K)
([A — B]AB) ~((A—> B) > ~B)
AV ([A— B]AB) (~A4 - ~((A —> B) > ~B))

In the right hand tree, we reintroduce parentheses for the square brackets. Similarly,
we apply AB(A) and AB(V) to unpack shorthand symbols. And outer parentheses
are reintroduced at the very last step. Thus ([A — B] A B) is a shorthand for the
unabbreviated expression, (~4 — ~((4 — B) — ~B)).

Observe that right-hand trees are not ones of the sort you would use directly to
show that an expression is a formula by FR! FR does not let you move directly from
that (A — B) is a formula and B is a formula, to the result that ~((4 — B) — ~B)
is a formula as just above. Of course, if (A — B) and B are formulas, then ~((4 —
B) — ~B) is a formula, and nothing stops a tree to show it. This is the point of our
derived clauses for FR’. In fact, this is a good check on your unabbreviations: If the
result is not a formula, you have made a mistake! But you should not think of trees
as on the right as involving application of FR. Rather they are unabbreviating trees,
with application of AB to shorthand expressions from trees as on the left. A fully
unabbreviated expression always meets all the requirements from section 2.1.2.

E2.6. For each of the following expressions, demonstrate that it is a formula and a
sentence of £, with a tree. Then on the tree (i) bracket all the subformulas,
(i1) box the immediate subformula(s), (iii) star the atomic subformulas, and
(iv) circle the main operator.

*a. (AANB)—> C

b. N([A — ~K14] 4 C3)
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*E2.7.

*E2.8.

E2.9.

E2.10.

B — (~A < B)

(B—>A)A(CVA

. (Av~B) <« (CAA

For each of the formulas in E2.6a - e, produce an unabbreviating tree to find
the unabbreviated expression it represents.

For each of the unabbreviated expressions from E2.7a - e, produce a complete
tree to show by direct application of FR that it is an official formula.

In the text, we introduced derived clauses to FR by reasoning as follows,
“Suppose P and @ are formulas; then by FR(~), ~& is a formula; so by
FR(—), (~P — @) is a formula; but this is just to say that (£ v @) is a
formula. And similarly in the other cases” (p. 40). Supposing that & and
@ are formulas, produce the similar reasoning to show that (# A @) and
(P <> @) are formulas. Hint: Again, it may help to think about trees.

For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

The vocabulary for a sentential language, and use of the metalanguage.

. A formula of a sentential language.

. The parts of a formula.

The abbreviation and unabbreviation for an official formula of a sentential
language.
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2.2 Quantificational Languages

The methods by which we define the grammar of a quantificational language are
very much the same as for a sentential language. Of course, in the quantificational
case, additional expressive power is associated with additional complications. We
will introduce a class of terms before we get to the formulas, and there will be a
distinction between formulas and sentences — not all formulas are sentences. As
before, however, we begin with the vocabulary; we then turn to the terms, formulas,
and sentences. Again we conclude with some discussion of abbreviations.

Here is a brief intuitive picture. At the start of section 2.1 we introduced ‘Bill is
happy’ and ‘Hillary is happy’ as atoms for sentential languages, and the rest of the
section went on to fill out that picture. In this case, our atoms are certain sentence
parts. Thus we introduce a class of individual terms which work to pick out objects.
In the simplest case, these are like ordinary names such as ‘Bill’ and ‘Hillary’; we
will find it convenient to indicate these, b and h. Similarly, we introduce a class of
predicate expressions as (x is happy) and (x loves y) indicating them by capitals as
H' or L? (with the superscript to indicate the number of object places). Then H'b
says that Bill is happy, and L2bh that Bill loves Hillary. We shall read VxH !x to
say for any thing x it is happy — that everything is happy. (The upside-down ‘A’
for all is the universal quantifier.) As indicated by this reading, the variable x works
very much like a pronoun in ordinary language. And, of course, our notions may be
combined. Thus, VxH'x A L?hb says that everything is happy and Hillary loves
Bill. Thus we expose structure buried in sentence letters from before. Of course we
have so far done nothing to define quantificational languages. But this should give
you a picture of the direction in which we aim to go.

2.2.1 Vocabulary

We begin by specifying the vocabulary or symbols of our quantificational languages.
The vocabulary consists of infinitely many distinct symbols including,

VC (p) Punctuation symbols: ( )
(o) Operator symbols: ~ — V
(v) Variable symbols: i j ...z with or without integer subscripts
(s) A possibly-empty countable collection of sentence letters
(c) A possibly-empty countable collection of constant symbols

(f) For any integer n > 1, a possibly-empty countable collection of n-place
function symbols
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(r) For any integer n > 1, a possibly-empty countable collection of n-place
relation symbols

Unless otherwise noted, ‘=" is always included among the 2-place relation symbols.
Notice that all the punctuation symbols, operator symbols and sentence letters remain
from before (except that the collection of sentence letters may be empty). There is
one new operator symbol, with the new variable symbols, constant symbols, function
symbols, and relation symbols.

To fully specify the vocabulary of any particular language, we need to specify its
sentence letters, constant symbols, function symbols, and relation symbols. Our gen-
eral definition VC leaves room for languages with different collections of these sym-
bols. As before, the requirement that the collections be countable is compatible with
multiple series; for example, there may be sentence letters A, A1, A» ..., B, By, B2
... (where we may think of the unsubscripted letter as with an implicit subscript zero).
So, again VC is compatible with a wide variety of specifications, but legitimate spec-
ifications always require that sentence letters, constant symbols, function symbols,
and relation symbols can be sorted into series with a first member, a second member,
and so forth. Notice that the variable symbols may be sorted into such a series as
well.

i ] k ... z [ 1 ] 1

| o

01 2 17 18 19

So every variable is matched with an integer, and the variables are countable.

As a sample for the other symbols, we shall adopt a generic quantificational lan-
guage £, which includes the equality symbol ‘=" along with,

Sentence letters: uppercase Roman italics 4 ... Z with or without integer sub-
scripts

Constant symbols: lowercase Roman italics @ . . . h with or without integer sub-
scripts

Function symbols: for any integer n > 1, superscripted lowercase Roman ital-
ics a” ... z" with or without integer subscripts

Relation symbols: for any integer n > 1, superscripted uppercase Roman italics
A™ ... Z" with or without integer subscripts.
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More on Countability

Given what was said on p. 33, one might think that every collection is countable.
However, this is not so. This amazing and simple result was proved by G. Cantor
in 1873. Consider the collection which includes every countably infinite series of
digits O through 9 (or, if you like, the collection of all real numbers between 0 and
1). Suppose that the members of this collection can be correlated one-to-one with
the integers. Then there is some list,

— a9y a1 ax a3z aa

— bo by by bz by

co €1 €2 (€3 (4

— do di dr d3z ds
— eo el en es €4

A WN=O
|

and so forth, which matches each series of digits with an integer. For any digit
X, say x’ is the digit after it in the standard ordering (where 0 follows 9). Now
consider the digits along the diagonal, ag, b1, ¢2, d3, e4 . . . and ask: does the series
ag. by, ch.dj. e} ... appear anywhere in the list? It cannot be the first member,
because ag # ay; it cannot be the second, because by # b}, and similarly for
every member! So aj,b),c},dy, e5...does not appear in the list. So we have
failed to match all the infinite series of digits with integers — and similarly for
any attempt! So the collection which contains every countably infinite series of
digits is not countable.

As an example, consider the following attempt to line up the integers with the
series of digits:

0 - 0 0 0 0 0 00 0 0 0O 0 0 0 O
1 - 1111111 1 11 1 1 11
2 -2 2 2 2 2 2 2 2 2 2 2 2 2 2
3 -3 3 3 3 3 3 3 3 3 3 3 3 3 3
4 — 4 4 4 4 4 4 4 4 4 4 4 4 4 4
5 - 555 5 5 5§ 5 5 5 5 5 5 5 5
6 - 6 6 6 6 6 6 6 6 6 6 6 6 6 6
7 -7 7 7 7 7 7 7 7 7 7 7 7 7 17
8 — 8 8 8 8 8 8 8 8 8 8 8 8 8 8
9 -9 9 9 9 9 9 9 9 9 9 9 9 9 9
0 - 1 0 1 0 1 0 1 0 1 0 1 0 1 O
1 - o0 1 1 1 1 1 1 1 1 1 1 1 1 1
2 - 12 1 2 1 2 1 2 1 2 1 2 1 2
3 -1 3 1 3 1 3 1 3 1 3 1 3 1 3

and so forth. For each integer, repeat its digits, except that for “duplicate” cases
— 1 and 11, 2 and 22, 12 and 1212 — prefix enough Os so that no later series
duplicates an earlier one. Then, by the above method, from the diagonal,

1 2 3 45 6 7 8 9 0 2 2 2 4
cannot appear anywhere on the list. And similarly, any list has some missing series.
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Observe that constant symbols and variable symbols partition the lowercase alphabet:
a...hfor constants, and i ... z for variables. Sentence letters are distinguished from
relation symbols by superscripts; similarly, constant and variable symbols are distin-
guished from function symbols by superscripts. Function symbols with a superscript
1 (a'...z1) are one-place function symbols; function symbols with a superscript 2
(a®
with a superscript 1 (A!...Z!) are one-place relation symbols; relation symbols
with a superscript 2 (42 ... Z?) are two-place relation symbols; and so forth. Sub-
scripts merely guarantee that we never run out of symbols of the different types.
Notice that superscripts and subscripts suffice to distinguish all the different symbols
from one another. Thus, for example A and A! are different symbols — one a sen-
tence letter, and the other a one-place relation symbol; A!, A% and A2 are distinct as
well — the first two are one-place relation symbols, distinguished by the subscript;

... z%) are two-place function symbols; and so forth. Similarly, relation symbols

the latter is a completely distinct two-place relation symbol. In practice, again, we
will not see subscripts very often. (And we shall even find ways to abbreviate away
some superscripts.)

The metalanguage works very much as before. We use script letters +4 . .. Z and
a ...z to represent expressions of an object language like &£4. Again, ‘~°, ‘=7,
‘V’, ‘=, ‘C, and ‘)’ represent themselves. And concatenated or joined symbols of
the metalanguage represent the concatenation of the symbols they represent. As
before, the metalanguage lets us make general claims about ranges of expressions
all at once. Thus, where x is a variable, Vx is a universal x-quantifier. Here, Vx
is not an expression of an object language like &£; (Why?) Rather, we have said of
object language expressions that Vx is a universal x-quantifier, Vy, is a universal
y»-quantifier, and so forth. In the metalinguistic expression, ‘V’ stands for itself, and
‘x’ for the arbitrary variable. Again, as in section 2.1.1, it may help to use maps to
see whether an expression is of a given form. Thus given that x maps to any variable,
Vx and Vy are of the form Vx, but Ve and V £z are not.

Vx Vx Vx Vx
© | I J b
Vx Vy ve? v flz

In the leftmost two cases, ¥V maps to itself, and x to a variable. In the next, ‘c’ is a
constant so there is no variable to which x can map. In the rightmost case, there is a
variable z in the object expression, but if x is mapped to it, the function symbol f!
is left unmatched. So the rightmost two expressions are not of the form Vx.
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E2.11. Assuming that R! may represent any one-place relation symbol, 42 any two-
place function symbol, x any variable, and ¢ any constant of &g, use maps
to determine whether each of the following expressions is (i) of the form,
Vx(R1x — Rlc) and then (ii) of the form, Vx(R1x — R1A%xc).

a. Yk(A'k — Ald)
b. Ya(J'h — J1b)
c. Yw(S'w — S'g?wb)
d. Yw(ST'w — Slc2xc)

e. VoLlv - L1yh?

2.2.2 Terms

With the vocabulary of a language in place, we can turn to specification of its gram-
matical expressions. For this, in the quantificational case, we begin with rerms.

TR (v) If z is a variable «, then # is a term.
(c) If t is a constant ¢, then 1 is a term.

(f) If 4™ is a n-place function symbol and #; ... ¢, are n terms, then 4" ¢,
... 1y 18 a term.

(cL) Any term may be formed by repeated application of these rules.

TR is another example of a recursive definition. As before, we can use tree diagrams
to see how it works. This time, basic elements are constants and variables. Complex
elements are put together by clause (f). Thus, for example, f!g2h!xc is a term of

X c x is a term by TR(v), and ¢ is a term by TR(c)
hlx since x is a term, this is a term by TR(f)
M)
g2hlxc since hlx and c are terms, this is a term by TR(f)

flg2hlxce since g2hlxc is a term, this is a term by TR(f)
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Notice how the superscripts of a function symbol indicate the number of places that
take terms. Thus x is a term, and /! followed by x to form 4 !x is another term. But
then, given that 4! x and ¢ are terms, g2 followed by /! x and then c is another term.
And so forth. Observe that neither g2/ x nor g2¢ are terms — the function symbol
g2 must be followed by a pair of terms to form a new term. And neither is 2'xc a
term — the function symbol /4! can only be followed by a single term to compose a
term. You will find that there is always only one way to build a term on a tree. Here
is another example.

X c z x  these are terms by TR(v), TR(c), TR(v), and TR(v)
(N) hle since ¢ is a term, this is a term by TR(f)
fAxhlczx given the four input terms, this is a term by TR(f)

Again, there is always just one way to build a term by the definition. If you are
confused about the makeup of a term, build it on a tree, and all will be revealed. To
demonstrate that an expression is a term, it is sufficient to construct it, according to
the definition, on such a tree. If an expression is not a term, there will be no way to
construct it according to the rules.

E2.12. For each of the following expressions, demonstrate that it is a term of &4
with a tree.

a. fle
b. g2yfle
tc. h3cflyx
d. g2h3xyflex
e. B3f1 flxcg?flza
E2.13. Explain why the following expressions are not terms of &£;. Hint: you may
find that an attempted tree will help you see what is wrong.
a. X

b. g2
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c. zc¢
*d. gzyflxc

e. B3flflcg?flza

E2.14. For each of the following expressions, determine whether it is a term of &g ;
if it is, demonstrate with a tree; if not, explain why.
*a. g2g%xyflx
b, h3cf?yx
c. flg®xhyf2yc
d. flg?xhyflyc

e. h3g2flxcg? flzaf'b

2.2.3 Formulas

With the terms in place, we are ready for the central notion of a formula. Again, the
definition is recursive.

FR (s) If & is a sentence letter, then & is a formula.

(r) If R™ is an n-place relation symbol and #; ... #, are n terms, then R" ¢
...ty 1s a formula.

(~) If 2 is a formula, then ~& is a formula.
(—) If P and @ are formulas, then (P — @) is a formula.
(V) If # is a formula and x is a variable, then Yx P is a formula.

(cL) Any formula can be formed by repeated application of these rules.

Again, we can use trees to see how it works. In this case, FR(r) depends on which ex-
pressions are terms. So it is natural to split the diagram into two, with applications of
TR above a division, and FR below. Then, for example, Vx (4! f1x — ~VyBZ2cy)
is a formula.
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X c y Terms by TR(v), TR(c), and TR(v)
flx Term by TR(f)
.. Al f.l.x ...... l.?ZCJ.) ...... N
(0) YyB2cy Formula by FR(V)
~VyBZcy Formula by FR(~)
(A f1x - ~VyB2cy) Formula by FR(—)
Vx(A! flx - ~VyB2cy) Formula by FR(Y)

By now, the basic strategy should be clear. We construct terms by TR just as before.
Given that f!x is a term, FR(r) gives us that A' f1x is a formula, for it consists of
a one-place relation symbol followed by a single term; and given that ¢ and y are
terms, FR(r) gives us that B2cy is a formula, for it consists of a two-place relation
symbol followed by two terms. From the latter, by FR(Y), YyBZ2cy is a formula.
Then FR(~) and FR(—) work just as before. The final step is another application of
FR(V).

Here is another example. By the following tree, Vx~(L — YyB3 flycx)is a
formula of &g.
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y c X Terms by TR(v), TR(c), and TR(v)
fly Term by TR(f)
..... L e B3f1ycx e T
(P) vyB3 flycx Formula by FR(V)
(L = VyB3 flycx) Formula by FR(—)
~(L — VYyB3 flycx) Formula by FR(~)
Vx~(L — YyB3 flycx) Formula by FR(V)

The basic formulas appear in the top row of the formula part of the diagram. L is a
sentence letter. So it does not require any terms to be a formula. B3 is a three-place
relation symbol, so by FR(r) it takes three terms to make a formula. After that, other
formulas are constructed out of ones that come before.

If an expression is not a formula, then there is no way to construct it by the rules.
Thus, for example, (4!x) is not a formula of £;. A'x is a formula; but the only way
parentheses are introduced is in association with —; the parentheses in (A'x) are
not introduced that way; so there is no way to construct it by the rules, and it is not a
formula. Similarly, A%x and A2 f2xy are not formulas; in each case, the problem is
that the two-place relation symbol is followed by just one term. You should be clear
about these in your own mind, particularly for the second case.

Before turning to the official notion of a sentence, we introduce some additional
definitions, each directly related to the trees — and to notions you have seen before.
First, where ‘—’, ‘~’, and any quantifier count as operators, a formula’s main op-
erator is the last operator added in its tree. Second, every formula in the formula
portion of a diagram for &, including & itself, is a subformula of 5. Notice that
terms are not formulas, and so are not subformulas. An immediate subformula of J
is a subformula to which & is directly connected by lines. A subformula is atomic
iff it contains no operators and so appears in the top line of the formula part of the
tree. Thus, with notation from exercises before, with star for atomic formulas, box
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for immediate subformulas and circle for main operator, on the diagram immediately
above we have,

Q) VyB3 flycx

(L — VyB3f1ycx)

s —cBRmOomo Sw

[~(L - VyB3fTycx)]

\_ ~(L — VyB3f1ycx)

The main operator is Vx, and the immediate subformula is ~(L — VyB3 flycx).
The atomic subformulas are L and B3 f!ycx. The atomic subformulas are the most
basic formulas. Given this, everything is as one would expect from before. In gen-
eral, if P and @ are formulas and x is a variable, the main operator of Vx & is the
quantifier, and the immediate subformula is J; the main operator of ~ is the tilde,
and the immediate subformula is #; the main operator of ($ — @) is the arrow, and
the immediate subformulas are &> and @ — for you would build these by getting 7,
or # and @, and then adding the quantifier, tilde, or arrow as the last operator.

Now if a formula includes a quantifier, that quantifier’s scope is just the subfor-
mula in which the quantifier first appears. Using underlines to indicate scope,
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VxB2xy The scope of the x-quantifier is VxB2xy

R)

VyVxB2xy The scope of the y-quantifier is VyVxBZxy
(Alz - VyVxB2xy)

Vz(Alz - VyVxB?xy) The scope of the z-quantifier is the entire formula

A variable x is bound iff it appears in the scope of an x quantifier, and a variable
is free iff it is not bound. In the above diagram, each variable is bound. The x-
quantifier binds both instances of x; the y-quantifier binds both instances of y; and
the z-quantifier binds both instances of z. In YxR?xy, however, both instances of x
are bound, but the y is free. Finally, and expression is a sentence iff it is a formula
and it has no free variables. To determine whether an expression is a sentence, use
a tree to see if it is a formula. If it is a formula, use underlines to check whether
any variable x has an instance that falls outside the scope of an x-quantifier. If it
is a formula, and there is no such instance, then the expression is a sentence. From
the above diagram, Vz(A'z — VyVxB2xy) is a formula and a sentence. But as
follows, Yy (~Qlx — Vx=xy) is not.



CHAPTER 2. FORMAL LANGUAGES 57

X X y
Q 1 X =xy
S) ~0lx Vx=xy The scope of the x-quantifier is Vx=xy

(~0'x = Vx=xy)

Vy(~0'x — Vx=xy) The scope of the y-quantifier is the entire formula

Recall that ‘=" is a two-place relation symbol. The expression has a tree, so it is a
formula. The x-quantifier binds the last two instances of x, and the y-quantifier binds
both instances of y. But the first instance of x is free. Since it has a free variable,
although it is a formula, Vy(~Q!x — Vx=xy) is not a sentence. Notice that
VxRZ?ax, for example, is a sentence, as the only variable is x (a being a constant)
and all the instances of x are bound.

E2.15. For each of the following expressions, (i) Demonstrate that it is a formula of
&Ly with a tree. (ii) On the tree bracket all the subformulas, box the imme-
diate subformulas, star the atomic subformulas, circle the main operator, and
indicate quantifier scope with underlines. Then (iii) say whether the formula
is a sentence, and if it is not, explain why.

a. H'x

*b. B2ac

c. Vx(~=xc — Alg?ay)

d. ~Vx(B?xc — Vy~Alg2ay)

e. (S — ~(VwB?flwhla - ~Vz(H'w — B?za)))

E2.16. Explain why the following expressions are not formulas or sentences of &g.
Hint: You may find that an attempted tree will help you see what is wrong.

a. H!
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b. g%ax
*c. VxB?xg?ax
d. ~(~VYaAla - (S - ~B?zg%xa))

e. Vx(Dax — Yz~K?zg?xa)

E2.17. For each of the following expressions, determine whether it is a formula and
a sentence of &;. If it is a formula, show it on a tree, and exhibit its parts as
in E2.15. If it fails one or both, explain why.

a. ~(L —> ~V)
b. Vx(~L — K'h3xb)
c. VzVw(VxR?>wx — ~K?zw) — ~M?zz)
*d. Vz(L'z - (VwR?wf3axw — YwR? f3azww))

e. ~(Yw)B? flwhla — ~(Vz)(H'w — B?za))

2.2.4 Abbreviations

That is all there is to the official grammar. Having introduced the official grammar,
though, it is nice to have in hand some abbreviated versions for official expressions.
Abbreviated forms give us ways to manipulate official expressions without undue
pain. First, for any variable x and formulas # and @,

AB (V) (£ Vv @) abbreviates (~P — @)
(A) (P A Q) abbreviates ~(P — ~Q)
(<) (P < @) abbreviates ~((£ — @) > ~(@ — P))
(3) IxP abbreviates ~Vx~P

The first three are as from AB. The last is new. For any variable x, an expression of
the form 3x is an existential quantifier — it is read to say, there exists an x such that
P.

As before, these abbreviations make possible derived clauses to FR. Suppose &
is a formula; then by FR(~), ~& is a formula; so by FR(Y), Vx~& is a formula; so
by FR(~) again, ~Vx~J is a formula; but this is just to say that Ix.P is a formula.
With results from before, we are thus given,
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FR' (A) If P and @ are formulas, then (P A @) is a formula.
(v) If # and @ are formulas, then (& Vv @) is a formula.
(«>) If P and @ are formulas, then ( < @) is a formula.
() If & is a formula and x is a variable, then Ix P is a formula.
The first three are from before. The last is new. And, as before, we can incorporate

these conditions directly into trees for formulas. Thus Vx(~A!'x A 3yA2yx) is a
formula.

X y X These are terms by TR(v)
........... v ;
Alx A%yx These are formulas by FR(r)
(T) ~Alx IyA2yx These are formulas by FR(~) and FR’(3)
(~A'x ATyA%yx) This is a formula by FR/(A)
Vax(~Alx A3yA?yx) This is a formula by FR(Y)

In a derived sense, we carry over additional definitions from before. Thus, the main
operator is the last operator added in its tree, subformulas are all the formulas in the
formula part of a tree, atomic subformulas are the ones in the upper row of the for-
mula part, and immediate subformulas are the one(s) to which a formula is directly
connected by lines. Thus the main operator of Vx(~A'x A 3y42yx) is the uni-
versal quantifier and the immediate subformula is (~A'x A 3yA2yx). In addition,
a variable is in the scope of an existential quantifier iff it would be in the scope of
the unabbreviated universal one. So it is possible to discover whether an expression
is a sentence directly from diagrams of this sort. Thus, as indicated by underlines,
Vx(~A'x A3dyA?yx) is a sentence.

To see what it is an abbreviation for, we can reconstruct the formula on an unab-
breviating tree, one operator at a time.
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X y X X y X
........... v v
Alx A%yx Alx A%yx
(U) ~Alx IyA?yx ~Alx  ~Vy~AZyx By AB(3)
(~A'x AyA%yx) ~(~Alx = ~~Vy~AZyx) By AB(A)
Vx(~Alx A3yA%yx) Vax~(~Alx = ~~Vy~A%yx)

First the existential quantifier is replaced by the unabbreviated form. Then, where
P and @ are joined by FR'(A) to form (£ A @), the corresponding unabbreviated
expressions are combined into the unabbreviated form, ~(# — ~@). At the last
step, FR(V) applies as before. So Vx(~A'x AdyA2yx) abbreviates Vx~(~Alx —
~~Yy~A?yx). Again, abbreviations are nice! Notice that the resultant expression
is a formula and a sentence, as it should be.

As before, it is sometimes convenient to use a pair of square brackets [ ] in place
of parentheses ( ). And if the very last step of a tree for some formula is justified by
FR(—), FR’(V), FR/(A), or FR'(<>), we may abbreviate that formula with the outer-
most set of parentheses or brackets dropped. In addition, for terms #; and #» we will
frequently represent the formula =#; ¢, as (#1 = #2). Notice the extra parentheses.
This lets us see the equality symbol in its more usual “infix” form. When there is
no danger of confusion, we will sometimes omit the parentheses and write, 7 = #5.
Also, where there is no potential for confusion, we sometimes omit superscripts.
Thus in &; we might omit superscripts on relation symbols — simply assuming
that the terms following a relation symbol give its correct number of places. Thus
Ax abbreviates A'x; Axy abbreviates A2xy; Axf !y abbreviates A%xf1y; and so
forth. Notice that Ax and Axy, for example, involve different relation symbols. In
formulas of &, sentence letters are distinguished from relation symbols insofar as
relation symbols are followed immediately by terms, where sentence letters are not.
Notice, however, that we cannot drop superscripts on function symbols in £; —
thus, even given that f and g are function symbols rather than constants, apart from
superscripts, there is no way to distinguish the terms in, say, A fgxyzw.

As a final example, Ay~(c = y) V VxRxf?xd is a formula and a sentence.
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(c=y) Rxfzxd =cy szfzxd
V)

~(c=y) VxRxfZxd ~=cy  VxR?xf?%xd

Ay~(c=Y) ~Vy~~=cy

y~(c = y) vV VxRxf%xd (~~Vy~~=cy — VxR2x f?xd)

The abbreviation drops a superscript, uses the infix notation for equality, uses the ex-
istential quantifier and wedge, and drops outermost parentheses. As before, the right-
hand diagram is not a direct demonstration that (~~Vy~~=cy — YxR%xf2xd)
is a sentence. However, it unpacks the abbreviation, and we know that the result is
an official sentence, insofar as the left-hand tree, with its application of derived rules,
tells us that Iy~(c = y) v VxRx f?xd is an abbreviation of formula and a sentence,
and the right-hand diagram tells us what that expression is.

E2.18. For each of the following expressions, (i) Demonstrate that it is a formula of
&Lq with a tree. (ii) On the tree bracket all the subformulas, box the imme-
diate subformulas, star the atomic subformulas, circle the main operator, and
indicate quantifier scope with underlines. Then (iii) say whether the formula
is a sentence, and if it is not, explain why.

a. (A—>~B)«< (AANC)

b. IxXFx AVyGxy
tc. AxAflg?ah?zwflx v S

d. VxVyVz([(x = y) A (y = 2)] = (x = 2))

e. dy[c = y A VxRxflxy]
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Grammar Quick Reference

VC (p) Punctuation symbols: (, )
(o) Operator symbols: ~, —, V
(v) Variable symbols: i ...z with or without integer subscripts
(s) A possibly-empty countable collection of sentence letters
(c) A possibly-empty countable collection of constant symbols
(f) Forany integern > 1, a possibly-empty countable collection of n-place function symbols
(r) For any integer n > 1, a possibly-empty countable collection of n-place relation symbols
TR (v) If t is a variable x, then £ is a term.
(c) If # is a constant ¢, then ¢ is a term.
(f) If 4™ is a n-place function symbol and ¢ ... ¢, are n terms, then A" ¢7 ... ¢ is a term.
(CL) Any term may be formed by repeated application of these rules.
FR (s) If & is a sentence letter, then & is a formula.
(r) If R™ is an n-place relation symbol and #1 ... ¢, are n terms, R™ 1 .. .1, is a formula.
(~) If P is a formula, then ~% is a formula.
(—) If P and @ are formulas, then (P — @) is a formula.
(V) If # is a formula and x is a variable, then Vx . is a formula.

(cL) Any formula can be formed by repeated application of these rules.

A quantifier’s scope includes just the formula on which it is introduced; a variable x is free iff it
is not in the scope of an x-quantifier; an expression is a sentence iff it is a formula with no free

variables. A formula’s main operator is the last operator added; its immediate subformulas are the
ones to which it is directly connected by lines.

AB (V) (£ Vv Q) abbreviates (~P — Q)
(A) (P A @) abbreviates ~(P — ~@Q)
(«>) (P < @) abbreviates ~(( — Q) - ~(Q — P))
(3) IxP abbreviates ~Vx~F
FR’ (A) If & and @ are formulas, then (P A Q) is a formula.
(V) If 2 and @ are formulas, then (P Vv @) is a formula.
(«>) If P and @ are formulas, then (P <> Q) is a formula.
(3) If & is a formula and x is a variable, then Ax P is a formula.
The generic language &£, includes the equality symbol ‘=" along with,
Sentence letters: A ... Z with or without integer subscripts
Constant symbols: a ... h with or without integer subscripts
Function symbols: for any n > 1, a” ... z" with or without integer subscripts

Relation symbols: for any n > 1, A" ... Z™ with or without integer subscripts.
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*E2.19. For each of the formulas in E2.18, produce an unabbreviating tree to find
the unabbreviated expression it represents.

*E2.20. For each of the unabbreviated expressions from E2.19, produce a complete
tree to show by direct application of FR that it is an official formula. In
each case, using underlines to indicate quantifier scope, is the expression a
sentence? does this match with the result of E2.18?

2.2.5 Another Language

To emphasize the generality of our definitions VC, TR, and FR, let us introduce an
enhanced version of a language with which we will be much concerned later in the
text. £y is like a minimal language we shall introduce later for number theory.
Recall that VC leaves open what are the sentence letters, constant symbols, function
symbols and relation symbols of a quantificational language. So far, our generic
language & fills these in by certain conventions. &£y replaces these with,

Constant symbol: @

two-place relation symbols: =, <
one-place function symbol: S
two-place function symbols: +, x

and that is all. Later we shall introduce a language like £} except without the <
symbol; for now, we leave it in. Notice that & uses capitals for sentence letters and
lowercase for function symbols. But there is nothing sacred about this. Similarly,
&4 indicates the number of places for function and relation symbols by superscripts,
where in £ the number of places is simply built into the definition of the symbol. In
fact, £571s an extremely simple language! Given the vocabulary, TR and FR apply
in the usual way. Thus @, S@ and S S@ are terms — as is easy to see on a tree. And
<@ S S? is an atomic formula.

As with our treatment for equality, for terms m and 7, we often abbreviate official
terms of the sort, +mmn and xmn as (m + n) and (m X n); similarly, it is often
convenient to abbreviate an atomic formula <mmn as (m < n). And we will drop
these parentheses when there is no danger of confusion. Officially, we have not said
a word about what these expressions mean. It is natural, however, to think of them
with their usual meanings, with S the successor function — so that the successor of
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zero, S0 is one, the successor of the successor of zero S S@ is two, and so forth. But
we do not need to think about that for now.

As an example, we show that VxVy(x = y — [(x + y) < (x + Sy)]) is a(n
abbreviation of) a formula and a sentence.

Terms by TR(v)

Terms by TR(f) for 2- and 1-place symbols

Term by TR(f) for 2-place function symbol

W) x=y [(x+y)<(x+Sy)] Formulas by by FR(r) for 2-place symbols
(x=y—=>[x+y) <@x+Sy) Formula by FR(—)
Vyx =y = [(x+y) <x+SyD Formula by FR(Y)
VaVylx =y = [(x+y) <(x+Sy)D Formula by FR(V)

And we can show what it abbreviates by unpacking the abbreviation in the usual way.
This time, we need to pay attention to abbreviations in the terms as well as formulas.
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X) X=y [(x+y) <(x+Sy)] =xy <+xy+xSy
(x=y—=>[x+y) <x+SyD (=xy = <+xy+xS8y)
Vy(x =y =[x +y) <(x+Sy) Vy(=xy — <+xy+xSy)
VaVy(x =y — [(x +y) < (x + Sy)]) VxVy(=xy — <+xy+xSy)

The official (Polish) notation on the right may seem strange. But it follows the official
definitions TR and FR. And it conveniently reduces the number of parentheses from
the more typical infix presentation. (You may also be familiar with Polish notation
for math from certain electronic calculators.) If you are comfortable with grammar
and abbreviations for this language £, you are doing well with the grammar for our
formal languages.

E2.21. For each of the following expressions, (i) Demonstrate that it is a formula of
£ with a tree. (ii) On the tree bracket all the subformulas, box the imme-
diate subformulas, star the atomic subformulas, circle the main operator, and
indicate quantifier scope with underlines. Then (iii) say whether the formula
is a sentence, and if it is not, explain why.

a. ~[SO = (SO x SSO)]

b, IxVy(x X y = x)
c. Vx[~(x =) — Ay(y < x)]
d Vy[x <yvx=y)Vvy<x]

e. VxVyVz[(x x (y + 2)) = ((x x y) + (x x 2))]
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*E2.22. For each of the formulas in E2.21, produce an unabbreviating tree to find
the unabbreviated expression it represents.

E2.23. For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

a. The vocabulary for a quantificational language and then for &£4 and £
b. A formula and a sentence of a quantificational language.

c. An abbreviation for an official formula and sentence of a quantificational lan-
guage.



Chapter 3

Axiomatic Deduction

We have not yet said what our sentences mean. This is just what we do in the next
chapter. However, just as it is possible to do grammar without reference to meaning,
so it is possible to do derivations without reference to meaning. Derivations are
defined purely in relation to formula and sentence form. That is why it is crucial
to show that derivations stand in important relations to validity and truth, as we do
in Part III. And that is why it is possible to do derivations without knowing what
the expressions mean. In this chapter we develop an axiomatic derivation system
without any reference to meaning and truth. Apart from relations to meaning and
truth, derivations are perfectly well-defined — counting at least as a sort of puzzle or
game with, perhaps, a related “thrill of victory” and “agony of defeat.” And as with
a game, it is possible to build derivation skills, to become a better player. Later, we
will show how derivation games matter.'

Derivation systems are constructed for different purposes. Introductions to math-
ematical logic typically employ an axiomatic approach. We will see a natural de-
duction system in chapter 6. The advantage of axiomatic systems is their extreme
simplicity. From a practical point of view, when we want to think about logic, it is
convenient to have a relatively simple object to think about. The axiomatic approach
makes it natural to build toward increasingly complex and powerful results. As we
will see, however, in the beginning, axiomatic derivations can be relatively challeng-
ing! We will introduce our system in stages: After some general remarks about what
an axiom system is supposed to be, we will introduce the sentential component of

I'This chapter is out of place. Having developed the grammar of our formal languages, a sensible
course in mathematical logic will skip directly to chapter 4 and return only after chapter 6. This chapter
has its location to crystallize the the point about form. One might reasonably attempt the first section,
but then return only after background from chapters that follow.

67
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our system — the part with application to forms involving just ~ and — (and so Vv,
A, and <>). After that, we will turn to the full system for forms with quantifiers and
equality, including a mathematical application.

3.1 General

Before turning to the derivations themselves, it will be helpful to make some points
about the metalanguage and form. First, we are familiar with the idea that different
formulas may be of the same form. Thus, for example, where & and € are formulas,
A — B and A — (B Vv C) are both of the form, > — @ — in the one case € maps
to B, and in the other to (B Vv C). And, more generally, for formulas 4, 8, €, any
formula of the form A — (8B Vv €) is also of the form  — @. For if (B Vv €) maps
onto some formula, @ maps onto that formula as well. Of course, this does not go
the other way around: it is not the case that every expression of the form # — @ is
of the form A4 — (B Vv €); for it is not the case that B Vv € maps to any expression
to onto which @ maps. Be sure you are clear about this! Using the metalanguage this
way, we can speak generally about formulas in arbitrary sentential or quantificational
languages. This is just what we will do — on the assumption that our script letters
A ... Z range over formulas of some arbitrary formal language £, we frequently
depend on the fact that every formula of one form is also of another.

Given a formal language £, an axiomatic logic AL consists of two parts. There
is a set of axioms and a set of rules. Different axiomatic logics result from different
axioms and rules. For now, the set of axioms is just some privileged collection of
formulas. A rule tells us that one formula follows from some others. One way to
specify axioms and rules is by form. Thus, for example, modus ponens may be
included among the rules.

MP P—-@Q,PFHQ

The F symbol is single turnstile (to contrast with a double turnstile = from chapter 4).
According to this rule, for any formulas J and @, the formula @ follows from & —
@ together with . Thus, as applied to £;, B follows by MP from A — B and
A; but also (B <> D) follows from (A — B) — (B <> D) and (A — B). And
for a case put in the metalanguage, quite generally, a formula of the form (A A B)
follows from A — (A A B) and A — for any formulas of the form A — (A A B)
and A are of the forms  — @ and & as well. Axioms also may be specified by
form. Thus, for some language with formulas & and @, a logic might include all
formulas of the forms,

Al (PAQ) =P A2 (PAQ)—=Q A3 P — (Q— (P AQ))
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among its axioms. Then in £,
(AN B)— A, (ANA)— A (A—-B)nC)— (A— B)

are all axioms of form Al. So far, for a given axiomatic logic AL, there are no
constraints on just which forms will be the axioms, and just which rules are included.
The point is only that we specify an axiomatic logic when we specify some collection
of axioms and rules.

Suppose we have specified some axioms and rules for an axiomatic logic AL.
Then where I' (Gamma), is a set of formulas — taken as the formal premises of an
argument,

AV (p) If & is a premise (a member of I'), then & is a consequence in AL of T".
(a) If P is an axiom of AL, then P is a consequence in AL of T.

(r) If @1 ...@, are consequences in AL of I', and there is a rule of AL such
that & follows from @ ... @&, by the rule, then & is a consequence in
ALof T'.

(CL) Any consequence in AL of I" may be obtained by repeated application of
these rules.

The first two clauses make premises and axioms consequences in AL of I'. And if,
say, MP is a rule of an AL and P — Q and P are consequences in AL of I', then by
AV(r), Q is a consequence in AL of I' as well. If & is a consequence in AL of some
premises I', then the premises prove  in AL and we write I" |-, &#; in this case
the argument is valid in AL. If @; ... @, are the members of I', we sometimes write
Qy...Q,F, Pinplaceof I' =, #. If I' has no members atall and I" I-,, &, then
P is a theorem of AL. In this case, listing all the premises individually, we simply
write, =, P.

Before turning to our official axiomatic system AD, it will be helpful to consider
a simple example. Suppose an axiomatic derivation system A/ has MP as its only
rule, and just formulas of the forms A1, A2, and A3 as axioms. AV is a recursive
definition like ones we have seen before. Thus nothing stops us from working out its
consequences on trees. Thus we can show that A A (B A €) |, € A B as follows,
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C>(B=>(CAB) (BAE)=>E€ AA(BAE) (AA(BAE)—>(BAE) (BAE)—> B

\/

BAE
(A) e B
B—>(CAB)

CASB

For definition AV, the basic elements are the premises and axioms. These occur
across the top row. Thus, reading from the left, the first form is an instance of
A3. The second is of type A2. These are thus consequences of I' by AV(a). The
third is the premise. Thus it is a consequence by AV(p). Any formula of the form
(AAN(BAE)) > (BATE) is of the form, (P A Q) — @; so the fourth is of the
type A2. And the last is of the type Al. So the final two are consequences by AV (a).
After that, all the results are by MP, and so consequences by AV(r). Thus for exam-
ple, in the first case, (A A (B AE)) > (B AE) and A A (B A €) are of the sort
P — @ and P, with A A (B A €) for & and (B A €) for @; thus B A € follows
from them by MP. So B A € is a consequence in A/ of I' by AV(r). And similarly
for the other consequences. Notice that applications of MP and of the axiom forms
are independent from one use to the next. The expressions that count as J or € must
be consistent within a given application of the axiom or rule, but may vary from one
application of the axiom or rule to the next. If you are familiar with another deriva-
tion system, perhaps the one from chapter 6, you may think of an axiom as a rule
without inputs. Then the axiom applies to expressions of its form in the usual way.

These diagrams can get messy, and it is traditional to represent the same infor-
mation as follows, using annotations to indicate relations among formulas.

I. AN(BAT) prem(ise)

2. (AAN(BAE)—>(BAE) A2

3. BAE 2,1 MP
4, (BAE)—> B Al

(B) 2 B 4,3 MP
. (BAE)>TE A2

7. € 6,3 MP
8. € — (B—>(EAB)) A3

9. B> (EAB) 8,7 MP

10. €A B 9,5 MP
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Each of the forms (1) - (10) is a consequence of A4 A (B A €) in Al. As indicated
on the right, the first is a premise, and so a consequence by AV(p). The second is
an axiom of the form A2, and so a consequence by AV(a). The third follows by MP
from the forms on lines (2) and (1), and so is a consequence by AV (r). And so forth.
Such a demonstration is an axiomatic derivation. This derivation contains the very
same information as the tree diagram (A), only with geometric arrangement replaced
by line numbers to indicate relations between forms. Observe that we might have
accomplished the same end with a different arrangement of lines. For example, we
might have listed all the axioms first, with applications of MP after. The important
point is that in an axiomatic derivation, each line is either an axiom, a premise, or
follows from previous lines by a rule. Just as a tree is sufficient to demonstrate that
I' |, &, that P is a consequence of I" in AL, so an axiomatic derivation is sufficient
to show the same. In fact, we shall typically use derivations, rather than trees to show
that ' =, P.

Notice that we have been reasoning with sentence forms, and so have shown that a
formula of the form € A 8B follows in Al from one of the form A A (B A €). Given
this, we freely appeal to results of one derivation in the process of doing another.
Thus, if we were to encounter a formula of the form 4 A (B A €) in an A deriva-
tion, we might simply cite the derivation (B) completed above, and move directly
to the conclusion that € A B. The resultant derivation would be an abbreviation of
an official one which includes each of the above steps to reach € A 8. In this way,
derivations remain manageable, and we are able to build toward results of increas-
ing complexity. (Compare your high school experience of Euclidian geometry.) All
of this should become more clear, as we turn to the official and complete axiomatic
system, AD.

Again, unless you have a special reason for studying axiomatic systems, or are
just looking for some really challenging puzzles, you should move on to the next
chapter after these exercises and return only after chapter 6. This chapter makes
sense here for conceptual reasons, but is completely out of order from a learning
point of view. After chapter 6 you can return to this chapter, but recognize its
place in in the conceptual order.

E3.1. Where Al is as above with rule MP and axioms A1-3, construct derivations
to show each of the following.

*a. AN(BAC)FE, B

b. A, B, €, AN(BAT)
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c. AN(BAC)F, (AAB)ATE
d (AAB)A(EAD)F, BAE
e. by (A A B) = A) A ((AAB) - B)

3.2 Sentential

We begin by focusing on sentential forms, forms involving just ~ and — (and so
A, V and <). The sentential component of our official axiomatic logic AD tells us
how to manipulate such forms, whether they be forms for expressions in a sentential
language like &£;, or in a quantificational language like &£4. The sentential fragment
of AD includes three forms for logical axioms, and one rule.

AS Al. # - (@ - P)
A2. (O — (P —>Q)—>{(O—P)— (O0O— Q)
A3, (~Q »> ~P) > ((~Q - P) > Q)
MP P - @, P+HQ

We have already encountered MP. To take some cases to appear immediately below,
the following are both of the sort Al.

A = (A —> A) (B—=>C) > [A—>(B— 1)

Observe that & and @ need not be different! You should be clear about these cases.
Although MP is the only rule, we allow free movement between an expression and
its abbreviated forms, with justification, “abv.” That is it! As above, I" I-,,, & justin
case & is a consequence of I" in AD. I' I-,,, & just in case there is a derivation of &
from premises in I".

The following is a series of derivations where, as we shall see, each may depend
on ones from before. At first, do not worry so much about strategy, as about the
mechanics of the system.

A — A

T3.1. b,

1. A= (JA—> A] > A) Al

2. (A — ([A = A] > A)) = (A —> [A > A]) > (A > A)) A2

3. (A= [A > A = (A > A) 2,1 MP
4. A — [A— A Al

5

A=A 3,4 MP
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Line (1) is an axiom of the form Al with A — o for @. Line (2) is an axiom of the
form A2 with 4 for O, A — A for P, and + for @. Notice again that @ and @ may
be any formulas, so nothing prevents them from being the same. Similarly, line (4)
is an axiom of form Al with #4 in place of both J and @. The applications of MP
should be straightforward.

T32. A—>8B,8—->CF,, A>T

1. B—>%¢€ prem
2. (B—>C) > [A—>(B—0Y)] Al

3. A>(B—->Y) 2,1 MP
4. A= (B->0O)] =M B)— (A>E)] A2

5. (A—>B) > (A=) 4,3 MP
6. A—> B prem
7. A—>TC 5,6 MP

Line (4) is an instance of A2 which gives us our goal with two applications of MP —
that is, from (4), A — € follows by MP if we have A — (B8 — €) and A — B. But
the second of these is a premise, so the only real challenge is getting A — (8 — €).
But since 8 — € is a premise, we can use Al to get anything arrow it — and that is
just what we do by the first three lines.

T33. A > (B> €k, 8 — (4— )

l. B—>(A—>B) Al

2. A—>(B—>0C) prem

3. [A—>(B—>E)] > [(A—>B)—> (A—>TC) A2

4, (A—> B) > (A—>TC) 3,2 MP
5. B> (A—>C) 1,4 T3.2

In this case, the first four steps are very much like ones you have seen before. But
the last is not. We have 8 — (A — B) on line (1), and (A — B) — (A — €) on
line (4). These are of the form to be inputs to T3.2 — with B for 4, 4 — B for
B, and A — € for €. T3.2 is a sort of transitivity or “chain” principle which lets
us move from a first form to a last through some middle term. In this case, A — B
is the middle term. So at line (5), we simply observe that lines (1) and (4), together
with the reasoning from T3.2, give us the desired result.

What we have not produced is an official derivation, where each step is a premise,
an axiom, or follows from previous lines by a rule. But we have produced an abbrevi-
ation of one. And nothing prevents us from unabbreviating by including the routine
from T3.2 to produce a derivation in the official form. To see this, first, observe
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that the derivation for T3.2 has its premises at lines (1) and (6), where lines with the
corresponding forms in the derivation for T3.3 appear at (4) and (1). However, it is
a simple matter to reorder the derivation for T3.2 so that it takes its premises from
those same lines. Thus here is another demonstration for T3.2.

. A>3 prem

4. B> € prem
(C) 5. (B—->€) > [A—> (B0 Al

6. A—> (B —=Y) 5,4 MP

7. [A—=> (B —>E)] - [(A—> B)— (A—>TE)] A2

8 (A—>B)—> (A—>T) 7,6 MP

9. A>T 8,1 MP

Compared to the original derivation for T3.2, all that is different is the order of a few
lines, and corresponding line numbers. The reason for reordering the lines is for a
merge of this derivation with the one for T3.3.

But now, although we are after expressions of the form A — B and B — €, the
actual expressions we want for T3.3 are 8 — (A — B) and (A —> B) — (A — €).
But we can convert derivation (C) to one with those very forms by uniform substitu-
ation of B for every #A; (A — B) for every B; and (A — €) for every € — that is,
we apply our original map to the entire derivation (C). The result is as follows.

. 8- (A—>B) prem

4.. (A—>B) > (A—>T) prem
(D) 5. (> B) > (A—>C) > [B— (A—> B) > (A—>T))) Al

6. B—> ((A—> B)—> (A—>Y)) 5.4 MP

7. [B=>(A=>B)=> (A->C)N]=>[(B—=(A—> B) > (B— (A—10))] A2

8 (B—>(A—>B) —>(B—(A>Y)) 7,6 MP

9. B — (A—>T) 8,1 MP

You should trace the parallel between derivations (C) and (D) all the way through.
And you should verify that (D) is a derivation on its own. This is an application
of the point that our derivation for T3.2 applies to any premises and conclusions of
that form. The result is a direct demonstration that 8 — (A — B), (A —> B) —
(A=>C)F,, B— (A—=T).

And now it is a simple matter to merge the lines from (D) into the derivation for
T3.3 to produce a complete demonstration that A — (8 — €) F,, B — (A — ©).
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1. 8- (A—B) Al

2. A—> (B —=YC) prem

3. [A—> (B—>TC)]—>[(A—>B)— (A—C)] A2

4, (A—> B) > (A—>T) 3,2 MP
E) 5 (A= 8)— (A—>C)—[B— (A— B) = (A— )] Al

6. B—> (A—> B)—> (A—>T)) 5,4 MP

7. [B—>({(A>B)—>(A—->C)N]=>[(B—>(A—>B) > (B (A— 1)) A2

8 (B—(A—>B) —>(B— (A>Y)) 7,6 MP

9. B> (A—>C) 8,1 MP

Lines (1) - (4) are the same as from the derivation for T3.3, and include what are the
premises to (D). Lines (5) - (9) are the same as from (D). The result is a demonstration
for T3.3 in which every line is a premise, an axiom, or follows from previous lines
by MP. Again, you should follow each step. It is hard to believe that we could think
up this last derivation — particularly at this early stage of our career. However, if
we can produce the simpler derivation, we can be sure that this more complex one
exists. Thus we can be sure that the final result is a consequence of the premise in
AD. That is the point of our direct appeal to T3.2 in the original derivation of T3.3.
And similarly in cases that follow. In general, we are always free to appeal to prior
results in any derivation — so that our toolbox gets bigger at every stage.

T34. F, (B —>T€) = [(A—> B) > (A — C)]

1. (B—=>C)—[A—>(B—1E) Al
2. [A—=>(B—=>C)]—[(A—>B) - (A—>TC)] A2
3. (B—->C) = [(A—> B)— (A—>0)] 1,2T3.2

Again, we have an application of T3.2. In this case, the middle term (the B) from
T3.2 maps to A — (B — €). Once we see that the consequent of what we want is
like the consequent of A2, we should be “inspired” by T3.2 to go for (1) as a link
between the antecedent of what we want, and antecedent of A2. As it turns out, this
is easy to get as an instance of Al. It is helpful to say to yourself in words, what the
various axioms and theorems do. Thus, given some &, Al yields anything arrow it.
And T3.2 is a simple transitivity principle.

T35. Fp (A= B) = [(B =€) = (A — C)]
I. ((B—>€) - [(A—> B)—> (A—>TC)] T3.4
2. (Ao B) 5 [(BoE€) = (A>€)] 1133

T3.5 is like T3.4 except that A — B and B — € switch places. But T3.3 precisely
switches terms in those places — with 8 — € for A, A — B for B, and A — €
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for €. Again, often what is difficult about these derivations is “seeing” what you can
do. Thus it is good to say to yourself in words what the different principles give you.
Once you realize what T3.3 does, it is obvious that you have T3.5 immediately from
T3.4.

T3.6. B,A—>(B—>C) bk, A>T

Hint: You can get this in the basic system using just Al and A2. But you can
get it in just four lines if you use T3.3.

T3.7. by (~h — A) > A

Hint: This follows in just three lines from A3, with an instance of T3.1.

T38. b,y (~B — ~A) — (A — B)

. (~8 — ~A) > [(~B — A) —> B] A3

2. [(~B > A) > B] - [(A—> (~B > A) - (A—> B)] T3.4

3. A—>(~8B > A) Al

4. [(~8B »> A) > B] - (A — B) 2,3T3.6
5. (~B — ~h) = (A — B) 1.4 T3.2

The idea behind this derivation is that the antecedent of A3 is the antecedent of our
goal. So we can get the goal by T3.2 with the instance of A3 on (1) and (4). That is,
given (~8 — ~A) — X, what we need to get the goal by an application of T3.2 is
X — (A — B). But that is just what (4) is. The challenge is to get (4). Our strategy
uses T3.4, and then T3.6 with Al to “delete” the middle term. This derivation is not
particularly easy to see. Here is another approach, which is not all that easy either.

I. (~8—~A)—> [(~B - A) > B] A3

2. (~8B > A) = [(~8B - ~A) > B] 1T3.3
F) 3. A (B> A Al

4. A— [(~B —> ~A) > B] 32T3.2

5. (~8B > ~A) > (A —> B) 4T33

This derivation also begins with A3. The idea this time is to use T3.3 to “swing”
~8B — A out, “replace” it by A with T3.2 and A1, and then use T3.3 to “swing” A
back in.

T39. &, ~A = (A — B)

Hint: You can do this in three lines with T3.8 and an instance of Al.
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T3.10.

T3.11.

i ~reih = A

Hint: You can do this in three lines wih instances of T3.7 and T3.9.

Fp A — ~~A

Hint: You can do this in three lines with instances of T3.8 and T?3.10.

T3.13.

T3.14.

T3.15.

Hint: Use T3.5 and T3.10 to get (A — B) — (~~+A — B); then use T3.4,
and T3.11 to get (~~A — B) = (~~A — ~~B); the result follows eas-
ily by T3.2.

Fp (A—> B) = (~B —> ~A)

Hint: You can do this in three lines with instances of T3.8 and T3.12.

Fp (A —> B) > (~B — A)

Hint: Use T3.4 and T3.10 to get (~B — ~~A) —> (~B — A); the result
follows easily with an instance of T3.13.

Fop (A—> B) = [(~A > B) > B]

Hint: Use T3.13 and A3 to get (A4 — B) — [(~B — A) — B]; then use
T3.5 and T3.14 to get [(~B — A) —> B] — [(~A — B) — B]; the result
follows easily by T3.2.

*T3.16. by A = [~B — ~(A — B)]

T3.17.

Hint: Use instances of T3.1 and T3.3 to get A — [(A — B) — B]; then use
T3.13 to “turn around” the consequent. This idea of deriving conditionals
in “reversed” form, and then using T3.13 or T3.14 to turn them around, is
frequently useful for getting tilde outside of a complex expression.

by = (AV B)

1. ~A —> (A— B) T3.9
2. A— (~A—> B) 1T3.3
3. A—> (AVSB) 2 abv



CHAPTER 3. AXIOMATIC DEDUCTION 78

We set as our goal the unabbreviated form. We have this at (2). Then, in the last line,
simply observe that the goal abbreviates what has already been shown.

T3.18. b, A — (B V )

Hint: Go for A — (~8 — #A). Then, as above, you can get the desired
result in one step by abv.

T3.19. b, (AAB) > B

T3.20. b, (A A B) — A

*T321. A—> (B—=>C)Fp (AANB) =€

T322. (AAB) > €L, A= (B—>T)

T3.23. A A< B+, B

Hint: A <> B abbreviates the same thing as (A — B) A (B8 — #A); you may
thus move to this expression from 4 <> B by abv.

T324. B, A< B, A

T3.25. ~A A< B+, ~B8

T3.26. ~B. A < B, ~A

*E3.2. Provide derivations for T3.6, T3.7, T3.9, T3.10, T3.11, T3.12, T3.13, T3.14,
T3.15, T3.16, T3.18, T3.19, T3.20, T3.21, T3.22, T3.23, T3.24, T3.25, and
T3.26. As you are working these problems, you may find it helpful to refer to
the AD summary on p. 87.
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E3.3.

E3.4.

For each of the following, expand derivations to include all the steps from
theorems. The result should be a derivation in which each step is either a
premise, an axiom, or follows from previous lines by a rule. Hint: it may be
helpful to proceed in stages as for (C), (D) and then (E) above.

. Expand your derivation for T3.7.

*b. Expand the above derivation for T3.4.

Consider an axiomatic system A2 which takes A and ~ as primitive operators,
and treats » — @ as an abbreviation for ~($ A ~@). The axiom schemes
are,

A2 Al P — (P AP)
A2. (P AQ) > P
A3. (0 = P) = [~(P A Q) = ~(@Q A O)]

MP is the only rule. Provide derivations for each of the following, where
derivations may appeal to any prior result (no matter what you have done).

a. A—> B, B—>TCh, ~(~CAA) b. Fp ~(~A A A)

c. Fp~nh > A . Fp ~(AAB) = (B —> ~A)

e. Fp A=~ f. bp (A= B) = (~8 = ~A)
g ~h > ~BE, B> A h. A= Bk, (EAA) > (BAE)

. A>BB>CEC>DE,A>D b, A A

k. Fp (AAB) > (B AA) L. A>B88—>€C€kH,A>TC

m ~8->8F,8 n 8—->~8k,~8

0. Fp (AAB)—> B p. A—>BE > Dk, (AAE) > (BAD)
q B>Ch, (AANB) > (ANE) L. A>BA>CE, A> (BAE)

S. by [(AAB)AE] = [ANA(BAE)] t. Fp [AA(BAE)] = [(AAB)AE]

o Fp (A= (B=>C)] = [(AAB)=>TC)] V. Fp [(AAB) = €] = [A = (B —E)]

W, Ao B,A>(B>C) bk, A€ X. Fp b= [B = (A A B)]

y. Fp A= (B — A)

Hints: (i): Apply (a) to the first two premises and (f) to the third; then recog-
nize that you have the makings for an application of A3. (j): Apply Al, two
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instances of (h), and an instance of (i) to get A — ((A A A) A (A A A)); the

result follows easily with A2 and (i). (m): ~8 — B is equivalent to ~(~B A

~B); and ~B — (~B A ~B) is immediate from A2; you can turn this

around by (f) to get ~(~8B A ~B) — ~~B; then it is easy. (u): Use abv so

that you are going for ~[A A ~~(B A ~€)] — ~[(A A B) A ~€]; plan on

getting to this by (f); the proof then reduces to working from ((4 A 8) A ~€).
(v): Structure your proof very much as with (u). (w): Use (u) to set up a

“chain” to which you can apply transitivity.

3.3 Quantificational

We begin this section by introducing one new rule, and some axioms for quantifier
forms. There will be an one axiom and one rule for manipulating quantifiers, and
some axioms for features of equality. After introducing the axioms and rule, we use
them with application to some theorems of Peano Arithmetic.

3.3.1 Quantifiers

Excluding equality, to work with quantifier forms, we add just one axiom form and
one rule. To state the axiom, we need a couple of definitions. First, for any formula
A, variable x, and term #, say A7 is /4 with all the free instances of x replaced by z.
And say 1 is free for x in 4 iff all the variables in the replacing instances of ¢ remain
free after substitution in #7}. Thus, for example, where A is (YxRxy Vv Px),

(G) (VxRxyV Px)j is VxRxyV Py

There are three instances of x in VxRxy Vv Px, but only the last is free; so y is
substituted only for that instance. Since the substituted y is free in the resultant
expression, y is free for x in VxRxy v Px. Similarly,

H [Vx(x=y)vVv Ryx]f,lx is Vx(x = flx)v Rflxx

Both instances of y in Vx(x = y) vV Ryx are free; so our substitution replaces both.
But the x in the first instance of f!x is bound upon substitution; so f!x is not free
for y in Vx(x = y) vV Ryx. Notice that if x is not free in +, then replacing every
free instance of x in 4 with some term results in no change. So if x is not free in
A, then A% is . Similarly, A7 is just + itself. Further, any variable x is sure to
be free for itself in a formula A — if every free instance of variable x is “replaced”
with x, then the replacing instances are sure to be free! And constants are sure to be
free for a variable x in a formula +. Since a constant ¢ is a term without variables,
no variable in the replacing term is bound upon substitution for free instances of x.
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Now we are ready for our axiom and rule. For the quantificational version of
axiomatic derivation system AD, in addition to A1, A2, A3 and MP from AS, we add
an axiom A4 and a rule Gen (Generalization).

AQ A4 VxP — P} — where ¢ is free for x in &

Gen A —> BFA— VB — where x is not free in A

Al, A2, A3 and MP remain from before. The axiom A4 and rule Gen are new. A4
is a conditional in which the antecedent is a quantified expression; the consequent
drops the quantifier, and substitutes term # for each free instance of the quantified
variable in the resulting J> — subject to the constraint that the term # is free for the
quantified variable in &. Thus, for example in &g,

(I) VxRx - Rx VxRx—> Ry VxRx— Ra VxRx — Rf!z

are all instances of A4. In these cases, & is Rx; x is free in it, and since Rx includes
no quantifier, it is easy to see that the substituted terms are all free for x in it. So each
of these satisfies the condition on A4. The following are also instances of A4.

(J)  VxVyRxy — VyRzy VxVyRxy — VyRflxy

In each case, we drop the main quantifier, and substitute a term for the quantified vari-
able, where the substituted term remains free in the resultant expression. However
these cases contrast with the ones that follow.

(K) VxVyRxy — VyRyy VxVy — VyRflyy

In these cases, we drop the quantifier and make a substitution as before. But the
substituted terms are not free. So the constraint on A4 is violated, and these formulas
do not qualify as instances of the axiom.

The new rule also comes with a constraint. Given # — @, one may move to
P — Vx@ so long as x is not free in . Thus the leftmost three cases below are
legitimate applications of Gen, where the right-hand case is not.

Ry — Sx Ra — Sx VxRx — Sx Nva—)Sx
o!

Ry — VxSx Ra — VxSx VxRx — VxSx Rx — VxSx

@)

In the leftmost three cases, for one reason or another, the variable x is not free in
the antecedent of the premise. Only in the last case is the variable for which the
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quantifier is introduced free in the antecedent of the premise. So the rightmost case
violates the constraint, and is not a legitimate application of Gen. Continue to move
freely between an expression and its abbreviated forms with justification, abv. That
is it!

Because the axioms and rule from before remain available, nothing blocks rea-
soning with sentential forms as before. Thus, for example, VXRx — VxRx and,
more generally, Vx4 — VxsA are of the form 4 — +, and we might derive them
by exactly the five steps for T3.1 above. Or, we might just write them down with
justification, T3.1. Similarly any theorem from the sentential fragment of AD is a
theorem of larger quantificational part. Here is a way to get VxRx — VxRx with-
out either Al or A2.

Fp YXRXx — VxRx

M) 1. VxRx — Rx A4
2. VxRx — VxRx 1 Gen

The x is sure to be free for x in Rx. So (1) is an instance of A4. And the only
instances of x are bound in VxRx. So the application of Gen satisfies its constraint.
The reasoning is similar in the more general case.

Fopp VXA — Vo

N1 vad > A A4
2. VxoAh — Vxh 1 Gen

Again, A is 4, and since only free instances of x are “replaced,” none of the replac-
ing instances of x is bound in the result. So x is free for x in #, and (1) is therefore
a legitimate instance of A4. Because its main operator is an x-quantifier, no instance
of x can be free in Vx-4. So we move directly to (2) by Gen.

Here are a few more examples.

T3.27. k,, VxA — VyAL — where y is not free in Vx4 but free for x in /4

L VxA — AY A4
2. VxA — VyAy 1 Gen

The results of derivations (M) and (N) are instances of this more general principle.
The difference is that T3.27 makes room for for variable exchange. Given the con-
straints, this derivation works for exactly the same reasons as the ones before. If ¥
is free for x in #4, then (1) is a straightforward instance of A4. And if ¥ is not free
in VxA, the constraint on Gen is sure to be met. A simple instance of T3.27 in &£g
is =, VXRx — VyRy. If you are confused about restrictions on the axiom and
rule, think about the derivation as applied to this case. While our quantified instances
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of T3.1 could have been derived by sentential rules, T3.27 cannot; VxA — Vx
has sentential form # — +; but when x is not the same as y, Vx4 — Vy A} has
sentential form, A4 — B.

T3.28. A, VxA — aderived Gen*

1. A prem
2. A—>([Vy(y =y) > Vy(y =y)] > A) Al

3. Vy(y =y) > Vy(y =y)] > A 2,1 MP
4. Vy(y =y) > Vy(y = )] > Vo 3 Gen
5. Vy(y =y) > Vy(y = %) T3.1

6. VxoA 4,5 MP

In this derivation, we use V4 (y = 4) — Vy(y = ) as a mere “dummy” to bring
Gen into play. For step (4), it is important that this expression has no free variables,
and so no free occurrences of x. For step (6), it is important that it is a theorem, and
so can be asserted on line (5). This theorem is so frequently used that we think of it
as a derived form of Gen (Gen*).

*T3.29. F,, A} — IxA — for any term ¢ free for x in A

Hint: As in sentential cases, show the unabbreviated form, A} — ~Vx~A
and get the final result by abv. You should find Vx~#A — ~xA7 to be a useful
instance of A4. Notice that [~-4]} is the same expression as ~[#7], as all
the replacements must go on inside the 4.

T3.30. A — B+, IxA — B — where x is not free in B.

Hint: Similarly, go for an unabbreviated form, and then get the goal by abv.

T3.31. F,, Vx(A — B) = (A — VxB) — where x is not free in A
Hint: consider uses of T3.21 and T3.22.

This completes the fragment of AD for sentential operators and quantifiers. It remains
to add axioms for equality.

*E3.5. Provide derivations for T3.29, T3.30 and T3.31, explaining in words for every
step that has a restriction, how you know that that restriction is met.

E3.6. Provide derivations to show each of the following.
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*a. Vx(Hx — Rx),VYyHy F,, VzZRz

b. Vy(Fy — Gy) k,, 3zFz — IxGx

*c. F,p IXVyRxy — Vy3xRxy

d. VyVx(Fx — By)F,, Vy(3xFx — By)

e. bp Ix(Fx = VyGy) — IxVy(Fx — Gy)

3.3.2 Equality

We complete our axiomatic derivation system AD with three axioms governing equal-
ity. In this case, the axioms assert particularly simple, or basic, facts. For any vari-
ables x1 ... x, and ¥, n-place function symbol #" and n-place relation symbol R”,
the following forms are axioms.

AE AS. (y =v)
A6. (xi=y)—> (AW"x1... % ... xn =A"x1...9 ... xp)
A7. (xi=y) > (R™x1... % ...xn > R"1...%... %)

From A5, (x = x) and (z = z) are axioms. Of course, these are abbreviations for
=xx and =zz. This should be straightforward. The others are complicated only
by abstract presentation. For A6, A"x...x; ...x, differs from A"x ...y ... x,
just in that variable x; is replaced by variable ¥. x; may be any of the variables in
X1 ...%pn. Thus, for example,

(0) x=y)—=>('x=r1y) (x =y) = (fPwxy = f3wyy)

are simple examples of A6. In the one case, we have a “string” of one variables
and replace the only member based on the equality. In the other case, the string is
of three variables, and we replace the second. Similarly, R"x1...x;...x, differs
from R"x1...% ...x, just in that variable x; is replaced by ¥. x; may be any of
the variables in x . .. x,. Thus, for example,

P) (x =2) > (Alx » Alz) (z = w) = (A%xz — A%xw)

are simple examples of A7.

This completes the axioms and rules of our full derivation system AD. As exam-
ples, let us begin with some fundamental principles of equality. Suppose that 7, 4
and # are arbitrary terms.
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T3.32. &, (t =1) — reflexivity of equality
1. y=y AS
2. YVy(y =) 1 Gen*
3. Vy(y=y) > (t=1) A4
4. t=1 3,2 MP

Since y = y has no quantifiers, any term # is sure to be free for y in it. So (3) is sure
to be an instance of A4. This theorem strengthens A5 insofar as the axiom applies
only to variables, but the theorem has application to arbitrary terms. Thus (z = z) is
an instance of the axiom, but ( f2xy = f2xy) is an instance of the theorem as well.
We convert variables to terms by Gen* with A4 and MP. This pattern repeats in the
following.

T333. F,, (t =3) = (s =1) — symmetry of equality
L (x=y)—>[(x=x)—>(y=x)] AT
2. (x =x) A5
3. (x=y)>(0=x) 1,2T3.6
4. Vx[(x =y) = (y = x)] 3 Gen*
5 Vx[lx=y) > =x0)]->[t=y)—>0G=21] A4
6. t=y)— (y=1) 5.4 MP
7. Vy[(x =y) = (y = 1)] 6 Gen*
8. Yyt =y) > (=] > [t =29) > (s =1)] A4
9. t=43)—>(s=12) 8,7 MP

In (1), x = x is (an abbreviation of an expression) of the form R?xx,and y = x is
of that same form with the first instance of x replaced by y. Thus (1) is an instance of
A7. At line (3) we have symmetry expressed at the level of variables. Then the task
is just to convert from variables to terms as before. Notice that, again, (5) and (8) are
legitimate applications of A4 insofar as there are no quantifiers in the consequents.

T334. F,, (r=29) > [(s =1) > (»r =1)] — transitivity of equality

Hint: Start with (y = x) — [(y = z) — (x = z)] as an instance of A7 —
being sure that you see how it is an instance of A7. Then you can use T3.33
toget (x = y) = [(y = z) = (x = z)], and all you have to do is convert
from variables to terms as above.

T335. r=s, 3=tk ,r=1

Hint: This is a mere recasting of T3.34 and follows directly from it.
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T336. b (ti =3) = (A4 .. bi oo dp =001 .. 8. 1)

Hint: For any given instance of this theorem, you can start with (x; = y) —
(A"x1...xi...xp = A"X1...y...Xy) as an instance of A6. Then it is easy
to convert X1 ...X, to £1 ... 15, and y to 5.

T337. b, (i =38) > (R"1. . ti ooty > RM1...8 ... 1n)

Hint: As for T3.36, for any given instance of this theorem, you can start with
xi=y)—> (R"x1...%j...xp > R"x1...y...Xp) as an instance of A7.
Then it is easy to convert xj ... X, to £1 ... ¢y, and y to 4.

We will see further examples in the context of the extended application to come in
the next section.

E3.7. Provide demonstrations for T3.34 and T3.35.

E3.8. Provide demonstrations for the following instances of T3.36 and T3.37. Then,
in each case, say in words how you would go about showing the results for
an arbitrary number of places.

a (flx =g%xy) — (W3zf'xflz = h3zg%xyf1lz)

b, (6 = 1) = (A2rs — AZrL)

3.3.3 Peano Arithmetic

&t 1s a language like £ introduced from section 2.2.5 on p. 63 but without the <
symbol: There are the constant symbol @, the function symbols S, + and X, and the
relation symbol =. It is possible to treat x < y as an abbreviation for Jv(v+x = y)
and x < y as an abbreviation for Jv(Sv + x) = y (these definitions are summarized
in the language of arithmetic reference, p. 303). Officially, formulas of this language
are so far uninterpreted. It is natural, however, to think of them with their usual
meanings, with @ for zero, S the successor function, + the addition function, x the
multiplication function, and = the equality relation. But, again, we do not need to
think about that for now.
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AD Quick Reference

AD Al. # > (Q —> P)
A2. (O = (P —>Q)—> (0—P)—> (0 —Q)
A3, (~@ > ~P) = (~Q — P) > Q)
A4 VxP — P) — where £ is free for x in &
A5. (x = x)
A6 (x; =y) > "% ... % ... xp=A"X1...Y...%Xp)
Al. (x; =y3) > (R"x1 ... % ... %p > R"1...%...x5)
MP P —>Q,PFHQ

Gen A — B F A —> VB — where x is not free in
T30 by A — A T3.22 (AAB) > C€hy b —> (B> €)
T32 h—>B,8B>C€k, A€ T3.23 A, b < B, B
T33 h—> (B> C€) by B — (A—>€) T3.24 B, A < B, A

T34 b (B—>C) > [(A—> B) > (A—>C)] T325 ~A, A< BE,, ~B

T35 bp (A—=>B) > [(B—>C€) > (A—>TC)] T326 ~B,A < By, ~A

T3.6 B,A—> (B—>C) by A>T T3.27 by Vxh — Vyhj

T3.7 by (~oh — ) — ;Z)}:iieir;yj not free in Vx oA but is free
T3.8 Fip (~8B = ~A) > (A~ B) T3.28 Ay, Vask  (Gen*)

T3.9 Eip ~A > (A > B) T3.29 b, AY — Ixh

T3.10 byp ~~A — A where £ is free for x in A

T311 by A = ~~oh T330 A — B by, Ixh > B

T3.12 by (A = B) = (~~oh — ~~B) where x is not free in B

T313 by (b — B) = (~B — ~A) T3.31 kyp V(A = B) = (A = VxB)
where x is not free in /4
T3.14 byp (A —> B) > (~B — A)
T332 b (2 =12)
T3.15 kyp (A —> B) > [(~A > B) —> B]
T333 Hp 0 =3) > (6 =1)
T3.16 byp A = [~B = ~(A —> B)]
T334 byp (r=4) > [(s = 1) > (r = 1)]
T3.17 byp A — (A V B)
T335 r=9s,8a=tb, r=1
T3.18 Fyp A — (B V A)

T336 by (3i = 8) = (A"%1... 4 ... 4p
T3.19 bp (AAB) > B AL . s ty)
T3.20 kyp (AAB) > A T337 by (i = ) = (R"%1... 4 ... tn

RME1 ... 4 ... 1y)
T32l A—>(B—>C) k), (AAB) >




CHAPTER 3. AXIOMATIC DEDUCTION 88

We will say that a formula & is an AD theorem of Peano Arithmetic just in case P
follows in AD given as premises the following axioms for Peano Arithmetic.” These
axioms are presented as formulas with free variables; but with Gen* and A4, they are
equivalent to universally quantified forms — and we might as well have stated the
axioms as universally quantified sentences.

PA 1. ~(Sx = 0)
2. (Sx=8y) > (x=y)

3. x+9)=x
4. (x+Sy)=S(x+y)
5 xx@)=0

6. (x x Sy) =[(x xy) + x]
7. [PEAVX(P — PL)] — VxP

In the ordinary case we suppress mention of PA1 - PA7 as premises, and simply write
PA F,,, & to indicate that & is an AD theorem of Peano arithmetic — that there is
an AD derivation of # which may include appeal to any of PA1 - PA7.

The axioms set up basic arithmetic on the non-negative integers. Intuitively, @ is
not the successor of any non-negative integer (PA1); if the successor of x is the same
as the successor of y, then x is y (PA2); x plus @ is equal to x (PA3); x plus one
more than y is equal to one more than x plus y (PA4); x times @ is equal to @ (PAS);
X times one more than y is equal to x times y plus x (PA6); and if J applies to @,
and for any x, if & applies to x, then it also applies to Sx, then & applies to every x
(PA7). This last form represents the principle of mathematical induction. Strictly, it
is an axiom schema insofar as indefinitely many formulas might be of that form.

Sometimes it is convenient to have the principle of mathematical induction in
rule form.

T3.38. 5’5‘, Vx(P — P& ), PAE,, VxP  — (aderived Ind*)
1. Pf prem
2. V(P — P, prem
3. [PFAVX(P > PE)] > VaP  PAT
4. Pr > [VH(P - PE) - VxP]  3T3.22
5. V(P — PE) — VxP 4,1 MP
6. VxP 5,2 MP

2 After the work of R. Dedekind and G. Peano. For historical discussion, see Wang, “The Ax-
iomatization of Arithmetic. Observe that ‘theorem’ is therefore context-relative. A theorem of Peano
arithmetic which results only givien PA1 - PA7 is not a theorem of AD just because it takes some of
PA1 - PA7 for its derivation.
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Observe the way we simply appeal to PA7 as a premise at (3). Again, that we can
do this in a derivation, is a consequence of our taking all the axioms available as
premises. So if we were to encounter ', and Vx (£ — g, ) in a derivation with the
axioms of PA, we could safely move to the conclusion that Vx4 by this derived rule
Ind*. We will have much more to say about the principle of mathematical induction
in Part II. For now, it is enough to recognize its instances. Thus, for example, if P is
~(x = Sx), the corresponding instance of PA7 would be,

Q) [~(@ = SB) AVx(~(x = Sx) = ~(Sx = SSx))] = Yx~(x = Sx)

There is the formula with @ substituted for x, the formula itself, and the formula
with Sx substituted for x. If the entire antecedent is satisfied, then the formula holds
for every x. For the corresponding application of T3.38 you would need ~( =
S@) and Vx[~(x = Sx) - ~(Sx = SSx)] in order to move to the conclusion
that Vx~(x = Sx). You should track these examples through. The principle of
mathematical induction turns out to be essential for deriving many general results.
As before, if a theorem is derived from some premises, we use the theorem in
derivations that follow. Thus we build toward increasingly complex results. Let us
start with some simple generalizations of the premises for application to arbitrary
terms. The derivations all follow the Gen* / A4 / MP pattern we have seen before.

T3.39. PA F,, ~(St = 0)

1. ~(Sx = 0) PAL
2. Vx~(Sx = 0) 1 Gen*
3. Va~(Sx = 0) - ~(St =0) A4

4. ~(St = 90) 3.2 MP

As usual, because there is no quantifier in the consequent, (3) is sure to satisfy the
constraint on A4, no matter what ¢ may be.

*T3.40. PAF,, (St = 83) > (t = 9)

T3.41. PAb,, (t +0) = ¢

T3.42. PA b, (1 + Ss) = S(¢ + 4)

T3.43. PAb,, (tx0) =0
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T3.44. PAF,, (t xS3) = [(t x 8) + #]

If a theorem T3.n is an equality (# = 3), let T3.n* be (s = t). Thus T3.41* is
PAlL, t=0+9);T342*isPAF,, S(+ + s) = (+ + Ss). In each case, the
result is immediate from the theorem with T3.33 and MP. Notice that ¢ and s in these
theorems may be any terms. Thus,

R x+9)=x ((xxy)+0)=xxy) [@+x)+0]=0+x)

are all straightforward instances of T3.41.

Given this much, we are ready for a series of results which are much more inter-
esting — for example, some general principles of commutativity and associativity.
For a first application of Ind*, let & be [(@ + x) = x]; then & is [(§ + @) = 0] and
P is [0+ Sx) = Sx].

T3.45. PAF,, 0+ 1) =1

1. @+0)=0 T3.41
2. [@+x)=x] = [S@+ x) = Sx] T3.36
3. [S@+x) =@+ Sx)] T3.42%
4. [S@+x) =@+ Sx)] = [(S@+x) =S5x) > (B + Sx) = Sx)] T3.37
5. (S@+x)=8x)—> (B + Sx) = Sx) 4,3 MP
6. [0+ x)=x]—[(@+ Sx) = Sx] 2,5T3.2
7. Vx(((@+x) =x] = [(@+ Sx) = Sx)) 6 Gen*
8. Vx[(@+ x) =x] 1,7 Ind*
9. Vx[@+x)=x]—>[(@+1) =1] A4
10. [ +1) =1] 9,8 MP

The key to this derivation, and others like it, is bringing Ind* into play. The basic
strategy for the beginning and end of these arguments is always the same. In this
case,

. B+0)=0 T3.41

6. [+ x)=x]—[(@+ Sx) = Sx]
) 7. Vx([(@ +x) = x] = [(@ + Sx) = Sx]) 6 Gen*
8. Vx[(@+ x) = x] 1,7 Ind*
9. Vx[@+x)=x]—>[@+1) =1] A4
10. [@+1)=1] 9,8 MP

The goal is automatic by A4 and MP once you have Vx[(# + x) = x] by Ind* at
(8). For this, you need &y and Vx (P — £¢, ). We have P at (1) as an instance of
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T3.41 — and £ is almost always easy to get. Vx (P — £ ) is automatic by Gen*
from (6). So the real work is getting (6). Thus, once you see what is going on, the
entire derivation for T3.45 boils down to lines (2) - (6). For this, begin by noticing
that the antecedent of what we want is like the antecedent of (2), and the consequent
like what we want but for the equivalence in (3). Given this, it is a simple matter to
apply T3.37 to switch the one term for the equivalent one we want.

T3.46. PAF,, [(St +0) = S(t + 0)]

. (St+9)=Sz T3.41

2. 1= (+0) T3.41%
3. [t=@+9)]— [St=S0u+ 9)] T3.36

4. St =S(t + 9) 3,2 MP
5. (St+9) =St +9) 1,4 T3.35

This derivation has T3.41 at (1) with Sz for . Line (2) is a straightforward version
of T3.41%*. Then the key to the derivation is that the antecedent of (1) is like what
we want, and the consequent of (1) is like what we want but for the equality on (2).
The goal then is to use T3.36 to switch the one term for the equivalent one. You
should get used to this pattern of using T3.36 and T3.37 to substitute terms. This
result forms the “zero-case” for the one that follows.

T3.47. PAE,, [(St+3) =S + 9)]

1. [(St+90)=Sk+9)] T3.46
2. [(St+x)=SGt+x)]—>[SSt+x)=SSt + x)] T3.36
3. [S(St+x)=(St+ Sx)] T3.42%
4. [S(St+x) = (St + Sx)] —

(ISSt+x) =SSt +x)]—=>[(St+Sx) =85St +x)]) T3.37
5. [SSt+x)=8SS(t +x)] = [(St + Sx) =SSt + x)] 4,3 MP
6. [(St+x)=St+x)]—=>[(St+ Sx) =85St + x)] 2,5T3.2
7. [S(t +x) = (¢ + Sx)] T3.42%
8. [St+x)=0+Sx)]—>[SSUt+x) =S+ Sx)] T3.36
9. [SS(t +x) =Sk + Sx)] 8,7 MP

10. [SS(t+x) =St + Sx)] —
([(St 4+ Sx) = SS(t +x)] = [(St + Sx) = S(+ + Sx)])  T3.37

1. [(St+Sx)=SSG+x)] = [(St+ Sx) =S+ Sx)] 10,9 MP

12. [(St+x)=St+x)]—[(St+ Sx) =S8+ Sx)] 6,11 T3.2
13. Vx([(St+x) =St +x)]—[(St+ Sx) =S+ Sx)]) 12 Gen*

14. Vx[(St+x) =Sk + x)] 1,13 Ind*
15. Vx[(St+x) =St +x)] = [(St+3) =S+ 3)] A4

16. [(St+ s) = S(t + 3)] 15,14 MP
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The idea behind this longish derivation is to bring Ind* into play, where formula J
is, [(St 4+ x) = S(¢ + x)]. Do not worry about how we got this for now. Given this
much, the following setup is automatic,

1. [(St+0) =S+ 0)] T3.46

12: [(St+x)=SGE+x)]—=>[(St+ Sx) =Sk + Sx)]

(D 13, vx((St+x) = St +x)] = [(St+Sx) = S+ Sx)]) 12 Gen*
14. Vx[(St + x) = S(t + x)] 1,13 Ind*
15. Vx[(St+x)=SUt+x)] > [(St+3) =St + 4)] A4
16. [(St+3) =Sk + 4)] 15,14 MP

We have the zero-case from T3.46 on (1); the goal is automatic once we have the
result on (12). For (12), the antecedent at (2) is what we want, and the consequent is
right but for the equivalences on (3) and (9). We use T3.37 to substitute terms into
the consequent. The equivalence on (3) is a straightforward instance of T3.42%*. We
had to work (just a bit) starting again with T3.42* to get the equivalence on (9).

T3.48. PAF,, [(t +3) = (s +1)] — commutativity of addition
1. [z +9) =1] T3.41
2. [t =@+ 1) T3.45%
3. [(x+9) =@+ 1)) 1,2 T3.35
4 [(t+x) = (x+ )] =[S +x) = S(x + 1)] T3.36
5. [S(t+x) = (¢ + Sx)] T3.42%
6. [S(t+x)=(t+Sx)] —

St+x)=Sx+ )] = [+ Sx)=Skx+ 1) T3.37

7. [SG+x)=Sx+ )] — [+ Sx) =S+ 1)] 6,5 MP
8. [t+x)=(x+1)] =[x+ Sx)=Skx+1)] 4,7T3.2
9. [S(x+1)=(Sx+ 1)] T3.47*

10. [S(x4+4)=(Sx+21)]—
(It +Sx)=Sx+ )] —[(t+Sx)=(Sx + 1)) T3.37

1. [t +Sx)=Sx+ )] = [(t+ Sx)=(Sx + )] 10,9 MP
12 [+x)=((x+1)]—= [+ Sx)=(Sx + 1)] 8,11 T3.2
13. Vx([(t+x)=(x+ )] = [t +Sx) = (Sx + 1)]) 12 Gen*
14. Vx[(t +x) = (x + 1)] 3,13 Ind*
15, Vx[t+x)=(x+ )] = [(t+ ) = (s + 2)] A4

16. [(t +3) = (s + 1)] 15,14 MP

The pattern of this derivation is very much like ones we have seen before. Where
is [(# + x) = (x + t)] we have the zero-case at (3), and the derivation effectively
reduces to getting (12). We get this by substituting into the consequent of (4) by
means of the equivalences on (5) and (9).
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T3.49.

PAE,, [(* + 8) +0) = (* + (5 + 0))]

Hint: Begin with [((* + 3) + @) = (» + 4)] as an instance of T3.41. The
derivation is then a matter of using T3.41%* to replace s in the right-hand side
with (s + 0).

*T3.50. PAE, [(r+s)+ 1) = (r+ (s +1))] — associativity of addition

T3.51.

T3.52.

Hint: For an application of Ind*, let 2 be [((» + 3) + x) = (» + (s + x))].
Start with [((#4+4)4+x) = (r+(s+x))] = [S((r+4)+x) = S(r+ (s +x))]
as an instance of T3.36, and substitute into the consequent as necessary by
T3.42%* to reach [(( + 4) + x) = (» + (s + x))] = [((* + 3) + Sx)) =
(# + (s + Sx))]. The derivation is longish, but straightforward.

PA b, [(0 x 1) = 0]

Hint: For an application of Ind*, let & be [(@ x x) = 0]; then the derivation
reduces to sowing [(# x x) = 0] — [(@ x Sx) = @]. This is easy enough if
you use T3.41* and T3.44* to show that [(§ x x) = (@ x Sx)].

PA b, [(St % @) = (¢ x 0) + 0)]

Hint: This does not require application of Ind*.

*T3.53. PA b, [(St x 8) = ((2 x 3) + 9)]

T3.54.

Hint: For an application of Ind*, let # be [(S¢ x x) = ((# X x) + x)]. The
derivation reduces to getting [(S¢ x x) = ((t x x) + x)] = [(St x Sx) =
((+ x Sx) + Sx)]. For this, you can start with [(S# x x) = ((¢ X x) + x)] —
[((Stxx)+S1t) = ((£xx)+x)+S )] as an instance of T3.36, and substitute
into the consequent. You may find it helpful to obtain [(x + S%) = (¢ + Sx)]
and then [((# xx) + (x + S¢)) = ((t x Sx) + Sx)] as as a preliminary result.

PAF,, [(1 x38) = (s x1t)] — commutativity of multiplication

Hint: For an application of Ind*, let  be [(# x x) = (x x #)]. You can start
with [(2 x x) = (x x #)] = [((# x x) + #) = ((x x ) + #)] as an instance
of T3.36, and substitute into the consequent.
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We will stop here. With the derivation system ND of chapter 6, we obtain all these
results and more. But that system is easier to manipulate than what we have so far in
AD. Still, we have obtained some significant results! Perhaps you have heard from
your mother’s knee that a + b = b + a. But this is a sweeping general claim of
the sort that cannot ever have all its instances checked. We have derived it from the
Peano axioms. Of course, one might want to know about justifications for the Peano
axioms. But that is another story.

*E3.9.

E3.10.

Provide derivations to show each of T3.40, T3.41, T3.42, T3.43, T3.44,
T3.49, T3.50, T3.51, T3.52, T3.53, and T3.54. Hint: you may find the AD
Peano reference on p. 95 helpful.

For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

. A consequence in a some axiomatic logic of I', and then a consequence in

ADof T".

. An AD theorem of Peano arithmetic.

. Term z being free for variable x in formula 4 along with the restrictions on

A4 and Gen.
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Peano Arithmetic (AD)

PA ~(Sx = 0)

. Sx=8y) > (x=y)
(x+09)=x

(x4 Sy)=Sx+y)
.(xx0)=0

- (xx8y) =[(x xy) + x]

NPE AP — PE)] = VP

T Y N O N

T3.38 PF V(P — PE),PAL,, VxP  — Ind*
T3.39 PAF,, ~(St = 0)

T3.40 PAF,, (St =S3) > (1 = 3)

T3.41 PAF,, (t+0) = ¢

T3.42 PAF,, (1 + Ss) = S(¢ + 4)

T3.43 PAl,,, 4 x0) =0

T3.44 PAF,, (1 xS3) = [(¢ x 8) + 1]

T3.45 PAb,, (0 +1) =1

T3.46 PAF,, [(St+90) = St + 0)]

T3.47 PA &, [(St + s) = S(t + )]

T3.48 PAF,, [(1 + ) = (s +1)] — commutativity of addition
T3.49 PAE,, [( + 8) + 0) = (» + (s + 9))]
T3.50 PAF,, [((r+8)+ 1) =(++ (s +1))] — associativity of addition

T3.51 PA b, [0 x 1) = 0]
T3.52 PA k-, [(St x 0) = (( x 0) + 0)]
T3.53 PA b, [(St x 5) = (£ x ) + 3)]

T3.54 PAF,, [(t x3) = (6 x1t)] — commutativity of multiplication

If T3.nis of the sort (+ = 4), then T3.n*is (s = ).




Chapter 4

Semantics

Having introduced the grammar for our formal languages and even (if you did not
skip the last chapter) done derivations in them, we need to say something about
semantics — about the conditions under which their expressions are true and false.
In addition to logical validity from chapter 1 and validity in AD from chapter 3,
this will lead to a third, semantic notion of validity. Again, the discussion divides
into the relatively simple sentential case, and then the full quantificational version.
Recall that we are introducing formal languages in their “pure” form, apart from
associations with ordinary language. Having discussed, in this chapter, conditions
under which formal expressions are true and not, in the next chapter, we will finally
turn to translation, and so to ways formal expressions are associated with ordinary
ones.

4.1 Sentential

Let us say that any sentence in a sentential or quantificational language with no sub-
formula (other than itself) that is a sentence is basic. For a sentential language, basic
sentences are the sentence letters, for a sentence letter is precisely a sentence with
no subformula other than itself that is a sentence. In the quantificational case, basic
sentences may be more complex.' In this part, we treat basic sentences as atomic.
Our initial focus is on forms with just operators ~ and —. We begin with an ac-
count of the conditions under which sentences are true and not true, learn to apply
that account in arbitrary conditions, and turn to validity. The section concludes with
applications to our abbreviations, A, V, and <.

IThus the basic sentences of A A B are just the atomic subformulas 4 and B. But Fa A 3xGx,
say has atomic subformulas Fa and Gx, but basic parts Fa and IxGx.

96
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4.1.1 Interpretations and Truth

Sentences are true and false relative to an interpretation of basic sentences. In the
sentential case, the notion of an interpretation is particularly simple. For any formal
language &£, a sentential interpretation assigns a truth value frue or false, T or F, to
each of its basic sentences. Thus, for &£, we might have interpretations | and J,

A B ¢ D E F G H
T T T T T T T T
A)

A4 B ¢ D E F G H
T T F F T T F F

When a sentence < is T on an interpretation |, we write I[+4] = T, and when it is F,
we write, [[#] = F. Thus, in the above case, J[B] =T and J[C] =F.

Truth for complex sentences depends on truth and falsity for their parts. In par-
ticular, for any interpretation |,

ST (~) For any sentence P, I[~J] = T iff I[#?] = F; otherwise I[~J] = F.

(—) For any sentences # and @, I[(P — Q)] =Tiff [P]=ForI[@]=T (or
both); otherwise I[(# — @)] =F.

Thus a basic sentence is true or false depending on the interpretation. For complex
sentences, ~J is true iff & is not true; and (£ — @) is true iff &P is not true or @
is. (In the quantificational case, we will introduce a notion of satisfaction distinct
from truth. However, in the sentential case, satisfaction and truth are the same: An
arbitrary sentence # is satisfied on a sentential interpretation | iff it is true on I. So
definition ST is all we need.)

It is traditional to represent the information from ST(~) and ST(—) in the follow-
ing truth tables.

~P

9

T(~) T(—=)

n -
S

From ST(~), we have that if & is F then ~% is T; and if 2 is T then ~& is F. This is
just the way to read table T(~) from left-to-right in the bottom row, and then the top
row. Similarly, from ST(—), we have that  — @ is T in conditions represented by
the first, third and fourth rows of T(—). The only way for > — @ to be F is when
& is T and @ is F as in the second row.
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ST works recursively. Whether a basic sentence is true comes directly from the
interpretation; truth for other sentences depends on truth for their immediate subfor-
mulas — and can be read directly off the tables. As usual, we can use trees to see
how it works. Suppose I[A] =T, I[B]=F, and I[C] =F. Then I[~(A - ~B) — C]
=T.

AM B® c®  From |
~BM By T(~), row 2
(B) (A > ~B)D By T(—), row 1
~(4 — ~B)® By T(~), row 1

~(A - ~B) - c(M  ByT(—),row4

The basic tree is the same as to show that ~(4 — ~B) — C is a formula. From the
interpretation, A is T, B is F, and C is F. These are across the top. Since B is F, from
the bottom row of table T(~), ~B is T. Since A is T and ~B is T, reading across
the top row of the table T(—), A — ~B is T. And similarly, according to the tree,
for the rest. You should carefully follow each step. As we built the formula from its
parts to the whole, so now we calculate its truth from the parts to the whole.

Here is the same formula considered on another interpretation. Where interpre-
tation J is as on p. 97, J[~(A - ~B) - C] =F.

AM BM c®  FromJ
N 1G) By T(~), row 1
©) U4—->~B>® By T(—), row 2
~(4 — ~B)(™D By T(~), row 2

~(4 —> ~B) > C® By T(—),row2
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This time, for both applications of ST(—), the antecedent is T and the consequent
is F; thus we are working on the second row of table T(—), and the conditionals
evaluate to F. Again, you should follow each step in the tree.

E4.1. Where the interpretation is as J from p. 97, with J[A] = T, J[B] = T and
J[C] = F, use trees to decide whether the following sentences of £, are T or

F.
*a. ~A b. ~~C
c. A= C d C -4
*e. ~(A — A) . (~A — A)
g. ~(A—->~C)—>C h. (~4—->C)—C
*. (A > ~B) > ~(B —> ~A) j. ~(B > ~A) - (A — ~B)

4.1.2 Arbitrary Interpretations

Sentences are true and false relative to an interpretation. But whether an argument
is semantically valid depends on truth and falsity relative to every interpretation. As
a first step toward determining semantic validity, in this section, we generalize the
method of the last section to calculate truth values relative to arbitrary interpretations.

First, any complex sentence has a finite number of basic sentences as compo-
nents. It is thus possible simply to list all the possible interpretations of those basic
sentences. If an expression has just one basic sentence <, then on any interpretation
whatsoever, that basic sentence must be T or F.

A
(D) T
F

If an expression has basic sentences 4 and 8, then the possible interpretations of its
basic sentences are,

A B

(E)

mm— A
M-

B can take its possible values, T and F when 4 is true, and B can take its possible
values, T and F when # is false. And similarly, every time we add a basic sentence,
we double the number of possible interpretations, so that n basic sentences always
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have 2" possible interpretations. Thus the possible interpretations for three and four
basic sentences are,

A BED

TTTT

TTTF

TTFT

A B € TTFF
TTT TFTT
TTF TFTF
TFT TFFT
(F) T FF (G) TFFF
FTT FTTT
FTEF FTTF
FFT FTFT
FFF FTFF
FFTT

FFTF

FFFT

FFFF

Extra horizontal lines are added purely for visual convenience. There are 8 = 23
combinations with three basic sentences and 16 = 2* combinations with four. In
general, to write down all the possible combinations for n basic sentences, begin by
finding the total number r = 2" of combinations or rows. Then write down a column
with half that many (r/2) Ts and half that many (r/2) Fs; then a column alternating
half again as many (r/4) Ts and Fs; and a column alternating half again as many
(r/8) Ts and Fs — continuing to the n™ column alternating groups of just one T and
one F. Thus, for example, with four basic sentences, r = 2* = 16; so we begin with
a column consisting of ¥/2 = 8 Ts and r/2 = 8 Fs; this is followed by a column
alternating groups of 4 Ts and 4 Fs, a column alternating groups of 2 Ts and 2 Fs,
and a column alternating groups of 1 T and 1 F. And similarly in other cases.

Given an expression involving, say, four basic sentences, we could imagine doing
trees for each of the 16 possible interpretations. But, to exhibit truth values for each
of the possible interpretations, we can reduce the amount of work a bit — or at least
represent it in a relatively compact form. Suppose I[A] =T, [[B] =F, and I[[C] =F,
and consider a tree as in (B) from above, along with a “compressed” version of the
same information.
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AM B c®

~BM

ABC|~(4—>~B)—>C
TFFIFTTTF TF

H) @A—-~BD

~(A - NB)(F)

~(4— ~B)— D

In the table on the right, we begin by simply listing the interpretation we will consider
in the lefthand part: Ais T, B is F and C is F. Then, under each basic sentence, we put
its truth value, and for each formula, we list its truth value under its main operator.
Notice that the calculation must proceed precisely as it does in the tree. It is because
B is F, that we put T under the second ~. It is because A is T and ~B is T that we
put a T under the first —. It is because (A — ~B) is T that we put F under the
first ~. And it is because ~(A — ~B) is F and C is F that we put a T under the
second —. In effect, then, we work “down” through the tree, only in this compressed
form. We might think of truth values from the tree as “squished” up into the one row.
Because there is a T under its main operator, we conclude that the whole formula,
~(A — ~B) —> CisTwhenl[A] =T, I[B]=F, and I[C] =F. In this way, we might
conveniently calculate and represent the truth value of ~(4 — ~B) — C for all
eight of the possible interpretations of its basic sentences.

ABC|~(A—- ~B)—>C
TTT|TTFFT TT
TTF|TTFFT FF
TFTIFTTTF TT
D TFF/FTTTF TF
FTT|FFTFT TT
FTFIFFTFT TF
FFT|IFFTTF TT
FFFIFFTTF TF

The emphasized column under the second — indicates the truth value of ~(A4 —
~B) — C for each of the interpretations on the left — which is to say, for every
possible interpretation of the three basic sentences. So the only way for ~(4 —
~B) — C tobe Fis for C to be F, and A and B to be T. Our above tree (H)
represents just the fourth row of this table.
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In practice, it is easiest to work these truth tables “vertically.” For this, begin
with the basic sentences in some standard order along with all their possible inter-
pretations in the left-hand column. For &£; let the standard order be alphanumeric
(A,A1,A2...,B,B1,B>...,C...). And repeat truth values for basic sentences
under their occurrences in the formula (this is not crucial, since truth values for basic
sentences are already listed on the left; it will be up to you whether to repeat values
for basic sentences). This is done in table (J) below.

=

C|~(A—->~B)—>C
T T T

~(A—->~B)—>C

T FT
FT
TF
TF

FT
FT
TF
TF

() (K)

e e B B I R R B S
i B AR s B B R
4T d4|{mdm-d
mi i e B IR R I - N
e B B e s B s B B e
e B B e B B B R

b e e A R I IR |
i A A I e i 1 R |
B e e B N e 1 B B 1 |
b A e B s R A B B |
MAM—A|m AT

n

Now, given the values for B as in (J), we are in a position to calculate the values for
~B; so get the T(~) table in you mind, put your eye on the column under B in the
formula (or on the left if you have decided not to repeat the values for B under its
occurrence in the formula). Then fill in the column under the second ~, reversing the
values from under B. This is accomplished in (K). Given the values for A and ~B,
we are now in a position to calculate values for A — ~B; so get the T(—) table in
your head, and put your eye on the columns under A and ~ B. Then fill in the column

It is worth asking what happens if basic sentences are listed in some order other
than alphanumeric.

A B B A

1 ; i IT: All the combinations are still listed, but their locations in a
ET > £ 1 table change.

FF FF

Each of the above tables list all of the combinations for the basic sentences. But
the first table has the interpretation | with I[[A] = T and I[B] = F in the second
row, where the second table has this combination in the third. Similarly, the
tables exchange rows for the interpretation J with J[A] =F and J[B] = T. As it
turns out, the only real consequence of switching rows is that it becomes difficult
to compare tables as, for example, with the back of the book. And it may matter
as part of the standard of correctness for exercises!
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under the first —, going with F only when A is T and ~ B is F. This is accomplished
in (L).

ABC|~(A—~B)—C ABC|~(A—>~B)—>C
TTT| TFFT T TTTITTFFT T
TTF| TFFT F TTFITTFFT F
TFT| TTTF T TFTIFTTTF T

Ly TFF| TTTF F M) TFFIFTTTF F
FTT| FTFT T FTTIFFTFT T
FTF| FTFT F FTFIFFTFT F
FFT| FTTF T FFTIFFTTF T
FFF| FTTF F FFFIFFTTF F

Now we are ready to fill in the column under the first ~. So get the T(~) table in your
head, and put your eye on the column under the first —. The column is completed in
table (M). And the table is finished as in (I) by completing the column under the last
—, based on the columns under the first ~ and under the C. Notice again, that the
order in which you work the columns exactly parallels the order from the tree.

As another example, consider these tables for ~(B — A), the first with truth
values repeated under basic sentences, the second without.

AB|~(B - A) AB|~(B - A)

TTIFTTT T
(N) TFIFFETT O) T
FT|T TFF F
FFIF FTF T

We complete the table as before. First, with our eye on the columns under B and
A, we fill in the column under —. Then, with our eye on that column, we complete
the one under ~. For this, first, notice that ~ is the main operator. You would not
calculate ~B and then the arrow! Rather, your calculations move from the smaller
parts to the larger; so the arrow comes first and then the tilde. Again, the order is the
same as on a tree. Second, if you do not repeat values for basic formulas, be careful
about B — A; the leftmost column of table (O), under A, is the column for the
consequent and the column immediately to its right, under B, is for the antecedent;
in this case, then, the second row under arrow is T and the third is F. Though it is fine
to omit columns under basic sentences, as they are already filled in on the left side,
you should not skip other columns, as they are essential building blocks for the final
result.

E4.2. For each of the following sentences of £, construct a truth table to determine
its truth value for each of the possible interpretations of its basic sentences.

*a., ~~A
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b. ~(4 — A)
c. (~A > A)
#d, (~B > A) > B
e. ~(B—> ~A) > B
f. (A > ~B) = ~(B — ~A)
9. C — (A > B)
h. [A = (C = B)] > [(A > C) = (4 - B)]
#i. (~4 — B) - (~C — D)

j. ~(A —> ~B) > ~(C - ~D)

4.1.3 Validity

As we have seen, sentences are true and false relative to an interpretation. For any
interpretation, a complex sentence has some definite value. But whether an argu-
ment is sententially valid depends on truth and falsity relative to every interpretation.
Suppose a formal argument has premises & . .. $, and conclusion @. Then,

P1 ... Pn sententially entail @ (Py ... Py E @) iff there is no sentential inter-
pretation | such that I[#?;] = T and ...and I[,] = T but I[@] = F.

We can put this more generally as follows. Suppose I' (Gamma) is a set of formulas,
and say I[I"] = Tiff I[#] =T for each & in I". Then,

SV T sententially entails @ (I' F, @) iff there is no sentential interpretation | such
that [[['] =T but I[@] = F.

Where the members of I" are P ... 5, this says the same thing as before. I" senten-
tially entails @ when there is no sentential interpretation that makes each member of
I' true and @ false. If I sententially entails @ we say the argument whose premises
are the members of I and conclusion is @ is sententially valid. T does not senten-
tially entail @ (I' ¥ @) when there is some sentential interpretation on which all the
members of I' are true, but @ is false. We can think of the premises as constrain-
ing the interpretations that matter: for validity it is just the interpretations where the
members of I are all true, on which the conclusion @ cannot be false. If I" has no
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members then there are no constraints on relevant interpretations, and the conclusion
must be true on every interpretation in order for it to be valid. In this case, listing all
the members of I' individually, we simply write £ @, and if @ is valid, @ is logi-
cally true (a tautology). Notice the new double turnstile F for this semantic notion,
in contrast to the single turnstile - for derivations from chapter 3.

Given that we are already in a position to exhibit truth values for arbitrary in-
terpretations, it is a simple matter to determine whether an argument is sententially
valid. Where the premises and conclusion of an argument include basic sentences
B; ... By, begin by calculating the truth values of the premises and conclusion for
each of the possible interpretations for B; ... B,. Then look to see if any interpreta-
tion makes all the premises true but the conclusion false. If no interpretation makes
the premises true and the conclusion not, then by SV, the argument is sententially
valid. If some interpretation does make the premises true and the conclusion false,
then it is not valid.

Thus, for example, suppose we want to know whether the following argument is
sententially valid.

(~A— B)—>C
P) B

C
By SV, the question is whether there is an interpretation that makes the premises
true and the conclusion not. So we begin by calculating the values of the premises

and conclusion for each of the possible interpretations of the basic sentences in the
premises and conclusion.

ABC|(~A—-B)—-C B/C
TTT|FTTT TT T T
TTF|FTTT FF T F
TFT| FTTF TT F T
TFF|FTTF FF F F
FTT| TFTT TT T T
FTF|TFETT FF T F
FFT|TFFF TT F T
FFF|TFFF TF F F

Now we simply look to see whether any interpretation makes all the premises true
but the conclusion not. Interpretations represented by the top row, ones that make A4,
B, and C all T, do not make the premises true and the conclusion not, because both
the premises and the conclusion come out true. In the second row, the conclusion is
false, but the first premise is false as well; so not all the premises are true and the
conclusion is false. In the third row, we do not have either all the premises true or the
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conclusion false. In the fourth row, though the conclusion is false, the premises are
not true. In the fifth row, the premises are true, but the conclusion is not false. In the
sixth row, the first premise is not true, and in the seventh and eighth rows, the second
premise is not true. So no interpretation makes the premises true and the conclusion
false. Soby SV, (~4 — B) — C, B E. C. Notice that the only column that matters
for a complex formula is the one under its main operator — the one that gives the
value of the sentence for each of the interpretations; the other columns exist only to
support the calculation of the value of the whole.
In contrast, ~[(B — A) — B] ¥ ~(A — B). That is, an argument with
premise, ~[(B — A) — B] and conclusion ~(A — B) is not sententially valid.
AB|~[(B—> A) — B] | ~(A— B)
TTIF TTT TT FTTT

Q) TF|T FTT FF TTFF
FTIF TFF TT FFTT
FFIT FTF FF FFTF &

In the first row, the premise is F. In the second, the conclusion is T. In the third,
the premise is F. However, in the last, the premise is T, and the conclusion is F. So
there are interpretations (any interpretation that makes A and B both F) that make the
premise T and the conclusion not true. Soby SV, ~[(B — A) — B] ¥ ~(A — B),
and the argument is not sententially valid. All it takes is one interpretation that makes
all the premises T and the conclusion F to render an argument not sententially valid.
Of course, there might be more than one, but one is enough!

As a final example, consider table (I) for ~(A — ~B) — C on p. 101 above.
From the table, there is an interpretation where the sentence is not true. Thus, by
SV, K ~(A - ~B) — C. A sentence is valid only when it is true on every
interpretation. Since there is an interpretation on which it is not true, the sentence is
not valid (not a logical truth).

Since all it takes to demonstrate invalidity is one interpretation on which all the
premises are true and the conclusion is false, we do not actually need an entire table to
demonstrate invalidity. You may decide to produce a whole truth table in order to find
an interpretation to demonstrate invalidity. But we can sometimes work “backward”
from what we are trying to show to an interpretation that does the job. Thus, for
example, to find the result from table (Q), we need an interpretation on which the
premise is T and the conclusion is F. That is, we need a row like this,

AB|~[(B—> A) — B] | ~(A— B)

T F

(R)

In order for the premise to be T, the conditional in the brackets must be F. And in
order for the conclusion to be F, the conditional must be T. So we can fill in this
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much.

AB|~[(B— A) — B] /| ~(A— B
S) [~[(B > 4) > B] | ~(4— B)

T F F T

Since there are three ways for an arrow to be T, there is not much to be done with the
conclusion. But since the conditional in the premise is F, we know that its antecedent
is T and consequent is F. So we have,
AB|~[(B—>A4) > B] /| ~(A—>B)

T T FF F T

()

That is, if the conditional in the brackets is F, then (B — A) is T and B is F. But now
we can fill in the information about B wherever it occurs. The result is as follows.
AB|~[(B—>A) —> Bl | ~(A— B)

)
FIT FT FF F TF

Since the first B in the premise is F, the first conditional in the premise is T irrespec-
tive of the assignment to A. But, with B false, the only way for the conditional in the
argument’s conclusion to be T is for A to be false as well. The result is our completed
row.

AB|~[(B—>A) - B] | ~(A— B)

V)
FFIT FTF FF FFTF

And we have recovered the row that demonstrates invalidity — without doing the
entire table. In this case, the full table had only four rows, and we might just as
well have done the whole thing. However, when there are many rows, this “shortcut”
approach can be attractive. A disadvantage is that sometimes it is not obvious just
how to proceed. In this example each stage led to the next. At stage (S), there were
three ways to make the conclusion true. We were able to proceed insofar as the
premise forced the next step. But it might have been that neither the premise nor the
conclusion forced a definite next stage. In this sort of case, you might decide to do
the whole table, just so that you can grapple with all the different combinations in an
orderly way.

Notice what happens when we try this approach with an argument that is not
invalid. Returning to argument (P) above, suppose we try to find a row where the
premises are T and the conclusion is F. That is, we set out to find a row like this,

ABC|(~A—->B)—-C B/C
(W)
T T F

Immediately, we are in a position to fill in values for B and C.

ABC|(~4—>B) —>C BI/C

X
(X) TF| T TF T F
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Since the first premise is a true arrow with a false consequent, its antecedent (~A4 —
B) must be F. But this requires that ~A be T and that B be F.

ABC|(~A—>B)—>C BI/C

(Y)
TF|T FFTTF T F

And there is no way to set B to F, as we have already seen that it has to be T in order
to keep the second premise true — and no interpretation makes B both T and F. At
this stage, we know, in our hearts, that there is no way to make both of the premises
true and the conclusion false. In Part IT we will turn this knowledge into an official
mode of reasoning for validity. However, for now, let us consider a single row of a
truth table (or a marked row of a full table) sufficient to demonstrate invalidity, but
require a full table, exhibiting all the options, to show that an argument is sententially
valid.

You may encounter odd situations where premises are never T, where conclusions
are never F, or whatever. But if you stick to the definition, always asking whether
there is any interpretation of the basic sentences that makes all the premises T and
the conclusion F, all will be well.

E4.3. For each of the following, use truth tables to decide whether the entailment
claims hold. Notice that a couple of the tables are already done from E4.2.

o, A > ~AFE ~A

b. ~A—> AE ~A4

*c. A—> B,~AE ~B

d A—>B,~BE ~A4

e. ~(A—>~B)E B

f. EC - (4— B)

¢ E[4—(C— B)] - [(4— C) > (4 B)]

h. (A— B) > ~(B— A),~A,~BE ~(C = ()

i [A—-~B—->~C),[B—-(~C—>D)]EA—~(B—~D)

j. ~[(A—>~(B —-~C)) > D], ~D—->AEC
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4.1.4 Abbreviations

We turn, finally to applications for our abbreviations. Consider, first, a truth table for
P v @, that is for ~P — Q.

T(V) so that

O m

When P isTand @is T, PVv@is T, when P isTand @QisF, P v@is T; and
so forth. Thus, when & is T and @ is T, we know that & v @ is T, without going
through all the steps to get there in the unabbreviated form. Just as when £ is a
formula and @ is a formula, we move directly to the conclusion that # v @ is a
formula without explicitly working all the intervening steps, so if we know the truth
value of & and the truth value of @, we can move in a tree by the above table to the
truth value of # v @ without all the intervening steps. And similarly for the other
abbreviating sentential operators. For A,

P A~ (P - ~Q
TT|T TFFT
T(N) TF|IF TTTF so that
FT|F FTFT
FF|IF FTTF
PA~(P = Q) > ~(@Q > P)
TT|T TTT FFTTT
T(<) TFIF TFF TFFTT so that
FTIF FTT TT TFF
FFIT FTF FF FTF

As a help toward remembering these tables, notice that ” v @ is F only when & is F
and @ isF; P A @ is Tonly when # is T and @ is T; and < @ is T only when &
and @ are the same and F when & and @ are different. We can think of these clauses
as representing derived clauses T'(\/), T'(A), and T'(<>) to the definition for truth.

And nothing prevents direct application of the derived tables in trees. Suppose,
for example, I[A] =T, [[B]=F,and I[C]=T. Then I[(B — A) < [(AA B) v ~C]
=F.
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There are a couple of different ways tables for our operators can be understood:
First, as we shall see in Part III, it is possible to take tables for operators other
than ~ and — as basic, say, just T(~) and T(V), or just T(~) and T(A), and
then abbreviate — in terms of them. Challenge: What expression involving just
~ and V has the same table as —? what expression involving just ~ and A?
Another option is to introduce all five as basic. Then the task is not showing that
the table for v is TTTF — that is given; rather we simply notice that & v @, say,
is redundant with ~% — @. Again, our approach with ~ and — basic has the
advantage of preserving relative simplicity in the basic language (though other
minimal approaches would do so as well).

B® AM AM B® cM  From |
(B — 4)™M (A B)® ~C®  T(=); T/(A), row 2; T(~)
@) ~o
[(AAB)v~C]P T/(V), row 4
(B— A) < [(AAB) v ~C]® T/ (<>), row 2

We might get the same result by working through the full tree for the unabbreviated
form. But there is no need. When A is T and B is F, we know that (A A B) is F;
when (A A B) is F and ~C is F, we know that [(A A B) v C] is F; and so forth. Thus
we move through the tree directly by the derived tables.

Similarly, we can work directly with abbreviated forms in truth tables.

ABC|(B > A4) < [(AAB) VvV ~C]
TTT|TTT T TTT TFT
TTF| TTT T TTT TTF
TFT|FTT F TFF FFT
(AA) TFF|FTT T TFF TTF
FTT| TFF T FFT FFT
FTF| TFF F FFT TTF
FFT|FTF F FFF FFT
FFF|FTF T FFF TTF

Tree (Z) represents just the third row of this table. As before, we construct the table
“vertically,” with tables for abbreviating operators in mind as appropriate.

Finally, given that we have tables for abbreviated forms, we can use them for
evaluation of arguments with abbreviated forms. Thus, for example, 4 <> B, A E
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AN B.
AB|(A< B) A/ (AAB)
TT|ITTT T TTT
(AB) TF|TFF T TFF
FT|FFT F FFT
FF|FTF F FFF

There is no row where each of the premises is true and the conclusion is false. So the
argument is sententially valid. And, from either of the following rows,
ABCD|[(B— A A(~CVD)] [(A<~D)A(~D— B)] /B
(AC) FFTT| FTF T FTTT FTFT T FTTF F
FFFT| FTF T TFTT FTFT T FTTF F
we may conclude that [(B — A)A(~C Vv D)), [(A <> ~D)A(~D — B)] K B. In
this case, the shortcut table is attractive relative to the full version with sixteen rows!

E4.4. For each of the following, use truth tables to decide whether the entailment
claims hold.

a. EAv~A

b. Ao [~4 (AAN~A)),A—>~(A AE~A—> A
*c. BV~CE B —C
“d. AV B,~C — ~A,~(BA~C)E C

e. A>-(BVvC(C),C < B,~CE~A

f. ~(AN~B)E ~AV B

g ANB—-C)E(AAB)V(ANC)
*h. E ~(4 < B) < (AA~B)

i AV(BA~C),~(~BVC)—>~AE ~4 < ~(CV~B)

j. AVB,~D > (CVAE B < ~C

E4.5. For each of the following, use truth tables to decide whether the entailment
claims hold. Hint: the trick here is to identify the basic sentences. After that,
everything proceeds in the usual way with truth values assigned to the basic
sentences.
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Semantics Quick Reference (Sentential)

For any formal language £, a sentential interpretation assigns a truth value true or
false, T or F, to each of its basic sentences. Then for any interpretation |,

ST (~) For any sentence &, I[~&] = T iff I[] = F; otherwise I[~&] = F.

(—) For any sentences & and @, I[(# — Q)] =Tiff [P]=Forl[@]=T
(or both); otherwise I[(# — @)] =F.

And for abbreviated expressions,

ST" (A) For any sentences & and @, I[(P A Q)] =Tiff [P]=Tand I[Q]=T;
otherwise I[(P A @)] =F.

(Vv) For any sentences & and @, I[(P v @) =Tiff I[P]=Torl[@]=T
(or both); otherwise I[(# Vv @)] =F.

(«>) For any sentences & and @, I[(P < Q)] =Tiff [[P] = 1[@]; otherwise
(P < @)]=F.

If I' (Gamma) is a set of formulas, I[I'] = T iff I[#] = T for each & in I". Then,
where the members of I' are the formal premises of an argument, and sentence 5
is its conclusion,

SV T sententially entails P iff there is no sentential interpretation | such that
[[']=Tbutl[P]=F.

We treat a single row of a truth table (or a marked row of a full table) as sufficient
to demonstrate invalidity, but require a full table, exhibiting all the options, to show
that an argument is sententially valid.

*a. IxAx — IxBx, ~IxAx E IxBx

b. VxAx — ~3x(Ax AVyBy),Ix(Ax AVyBy) E ~VxAx

E4.6. For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.
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a. Sentential interpretations and truth for complex sentences.

b. Sentential validity.

4.2 Quantificational

Semantics for the quantificational case work along the same lines as the sentential
one. Sentences are true or false relative to an interpretation; arguments are seman-
tically valid when there is no interpretation on which the premises are true and the
conclusion is not. But, corresponding to differences between sentential and quan-
tificational languages, the notion of an interpretation differs. And we introduce a
preliminary notion of a ferm assignment, along with a preliminary notion of satis-
faction distinct from truth, before we get to truth and validity. Certain issues are put
off for chapter 7 at the start of Part II. However, we should be able to do enough to
see how the definitions work. This time, we will say a bit more about connections to
English, though it remains important to see the definitions for what they are, and we
leave official discussion of translation to the next chapter.

4.2.1 Interpretations

Given a quantificational language £, formulas are true relative to a quantificational
interpretation. As in the sentential case, languages do not come associated with
any interpretation. Rather, a language consists of symbols which may be interpreted
in different ways. In the sentential case, interpretations assigned T or F to basic
sentences — and the assignments were made in arbitrary ways. Now assignments
are more complex, but remain arbitrary. In general,

QI A quantificational interpretation | of language £, consists of a nonempty set
U, the universe of the interpretation, along with,
(s) An assignment of a truth value I[$] to each sentence letter § of £.
(c) An assignment of a member I[c] of U to each constant symbol ¢ of £.

(r) An assignment of an n-place relation I[R"] on U to each n-place relation
symbol R" of &£, where I[=] is always assigned {(0,0) | 0 € U}.

(f) An assignment of a total n-place function I[#"] from U" to U, to each
n-place function symbol 4" of £.

The notions of a function and a relation come from set theory, for which you might
want to check out the set theory summary on p. 114. Conceived literally and mathe-
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Basic Notions of Set Theory

I

IL.

I1I.

Iv.

A set is a thing that may have other things as elements or members. If m is
a member of set s we write m € s. One set is identical to another iff their
members are the same — so order is irrelevant. The members of a set may
be specified by list: {Sally, Bob, Jim}, or by membership condition: {o | 0 is
a student at CSUSB}; read, ‘the set of all objects o such that o is a student
at CSUSB’. Since sets are things, nothing prevents a set with other sets as
members.

Like a set, an n-tuple is a thing with other things as elements or members.
For any integer n, an n-tuple has n elements, where order matters. 2-tuples
are frequently referred to as “pairs.” An n-tuple may be specified by list:
(Sally, Bob, Jim), or by membership condition, ‘the first 5 people (taken in
order) in line at the Bursar’s window’. Nothing prevents sets of n-tuples, as
{{m, n) | m loves n}; read, ‘the set of all m/n pairs such that the first member
loves the second’. 1-tuples are frequently equated with their members. So,
depending on context, {Sally, Bob, Jim} may be {(Sally), (Bob), (Jim)}.

Set r is a subset of set s iff any member of r is also a member of s. If r is
a subset of s we write r € S. ris a proper subset of s (r C s)iff r C s
but r # s. Thus, for example, the subsets of {m, n, o} are {}, {m}, {n}, {0},
{m,n}, {m, o}, {n, 0}, and {m, n,0}. All but {m,n, o} are proper subsets of
{m, n, o}. Notice that the empty set is a subset of any set s, for it is sure to be
the case that any member of it is also a member of s.

The union of sets r and s is the set of all objects that are members of r or
s. Thus, if r = {m,n} and s = {n, o}, then the union of rand s, (rU s) =
{m,n,o0}. Given a larger collection of sets, s, S»...the union of them all,
Us1, s2... is the set of all objects that are members of sy, or sp, or ....
Similarly, the intersection of sets r and s is the set of all objects that are
members of r and s. Thus the intersection of r and s, (r N's) = {n}, and
(s1, S2. .. is the set of all objects that are members of s1, and sp, and ...

Let s" be the set of all n-tuples formed from members of s. Then an n-place
relation on set s is any subset of s". Thus, for example, {(m, n) | m is married
to n} is a subset of the pairs of people, and so is a 2-place relation on the set of
people. An n-place function from r" to s is a set of pairs whose first member
is an element of r" and whose second member is an element of s — where
no member of 1" is paired with more than one member of s. Thus ({1, 1), 2)
and ((1,2),3) might be members of an addition function. ((I,1),2) and
({1, 1), 3) could not be members of the same function. A total function from
r" to s is one that pairs each member of r" with some member of s. We think
of the first element of these pairs as an input, and the second as the function’s
output for that input. Thus if ((m,n), o) € f we say f(m,n) = o.
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matically, these assignments are themselves functions from symbols in the language
£ to objects. Each sentence letter is associated with a truth value, T or F — this
is no different than before. Each constant symbol is associated with some element
of U. Each n-place relation symbol is associated with a subset of U" — with a set
whose members are of the sort (as...a,) where as...an are elements of U. And
each n-place function symbol is associated with a set whose members are of the sort
({(a...an),b) where a; .. .a, and b are elements of U. And where U = {a,b,c...},
I[=] is {{(a,a), (b, b}, (c,c),...}. Notice that U may be any non-empty set, and so
need not be countable. Any such assignments count as a quantificational interpreta-
tion.

Intuitively, the universe contains whatever objects are under consideration in a
given context. Thus one may ask whether “everyone” understands the notion of
an interpretation, and have in mind some limited collection of individuals — not
literally everyone. Constant symbols work like proper names: Constant symbol «a
names the object I[a] with which it is associated. So, for example, in &; we might
set I[b] to Bill, and I[4] to Hillary. Relation symbols are interpreted like predicates:
Relation symbol (R" applies to the n-tuples with which it is associated. Thus, in &£q
where U is the set of all people, we might set I[H '] to {o | o is happy},” and I[L?]
to {{m,n) | m loves n}. Then if Bill is happy, H applies to Bill, and if Bill loves
Hillary, L applies to (Bill, Hillary), though if she is mad enough, L might not apply
to (Hillary, Bill). Function symbols are used to pick out one object by means of
other(s). Thus, when we say that Bill’s father is happy, we pick out an object (the
father) by means of another (Bill). Similarly, function symbols are like “oblique”
names which pick out objects in response to inputs. Such behavior is commonplace
in mathematics when we say, for example that 3 + 3 is even — and we are talking
about 6. Thus we might assign {(m, n) | n is the father of m} to one-place function
symbol f and {({m,n}, o) | m plus n = o} to two-place function symbol p.

For some examples of interpretations, let us return to the language £3; from
section 2.2.5 on p. 63. Recall that £ includes just constant symbol @; two-place re-
lation symbols <, =; one-place function symbol S; and two-place function symbols
x and 4. Given these symbols, terms and formulas are generated in the usual way.
Where N is the set {0, 1,2. ..} of natural numbers® and the successor of any integer
is the integer after it, the standard interpretation N1 for &£ has universe N with,

20r {{0) | 0 is happy }. As mentioned in the set theory guide, one-tuples are collapsed into their
members.

3There is a problem of terminology: Strangely, many texts for elementary and high school mathe-
matics exclude zero from the natural numbers, where most higher-level texts do not. We take the latter
course.
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N1 N1[g] = 0
N1[<] = {{(m,n) | m,n € N, and m is less than n}
N1[S] = {{m,n) | m,n € N, and n is the successor of m}
N1[+] = {{{m,n),0) | m,n,0 € N, and m plus n equals o}
N1[x] = {{{m,n}),0) | m,n,0 € NV, and m times n equals o}

where it is automatic from QI that N1[=] is {{1, 1), (2,2), (3, 3)...}. The standard
interpretation N of the minimal language £yr which omits the < symbol is like N1
but without the interpretation of <. These definitions work just as we expect. Thus,
for example,

N1[S] = {(0,1).(1,2),(2,3) ...}
(AD) N1[<] = {(0,1),{0,2),(0,3),...{1,2),(1,3) ..}
N1[+] = {((0,0),0), ({0, 1), 1), ({0, 2),2),... ((1,0),0), {(1.1),2),.. .}

The standard interpretation represents the way you have understood these symbols
since grade school.

But there is nothing sacred about this interpretation. Thus, for example, we might
introduce an | with U = {Bill, Hill} and,

| I[0] = Bill
[<] = {(Hill, Hill), (Hill, Bill)}
I[S] = {(Bill, Bill), (Hill, Hill)}
[
[

[+] = {((Bill, Bill), Bill), ((Bill, Hill), Bill), ((Hill, Bill), Hill), ((Hill, Hill), Hill)}

(
I[x] = {((Bill, Bill), Hill), ((Bill, Hill), Bill), ((Hill, Bill), Bill), ((Hill, Hill), Bill)}

This assigns a member of the universe to the constant symbol; a set of pairs to the
two-place relation symbol (where the interpretation of = is automatic); a total 1-place
function to .S, and total 2-place functions to x and +. So it counts as an interpretation
of £

It is frequently convenient to link assignments with bits of (relatively) ordinary
language. This is a key to translation, as explored in the next chapter! But there is
no requirement that we link up with ordinary language. All that is required is that we
assign a member of U to the constant symbol, a subset of U? to the 2-place relation
symbol, and a total function from U" to U to each n-place function symbol. That is
all that is required — and nothing beyond that is required in order to say what the
function and predicate symbols “mean.” So | counts as a legitimate (though non-
standard) interpretation of £g. With a language like &4 it is not always possible to
specify assignments for all the symbols in the language. Even so, we can specify
a partial interpretation — an interpretation for the symbols that matter in a given
context.
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E4.7. Suppose Bill and Hill have another child and (for reasons known only to
them) name him Dill. Where U = {Bill, Hill, Dill}, give another interpretation
J for £ Arrange your interpretation so that: (i) J[@] # Bill; (ii) there are
exactly five pairs in J[<]); and (iii) for any m, ((m, Bill), Dill) and ((Bill,
m), Dill) are in J[+]. Include J[=] in your account. Hint: a two-place total
function on a three-member universe should have 3> = 9 members.

4.2.2 Term Assignments

For some language £, say U = {0 | 0 is a person}, one-place predicate H is assigned
the set of happy people, and constant b is assigned Bill. Perhaps H applies to Bill. In
this case, Hb comes out true. Intuitively, however, we cannot say that H x is either
true or false on this interpretation, precisely because there is no particular individual
that x picks out — we do not know who is supposed to be happy. However we will be
able to say that H x is satisfied or not when the interpretation is supplemented with a
variable (designation) assignment d associating each variable with some individual
in U.

Given a language £ and interpretation I, a variable assignment d is a total func-
tion from the variables of &£ to objects in the universe U. Conceived pictorially, where
U ={01,02...},d and h are variable assignments.

|
01 072 03 04 O35 O¢6 07 0g
H i J k [ m n 0 )4
\ e \J ) \J \J \J
01 (o)) 03 O4 Oj5 O¢ 07 0g

If d assigns o to x we write d[x] = 0. So d[k] = 03 and h[k] = 0. Observe that the
total function from variables to things assigns some element of U to every variable
of &£. But this leaves room for one thing assigned to different variables, and things
assigned to no variable at all. For any assignment d, d(x|0) is the assignment that is
just like d except that x is assigned to 0. Thus, d(k|o2) = h. Similarly,
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d(k|os, llos) = h(l|os) = k. Of course, if some d already has x assigned to o, then
d(x|o) is just d. Thus, for example, k(i |o1) is just k itself. We will be willing to say
that H x is satisfied or not satisfied relative to an interpretation supplemented by a
variable assignment. But before we get to satisfaction, we need the general notion of
a term assignment.

In general, a term contributes to a formula by picking out some member of the
universe U — terms act something like names. We have seen that an interpretation
| assigns a member I[c] of U to each constant symbol ¢. And a variable assign-
ment d assigns a member d[x] to each variable x. But these are assignments just
to “basic” terms. An interpretation assigns to function symbols, not members of
U, but certain complex sets. Still an interpretation | supplemented by a variable as-
signment d, is sufficient to associate a member lg[¢] of U with any term ¢ of £.
Where ({(a;...an),b) € I[A"], let I[A"](ay...a,) = b; that is, I[A"](a;...a,) is
the thing the function I[4"] associates with input (as...an). Thus, for example,
N1[+](1,1) = 2 and I[+](Bill, Hill) = Bill. Then for any interpretation |, variable
assignment d, and term £,

TA (c) If ¢ is a constant, then Ig[c] = I[c].
(v) If x is a variable, then Ig[x] = d[x].

(f) If A" is a function symbol and 7 ... 1, are terms, then l4[A" 21 ... 4] =
I[A" [ (lg[21] . . . la[2n])-

The first two clauses take over assignments to constants and variables from | and d.
The last clause is parallel to the one by which terms are formed. The assignment
to a complex term depends on assignments to the terms that are its parts, with the
interpretation of the relevant function symbol. Again, the definition is recursive, and
we can see how it works on a tree — in this case, one with the very same shape as
the one by which we see that an expression is in fact a term. Say the interpretation of
£5tis | as above, and d[x] = Hill; then I4[S(Sx + @)] = Hill.

S [Hill] @IBilll By TA(v) and TA(c)
S x [Hill] With the input, since (Hill, Hill) € I[S], by TA(f)
(AE)
(Sx + @)Hill With the inputs, since ((Hill, Bill), Hill) € I[+], by TA(f)

S(Sx + @)Hilll With the input, since (Hill, Hill) € I[S], by TA(f)
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As usual, basic elements occur in the top row. Other elements are fixed by ones that
come before. The hard part about definition TA is just reading clause (f). It is perhaps
easier to apply in practice than to read. For a complex term, assignments to terms
that are the parts, together with the assignment to the function symbol determine the
assignment to the whole. And this is just what clause (f) says. For practice, convince
yourself that lycguy [S(Sx + @)] = Bill, and where N1 is as above and d[x] = 1,
N14[S(Sx + 9)] = 3.

E4.8. For £3;and interpretation N1 as above on p. 115, let d include,

w X y z

d | I I
1 2 3 4

and use trees to determine each of the following.
*a. Nlg[+xS?]
b. Nlg[x + (SS9 x x)]
c. Nlglw x S@ + (y x S§S52))]
*d. Nlgeea[x + (S50 x x)]

e. Nld(x|1,w|2)[S(x X (S@ + SlU))]

E4.9. For £ and interpretation | as above on p. 116, let d include,

w X y z

A
Bill Hill Hill Hill

and use trees to determine each of the following.
*a. lq[+xS9]
b. lyg[x + (SS9 x x)]
c. lyflwxS®@+ (y xSSSz))]
*d. lgeesin[x + (SS0 x x)]

e. lgx(pimwmim [S(x X (SO + Sw))]
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E4.10. Consider your interpretation J for £3; from E4.7. Supposing that d[w] = Bill,
d[y] = Hill, and d[z] = Dill, determine Jgq[w x S(@ + (y x S§S2))]. Explain
how your interpretation has this result.

E4.11. For &, and an interpretation K with universe U = {Amy, Bob, Chris} with,

K Kla] = Amy
K[c] = Chris
K[ f1] = {{Amy, Bob), (Bob, Chris), (Chris, Amy)}

Klg?] = {{{Amy, Amy), Amy), ((Amy, Bob), Chris), ((Amy, Chris), Bob), ({Bob,
Bob), Bob), ({Bob, Chris), Amy), ((Bob, Amy), Chris), ((Chris, Chris), Chris),
((Chris, Amy), Bob), ((Chris, Bob), Amy)}

where d(x) = Bob, d(y) = Amy and d(z) = Bob, use trees to determine
each of the following,

a. Ky[f'c]

*b. Kalg?yf'c]

c. Kolg?g2axfc]

d. Kd(x|Chris)[g2g2axflc]

e. Kyxlamy)[82828%xyzg? flafc]

4.2.3 Satisfaction

A term’s assignment depends on an interpretation supplemented by an assignment
for variables, that is, on some ly. Similarly, a formula’s satisfaction depends on both
the interpretation and variable assignment. As we shall see, however, truth is fixed by
the interpretation | alone — just as in the sentential case. If a formula & is satisfied
on | supplemented with d, we write I4[?] = S; if & is not satisfied on | with d,
l4[?] = N. For any interpretation | with variable assignment d,

SF (s) If & is a sentence letter, then I4[8] = Siff I[[§] = T; otherwise I4[§] = N.

(r) If R" is an n-place relation symbol and Z; ... ¢, are terms, I4[R" ¢; ...
in] = Siff (Ig[t1] .. . lg[tn]) € I[R"]; otherwise I4[R™ 41 ... 1,] = N.
(~) If P is a formula, then lg[~P] = S iff I4[] = N; otherwise l4[~P] =
N.
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(—) If P and @ are formulas, then I4[(P — Q)] = SiffI4[P] = Norly4[@Q] =
S (or both); otherwise I4[(# — @)] = N.

(V) If # is a formula and x is a variable, then l4[Vx ] = S iff forany o € U,
Id(9c|o) [P] = S; otherwise Ig[VxP] = N.

SE(s), SF(~) and SF(—) are closely related to ST from before, though satisfaction
applies now to any formulas and not only to sentences. Other clauses are new.

SF(s) and SF(r) determine satisfaction for atomic formulas. Satisfaction for other
formulas depends on satisfaction of their immediate subformulas. First, the satisfac-
tion of a sentence letter works just like truth before: If a sentence letter is true on an
interpretation, then it is satisfied. Thus satisfaction for sentence letters depends only
on the interpretation, and not at all on the variable assignment.

In contrast, to see if R" 4] ... 15 is satisfied, we find out which things are assigned
to the terms. It is natural to think about this on a tree like the one by which we show
that the expression is a formula. Thus given interpretation | for £ from p. 116,
consider (x x S¥) < x; and compare cases with d[x] = Bill, and h[x] = Hill. It will
be convenient to think about the expression in its unabbreviated form, < x xS@x.

IBill] gIBill IBill] IHill] gIBill] IHill]

S@[Bill] S@[Bill]

(AF) (AG)

xS Al xx S QB

< x xSOx® < x xSox™N)

Above the dotted line, we calculate term assignments in the usual way. Assignment
d is worked out on the left, and h on the right. But < x x.S@x is a formula of the sort
<it142. From diagram (AF), lg[xxS@] = Hill, and I4[x] = Bill. So the assignments
to ¢1 and #, are Hill and Bill. Since (Hill, Bill) € I[<], by SF(1), l4[< x xS@x] = S.
But from (AG), Ih[xxS@] = Bill, and Iy[x] = Hill. And (Bill, Hill) ¢ I[<], so by
SE(), In[< xxS@x] = N. R"%; ... t, is satisfied just in case the n-tuple of the thing
assigned to £, and . .. and the thing assigned to % is in the set assigned to the relation
symbol. To decide if R"#; ... 1, is satisfied, we find out what things are assigned to
the term or terms, and then look to see whether the relevant ordered sequence is in
the assignment. The simplest sort of case is when there is just one term. Ig[R!¢] = S
justin case Ig[z] € l3[R']. When there is more than one term, we look for the objects
taken in order.
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SF(~) and SF(—) work just as before. And we could work out their conse-
quences on trees or tables for satisfaction as before. In this case, though, to acco-
modate quantifiers it will be convenient to turn the “trees” on their sides. For this,
we begin by constructing the tree in the “forward direction,” from left-to-right, and
then determine satisfaction the other way — from the branch tips back to the trunk.
Where the members of U are {m, n ...}, the branch conditions are as follows:

forward backward
B(s) lal81 does not branch the tipis Siff I[§] =T
B(r) alR"41...4n]  branches only i St 10a1]. . la[tn]) € I[R7]
for terms
B(~) l[~7] ~ la[#] the trunk is S iff the branch is N
la[P]
B(—) l4[(# — @)] the trunk is S iff the top branch is N or the bot-
- .
la[@] tom branch is S (or both)
Id(oclm) (7]
Id(9c|r1) (7]
B(V)
lVxP] Vx A(;ne branch for The trunk is S iff every branch is S
each member of
u

A formula branches according to its main operator. If it is atomic, it does not branch
(or branches only for its terms). (AF) and (AG) are examples of branching for terms,
only oriented vertically. If the main operator is ~, a formula has just one branch; if
its main operator is —, it has two branches; and if its main operator is V it has as
many branches as there are members of U. This last condition makes it impractical
to construct these trees in all but the most simple cases — and impossible when U is
infinite. Still, we can use them to see how the definitions work.

When there are no quantifiers, we should be able to recognize these trees as a
mere “sideways” variant of ones we have seen before. Thus, suppose an interpreta-
tion L with U = {Bob, Sue, Jim}, L[4] = T, L[B'] = {Sue}, and L[C?] = {(Bob,
Sue), (Sue, Jim)} where variable assignment d[x] =Bob. Then,
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1 2 3
La[~A]™ 14[4]®

(AH) Ly[~A4 — Bx]®S
>

La[BxI™ - iBoby

The main operator at stage (1) is —; so there are two branches. Bx on the bottom is
atomic, so the formula branches no further — though we use TA to calculate the term
assignment. On the top at (2), ~A has main operator ~. So there is one branch. And
we are done with the forward part of the tree. Given this, we can calculate satisfaction
from the tips, back toward the trunk. Since L[A] = T, by B(s), the tip at (3) is S.
And since this is S, by B(~), the top formula at (2) is N. But since Lq[x] = Bob, and
Bob ¢ L[B], by B(r), the bottom at (2) is N. And with both the top and bottom at (2)
N, by B(—), the formula at (1) is S. So L4[~A4 — Bx] = S. You should be able to
recognize that the diagram (AH) rotated counterclockwise by 90 degrees would be
a mere variant of diagrams we have seen before. And the branch conditions merely
implement the corresponding conditions from SF.

Things are more interesting when there are quantifiers. For a quantifier, there
are as many branches as there are members of U. Thus working with the same in-
terpretation, consider Ly[V y~Cxy]. If there were just one thing in the universe, say
U = {Bob}, the tree would branch as follows,

1 2 3 4

Bob

(AD)  Lg[Vy~Cxy]® v La(y [Boby [~Cxy]® La(y[Boy [Cxy]® - x[Bo]
—_——— Vy ~o ylBob]

The main operator at (1) is the universal quantifier. Supposing one thing in U, there is
the one branch. Notice that the variable assignment d becomes d(y|Bob). The main
operator at (2) is ~. So there is the one branch, carrying forward the assignment
d(y|Bob). The formula at (3) is atomic, so the only branching is for the term assign-
ment. Then, in the backward direction, Ly(y|poy) still assigns Bob to x; and Lg(y|sob)
assigns Bob to y. Since (Bob, Bob) ¢ L[C?], the branch at (3) is N; so the branch
at (2) is S. And since all the branches for the universal quantifier are S, by B(V), the
formula at (1) is S.

But L was originally defined with U = {Bob, Sue, Jim}. Thus the quantifier
requires not one but three branches, and the proper tree is as follows.
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1 2 3 A
Bob

La(y[Bob) [~Cxy]® La(y[Boby[Cxy]®) - xlPoP]

- +<_ ylBob]

Bob

(A)) Ld[VyNny](N) Ld(y\Sue)["’CXy](N) Ld(yISue)[ny](s) : [Bob
Vy ~ * ue

: y[s 1

Bob

Loopim ~Cxy]® Ly pim [CxyI™ xtBop]

P yWim)

Now there are three branches for the quantifier. Note the modification of d on each
branch, and the way the modified assignments carry forward and are used for evalu-
ation at the tips. d(y|Sue), say, has the same assignment to x as d, but assigns Sue
to y. And similarly for the rest. This time, not all the branches for the universal
quantifier are S. So the formula at (1) is N. You should convince yourself that it is
S on |, where h[x] = Jim. It would be S also with the assignment d as above, but
formula Cyx.

(AK) on p. 125 is an example for Vx[(Sx < x) — Vy(Sy + @) = x)] using
interpretation | from p. 116 and £ This case should help you to see how all the
parts fit together in a reasonably complex example. It turns out to be helpful to think
about the formula in its unabbreviated form, Yx(<Sxx — Vy=+Sy@dx). For this
case notice especially how when multiple quantifiers come off, a variable assignment
once modified is simply modified again for the new variable. If you follow through
the details of this case by the definitions, you are doing well.

A word of advice: Once you have the idea, constructing these trees to determine
satisfaction is a mechanical (and tedious) process. About the only way to go wrong
or become confused is by skipping steps or modifying the form of trees. But, very
often, skipping steps or modifying form does correlate with confusion! So it is best
to stick with the official pattern — and so to follow the way it forces you through
definitions SF and TA.

E4.12. Supplement interpretation K for E4.11 so that

K KIS]=T
K[H'] = {Amy, Bob}
K[L?] = {{Amy, Amy), (Amy, Bob), (Bob, Bob), (Bob, Chris), (Amy, Chris)}

Where d(x) = Amy, d(y) = Bob, use trees to determine whether the follow-
ing formulas are satisfied on K with d.

*a. Hx b. Lxa
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lq[Vx(<Sxx —
Vy=+Sy0x)]®

locxBity [<Sxx]MN -

4

S

S x[Bill] — y [Bill]

(AK)

S [Bill]
+SyglBilll ,wim::‘iw::
lox|Biln [<Sxx — Yy=—+8y@x]® loce Bill Billy [=+Sy Bx]S) - / .
1 . &E::
. [Bill]
laxe|Bily [Vy=—+Sy0x]™ x
Vy-
o +5 yglHill] @;EE‘%E::
| . = . /
a(xBill, y|Hil) [=+Sy0x] : i
™ . L [Bill]
§ [Hilll— | [Hill]
_ ) .
laxHil [< S xx] : i
+SyglBill .wiw::‘w:w::
lagx i [<Sxx = Yy=+Sy@x]® o Hill, v Bil [=+Sy0x]® - / )
7 . &E::
. [Hill]
laceHim [Yy=+Sy@x]®
Vy-

Forward: Since there are two objects in U, there are two
branches for each quantifier. At stage (2), for the x-
quantifier, d is modified for assignments to x, and at stage
(4) for the y-quantifier those assignments are modified
again. <Sxx and =4Sy@x are atomic. Branching for
terms continues at stages («) and () in the usual way.

+SyoHill___syMill___iny
gIBill]

la(e Hill, y Hily [=+ Sy #x]S) -

//

[Hill]

Backward: At the tips for terms apply the variable assign-
ment from the corresponding atomic formula. Thus, in the
top at (b) with d(x|Bill, y|Bill), both x and y are assigned to
Bill. The assignment to ¢ comes from |. For (4), recall that
I[=] is automatically {(Bill, Bill), (Hill, Hill)}. After that,
the calculation at each stage is straightforward.
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c. Hf'y d. VxLyx
e. VxLxg2cx ., ~Vx(Hx — ~8)
*o, Yy~VxLxy *h, Yy~VxLyx
i. Vx(Hf'x - Lxx) j. Vx(Hx — ~Vy~Lyx)

E4.13. What, if anything, changes with the variable assignment h where h[x] =
Chris and h[y] = Amy? Challenge: Explain why differences in the initial
variable assignment cannot matter for the evaluation of (e) - (j).

4.2.4 Truth and Validity

It is a short step from satisfaction to definitions for truth and validity. Formulas
are satisfied or not on an interpretation | together with a variable assignment d. But
whether a formula is true or false on an interpretation depends on satisfaction relative
to every variable assignment.

TI A formula J is true on an interpretation | iff with any d for I, I4[P] = S. P is
false on | iff with any d for I, I4[#] = N.

A formula is true on | just in case it is satisfied with every variable assignment for
I. From (AJ), then, we are already in a position to see that Vy~Cxy is not true on
L. For there is a variable assignment d on which it is N. Neither is Vy~Cxy false
on L, insofar as it is satisfied when the assignment is h. Since there is an assignment
on which it is N, it is not satisfied on every assignment, and so is not true. Since
there is an assignment on which it is S, it is not N on every assignment, and so is
not false. In contrast, from (AK), Vx[(Sx < x) — Vy(Sy + @) = x)] is true on
I. For some variable assignment d, the tree shows directly that I4[Vx[(Sx < x) —
Vy(Sy + 9) = x)]] = S. But the reasoning for the tree makes no assumptions
whatsoever about d. That is, with any variable assignment, we might have reasoned
in just the same way, to reach the conclusion that the formula is satisfied. Since it
comes out satisfied no matter what the variable assignment may be, by T1, it is true.
In general, if a sentence is satisfied on some d for [, then it is satisfied on every d
for I. We shall demonstrate this more formally in chapter 8. However, we are already
in a position to see the basic idea: In a sentence, every variable is bound; so by the
time you get to formulas without quantifiers at the tips of a tree, assignments are of
the sort, d(x|m, %|n...) for every variable in the formula; so satisfaction depends
just on assignments that are set on the branch itself, and the initial d is irrelevant to



CHAPTER 4. SEMANTICS 127

satisfaction at the tips — and thus to evaluation of the formula as a whole. Satis-
faction depends on adjustments to the assignment that occur within the tree, rather
than on the initial assignment itself. So every starting d has the same result. So if a
sentence is satisfied on some d for |, it is satisfied on every d for |, and therefore true
on |. Similarly, if a sentence is N on some d for I, it is N on every d for I, and therefore
false on I.

In contrast, a formula with free variables may be sensitive to the initial variable
assignment. Thus, in the ordinary case, H x is not true and not false on an interpreta-
tion depending on the assignment to x. We have seen this pattern so far in examples
and exercises: for formulas with free variables, there may be variable assignments
where they are satisfied, and variable assignments where they are not. Therefore the
formulas fail to be either true or false by TI. Sentences, on the other hand, are sat-
isfied on every variable assignment if they are satisfied on any, and not satisfied on
every assignment if they are not satisfied on any. Therefore the sentences from our
examples and exercises come out either true or false.

But a word of caution is in order: Sentences are always true or false on an in-
terpretation. And, in the ordinary case, formulas with free variables are neither true
nor false. But this is not always so. (x = x) is true on any |. (Why?) Similarly,
I[Hx] =Tifl[H] = Uand Fif I[H] = {}. And ~Vx(x = y) is true on any | with
a U that has more than one member. To see this, suppose for some |, U = {m,n...};
then for an arbitrary d the tree is as follows,

| 2 3 4
ageiml = 1:_
xmi:< yd[y]
laem[x = y1 - xIn

(AL) “7< yd[y]

lg[~Vx(x = 14V (x = :
d~Vx(x =) la[Vx(x = y)] Vx done branch for

each member of
U

No matter what d is like, at most one branch at (3) is S. If d[y] = m then the top
branch at (3) is S and the rest are N. If d[y] = n then the second branch at (3) is S and
the others are N. And so forth. So in this case where U has more than one member,
at least one branch is N for any d. So the universally quantified expression is N for
any d, and the negation at (1) is S for any d. So by T it is true. So satisfaction for
a formula may but need not be sensitive to the particular variable assignment under
consideration. Again, though, a sentence is always true or false depending only on
the interpretation. To show that a sentence is true, it is enough to show that it is
satisfied on some d, from which it follows that it is satisfied on any. For a formula
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with free variables, the matter is more complex — though you can show that such a
formula not true by finding an assignment that makes it N, and not false by finding
an assignment that makes it S.

Given the notion of truth, quantificational validity works very much as before.
Where I' (Gamma) is a set of formulas, say I[I'] = T iff I[?] = T for each formula
& e I'. Then for any formula &,

QV T quantificationally entails & iff there is no quantificational interpretation |
such that I[I'] = T but I[P] # T.

I' quantificationally entails J when there is no quantificational interpretation that
makes the premises true and the conclusion not. If I' quantificationally entails &
we write, [' F #, and say an argument whose premises are the members of I" and
conclusion is & is quantificationally valid. T" does not quantificationally entail 5
(I' ¥ &) when there is some quantificational interpretation on which all the premises
are true, but the conclusion is not true (notice that there is a difference between
being not true, and being false). As before, if @ ... &, are the members of I, we
sometimes write @1 ... &, F & in place of ' F &. If there are no premises, listing
all the members of I' individually, we simply write £ . If £ &, then P is logically
true. Notice again the double turnstile =, in contrast to the single turnstile - for
derivations.

In the quantificational case, demonstrating semantic validity is problematic. In
the sentential case, we could simply /ist all the ways a sentential interpretation could
make basic sentences T or F. In the quantificational case, it is not possible to list
all interpretations. Consider just interpretations with universe /V: the interpretation
of a one-place relation symbol R might be {1} or {2} or {3} ...; it might be {1, 2}
or {1,3}, or {1,3,5...}, or whatever. There are infinitely many options for this
one relation symbol — and so at least as many for quantificational interpretations in
general. Similarly, when the universe is so large, by our methods, we cannot calculate
even satisfaction and truth in arbitrary cases — for quantifiers would have an infinite
number of branches. One might begin to suspect that there is no way to demonstrate
semantic validity in the quantificational case. There is a way. And we respond to this
concern in chapter 7.

For now, though, we rest content with demonstrating invalidity. To show that
an argument is invalid, we do not need to consider all possible interpretations; it is
enough to find one interpretation on which the premises are true, and the conclusion
is not. (Compare the invalidity format from chapter 1 and “shortcut” truth tables
in this chapter.) An argument is quantificationally valid just in case there is no |
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on which its premises are true, and its conclusion is not true. So to show that an
argument is not quantificationally valid, it is sufficient to produce an interpretation
that violates this condition — an interpretation on which its premises are true and
conclusion is not. This should be enough at least to let us see how the definitions
work, and we postpone the larger question about showing quantificational validity to
later.

For now, then, our idea is to produce an interpretation, and then to use trees in
order to show that the interpretation makes premises true, but the conclusion not.
Thus, for example, for &4 we can show that ~VxPx ¥ ~Pa — that an argument
with premise ~VxPx and conclusion ~Pa is not quantificationally valid. To see
this, consider an | with U = {1, 2}, I[P] = {1}, and l[a] = 1. Then ~VxPx is T on |.

1 2 3 4

lgx (1) [P X1 S )

(AM)  1g[~VxPx]® y[¥xPx]N v

la(ej2y [P X)) S )

~Vx P x is satisfied with this d for [; since it is a sentence it is satisfied with any d for
I. So by Tl it is true on |. But ~ Pa is not true on this .

1 2 3

~Pa]™  14[Pa]®:

By TA(c), lg[a] = l[a]. So the assignment to a is 1 and the formula at (2) is satisfied,
so that the formula at (1) is not. So by TI, I[~Pa] # T. So there is an interpretation
on which the premise is true and the conclusion is not; so ~VxPx ¥ ~Pa, and the
argument is not quantificationally valid. Notice that it is sufficient to show that the
conclusion is not true — which is not always the same as showing that the conclusion
is false.

Here is another example. We show that ~Vx~Px, ~Vx~Q0x ¥ Vy(Py —
Qy). One way to do this is with an | that has U = {1,2} where I[P] = {1} and
[[Q] = {2}. Then the premises are true.
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1 2 3 4 s
PN e (P gy
(AN) la[~¥x~Px]®  Ig[Vx~Px]N y :
~ .
P e PAN gy
o[~ lan[@4™:
lg[~Vx~0x]® Ig[Vx~0x]™N :
) R e ®).
d(x[2) [~ O] N d(x[2)[Ox] SN

To make ~Vx~Px true, we require that there is at least one thing in [[P]. We
accomplish this by putting 1 in its interpretation. This makes the top branch at stage
(4) S; this makes the top branch at (3) N; so the quantifier at (2) is N and the formula
at (1) comes out S. Since it is a sentence and satisfied on the arbitrary assignment,
it is true. ~Vx~Qx is true for related reasons. For it to be true, we require at least
one thing in [[@Q]. This is accomplished by putting 2 in its interpretation. But this
interpretation does not make the conclusion true.

1 2 3 4
o Py
lay [Py — 0y1™ ] :
laplon®™:
W[V y(Py — 0y)|™ '
d[Yy(Py — Qy)] vy -
layi) [P Y]V N )
lay2) [Py — Q¥]© N :
laplo1® . Y]

The conclusion is not satisfied so long as something is in I[P] but not in I[Q]. We
accomplish this by making the thing in the interpretation of P different from the
thing in the interpretation of Q. Since 1 is in I[P] but not in I[Q], there is an S/N
pair at (4), so that the top branch at (2) is N and the formula at (1) is N. Since the
formula is not satisfied, by TI it is not true. And since there is an interpretation on
which the premises are true and the conclusion is not, by QV, the argument is not
quantificationally valid.

In general, to show that an argument is not quantificationally valid, you want to
think “backward” to see what kind of interpretation you need to make the premises
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true but the conclusion not true. It is to your advantage to think of simple interpre-
tations. Remember that U need only be non-empty. So it will often do to work with
universes that have just one or two members. And the interpretation of a relation
symbol might even be empty! It is often convenient to let the universe be some set of
integers. And, if there is any interpretation that demonstrates invalidity, there is sure
to be one whose universe is some set of integers — but we will get to this in Part III.

E4.14. For language &, consider an interpretation | such that U = {1, 2}, and

| lfa] = 1
A =T
P = {1}
/1 ={(1,2), 2, 1)}

Use interpretation | and trees to show that (a) below is not quantificationally
valid. Then each of the others can be shown to be invalid on an interpretation
I* that modifies just one of the main parts of |. Produce the modified interpre-
tations, and use them to show that the other arguments also are invalid. Hint:
If you are having trouble finding the appropriate modified interpretation, try
working out the trees on I, and think about what changes to the interpretation
would have the results you want.

a. Pa # VxPx

b. ~Pa ¥ Vx~Px

kc. VxPflx ¥ VxPx

d. Vx(Px — Pflx) £ Vx(Pflx — Px)

e. VxPx - A FEVx(Px — A)

E4.15. Find interpretations and use trees to demonstrate each of the following. Be
sure to explain why your interpretations and trees have the desired result.

*a. Vx(Qx — Px) FE Vx(Px — QOx)
b. Vx(Px — 0x),Yx(Rx - ~Px) EVy(Ry — Qy)
*c. ~VxPx ¥ ~Pa

d. ~VxPx EVx~Px
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e. VxPx - VxQ0x, Ob ¥ Pa — VxQ0x
f. ~(A — VxPx) EVx(A— ~Px)
g. Vx(Px — Qx),~Qa ¥ Vx~Px
*h, ~VyVxRxy ¥ Vx~VyRxy
i. VxVy(Rxy — Ryx),Vx~Vy~Rxy ¥ VxRxx

j. VxVyly = flx - ~(x = fly)] EVx(Px — Pflx)

4.2.5 Abbreviations

Finally, we turn to applications for abbreviations. Consider first a tree for (P A @),
that is for ~( — ~@).

1 2 3 4

la[5]

(AO) lg[~(P — ~Q)] I4[P — ~Q]

~ — 4

W~Q) k@]

The formula at (1) is satisfied iff the formula at (2) is not. But the formula at (2)
is not satisfied iff the top at (3) is satisfied and the bottom is not satisfied. And the
bottom at (3) is not satisfied iff the formula at (4) is satisfied. So the formula at (1) is
satisfied iff & is satisfied and @ is satisfied. The only way for (P A @) to be satisfied
on some | and d, is for & and @ both to be satisfied on that | and d. If either & or @
is not satisfied, then (# A @) is not satisfied. Reasoning similarly for v, <, and 3,
we get the following derived branch conditions.

la[ ]
[n]

B(A) M A A the trunk is S iff both branches are S
la[@]
la[]

B(V) M v 4 the trunk is S iff at least one branch is S
la[@]
la[]

B(+) M]Q 1 @ the trunk is S iff both branches are S or both are N

d
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lagximy [P]

lagxin) [£]
B@3)

» :
lBxP] Jx Hone branch for The trunk is S iff at least one branch is S

each member of
U

The cases for A, Vv, and <> work just as in the sentential case. For the last, consider
a tree for ~Vx~&, that is for IxP.

1 2 3 4
laexim I~PT - agam []

(AP) e [~P] o [P

lg[~Vx~P] la[Vx~P]
~ Vo

one branch for each
member of U

The formula at (1) is satisfied iff the formula at (2) is not. But the formula at (2) is
not satisfied iff at least one of the branches at (3) is not satisfied. And for a branch at
(3) to be not satisfied, the corresponding branch at (4) has to be satisfied. So Ix P is
satisfied on | with assignment d iff for some o € U, & is satisfied on | with d[x|o]; if
there is no such o € U, then Ix 4 is N on | with d.

Given derived branch conditions, we can work directly with abbreviations in trees
for determining satisfaction and truth. And the definition of validity applies in the
usual way. Thus, for example, IxPx AdxQx ¥ Ix(Px A Qx). To see this, consider
an |l with | = {1,2}, I[P] = {1} and I[Q] = {2}. The premise, 3xPx A IxQx is true
on |. To see this, we construct a tree, making use of derived clauses as necessary.

1 2 3 4

laep[PX]®) . M
lg[AxPx]©® . :

M
lo(x |2y [Px] N o

(AQ)  lg3xPx A 3x0x]®

lace) 1y [Qx] M) N Y

l4[3x0x]® 1

lae2[Qx]®
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The existentials are satisfied because at least one branch is satisfied, and the con-
junction because both branches are satisfied, according to derived conditions B(3)
and B(A). So the formula is satisfied, and because it is a sentence, is true. But the
conclusion, Ax(Px A Qx) is not true.

1 2 3 4
lox(1)[PX]® SN )
loce|y[Px A Ox]™N) | :
loxe1)[Qx] N Y
la[3x(Px A Qx)|N) "
dx A
la(x|2y [P ]V ?)
o [Px A Q)™ | :
Id(x|2)[Qx](S) P

The conjunctions at (2) are not satisfied, in each case because not both branches at
(3) are satisfied. And the existential at (1) requires that at least one branch at (2) be
satisfied; since none is satisfied, the main formula 3x (P x A Qx) is not satisfied, and
so by TI not true. Since there is an interpretation on which the premise is true and
the conclusion is not, by QV, 3xPx A 3xQ0x F Ix(Px A Qx). As we will see
in the next chapter, the intuitive point is simple: just because something is P and
something is Q, it does not follow that something is both P and Q. And this is just
what our interpretation | illustrates.

E4.16. On p. 132 we say that reasoning similar to that for A results in other branch
conditions. Give the reasoning similar to that for A and 3 to demonstrate from
trees the conditions B(\V) and B(<>).

E4.17. Produce interpretations to demonstrate each of the following. Use trees, with
derived clauses as necessary, to demonstrate your results. Be sure to explain
why your interpretations and trees have the results they do.

*a. IxPx E VyPy
b. 3xPx ¥ Iy(Py A Qy)
c. IxPx ¥ AyPfly

d. Pa > VxQ0x FIxPx — VxQx
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Semantics Quick Reference (quantificational)

For a quantificational language £, a quantificational interpretation | consists of a nonempty set U,
the universe of the interpretation, along with,

QI (s) An assignment of a truth value I[$] to each sentence letter § of £.
(c) An assignment of a member I[¢] of U to each constant symbol ¢ of £.

(r) An assignment of an n-place relation I[[R"] on U to each n-place relation symbol R” of
&£, where |[=] is always assigned {(0,0) | 0 € U}.

(f) An assignment of a total n-place function I[#"] from U" to U, to each n-place function
symbol 4" of £.

Given a language £ and interpretation |, a variable assignment d is a total function from the variables
of £ to objects in the universe U. Then for any interpretation |, variable assignment d, and term #,

TA  (c) If ¢ is a constant, then l4[c] = I[¢].
(v) If x is a variable, then Ig[x] = d[x].
(f) If A" is a function symbol and #;...%, are terms, then Iq[A"41...2,] =
A" [(lale1] - . - la[2n])-

For any interpretation | with variable assignment d,

SF  (s) If & is a sentence letter, then I4[8] = S iff I[§] = T; otherwise I4[8] = N.

(r) If R" is an n-place relation symbol and #1 .. .1, are terms, then I4[R" ¢; ... 1,] = Siff
(Ig[£1] ... 14[tn]) € I[R"]; otherwise Ig[R"#1 ... tn] = N.

(~) If P is a formula, then lg[~P] = Siff Iq[P]

(—) If £ and @ are formulas, then l4[(P — Q)]
otherwise I4[(? — @)] = N.

N; otherwise lg[~%] = N.
S iff 4[] = N or I4[@] = S (or both);

(V) If P is a formula and x is a variable, then I4[Vx ] = Siff forany 0 € U, lyy|)[] = S;
otherwise I4[VxP] = N.

SF' (A) If # and @ are formulas, then Ig[(P A Q)] = Siff I9[P] = S and I4[@] = S; otherwise
la[(P A @)] =N.

(V) If 2 and @Q are formulas, then I4[(P Vv @)] = S iff I4[P] = S or I4[@] = S (or both);
otherwise I4[(# v @)] = N.

(«») If # and @ are formulas, then I4[(P < Q)] = S iff I4[P] = Ig[@]; otherwise
la[(P < @)] =N.
(@ If If # is a formula and x is a variable, then lg[3xP] = S iff for some o € U,

la(xjo)[’] = S; otherwise Ig[IxP] = N.

TI A formula & is true on an interpretation | iff with any d for I, I4[P] = S. P is false on | iff
with any d for I, Ig[#] = N.
QV T quantificationally entails (I E ) iff there is no quantificational interpretation | such that
I[T] = T but I[?] # T.

If ' F 2, an argument whose premises are the members of I" and conclusion is & is quantification-
ally valid.
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E4.18.

E4.19.

Vx3yRxy ¥ IyVxRxy
VxPx <> VxQux,3xAy(Px A Qy) F Iy(Py < Qy)
Vx(3yRxy <> ~A) £ 3xRxx Vv A

Ax(Px AdyQy) F IxVy(Px A Qy)

. VxVy(Px Vv Qxy),3xPx ¥ Ix3yQOxy

cAxdy~(x = y) BEVxVyAz[~(x = 2) A~(y = 2)]

Produce an interpretation to demonstrate each of the following (now in £).
Use trees to demonstrate your results. Be sure to explain why your interpre-
tations and trees have the results they do. Hint: When there are no premises,
all you need is an interpretation where the expression is not true. You need
not use the standard interpretation! In some cases, it may be convenient to
produce only that part of the tree which is necessary for the result.

EVx(x < Sx)

¥ (SO + S0) = SS0

L Ax~[(x x x) = x]

fd. FVaxVy[~(x=y) > (x <yVvy<x)]

FVxVyVz[x <yAy<z)—>x<z|

For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

Quantificational interpretations.
Term assignments, satisfaction and truth.

Quantificational validity.



Chapter 5

Translation

We have introduced logical validity from chapter 1, along with notions of semantic
validity from chapter 4, and validity in an axiomatic derivation system from chap-
ter 3. But logical validity applies to arguments expressed in ordinary language, where
the other notions apply to arguments expressed in a formal language. Our guiding
idea has been to use the formal notions with application to ordinary arguments via
translation from ordinary language to the formal ones. It is to the translation task
that we now turn. After some general discussion, we will take up issues specific to
the sentential, and then the quantificational, cases.

5.1 General

As speakers of ordinary languages (at least English for those reading this book) we
presumably have some understanding of the conditions under which ordinary lan-
guage sentences are true and false. Similarly, we now have an understanding of the
conditions under which sentences of our formal languages are true and false. This
puts us in a position to recognize when the conditions under which ordinary sen-
tences are true are the same as the conditions under which formal sentences are true.
And that is what we want: Our goal is to translate the premises and conclusion of
ordinary arguments into formal expressions that are true when the ordinary sentences
are true, and false when the ordinary sentences are false. Insofar as validity has to
do with conditions under which sentences are true and false, our translations should
thus be an adequate basis for evaluations of validity.

We can put this point with greater precision. Formal sentences are true and false
relative to interpretations. As we have seen, many different interpretations of a formal
language are possible. In the sentential case, any sentence letter can be true or false

137
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— so that there are 2" ways to interpret any n sentence letters. When we specify an
interpretation, we select just one of the many available options. Thus, for example,
we might set I[B] = T and I[H] = F. But we might also specify an interpretation as
follows,

B: Bill is happy

A)

H: Hillary is happy
intending B to take the same truth value as ‘Bill is happy’ and H the same as ‘Hillary
is happy’. In this case, the single specification might result in different interpreta-
tions, depending on how the world is: Depending on how Bill and Hillary are, the
interpretation of B might be true or false, and similarly for H. That is, specification
(A) is really a function from ways the world could be (from complete and consistent
stories) to interpretations of the sentence letters. It results in a specific or intended
interpretation relative to any way the world could be. Thus, where @ (omega) ranges
over ways the world could be, (A) is a function |l which results in an intended inter-
pretation ll,, corresponding to any such way — thus Il [B] is T if Bill is happy at w
and F if he is not.

When we set out to translate some ordinary sentences into a formal language,
we always begin by specifying an intended interpretation of the formal language for
arbitrary ways the world can be. In the sentential case, this typically takes the form
of a specification like (A). Then for any way the world can be w there is an intended
interpretation ll,, of the formal language. Given this, for an ordinary sentence 4,
the aim is to produce a formal counterpart 4’ such that ll,[A'] = T iff the ordinary
A is true in world w. This is the content of saying we want to produce formal
expressions that “are true when the ordinary sentences are true, and false when the
ordinary sentences are false.” In fact, we can turn this into a criterion of goodness
for translation.

CG Given some ordinary sentence <+, a translation consisting of an interpreta-
tion function Il and formal sentence #A’ is good iff it captures available sen-
tential/quantificational structure and, where w is any way the world can be,
[l [A'] = Tiff A is true at w.

If there is a collection of sentences, a translation is good given an |l where each
member +4 of the collection of sentences has an A’ such that Il,[A"] = T iff 4 is true
at w. Set aside the question of what it is to capture “available” sentential/quantifica-
tional structure, this will emerge as we proceed. For now, the point is simply that we
want formal sentences to be true on intended interpretations when originals are true at
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corresponding worlds, and false on intended interpretations when originals are false.
CG says that this correspondence is necessary for goodness. And, supposing that
sufficient structure is reflected, according to CG such correspondence is sufficient as
well.

The situation might be pictured as follows. There is a specification |l which
results in an intended interpretation corresponding to any way the world can be. And
corresponding to ordinary sentences & and @ there are formal sentences $’ and @’.
Then,

lloy, [P] s [P] = F

=T llp, [P'] = F
oy, [@]=T oy [@] =T

Ny, [@]=F

na

The interpretation function results in an intended interpretation corresponding to each
world. The translation is good only if no matter how the world is, the values of &’ and
@’ on the intended interpretations match the values of & and @ at the corresponding
worlds or stories.

The premises and conclusion of an argument are some sentences. So the transla-
tion of an argument is good iff the translation of the sentences that are its premises
and conclusion is good. And good translations of arguments put us in a position to
use our machinery to evaluate questions of validity. Of course, so far, this is an ab-
stract description of what we are about to do. But it should give some orientation,
and help you understand what is accomplished as we proceed.

5.2 Sentential

We begin with the sentential case. Again, the general idea is to recognize when the
conditions under which ordinary sentences are true are the same as the conditions
under which formal ones are true. Surprisingly perhaps, the hardest part is on the
side of recognizing truth conditions in ordinary language. With this in mind, let us
begin with some definitions whose application is to expressions of ordinary language;
after that, we will turn to a procedure for translation, and to discussion of particular
operators.
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5.2.1 Some Definitions

In this section, we introduce a series of definitions whose application is to ordinary
language. These definitions are not meant to compete with anything you have learned
in English class. They are rather specific to our purposes. With the definitions under
our belt, we will be able to say with some precision what we want to do.

First, a declarative sentence is a sentence which has a truth value. ‘Snow is
white’ and ‘Snow is green’ are declarative sentences — the first true and the second
false. ‘Study harder!” and ‘Why study?’ are sentences, but not declarative sentences.
Given this, a sentential operator is an expression containing “blanks” such that when
the blanks are filled with declarative sentences, the result is a declarative sentence.
In ordinary speech and writing, such blanks do not typically appear (!) however
punctuation and expression typically fill the same role. Examples are,

John believes that
John heard that
It is not the case that

and

‘John believes that snow is white’, ‘John believes that snow is green’, and ‘John
believes that dogs fly’ are all sentences — some more plausibly true than others. Still,
‘Snow is white’, ‘Snow is green’, and ‘Dogs fly’ are all declarative sentences, and
when we put them in the blank of ‘John believes that __ ’ the result is a declarative
sentence, where the same would be so for any declarative sentence in the blank; so
‘John believes that ___ ’ is a sentential operator. Similarly, ‘Snow is white and dogs
fly’ is a declarative sentence — a false one, since dogs do not fly. And, so long as
we put declarative sentences in the blanks of . and __ ’ the result is always a
declarative sentence. So °_ and ____ ’ is a sentential operator. In contrast,

When
is white

are not sentential operators. Though ‘Snow is white’ is a declarative sentence, ‘When
snow is white’ is an adverbial clause, not a declarative sentence. And, though ‘Dogs
fly’ and ‘Snow is green’ are declarative sentences, ‘Dogs fly is white snow is green’ is
ungrammatical nonsense. If you can think of even one case where putting declarative
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sentences in the blanks of an expression does not result in a declarative sentence, then
the expression is not a sentential operator. So these are not sentential operators.

Now, as in these examples, we can think of some declarative sentences as gen-
erated by the combination of sentential operators with other declarative sentences.
Declarative sentences generated from other sentences by means of sentential opera-
tors are compound; all others are simple. Thus, for example, ‘Bob likes Mary’ and
‘Socrates is wise’ are simple sentences, they do not have a declarative sentence in
the blank of any operator. In contrast, ‘John believes that Bob likes Mary’ and ‘Jim
heard that John believes that Bob likes Mary’ are compound. The first has a simple
sentence in the blank of ‘John believes that _ ’. The second puts a compound in
the blank of ‘Jim heard that .

For cases like these, the main operator of a compound sentence is that operator
not in the blank of any other operator. The main operator of ‘John believes that Bob
likes Mary’ is ‘John believes that __ ’. And the main operator of ‘Jim heard that
John believes that Bob likes Mary’ is ‘Jim heard that ____’. The main operator of
‘It is not the case that Bob likes Sue and it is not the case that Sue likes Bob’ is
¢ and ___ ’, for that is the operator not in the blank of any other. Notice that the
main operator of a sentence need not be the first operator in the sentence. Observe
also that operator structure may not be obvious. Thus, for example, ‘Jim heard that
Bob likes Sue and Sue likes Jim’ is capable of different interpretations. It might
be, ‘Jim heard that Bob likes Sue and Sue likes Jim’ with main operator, ‘Jim heard

that > and the compound, ‘Bob likes Sue and Sue likes Jim’ in its blank. But it
might be ‘Jim heard that Bob likes Sue and Sue likes Jim’ with main operator,
and ’. The question is what Jim heard, and what the ‘and’ joins. As suggested

above, punctuation and expression often serve in ordinary language to disambiguate
confusing cases. These questions of interpretation are not peculiar to our purposes!
Rather they are the ordinary questions that might be asked about what one is saying.
The underline structure serves to disambiguate claims, to make it very clear how the
operators apply.

When faced with a compound sentence, the best approach is start with the whole,
rather than the parts. So begin with blank(s) for the main operator. Thus, as we have
seen, the main operator of ‘It is not the case that Bob likes Sue, and it is not the case
that Sue likes Bob’is * _and ___ ’. So begin with lines for that operator, ‘It is not
the case that Bob likes Sue and it is not the case that Sue likes Bob’ (leaving space
for lines above). Now focus on the sentence in one of the blanks, say the left; that
sentence, ‘It is not the case that Bob likes Sue’ is is a compound with main operator,
‘it is not the case that . So add the underline for that operator, ‘It is not the case
that Bob likes Sue and it is not the case that Sue likes Bob’. The sentence in the blank
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of ‘it is not the case that _ ’ is simple. So turn to the sentence in the right blank
of the main operator. That sentence has main operator ‘it is not the case that __ ’
So add an underline. In this way we end up with, ‘It is not the case that Bob likes
Sue and it is not the case that Sue likes Bob” where, again, the sentence in the last
blank is simple. Thus, a complex problem is reduced to ones that are progressively
more simple. Perhaps this problem was obvious from the start. But this approach
will serve you well as problems get more complex!

We come finally to the key notion of a truth functional operator. A sentential op-

erator is truth functional iff any compound generated by it has its truth value wholly

determined by the truth values of the sentences in its blanks. We will say that the
truth value of a compound is “determined” by the truth values of sentences in blanks
just in case there is no way to switch the truth value of the whole while keeping truth
values of sentences in the blanks constant. This leads to a test for truth functionality:
We show that an operator is not truth functional, if we come up with some situa-
tion(s) where truth values of sentences in the blanks are the same, but the truth value
of the resulting compounds are not. To take a simple case, consider ‘John believes
that  ’°. If things are pretty much as in the actual world, ‘Dogs fly’ and “There is
a Santa’ are both false. But if John is a small child it may be that,

Dogs fly
(B) John believes that There is a Santa
F/T F

the compound is false with one in the blank, and true with the other. Thus the truth
value of the compound is not wholly determined by the truth value of the sentence in
the blank. We have found a situation where sentences with the same truth value in the
blank result in a different truth value for the whole. Thus ‘John believes that
is not truth functional. We might make the same point with a pair of sentences that
are true, say ‘Dogs bark’ and ‘There are infinitely many prime numbers’ (be clear in
your mind about how this works).

As a second example, consider, °_ because ____’. Suppose ‘You are happy’,
“You got a good grade’, ‘“There are fish in the sea’ and “You woke up this morning’
are all true.

>

You are happy You got a good grade
© There are fish in the sea because You work up this morning
T T/F T

Still, it is natural to think that, the truth value of the compound, ‘You are happy
because you got a good grade’ is true, but ‘There are fish in the sea because you woke
up this morning’ is false. For perhaps getting a good grade makes you happy, but the
fish in the sea have nothing to do with your waking up. Thus there are consistent
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situations or stories where sentences in the blanks have the same truth values, but
the compounds do not. Thus, by the definition,
functional operator. To show that an operator is not truth functional it is sufficient
to produce some situation of this sort: where truth values for sentences in the blanks
match, but truth values for the compounds do not. Observe that sentences in the
blanks are fixed but the value of the compound is not. Thus, it would be enough to

because ’ 1s not a truth

find, say, a case where sentences in the first blank are T, sentences in the second are
F but the value of the whole flips from T to F. To show that an operator is not truth
functional, any matching combination that makes the whole switch value will do.

To show that an operator is truth functional, we need to show that no such cases
are possible. For this, we show how the truth value of what is in the blank determines
the truth value of the whole. As an example, consider first,

It is not the case that
(D) F T
T F

In this table, we represent the truth value of whatever is in the blank by the column
under the blank, and the truth value for the whole by the column under the operator.
If we put something true according to a consistent story into the blank, the resultant
compound is sure to be false according to that story. Thus, for example, in the true
story, ‘Snow is white’, ‘2 + 2 =4’ and ‘Dogs bark’ are all true; correspondingly, ‘It
1s not the case that snow is white’, ‘It is not the case that 2 + 2 =4’ and ‘It is not the
case that dogs bark’ are all false. Similarly, if we put something false according to a
story into the blank, the resultant compound is sure to be true according to the story.
Thus, for example, in the true story, ‘Snow is green’ and ‘2 + 2 = 3’ are both false.
Correspondingly, ‘It is not the case that snow is green’ and ‘It is not the case that 2
+ 2 =3’ are both true. It is no coincidence that the above table for ‘It is not the case
that __ ’ looks like the table for ~. We will return to this point shortly.

For a second example of a truth functional operator, consider . and
This seems to have table,

’

and

(B

'I'I'I'I—|—|‘
M T TS
m |

Consider a situation where Bob and Sue each love themselves, but hate each other.
Then Bob loves Bob and Sue loves Sue is true. But if at least one blank has a sentence
that is false, the compound is false. Thus, for example, in that situation, Bob loves
Bob and Sue loves Bob is false; Bob loves Sue and Sue loves Sue is false; and Bob
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loves Sue and Sue loves Bob is false. For a compound, *  and ___ ’ to be true,
the sentences in both blanks have to be true. And if they are both true, the compound
is itself true. So the operator is truth functional. Again, it is no coincidence that the
table looks so much like the table for A. To show that an operator is truth functional,
it is sufficient to produce the table that shows how the truth values of the compound
are fixed by the truth values of the sentences in the blanks.

Definitions for Translation

DC A declarative sentence is a sentence which has a truth value.

SO A sentential operator is an expression containing “blanks” such that when the blanks
are filled with declarative sentences, the result is a declarative sentence.

CS Declarative sentences generated from other sentences by means of sentential opera-
tors are compound, all others are simple.

MO The main operator of a compound sentence is that operator not in the blank of any
other operator.

TF A sentential operator is truth functional iff any compound generated by it has its
truth value wholly determined by the truth values of the sentences in its blanks.

To show that an operator is not truth functional it is sufficient to produce some situation
where truth values for sentences in the blanks are constant, but truth values for the com-
pounds are not.

To show that an operator is truth functional, it is sufficient to produce the table that shows
how the truth values of the compound are fixed by truth values of the sentences in the
blanks.

For an interesting sort of case, consider the operator ‘According to every consis-
tent story ’, and the following attempted table,

According to every consistent story __

F ? T

F F
(On some accounts, this operator works like ‘Necessarily ). Say we put some
sentence & that is false according to a consistent story into the blank. Then since
& is false according to that very story, it is not the case that # according to every
consistent story — and the compound is sure to be false. So we fill in the bottom row
under the operator as above. So far, so good. But consider ‘Dogs bark’ and 2 + 2 =
4’. Both are true according to the true story. But only the second is true according to
every consistent story. So the compound is false with the first in the blank, true with
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)

the second. So ‘According to every consistent story __ ’ is therefore not a truth
functional operator. The truth value of the compound is not wholly determined by
the truth value of the sentence in the blank. Similarly, it is natural to think that ©
because  ’ is false whenever one of the sentences in its blanks is false. It cannot
be true that & because @ if not-#, and it cannot be true that & because @ if not-@.
If you are not happy, then it cannot be that you are happy because you understand the
material; and if you do not understand the material, it cannot be that you are happy

because you understand the material. So far, then, the table for © because __ ’
is like the table for ©*  and .
_ because

T ? T
(G) T F F

F F T

F F F
However, as we saw just above, in contrastto*__and __ ’, compounds generated
by ‘  because ___ ’ may or may not be true when sentences in the blanks are both
true. So, although *_ and > is truth functional, ‘ because  ’is not.

Thus the question is whether we can complete a table of the above sort: If there
is a way to complete the table, the operator is truth functional. The test to show
an operator is not truth functional simply finds some case to show that such a table
cannot be completed.

ES5.1. For each of the following, identify the simple sentences that are parts. If the
sentence is compound, use underlines to exhibit its operator structure, and
say what is its main operator.

a. Bob likes Mary.

b. Jim believes that Bob likes Mary.

c. Itis not the case that Bob likes Mary.

d. Jane heard that it is not the case that Bob likes Mary.

e. Jane heard that Jim believes that it is not the case that Bob likes Mary.

f. Voldemort is very powerful, but it is not the case that Voldemort kills Harry
at birth.

g. Harry likes his godfather and Harry likes Dumbledore, but it is not the case
that Harry likes his uncle.
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E5.2.

*a.

*C.

5.2.2

Hermoine believes that studying is good, and Hermione studies hard, but Ron
believes studying is good, and it is not the case that Ron studies hard.

. Malfoy believes mudbloods are scum, but it is not the case that mudbloods

are scum; and Malfoy is a dork.

. Harry believes that Voldemort is evil and Hermione believes that Voldemort

is evil, but it is not the case that Bellatrix believes that Voldemort is evil.

Which of the following operators are truth functional and which are not? If
the operator is truth functional, display the relevant table; if it is not, give
cases that flip the value of the compound, with the value in the blanks con-
stant.

It is a fact that
Elmore believes that

but

. According to some consistent story

Although s

*f. Itis always the case that

Sometimes it is the case that
therefore

however

. Either or (or both)

Parse Trees

We are now ready to outline a procedure for translation into our formal sentential
language. In the end, you will often be able to see how translations should go and to

write them down without going through all the official steps. However, the procedure
should get you thinking in the right direction, and remain useful for complex cases.
To translate some ordinary sentences P . .. $, the basic translation procedure is,



CHAPTER 5. TRANSLATION 147

TP (1) Convert the ordinary #; ..., into corresponding ordinary equivalents
exposing truth functional and operator structure.

(2) Generate a “parse tree” for each of &; ... P, and specify the interpreta-
tion function |l by assigning sentence letters to sentences at the bottom
nodes.

(3) Construct a parallel tree that translates each node from the parse tree, to
generate a formal #; for each ;.

For now at least, the idea behind step (1) is simple: Sometimes all you need to do is
expose operator structure by introducing underlines. In complex cases, this can be
difficult! But we know how to do this. Sometimes, however, truth functional structure
does not lie on the surface. Ordinary sentences are equivalent when they are true
and false in exactly the same consistent stories. And we want ordinary equivalents
exposing truth functional structure. Suppose J is a sentence of the sort,

(H) Bob is not happy

Is this a truth functional compound? Not officially. There is no declarative sentence
in the blank of a sentential operator; so it is not compound; so it is not a truth func-
tional compound. But one might think that (H) is short for,

(D Itis not the case that Bob is happy

which is a truth functional compound. At least, (H) and (I) are equivalent in the sense
that they are true and false in the same consistent stories. Similarly, ‘Bob and Carol
are happy’ is not a compound of the sort we have described, because ‘Bob’ is not a
declarative sentence. However, it is a short step from this sentence to the equivalent,
‘Bob is happy and Carol is happy’ which is an official truth functional compound.
As we shall see, in some cases, this step can be more complex. But let us leave it at
that for now.

Moving to step (2), in a parse tree we begin with sentences constructed as in step
(1). If a sentence has a fruth functional main operator, then it branches downward
for the sentence(s) in its blanks. If these have truth functional main operators, they
branch for the sentences in their blanks; and so forth, until sentences are simple
or have non-truth functional main operators. Then we construct the interpretation
function Il by assigning a distinct sentence letter to each distinct sentence at a bottom
node from a tree for the original ;... Py.

Some simple examples should make this clear. Say we want to translate a collec-
tion of four sentences.

1. Bob is happy
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2. Carol is not happy
3. Bob is healthy and Carol is not
4. Bob is happy and John believes that Carol is not healthy

The first is a simple sentence. Thus there is nothing to be done at step (1). And since
there is no main operator, the sentence itself is a completed parse tree. The tree is
just,

Q) Bob is happy

Insofar as the simple sentence is a complete branch of the tree, it counts as a bottom
node of its tree. It is not yet assigned a sentence letter, so we assign it one. By: Bob
is happy. We select this letter to remind us of the assignment.

The second sentence is not a truth functional compound. Thus in the first stage,
‘Carol is not happy’ is expanded to the equivalent, ‘It is not the case that Carol is
happy’. In this case, there is a main operator; since it is truth functional, the tree has
some structure.

It is not the case that Carol is happy
(K)
Carol is happy

The bottom node is simple, so the tree ends. ‘Carol is happy’ is not assigned a letter;
so we assign it one. Cy: Carol is happy.

The third sentence is equivalent to, Bob is healthy and it is not the case that Carol
is healthy. Again, the operators are truth functional, and the result is a structured
tree.

Bob is healthy and it is not the case that Carol is healthy

T

@L) Bob is healthy it is not the case that Carol is healthy

Carol is healthy

The main operator is truth functional. So there is a branch for each of the sentences in
its blanks. Observe that underlines continue to reflect the structure of these sentences
(so we “lift” the sentences from their blanks with structure intact). On the left, ‘Bob
is healthy’ has no main operator, so it does not branch. On the right, ‘it is not the
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case that Carol is healthy’ has a truth functional main operator, and so branches. At
bottom, we end up with ‘Bob is healthy’ and ‘Carol is healthy’. Neither has a letter,
so we assign them ones. B: Bob is healthy; C5: Carol is healthy.

The final sentence is equivalent to, Bob is happy and John believes it is not the
case that Carol is healthy. It has a truth functional main operator. So there is a

structured tree.

Bob is happy and John believes it is not the case that Carol is healthy

™) L

Bob is happy John believes it is not the case that Carol is healthy

On the left, ‘Bob is happy’ is simple. On the right, ‘John believes it is not the case
that Carol is healthy’ is complex. But its main operator is not truth functional. So
it does not branch. We only branch for sentences in the blanks of truth functional
main operators. Given this, we proceed in the usual way. ‘Bob is happy’ already has
a letter. The other does not; so we give it one. J: John believes it is not the case that
Carol is healthy.

And that is all. We have now compiled an interpretation function,

Il By: Bob is happy
C1: Carol is happy
B>: Bob is healthy
C,: Carol is healthy
J: John believes it is not the case that Carol is healthy

Of course, we might have chosen different letters. All that matters is that we have
a distinct letter for each distinct sentence. Our intended interpretations are ones that
capture available sentential structure, and make the sentence letters true in situations
where these sentences are true and false when they are not. In the last case, there is
a compulsion to think that we can somehow get down to the simple sentence ‘Carol
is happy’. But resist temptation! A non-truth functional operator “seals off” that
upon which it operates, and forces us to treat the compound as a unit. We do not
automatically assign sentence letters to simple sentences, but rather to parts that are
not truth functional compounds. Simple sentences fit this description. But so do
compounds with non-truth-functional main operators.

E5.3. Use our method to expose truth functional structure and produce parse trees
for each of the following. Use your trees to produce an interpretation function
for the sentences. Hint: pay attention to punctuation as a guide to structure.
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a. Bingo is spotted, and Spot can play bingo.
b. Bingo is not spotted, and Spot cannot play bingo.
c. Bingo is spotted, and believes that Spot cannot play bingo.
*d. It is not the case that: Bingo is spotted and Spot can play bingo.

e. Itis not the case that: Bingo is not spotted and Spot cannot play bingo.

E5.4. Use our method to expose truth functional structure and produce parse trees
for each of the following. Use your trees to produce an interpretation function
for the sentences.

*a. People have rights and dogs have rights, but rocks do not.
b. It is not the case that: rocks have rights, but people do not.

c. Aliens believe that rocks have rights, but it is not the case that people believe
it.

d. Aliens landed in Roswell NM in 1947, and live underground but not in my
backyard.

e. Rocks do not have rights and aliens do not have rights, but people and dogs
do.

5.2.3 Formal Sentences

Now we are ready for step (3) of the translation procedure TP. Our aim is to generate
translations by constructing a parallel tree where the force of ordinary truth functional
operators is captured by equivalent formal operators. An ordinary truth functional
operator has a table. Similarly, our formal expressions have tables. Say an ordinary
truth functional operator is equivalent to some formal expression containing blanks
just in case their tables are the same. Thus ‘~_ ’ is equivalent to ‘it is not the case
that _ ’. They are equivalent insofar as in each case, the whole has the opposite
truth value of what is in the blank. Similarly, * A ’isequivalentto *_
and . In either case, when sentences in the blanks are both T the whole is T,
and in other cases, the whole is F. Of course, the complex ‘~(_  — ~_ )’
takes the same values as the © A’ that abbreviates it. So different formal
expressions may be equivalent to a given ordinary one.
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To see how this works, let us return to the sample sentences from above. Again,
the idea is to generate a parallel tree. We begin by using the sentence letters from our
interpretation function for the bottom nodes. The case is particularly simple when the
tree has no structure. ‘Bob is happy’ had a simple unstructured tree, and we assigned
it a sentence letter directly. Thus our original and parallel trees are,

N) Bob is happy B

So for a simple sentence, we simply read off the final translation from the interpreta-
tion function. So much for the first sentence.

As we have seen, the second sentence is equivalent to ‘It is not the case that Carol
is happy’ with a parse tree as on the left below. We begin the parallel tree on the other
side.

It is not the case that Carol is happy
O)
Carol is happy C

We know how to translate the bottom node. But now we want to capture the force
of the truth functional operator with some equivalent formal operator(s). For this,
we need a formal expression containing blanks whose table mirrors the table for the

sentential operator in question. In this case, ‘~ > works fine. That is, we have,

~ It is not the case that

FT F T

T F T F
In each case, when the expression in the blank is T, the whole is F, and when the
expression in the blank is F, the whole is T. So ‘~ > is sufficient as a translation
of ‘It is not the case that ’. Other formal expressions might do just as well.
Thus, for example, we might go with, ‘~~~ ’. The table for this is the same as
the table for ‘~ ’. But it is hard to see why we would do this, with ~ so close

at hand. Now the idea is to apply the equivalent operator fo the already translated
expression from the blank. But this is easy to do. Thus we complete the parallel tree
as follows.

It is not the case that Carol is happy ~Cq
Carol is happy Cy

The result is the completed translation, ~Cj.
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The third sentence has a parse tree as on the left, and resultant parallel tree as on
the right. As usual, we begin with sentence letters from the interpretation function
for the bottom nodes.

Bob is healthy and it is not the case that Carol is healthy (By A ~C3)
P) Bob is healthy it is not the case that Carol is healthy B, ~C,
Carol is healthy C,

Given translations for the bottom nodes, we work our way through the tree, applying
equivalent operators to translations already obtained. As we have seen, a natural
translation of ‘it is not the case that T s ‘~ ’. Thus, working up from ‘Carol
is healthy’, our parallel to ‘it is not the case that Carol is healthy’ is ~C,. But
now we have translations for both of the blanks of © and _ ’. As we have
seen, this has the same table as ‘(__ A )’. So that is our translation. Again,
other expressions might do. In particular, A is an abbreviation with the same table
as ‘~( - ~ )’. In each case, the whole is true when the sentences in
both blanks are true, and otherwise false. Since this is the same as for * and
__’, either would do as a translation. But again, the simplest thing is to go with
‘(____ A ___ ). Thus the final result is (By A ~C3). With the alternate translation
for the main operator, the result would have been ~(By — ~~C3). Observe that the
parallel tree is an upside-down version of the (by now quite familiar) tree by which
we would show that the expression is a sentence.

Our last sentence is equivalent to, Bob is happy and John believes it is not the
case that Carol is healthy. Given what we have done, the parallel tree should be easy
to construct.

Bob is happy and John believes it is not the case that Carol is healthy (B, A J)

R AN

Bob is happy John believes it is not the case that Carol is healthy B, J

Given that the tree “bottoms out” on both ‘Bob is happy’ and ‘John believes it is
not the case that Carol is healthy’ the only operator to translate is the main operator
‘ and __ ’. And we have just seen how to deal with that. The result is the
completed translation, (B; A J).

Again, once you become familiar with this procedure, the full method, with the

trees, may become tedious — and we will often want to set it to the side. But notice:
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the method breeds good habits! And the method puts us in a position to translate
complex expressions, even ones that are so complex that we can barely grasp what
they are saying. Beginning with the main operator, we break expressions down from
complex parts to ones that are simpler. Then we construct translations, one operator
at a time, where each step is manageable. Also, we should be able to see why the
method results in good translations: For any situation and corresponding intended
interpretation, truth values for basic parts are the same by the specification of the
interpretation function. And given that operators are equivalent, truth values for parts
built out of them must be the same as well, all the way up to the truth value of the
whole. We satisfy the first part of our criterion CG insofar as the way we break down
sentences in parse trees forces us to capture all the truth functional structure there is
to be captured.

For a last example, consider, ‘Bob is happy and Bob is healthy and Carol is happy
and Carol is healthy’. This is true only if ‘Bob is happy’, ‘Bob is healthy’, ‘Carol
is happy’, and ‘Carol is healthy’ are all true. But the method may apply in different
ways. We might at step one, treat the sentence as a complex expression involving
multipleusesof © and ____ ’; perhaps something like,

R) Bob is happy and Bob is healthy and Carol is happy and Carol is healthy

In this case, there is a straightforward move from the ordinary operators to formal
ones in the final step. That is, the situation is as follows.

Bob is happy and Bob is healthy and Carol is happy and Carol is healthy  ((B1 A B2) A (C1 A C3))

/\ N

Bob is happy and Bob is healthy Carol is happy and Carol is healthy (B; A By) (C1 AC)

/N /N /\

Bob is happy Bob is healthy Carol is happy Carol is healthy B B i G

So we use multiple applications of our standard caret operator. But we might have
treated the sentence as something like,

(S)  Bob is happy and Bob is healthy and Carol is happy and Carol is healthy

3

involving a single four-blank operator, and and and ’, which

yields true only when sentences in all its blanks are true. We have not seen anything
like this before, but nothing stops a tree with four branches all at once. In this case,
we would begin,
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Bob is happy and Bob is healthy and Carol is happy and Carol is healthy

T

Bob is happy Bob is healthy Carol is happy Carol is healthy By B, C1

But now, for an equivalent operator we need a formal expression with four blanks
that is true when sentences in all the blanks are true and otherwise false. Here is
something that would do: “(( A )A( A ))’. On either of these
approaches, then, the result is ((B; A B2) A (C1 A C3)). Other options might result
in something like (((B1 A B2) A C1) A C3). In this way, there is room for shifting
burden between steps one and three. Such shifting explains how step (1) can be more
complex than it was initially represented to be. Choices about expanding truth func-
tional structure in the initial stage, may matter for what are the equivalent operators
at the end. And the case exhibits how there are options for different, equally good,
translations of the same ordinary expressions. What matters for CG is that resultant
expressions capture available structure and be true when the originals are true and
false when the originals are false. In most cases, one translation will be more natural
than others, and it is good form to strive for natural translations. If there had been a
comma so that the original sentence was, ‘Bob is happy and Bob is healthy, and Carol
is happy and Carol is healthy’ it would have been most natural to go for an account
along the lines of (R). And it is crazy to use, say, ‘~~~__ *when ‘~__ ’will do
as well.

*E5.5. Construct parallel trees to complete the translation of the sentences from E5.3
and E5.4. Hint: you will not need any operators other than ~ and A.

ES5.6. Use our method to translate each of the following. That is, generate parse
trees with an interpretation function for all the sentences, and then parallel
trees to produce formal equivalents.

a. Plato and Aristotle were great philosophers, but Ayn Rand was not.

b. Plato was a great philosopher, and everything Plato said was true, but Ayn
Rand was not a great philosopher, and not everything she said was true.

*c. Itis not the case that: everything Plato, and Aristotle, and Ayn Rand said was
true.

d. Plato was a great philosopher but not everything he said was true, and Aris-
totle was a great philosopher but not everything he said was true.
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e. Not everyone agrees that Ayn Rand was not a great philosopher, and not ev-
eryone thinks that not everything she said was true.

ES5.7. Use our method to translate each of the following. That is, generate parse
trees with an interpretation function for all the sentences, and then parallel
trees to produce formal equivalents.

a. Bob and Sue and Jim will pass the class.

b. Sue will pass the class, but it is not the case that: Bob will pass and Jim will
pass.

c. Itis not the case that: Bob will pass the class and Sue will not.

d. Jim will not pass the class, but it is not the case that: Bob will not pass and
Sue will not pass.

e. It is not the case that: Jim will pass and not pass, and it is not the case that:
Sue will pass and not pass.

5.2.4 And, Or, Not

Our idea has been to recognize when truth conditions for ordinary and formal sen-
tences are the same. As we have seen, this turns out to require recognizing when
operators have the same tables. We have had a lot to say about ‘it is not the case that
_’and‘_ and____ ’. Wenow turn to a more general treatment. We will not be
able to provide a complete menu of ordinary operators. Rather, we will see that some
uses of some ordinary operators can be appropriately translated by our symbols. We
should be able to discuss enough cases for you to see how to approach others on a
case-by-case basis. The discussion is organized around our operators, ~, A, V, —>
and <, taken in that order.

First, as we have seen, ‘It is not the case that __ ’ has the same table as ~.
And various ordinary expressions may be equivalent to expressions involving this
operator. Thus, ‘Bob is not married’ and ‘Bob is unmarried’ might be understood as
equivalent to ‘It is not the case that Bob is married’. Given this, we might assign a
sentence letter, say, M to ‘Bob is married’ and translate ~M . But the second case
calls for comment. By comparison, consider, ‘Bob is unlucky’. Given what we have
done, it is natural to treat ‘Bob is unlucky’ as equivalent to ‘It is not the case that
Bob is lucky’; assign L to ‘Bob is lucky’; and translate ~ L. But this is not obviously
right. Consider three situations: (i) Bob goes to Las Vegas with $1,000, and comes
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away with $1,000,000. (ii) Bob goes to Las Vegas with $1,000, and comes away
with $100, having seen a show and had a good time. (iii) Bob goes to Las Vegas
with $1,000, falls into a manhole on his way into the casino, and has his money
stolen by a light-fingered thief on the way down. In the first case he is lucky; in
the third, unlucky. But, in the second, one might want to say that he was neither
lucky nor unlucky. If this is right, ‘Bob is unlucky’ is not equivalent to ‘It is not the
case that Bob is lucky’ — for it is not the case that Bob is lucky in both situations
(i1) and (iii). Thus we might have to assign ‘Bob is lucky’ one letter, and ‘Bob is
unlucky’ another.! Decisions about this sort of thing may depend heavily on context,
and assumptions which are in the background of conversation. We will ordinarily
assume contexts where there is no “neutral” state — so that being unlucky is not
being lucky, and similarly in other cases.

Second, as we have seen, *__and ___ ’ has the same table as A. As you may
recall from E5.2, another common operator that works this way is ©* but ’
Consider, for example, ‘Bob likes Mary but Mary likes Jim’. Suppose Bob does
like Mary and Mary likes Jim; then the compound sentence is true. Suppose one
of the simples is false, Bob does not like Mary or Mary does not like Jim; then the

compound is false. Thus but ” has the table,
__but__
T T T
(T T F F
F F T
F F F

and so has the same table as A. So, in this case, we might assign B to ‘Bob likes
Mary’ M to ‘Mary likes Jim’, and translate, (B A M). Of course, the ordinary
expression ‘but’ carries a sense of opposition that ‘and’ does not. Our point is not
that ‘and’ and ‘but’ somehow mean the same, but rather that compounds formed by
means of them are true and false under the same truth functional conditions. Another

common operator with this table is ‘Although , ’. You should convince
yourself that this is so, and be able to find other ordinary terms that work just the
same way.

Once again, however, there is room for caution in some cases. Consider, for
example, ‘Bob took a shower and got dressed’. Given what we have done, it is

1Or so we have to do in the context of our logic where T and F are the only truth values. Another
option is to allow three values so that the one letter might be T, F or neither. It is possible to proceed
on this basis — though the two valued (classical) approach has the virtue of relative simplicity! With
the classical approach as background, some such alternatives are developed in Priest, Non-Classical
Logics.
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natural to treat this as equivalent to ‘Bob took a shower and Bob got dressed’; assign
letters S and D; and translate (S A D). But this is not obviously right. Suppose Bob
gets dressed, but then realizes that he is late for a date and forgot to shower, so he
jumps in the shower fully clothed, and air-dries on the way. Then it is true that Bob
took a shower, and true that Bob got dressed. But is it true that Bob took a shower
and got dressed? If not — because the order is wrong — our translation (S A D)
might be true when the original sentence is not. Again, decisions about this sort of
thing depend heavily upon context and background assumptions. And there may be
a distinction between what is said and what is conversationally implied in a given
context. Perhaps what was said corresponds to the table, so that our translation is
right, though there are certain assumptions typically made in conversation that go
beyond. But we need not get into this. Our point is not that the ordinary ‘and’ always
works like our operator A; rather the point is that some (indeed, many) ordinary uses
are rightly regarded as having the same table.” Again, we will ordinarily assume a
context where ‘and’, ‘but’ and the like have tables that correspond to A.

Now consider ‘Neither Bob likes Sue nor Sue likes Bob’. This seems to involve
an operator, ‘Neither _ nor __ ’ with the following table.

Neither _ nor
F T T
V) F T F
F F T
F

T F

‘Neither Bob likes Sue nor Sue likes Bob’ is true just when ‘Bob likes Sue’ and ‘Sue
likes Bob’ are both false, and otherwise false. But no operator of our formal language
has a table which is T just when components are both F. Still, we may form complex
expressions which work this way. Thus, for example, ‘(~_ A~ )" is T just

when sentences in the blanks are both F.

2The ability to make this point is an important byproduct of our having introduced the formal
operators “as themselves.” Where A and the like are introduced as being direct translations of ordinary
operators, a natural reaction to cases of this sort — a reaction had even by some professional logicians
and philosophers — is that “the table is wrong.” But this is mistaken! A has its own significance, which
may or may not agree with the shifting meaning of ordinary terms. The situation is no different than
for translation across ordinary languages, where terms may or may not have uniform equivalents.

But now, one may feel a certain tension with our account of what it is for an operator to be truth
functional — for there seem to be contexts where the truth value of sentences in the blanks does not
determine the truth value of the whole, even for a purportedly truth functional operator like *©
and ___ ’. However, we want to distinguish different senses in which an operator may be used (or an
ambiguity, as between a bank of a river, and a bank where you deposit money), so that when an operator
is used with just one sense it has some definite truth function.
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~_ ) isa good translation of ‘Neither _ nor ___ ’. Another
expression with the same table is ~(# Vv @). As it turns out, for any table a truth
functional operator may have, there is some way to generate that table by means of
our formal operators — and in fact, by means of just the operators ~ and A, or just
the operators ~ and V, or just the operators ~ and —. We will prove this in Part III.
For now, let us return to our survey of expressions which do correspond to operators.

The operator which is most naturally associated with Vis * or __ ’. In this
case, there is room for caution from the start. Consider first a restaurant menu which
says that you will get soup, or you will get salad, with your dinner. This is naturally
understood as ‘you will get soup or you will get salad’ where the sentential operator

3

is or ’. In this case, the table would seem to be,

(W)

'rl'n—l—!‘
MN~NTE
o

The compound is true if you get soup, true if you get salad, but not if you get neither
or both. None of our operators has this table.

But contrast this case with one where a professor promises either to give you an
‘A’ on a paper, or to give you very good comments so that you will know what went
wrong. Suppose the professor gets excited about your paper, giving you both an ‘A’
and comments. Presumably, she did not break her promise! That is, in this case, we
seem to have, ‘I will give you an ‘A’ or I will give you comments’ with the table,

or

X)

'n—|—|‘

T
T
T

n = |

F F

The professor breaks her word just in case she gives you a low grade without com-
ments. This table is identical to the table for V. For another case, suppose you set
out to buy a power saw, and say to your friend ‘I will go to Home Depot or I will
go Lowes’. You go to Home Depot, do not find what you want, so go to Lowes and
make your purchase. When your friend later asks where you went, and you say you
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went to both, he or she will not say you lied (!) when you said where you were going
— for your statement required only that you would try at least one of those places.

The grading and shopping cases represent the so-called “inclusive” use of ‘or’ —
including the case when both components are T; the menu uses the “exclusive” use
of ‘or’ — excluding the case when both are T. Ordinarily, we will assume that ‘or’ is
used in its inclusive sense, and so is translated directly by V.> Another operator that
works this way is * unless ’. Again, there are exclusive and inclusive senses
— which you should be able to see by considering restaurant and grade examples as
above. And again, we will ordinarily assume that the inclusive sense is intended.
For the exclusive cases, we can generate the table by means of complex expressions.
Thus, for example both (P <> ~@) and [(P Vv @) A ~(P A @)] do the job. You
should convince yourself that this is so.

Observe that ‘either _ or _ ’saysthesameas ‘  or ___ ’; and ‘both
and  “thesameas ‘  and ___ ’. So one might think that ‘either’ and
‘both’ have no real role. They do however serve a sort of “bracketing” function. So
for example one way to think about ‘neither  nor____ ’is as a negation of ‘either
or ___ ’(the ‘n’ to indicate negation). Then observe that ‘neither Bob nor Sue

is happy’ is not legitimately parsed into ‘it is not the case that either Bob is happy or
Sue is happy’ with main operator °____or ____’, insofar ‘either Bob is happy’ in the
blank of ‘it is not the case that ___’is not a complete sentence. The required result is

‘it is not the case that either Bob is happy or Sue is happy’ with complete sentences in
each blank and translation ~(B Vv §) — where this has the same table as ~B A ~S,
the translation suggested above. A similar bracketing results from ‘both _ and
__ . Thus the proper understanding of ‘not both Bob and Sue are happy’ is ‘it is
not the case that both Bob is happy and Sue is happy’ with translation, ~(B A S). So
‘either’ and ‘both’ bracket what comes after.

And we continue to work with complex forms on trees. Thus, for example, con-
sider ‘Neither Bob likes Sue nor Sue likes Bob, but Sue likes Jim unless Jim does not
like her’. This is a mouthful, but we can deal with it in the usual way. The hard part,
perhaps, is just exposing the operator structure.

3 Again, there may be a distinction between what is said and what is conversationally implied in a
given context. Perhaps what was said generally corresponds to the inclusive table, though many uses
are against background assumptions which automatically exclude the case when both are T. But we
need not get into this. It is enough that some uses are according to the inclusive table.
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Neither Bob likes Sue nor Sue likes Bob but Sue likes Jim unless it is not the case that Jim likes Sue

/\

Neither Bob likes Sue nor Sue likes Bob Sue likes Jim unless it is not the case that Jim likes Sue

(Y) T T

Bob likes Sue Sue likes Bob Sue likes Jim it is not the case that Jim likes Sue

Jim likes Sue

Given this, with what we have said above, generate the interpretation function and
then the parallel tree as follows.

(~B A~S) A (JV~L))

Bob likes Sue /\

B:
(~B A~S) (Jv~L)
S: Sue likes Bob /\ /\
J: Sue likes Jim
B S J ~L
L: Jim likes Sue ‘
L
We have seen that ‘( \% )’ is equivalent to ¢ unless ’; that “(~ A
~ )’ is equivalent to ‘neither nor ’; and that *( A )’ is equiva-
lent to ¢ but ". Given these, everything works as before. Again, the complex

problem is rendered simple, if we attack it one operator at a time. Another natural
option would be (~(B Vv S) A (J v ~L)) with the alternate version of ‘neither

2

nor

ES5.8. Using the interpretation function below, produce parse trees and then parallel
ones to complete the translation for each of the following.

B: Bob likes Sue
S: Sue likes Bob
B1: Bobis cool

S1: Sue is cool
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Bob likes Sue.

. Sue does not like Bob.
. Bob likes Sue and Sue likes Bob.

. Bob likes Sue or Sue likes Bob.

Bob likes Sue unless she is not cool.
Either Bob does not like Sue or Sue does not like Bob.

Neither Bob likes Sue, nor Sue likes Bob.

*h. Not both Bob and Sue are cool.

E5.9.

Bob and Sue are cool, and Bob likes Sue, but Sue does not like Bob.

Although neither Bob nor Sue are cool, either Bob likes Sue, or Sue likes
Bob.

Use our method to translate each of the following. That is, generate parse
trees with an interpretation function for all the sentences, and then parallel
trees to produce formal equivalents.”

Harry is not a Muggle.

. Neither Harry nor Hermione are Muggles.

. Either Harry’s or Hermione’s parents are Muggles.

*d. Neither Harry, nor Ron, nor Hermione are Muggles.

Not both Harry and Hermione have Muggle parents.

The game of Quidditch continues unless the Snitch is caught.

. Although blatching and blagging are illegal in Quidditch, the woolongong

shimmy is not.

Either the beater hits the bludger or you are not protected from it, and the
bludger is a very heavy ball.

4My source for the information on Quidditch is Kennilworthy Whisp (aka, J.K. Rowling), Quid-
ditch Through the Ages, along with a daughter who is a rabid fan of all things Potter.
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i. The Chudley Cannons are not the best Quidditch team ever, however they
hope for the best.

j- Harry won the Quidditch cup in his 3rd year at Hogwarts, but not in his 1st,
2nd, 4th, or 5th.

5.2.5 If, Iff

The operator which is most naturally associated with — is ‘if then >. Con-
sider some fellow, perhaps of less than sterling character, of whom we assert, ‘If he
loves her, then she is rich’. In this case, the table begins,

If then

T

F
?

T

)

m-n—|—|‘
'rl—|'r|—|‘

If ‘He loves her’ and ‘She is rich’ are both true, then what we said about him is true.
If he loves her, but she is not rich, what we said was wrong. If he does not love her,
and she is poor, then we are also fine, for all we said was that if he loves her, then
she is rich. But what about the other case? Suppose he does not love her, but she is
rich. There is a temptation to say that our conditional assertion is false. But do not
give in! Notice: we did not say that he loves all the rich girls. All we said was that
if he loves this particular girl, then she is rich. So the existence of rich girls he does
not love does not undercut our claim. For another case, say you are trying to find the
car he is driving and say ‘If he is in his own car, then it is a Corvette.” That is, ‘If he
is in his own car then it is a Corvette’. You would be mistaken if he has traded his
Corvette for a Yugo. But say the Corvette is in the shop and he is driving a loaner
that also happens to be a Corvette. Then ‘He is in his own car’ is F and ‘He is driving
a Corvette’ is T. Still, there is nothing wrong with your claim — if he is in his own
car, then it is a Corvette. Given this, we are left with the completed table,

If then

(AA)

‘n'rl—|—|‘
N~=T-
m |

which is identical to the table for —. With L for ‘He loves her’ and R for ‘She
is rich’, for ‘If he loves her then she is rich’ the natural translation is (L — R).
Another case which works this way is He loves her only if she is rich. You should
think through this as above. So far, perhaps, so good.
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But the conditional calls for special comment. First, notice that the table shifts
with the position of ‘if’. Suppose he loves her if she is rich. Intuitively, this says the
same as, ‘If she is rich then he loves her’. This time, we are mistaken if she is rich
and he does not love her. Thus, with the above table and assignments, we end up
with translation (R — L). Notice that the order is switched around the arrow. We
can make this point directly from the original claim.

he loves her if she is rich

T T T
(AB) T T F
F F T
F T F

The claim is false just in the case where she is rich but he does not love her. The
result is not the same as the table for —. What we need is an expression that is F in
the case when L is F and R is T, and otherwise T. We get just this with (R — L).
Of course, this is just the same result as by intuitively reversing the operator into the
regular ‘If  then  ’ form.

In the formal language, the order of the components is crucial. In a true material
conditional, the truth of the antecedent guarantees the truth of the consequent. In
ordinary language, this role is played, not by the order of the components, but by
operator placement. In general, if by itself is an antecedent indicator; and only if is
a consequent indicator. That is, we get,

fPthen@ — (P — Q)
Pif Q = Q- P)
Ponlyif@ — (£ —Q)
onlyif #, — (@ — P)

(AC)

‘If’, taken alone, identifies what does the guaranteeing, and so the antecedent of our
material conditional; ‘only if” identifies what is guaranteed, and so the consequent.’

As we have just seen, the natural translation of ‘% if @’ is @ — P, and the
translation of ‘% only if @’ is » — @. Thus it should come as no surprise that the
translation of ‘% if and only if @’ is ( — @) A (@ — &), where this is precisely
what is abbreviated by (# <> @). We can also make this point directly. Consider,
‘he loves her if and only if she is rich’. The operator is truth functional, with the
table,

51t may feel natural to convert ‘% unless @’ to *® if not @’ and translate (~@ — ). This is fine
and, as is clear from the abbreviated form, equivalent to (@ Vv &). However, with the extra negation
and concern about direction of the arrow, it is easy to get confused on this approach — so the simple
wedge is less likely to go wrong.
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Cause and Conditional

It is important that the material conditional does not directly indicate causal con-
nection. Suppose we have sentences S: You strike the match, and L: The match
will light. And consider,

(i) If you strike the match then it will light S —> L
(ii) The match will light only if you strike it L—S

with natural translations by our method on the right. Good. But, clearly the cause
of the lighting is the striking. So the first arrow runs from cause to effect, and the
second from effect to cause. Why? In (i) we represent the cause as sufficient for
the effect: striking the match guarantees that it will light. In (ii) we represent the
cause as necessary for the effect — the only way to get the match to light, is to
strike it — so that the match’s lighting guarantees that it was struck.

There may be a certain tendency to associate the ordinary ‘if” and ‘only if” with
cause, so that we say, ‘if # then @’ when we think of & as a (sufficient) cause of
@, and say ‘%P only if @ when we think of @ as a (necessary) cause of . But
causal direction is not reflected by the arrow, which comes out (# — @) either
way. The material conditional indicates guarantee.

This point is important insofar as certain ordinary conditionals seem inextricably
tied to causation. This is particularly the case with “subjunctive” conditionals
(conditionals about what would have been). Suppose I was playing basketball and
said, ‘If I had played Kobe, I would have won’ where this is, ‘If it were the case that
I played Kobe then it would have been the case that I won the game’. Intuitively,
this is false, Kobe would wipe the floor with me. But contrast, ‘If it were the case
that I played Lassie then it would have been the case that I won the game’. Now,
intuitively, this is true; Lassie has many talents but, presumably, basketball is not
among them — and I could take her. But I have never played Kobe or Lassie, so
both ‘I played Kobe’ and ‘I played Lassie’ are false. Thus the truth value of the
whole conditional changes from false to true though the values of sentences in the
blanks remain the same; and ‘If it were the case that __ then it would have been
the case that ___ ’ is not even truth functional. Subjunctive conditionals do offer
a sort of guarantee, but the guarantee is for situations alternate to the way things
actually are. So actual truth values do not determine the truth of the conditional.

Conditionals other than the material conditional are a central theme of Priest, Non-
Classical Logics. As usual, we simply assume that ‘if” and ‘only if* are used in
their truth functional sense, and so are given a good translation by —.
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he loves her if and only if she is rich
T T
(AD)

~TTmS

T F
F T
F F
It cannot be that he loves her and she is not rich, because he loves her only if she is
rich; so the second row is F. And it cannot be that she is rich and he does not love
her, because he loves her if she is rich; so the third row is F. The conditional is true
just when both she is rich and he loves her, or neither. Another operator that works
this way is . justincase . You should convince yourself that this is so.
Notice that ‘if’, ‘only if’, and ‘if and only if” play very different roles for translation
— you almost want to think of them as completely different words: if, onlyif, and
ifandonlyif, each with their own distinctive logical role. Do not get the different roles
confused!

For an example that puts some of this together, consider, ‘She is rich if he loves
her, if and only if he is a cad or very generous’. This comes to the following.

She is rich if he loves her if and only if he is a cad or he is very generous

//\

(AE) She is rich if he loves her he is a cad or he is very generous
She is rich he loves her he is a cad he is very generous

We begin by assigning sentence letters to the simple sentences at the bottom. Then
the parallel tree is constructed as follows.

R: She is rich (L > R) < (CVG))
L: He loves her /\

(L = R) (C v G)
C: Heisacad /\ /\

G: He is very generous R L C G

Observe that she is rich if he loves her is equivalent to (L — R), not the other way
around. Then the wedge translates *  or __ ’, and the main operator has the
same table as <>.

Notice again that our procedure for translating, one operator or part at a time,
lets us translate even where the original is so complex that it is difficult to compre-
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hend. The method forces us to capture all available truth functional structure, and
the translation is thus good insofar as given the specified interpretation function, the
method makes the formal sentence true at just the consistent stories where the orig-
inal is true. It does this because the formal and informal sentences work the same
way. Eventually, you want to be able to work translations without the trees! (And
maybe you have already begun to do so.) In fact, it will be helpful to generate them
from the fop down, rather than from the bottom up, building the translation operator-
by-operator as you take the sentence apart from the main operator. But, of course,
the result should be the same no matter how you do it.

From definition AR on p. 4 an argument is some sentences, one of which (the
conclusion) is taken to be supported by the remaining sentences (the premises).
In some courses on logic or critical reasoning, one might spend a great deal of
time learning to identify premises and conclusions in ordinary discourse. However,
we have taken this much as given, representing arguments in standard form, with
premises listed as complete sentences above a line, and the conclusion under. Thus,
for example,

If you strike the match, then it will light
(AF)  The match will not light

You did not strike the match

is a simple argument of the sort we might have encountered in chapter 1. To translate
the argument, we produce a translation for the premises and conclusion, retaining
the “standard-form” structure. Thus as in the discussion of causation on p. 164, we
might end up with an interpretation function and translation as below,

S: You strike the match S —> L

~L
L: The match will light

~S
The result is an object to which we can apply our semantic and derivation methods
in a straightforward way.

And this is what we have been after: If a formal argument is sententially valid,
then the corresponding ordinary argument must be logically valid. For some good
formal translation of its premises and conclusion, suppose an argument is sententially
valid; then by SV there is no interpretation on which the premises are true and the
conclusion is false; so there is no intended interpretation on which the premises are
true and the conclusion is false; but given a good translation, by CG, the ordinary-
language premises and conclusion have the same truth values at any consistent story
as formal expressions on the corresponding intended interpretation; so no consistent
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story has the premises true and the conclusion false; so by LV the original argument
is logically valid. We will make this point again, in some detail, in Part III. For now,
notice that our formal methods, derivations and truth tables, apply to arguments of
arbitrary complexity. So we are in a position to demonstrate validity for arguments
that would have set us on our heels in chapter 1. With this in mind, consider again the
butler case (B) that we began with from p. 2. The demonstration that the argument is
logically valid is entirely straightforward, by a good translation and then truth tables
to demonstrate semantic validity. (It remains for Part III to show how derivations
matter for semantic validity.)

E5.10. Using the interpretation function below, produce parse trees and then parallel
ones to complete the translation for each of the following.

L: Lassie barks
T: Timmy is in trouble
P: Pa will help
H: Lassie is healthy
a. If Timmy is in trouble, then Lassie barks.
b. Timmy is in trouble if Lassie barks.
c. Lassie barks only if Timmy is in trouble.
d. If Timmy is in trouble and Lassie barks, then Pa will help.
*e. If Timmy is in trouble, then if Lassie barks Pa will help.

f. If Pa will help only if Lassie barks, then Pa will help if and only if Timmy is
in trouble.

g. Pa will help if Lassie barks, just in case Lassie barks only if Timmy is in
trouble.

h. If Timmy is in trouble and Pa does not help, then Lassie is not healthy or does
not bark.

*1. If Timmy is in trouble, then either Lassie is not healthy or if Lassie barks then
Pa will help.
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E5.11.

ES5.12.

*a.

If Lassie neither barks nor is healthy, then Timmy is in trouble if Pa will not
help.

Use our method, with or without parse trees, to produce a translation, includ-
ing interpretation function for the following.

If animals feel pain, then animals have intrinsic value.

Animals have intrinsic value only if they feel pain.

. Although animals feel pain, vegetarianism is not right.

Animals do not have intrinsic value unless vegetarianism is not right.

Vegetarianism is not right only if animals do not feel pain or do not have
intrinsic value.

If you think animals feel pain, then vegetarianism is right.

. If you think animals do not feel pain, then vegetarianism is not right.

If animals feel pain, then if animals have intrinsic value if they feel pain, then
animals have intrinsic value.

. Vegetarianism is right only if both animals feel pain, and animals have intrin-

sic value just in case they feel pain; but it is not the case that animals have
intrinsic value just in case they feel pain.

If animals do not feel pain if and only if you think animals do not feel pain,
but you do think animals feel pain, then you do not think that animals feel
pain.

For each of the following arguments: (i) Produce a good translation, includ-
ing interpretation function and translations for the premises and conclusion.
Then (ii) use truth tables to determine whether the argument is sententially
valid.

Our car will not run unless it has gasoline
Our car has gasoline

Our car will run
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b.

E5.13

E5.14

E5.15

o

o

If Bill is president, then Hillary is first lady
Hillary is not first lady

Bill is not president

. Snow is white and snow is not white

Dogs can fly

. If Mustard murdered Boddy, then it happened in the library.

The weapon was the pipe if and only if it did not happen in the library, and
the weapon was not the pipe only if Mustard murdered him

Mustard murdered Boddy

. There is evil

If god is good, there is no evil unless he has an excuse for allowing it.
If god is omnipotent, then he does not have an excuse for allowing evil.

God is not both good and omnipotent.

For each of the arguments in E512 that is sententially valid, produce a deriva-
tion to show that it is valid in AD.

Use translation and truth tables to show that the butler argument (B) from p.
2 is semantically valid.

For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

. Good translations.
. Truth functional operators

. Parse trees, interpretation functions and parallel trees
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5.3 Quantificational

It is not surprising that our goals for the quantificational case remain very much as
in the sentential one. We still want to produce translations — consisting of interpre-
tation functions and formal sentences — which capture available structure, making
a formal $’ true at intended interpretation I, just when the corresponding ordinary
P is true at story . We do this as before, by assuring that the various parts of the
ordinary and formal languages work the same way. Of course, now we are interested
in capturing quantificational structure, and the interpretation and formal sentences
are for quantificational languages.

In the last section, we developed a recipe for translating from ordinary language
into sentential expressions, associating particular bits or ordinary language with var-
ious formal symbols. We might proceed in very much the same way here, moving
from our notion of truth-functional operators, to that of extensional terms, relation
symbols, and operators. Roughly, an ordinary term is extensional when the truth
value of a sentence in which it appears depends just on the object to which it refers;
an ordinary relation symbol is extensional when the truth value of a sentence in which
it appears depends just on the objects to which it applies; and an ordinary operator
is extensional when the truth value of a sentence in which it appears depends just
on the satisfaction of expressions which appear in its blanks. Clearly the notion of
an extensional operator at least is closely related to that of a truth functional oper-
ator. Extensional terms, relation symbols and operators in ordinary language work
very much like corresponding ones in a formal quantificational language — where,
again, the idea would be to identify bits of ordinary language which contribute to
truth values in the same way as corresponding parts of the formal language.

However, in the quantificational case, an official recipe for translation is relatively
complicated. It is better to work directly with the fundamental goal of producing
formal translations that are true in the same situations as ordinary expressions. To be
sure, certain patterns and strategies will emerge, but, again, we should think of what
we are doing less as applying a recipe, than as directly using our understanding of
what makes ordinary and formal sentences true to produce good translations. With
this in mind, let us move directly to sample cases, beginning with those that are
relatively simple, and advancing to ones that are more complex.

5.3.1 Simple Quantifications

First, sentences without quantifiers work very much as in the sentential case. Con-
sider a simple example. Say we are confronted with ‘Bob is happy’. We might begin,
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as in the sentential case, with the interpretation function,
B: Bob is happy

and use B for ‘Bob is happy’, ~B for ‘Bob is not happy’, and so forth. But this is to
ignore structure we are now capable of capturing. Thus, in our standard quantifica-
tional language &, we might let U be the set of all people, and set,

b: Bob
H': {o|ois ahappy person}

Then we can use Hb for ‘Bob is happy’, ~H b for ‘Bob is not happy’, and so forth.
If Il assigns Bob to b, and the set of happy things to H, then Hb is satisfied and
true on lly, just in case Bob is happy at w — which is just what we want. Similarly
suppose we are confronted with ‘Bob’s father is happy’. In the sentential case, we
might have tried, F': Bob’s father is happy. But this is to miss structure available to
us now. So we might consider assigning a constant d to Bob’s father and going with
Hd as above. But this also misses available structure. In this case, we can expand
the interpretation function to include,

f1: {{m,n) | m,n € Uand n is the father of m}

Then for any variable assignment d, I4[b] = Bob and I4[ f 5] is Bob’s father. So
H f1b is satisfied and true just in case Bob’s father is happy. ~H f 1b is satisfied just
in case Bob’s father is not happy, and so forth — which is just what we want. In these
cases without quantifiers, once we have translated simple sentences, everything else
proceeds as in the sentential case. Thus, for example, for ‘Neither Bob nor his father
is happy’ we might offer, ~Hb A ~H f 1b.

The situation gets more interesting when we add quantifiers. We will begin with
cases where a quantifier’s scope includes neither binary operators nor other quanti-
fiers, and gradually increase complexity. Consider the following interpretation func-
tion.

Il U: {o]oisadog}
f1: {{(m,n) | m,n e Uand nis the father of m}
W1: {o]o € Uand o will have its day}
We assume that there is some definite content to a dog’s having its day, and that every

dog has a father — if a dog “Adam” has no father at all, we will not have specified a
legitimate function. (Why?) Say we want to translate the following sentences.
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(1) Every dog will have its day
(2) Some dog will have its day

(3) Some dog will not have its day
(4) No dog will have its day

Assume ‘some’ means ‘at least one’. The first sentence is straightforward. VxWx is
read, ‘for any x, Wx’; it is true just in case every dog will have its day. Suppose Il

is an interpretation | where the elements of U are m, n, and so forth. Then the tree is
as below.

1 2 3
Id(x\m)[Wx] Lyl
(AG) laGem W] :
lg[VxW.
M Vx - one branch for each
member of U

The formula at (1) is satisfied just in case each of the branches at (2) is satisfied. But
this can be the case only of each member of U is in the interpretation of W — which
given our interpretation function, can only be the case if each dog will have its day.
If even one dog does not have its day, then Vx Wx is not satisfied, and is not true.

The second case is also straightforward. 3xWx is read, ‘there is an x such that
Wx’; it is true just in case some dog will have its day.

1 2 3
laeem VX1
(AH) M —
Ig[3xW
la[3xWx] Jx 4 one branch for each
member of U

The formula at (1) is satisfied just in case at least one of the branches at (2) is satisfied.
But this can be the case only of some member of U is in the interpretation of W —
which, given the interpretation function, is to say that some dog will have its day.

The next two cases are only slightly more difficult. 3x~Wx is read, ‘there is an
x such that not Wx’; it is true just in case some dog will not have its day.
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1 2 3 4
Lt (e |m) [~ W x] - lg(x|m) (W] L
(AT) LTI i) I E 0| LUET IR
Ig[3x~W
la[@3x~Wx] Jx 4 one branch for each
member of U

The formula at (1) is satisfied just in case at least one of the branches at (2) is satisfied.
And a branch at (2) is satisfied just in case the corresponding branch at (3) is not
satisfied. So dx~Wx is satisfied and true just in case some member of U is not in the
interpretation of W — just in case some dog does not have its day.

The last case is similar. Yx~Wx is read, ‘for any x, not Wx’; it is true just in
case every dog does not have its day.

1 2 3 4
laejm) NWRT - g m) [WY] )
(A)) loeeim [~Wx] g WX LIl
lg[Vx~W
M Vx 4 one branch for each
member of U

The formula at (1) is satisfied just in case all of the branches at (2) are satisfied. And
this is the case just in case none of the branches at (3) are satisfied. So Vx~Wx is
satisfied and true just in case none of the members of U are in the interpretation of
W — just in case no dog has its day.

Perhaps it has already occurred to you that there are other ways to translate these
sentences. The following lists what we have done, with “quantifier switching” alter-
natives on the right.

Every dog will have its day VxWx ~Ax~Wx
(AK) Some dog will have its day IxWx ~Yx~Wx

Some dog will not have its day Ix~Wx ~YxWx

No dog will have its day Vx~Wx ~IxWx

There are different ways to think about these alternatives. First, in ordinary language,
beginning from the bottom, no dog will have its day, just in case not even one dog
does. Similarly, moving up the list, some dog will not have its day, just in case not
every dog does. And some dog will have its day just in case not every dog does not.
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And every dog will have its day iff not even one dog does not. These equivalences
may be difficult to absorb at first but, if you think about them, each should make
sense.

Next, we might think about the alternatives purely in terms of abbreviations.
Notice that, in a tree, lg[~~J] is always the same as l4[&?] — the tildes “cancel
each other out.” But then, in the first case, ~Ix~Wx abbreviates ~~Vx~~Wx
which is satisfied just in case VxWx is satisfied. In the second case, 3x Wx directly
abbreviates ~Vx~Wx. In the third, 3x~Wx abbreviates ~Vx~~Wx which is
satisfied just in case ~Vx Wx is satisfied. And, in the last case, ~3x W x abbreviates
~~Vx~Wx, which is satisfied just in case Vx~Wx is satisfied. So, again, the
alternatives are true under just the same conditions.

Finally, we might think about the alternatives directly, based on their branch con-
ditions. Taking just the last case,

1 2 3 4
Id(xlm)[Wx] 7 o[m]
(AL) lacem W]

lg[~3IxW lg[FxW.
o[~3AxWx] - la[F3xWa] Jx 1 one branch for each

member of U

The formula at (1) is satisfied just in case the formula at (2) is not. But the formula
at (2) is not satisfied just in case none of the branches at (3) is satisfied — and this
can only happen if no dog is in the interpretation of W, where this is as it should be
for ‘no dog will have its day’. In practice, there is no reason to prefer Ix~J over
~VxP or to prefer Vx~&P over ~IxP — the choice is purely a matter of taste. It
would be less natural to use ~JIx~F in place of Vx &, or ~Vx~& in place of IxP.
And it is a matter of good form to pursue translations that are natural. At any rate,
all of the options satisfy CG. (But notice that we leave further room for alternatives
among good answers, thus complicating comparisons with, for example, the back of
the book!)

Observe that variables are mere placeholders for these expressions so that choice
of variables also does not matter. Thus, in tree (AL) immediately above, the formula
is true just in case no dog is in the interpretation of W. But we get the exact same
result if the variable is y.
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1 2 3 4
lagy|my W] [ ylm]

(AM) lagm Wyl :

la[~3yWy] ~  la[FyWy]

dy 4 one branch for each
member of U

In either case, what matters in the end is whether the objects are in the interpretation
of the relation symbol: whether m € I[W], and so forth. If none are, then the formulas
are satisfied. Thus the formulas are satisfied under exactly the same conditions. And
since one is satisfied iff the other is satisfied, one is a good translation iff the other is.
So the choice of variables is up to you.

Given all this, we continue to treat truth functional operators as before — and we
can continue to use underlines to expose truth functional structure. The difference is
that what we would have seen as “simple” sentences have structure we were not able
to expose before. So, for example, ‘Either every dog will have his day or no dog will

have his day’ gets translation, VxWx VvV Vx~Wx; ‘Some dog will have its day and
some dog will not have its day’, gets, Ix Wx A Ix~Wx; and so forth. If we want to
say that some dog is such that its father will have his day, we might try IxW f1x —
there is an x such that the father of it will have its day.

E5.16. On p. 174 we say that we may show directly, based on branch conditions,
that the alternatives of table (AK) have the same truth conditions, but show it
only for the last case. Use trees to demonstrate that the other alternatives are
true under the same conditions. Be sure to explain how your trees have the
desired results.

ES.17. Given the following partial interpretation function for &4, complete the trans-
lation for each of the following. Assume Phil 300 is a logic class with Ninfa
and Harold as members in which each student is associated with a unique
homework partner.

U: {o| ois a student in Phil 300}
a: Ninfa
d: Harold

pl: {{m,n) | m,n € Uand n is the homework partner of m}
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E5.18.

G!: {o|o € Uand o gets a good grade}
H?: {{m,n) | m,n € Uand m gets a higher grade than n}

Ninfa and Harold both get a good grade.

. Ninfa gets a good grade, but her homework partner does not.

Ninfa gets a good grade only if both her homework partner and Harold do.

Harold gets a higher grade than Ninfa.

‘e. If Harold gets a higher grade than Ninfa, then he gets a higher grade than her

homework partner.
Nobody gets a good grade.
If someone gets a good grade, then Ninfa’s homework partner does.

If Ninfa does not get a good grade, then nobody does.

*1. Nobody gets a grade higher than their own grade.

. If no one gets a higher grade than Harold, then no one gets a good grade.

Produce a good quantificational translation for each of the following. In this
case you should provide an interpretation function for the sentences. Let
U be the set of famous philosophers, and, assuming that each has a unique
successor, implement a successor function.

. Plato is a good philosopher.

. Plato is better than Aristotle.

. Neither Plato is better than Aristotle, nor Aristotle is better than Plato.
*d. If Plato is good, then his successor and successor’s successor are good.
. No philosopher is better than his successor.

. Not every philosopher is better than Plato.

. If all philosophers are good, then Plato and Aristotle are good.
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h. If neither Plato nor his successor are good, then no philosopher is good.
*1. If some philosopher is better than Plato, then Aristotle is.

j- If every philosopher is better than his successor, then no philosopher is better
than Plato.

5.3.2 Complex Quantifications

With a small change to our interpretation function, we introduce a new sort of com-
plexity into our translations. Suppose U includes not just all dogs, but all physical
objects, so that our interpretation function Il has,
Il U: {o] ois a physical object}
W1: {o|o € Uand o will have its day}
D': {o|o e Uandoisadog}

Thus the universe includes more than dogs, and D is a relation symbol with applica-
tion to dogs. We set out to translate the same sentences as before.’

(1) Every dog will have its day

(2) Some dog will have its day

(3) Some dog will not have its day
(4) No dog will have its day

This time, Vx Wx does not say that every dog will have its day. YxWx is true just in
case everything in U, dogs along with everything else, will have its day. So it might
be that every dog will have its day even though something else, for example my left
sock, does not. So VxWx is not a good translation of ‘every dog will have its day’.
We do better with Vx(Dx — Wx). Vx(Dx — Wx) is read, ‘for any x if x
is a dog, then x will have its day’; it is true just in case every dog will have its day.
Again, suppose |l is an interpretation | such that the elements of Uare m,n.....

6Sentences of the sort, ‘all » are @’, ‘no P are @, ‘some &P are @’, and ‘some P are not @’ are,
in a tradition reaching back to Aristotle, often associated with a “square of opposition” and called A,
E, I and O sentences. In a context with the full flexibility of quantifier languages, there is little point
to the special treatment, insofar as our methods apply to these as well as to ones that are more complex.
For discussion, see Pietroski, “Logical Form.”
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1 2 3 4

Id(xlm)[Dx] N

Id(x|m)[Dx — WX] =] :
laem) WXl )
(AN) Id(x|n)[Dx] C x[n]

lg[Vx(Dx — Wx)] v laxny [Dx — Wx] . :

x i

Id(xln)[VVx] 7 [l

one branch for each .

member of U

The formula at (1) is satisfied just in case each of the branches at (2) is satisfied. And
all the branches at (2) are satisfied just in case there is no S/N pair at (3). This is so
just in case nothing in U is a dog that does not have its day; that is, just in case every
dog has its day. It is important to see how this works: There is a branch at (2) for
each thing in U. The key is that branches for things that are not dogs are “vacuously”
satisfied just because the things are not dogs. If Vx(Dx — Wx) is true, however,
whenever a branch is for a thing that is a dog — so that a top branch of a pair at (3) is
satisfied, that thing must be one that will have its day. If anything is a dog that does
not have its day, there is a S/N pair at (3), and Vx(Dx — Wx) is not satisfied and
not true.

It is worth noting some expressions that do not result in a good translation.
VxDx A YxWx is true just in case everything is a dog and everything will have
its day. To make it false, all it takes is one thing that is not a dog, or one thing that
will not have its day — but this is not what we want. If this is not clear, work it out
on a tree. Similarly, VxDx — VxWx is true just in case if everything is a dog,
then everything will have its day. To make it true, all it takes is one thing that is not
a dog — then the antecedent is false, and the conditional is true; but again, this is
not what we want. In the good translation, Vx(Dx — Wx), the quantifier picks out
each thing in U, the antecedent of the conditional identifies the ones we want to talk
about, and the consequent says what we want to say about them.

Moving on to the second sentence, 3x (D x A Wx) is read, ‘there is an x such that
x is a dog, and x will have its day’; it is true just in case some dog will have its day.
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1 2 3 4

Id(x\m)[Dx] L lm]
Id(xlm)[Dx A WX] :

Ald(x\m)[Wx] L lm]

(AO) o (O] =

la[3x(Dx A Wx)] . la(xiny [Dx A Wx]
X

A A

Id(x\n)[Wx] S )

one branch for each
member of U

The formula at (1) is satisfied just in case one of the branches at (2) is satisfied. A
branch at (2) is satisfied just in cases both branches in the corresponding pair at (3)
are satisfied. And this is so just in case something is a dog that will have its day.

Again, it is worth noting expressions that do not result in good translation. Ix D x A
dxWx is true just in case something is a dog, and something will have its day —
where these need not be the same; so IxDx A Ix Wx might be true even though no
dog has its day. Ix(Dx — Wx) is true just in case something is such that if it is a
dog, then it will have its day.

1 2 3 4

lieem [OX] -

Id(xlm)[Dx — WX] =] :
li(x|m) [WX] -
(AP) Id(xln)[Dx] '7 x[n]

lg[Ix (Dx — Wx)] . la(xny [Dx — Wx] . :

X |

Id(xln)[Wx] 7 [nl

one branch for each '

member of U

The formula at (1) is satisfied just in case one of the branches at (2) is satisfied; and
a branch at (2) is satisfied just in case there is a pair at (3) in which the top is N or the
bottom is S. So all we need for x(Dx — Wx) to be true is for there to be even one
thing that is not a dog — for example, my sock — or one thing that will have its day.
So Ax(Dx — Wx) can be true though no dog has its day.

The cases we have just seen are typical. Ordinarily, the existential quantifier
operates on expressions with main operator A. If it operates on an expression with
main operator —, the resultant expression is satisfied just by virtue of something
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that does not satisfy the antecedent. And, ordinarily, the universal quantifier operates
on expressions with main operator —. If it operates on an expression with main
operator A, the expression is satisfied only if everything in U has features from both
parts of the conjunction — and it is uncommon to say something about everything in
U, as opposed to all the objects of a certain sort. Again, when the universal quantifier
operates on an expression with main operator —, the antecedent of the conditional
identifies the objects we want to talk about, and the consequent says what we want
to say about them.

Once we understand these two cases, the next two are relatively straightforward.
Ax(Dx A ~Wx) is read, ‘there is an x such that x is a dog and x will not have its
day’; it is true just in case some dog will not have its day. Here is the tree without
branches for the (by now obvious) term assignments.

1 2 3 4
Id(x\m) [Dx]

Id(x|m)[Dx A\ NWX] A
Id(x\m)[wwx] N Id()c|m)[VVx]

(AQ) Id(x\n) [DX]
lg[Ix (Dx A ~Wx)] la(xjny [Dx A ~Wx]
dx A

oy [~ W] _ o [Wx]

one branch for each
member of U

The formula at (1) is satisfied just in case some branch at (2) is satisfied. A branch
at (2) is satisfied just in case the corresponding pair of branches at (3) is satisfied.
And for a lower branch at (3) to be satisfied, the corresponding branch at (4) has to
be unsatisfied. So for 3x(Dx A ~Wx) to be satisfied, there has to be something that
is a dog and does not have its day. In principle, this is just like, ‘some dog will have
its day’. We set out to say that some object of sort & has feature €. For this, we say
that there is an x hat is of type &, and has feature @. In ‘some dog will have its day’,
@ is the simple W. In this case, @ is the slightly more complex ~W.

Finally, Vx(Dx — ~Wx) is read, ‘for any x, if x is a dog, then x will not have
its day’; it is true just in case every dog will not have its day — that is, just in case
no dog will have its day.
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1 2 3 4

laGxmy [DX]
Id(x‘m)[Dx —> NWX]
—>

laeim) (~Wx] - lagem) [Wx]

(AR) Id()c\n) [Dx]

la[Vx(Dx — ~Wx)] la(xny [Dx — ~Wx]
Vx -

Toim =Wl g W]

one branch for each
member of U

The formula at (1) is satisfied just in case every branch at (2) is satisfied. Every
branch at (2) is satisfied just in case there is no S/N pair at (3); and for this to be so
there cannot be a case where a top at (3) is satisfied, and the corresponding bottom at
(4) is satisfied as well. So Vx(Dx — ~Wx) is satisfied and true just in case nothing
is a dog that will have its day. Again, in principle, this is like ‘every dog will have its
day’. Using the universal quantifier, we pick out the class of things we want to talk
about in the antecedent, and say what we want to say about the members of the class
in the consequent. In this case, what we want to say is that things in the class will not
have their day.

As before, quantifier-switching alternatives are possible. In the table below, al-
ternatives to what we have done are listed on the right.

Every dog will have its day Vx(Dx — Wx) ~3Ax(Dx A ~Wx)
(AS) Some dog will have its day Ax(Dx A Wx) ~Vx(Dx — ~Wx)

Some dog will not have its day ~ Ix(Dx A ~Wx) ~Vx(Dx — Wx)

No dog will have its day Vx(Dx - ~Wx) ~3x(Dx A Wx)

Beginning from the bottom, if not even one thing is a dog that will have its day, then
no dog will have its day. Moving up, if it is not the case that everything that is a
dog will have its day, then some dog will not. Similarly, if it is not the case that
everything that is a dog will not have its day, then some dog does. And if not even
one thing is a dog that does not have its day, then every dog will have its day. Again,
choices among the alternatives are a matter of taste, though the latter ones may be
more natural than the former. If you have any questions about how the alternatives
work, work them through on trees.

Before turning to some exercises, let us generalize what we have done a bit.
Include in our interpretation function,

H': {o|ois happy}
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C!: {o]oisacat}

Suppose we want to say, not that every dog will have its day, but that every happy
dog will have its day. Again, in principle this is like what we have done. With
the universal quantifier, we pick out the class of things we want to talk about in the
antecedent — in this case, happy dogs, and say what we want about them in the
consequent. Thus Vx[(Dx A Hx) — Wx] is true just in case everything that is both
happy and a dog will have its day, which is to say, every happy dog will have its
day. Similarly, if we want to say, every dog will or will not have its day, we might
try, Vx[Dx — (Wx v ~Wx)]. Or putting these together, for ‘every happy dog will
or will not have its day’, Vx[(Dx A Hx) — (Wx v ~Wx)]. We consistently pick
out the things we want to talk about in the antecedent, and say what we want about
them with the consequent. Similar points apply to the existential quantifier. Thus
‘Some happy dog will have its day’ has natural translation, Ix[(Dx A Hx) A Wx]
— something is a happy dog and will have its day. ‘Some happy dog will or will not
have its day’ gets, Ax[(Dx A Hx) A (Wx v ~Wx)]. And so forth.

It is tempting to treat, ‘All dogs and cats will have their day’ similarly with trans-
lation, Vx[(Dx A Cx) — Wx]. But this would be a mistake! We do not want to
say that everything which is a dog and a cat will have its day — for nothing is both
a dog and a cat! Rather, good translations are, Vx(Dx — Wx) A Vx(Cx — Wx)
— all dogs will have their day and all cats will have their day or the more elegant,
Vx[(Dx v Cx) — Wx] — each thing that is either a dog or a cat will have its day.
In the happy dog case, we needed to restrict to class under consideration to include
just happy dogs; in this dog and cat case, we are not restricting the class, but rather
expanding it to include both dogs and cats. The disjunction (Dx Vv Cx) applies to
things in the broader class which includes both dogs and cats.

This dog and cat case brings out the point that we do not merely “cookbook” from
ordinary language to formal translations, but rather want truth conditions to match.
And we can make the conditions match for expressions where standard language
does not lie directly on the surface. Thus, consider, ‘Only dogs will have their day’.
This does not say that all dogs will have their day. Rather it tells us that if something
has its day, then it is a dog, Vx(Wx — Dx). Similarly, ‘No dogs, except the happy
ones, will have their day’, tells us that dogs that are not happy will not have their day,
Vx[(Dx A~Hx) — ~Wx]. It is tempting to add that the happy dogs will have their
day, but it is not clear that this is part of what we have actually said; ‘except’ seems
precisely to except members of the specified class from what is said.’

7It may be that we conventionally use ‘except’ in contexts where the consequent is reversed for the
excepted class, for example, ‘I like all foods except brussels sprouts’ — where I say it this way because
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Further, as in the dog and cat case, sometimes surface language is positively mis-
leading compared to standard readings. Consider, for example, ‘if some dog is happy,
it will have its day’, and ‘if any dog is happy, then they all are’. It is tempting to trans-
late the first, Ix[(Dx A Hx) — Wx] — but this is not right. All it takes to make
this expression true is something that is not a happy dog (for example, my sock); if
something is not a happy dog, then a branch for the conditional is satisfied, so that the
existentially quantified expression is satisfied. But we want rather to say something
about all dogs — if some (arbitrary) dog is happy it will have its day — so that no
matter what dog you pick, if it is happy, then it will have its day; thus the correct
translation is Vx[(Dx A Hx) — Wx]. Similarly, it may be tempting to translate,
the ‘any’ of ‘if any dog is happy, then they all are’ by the universal quantifier. But
the correct translation is rather, Ix(Dx A Hx) — Vx(Dx — Hx) — if some dog
is happy, then every dog is happy. The best way to approach these cases is to think
directly about the conditions under which the ordinary expressions are true and false,
and to produce formal translations that are true and false under the same conditions.
For these last cases however, it is worth noting that when there is “pronominal” cross
reference as, ‘if some/any # is @ then if has such-and-such features’ the statement
translates most naturally with the universal quantifier. But when such cross-reference
is absent as, ‘if some/any £ is @ then so-and-so is such-and-such’ the statement
translates naturally as a conditional with an existential antecedent. The point is not
that there are no grammatical cues! But cues are not so simple that we can always
simply read from ‘some’ to the existential quantifier, and from ‘any’ to the universal.
Perhaps this is sufficient for us to move to the following exercises.

E5.19. Use trees to show that the quantifier-switching alternatives from (AS) are true
and false under the same conditions as their counterparts. Be sure to explain
how your trees have the desired results.

ES5.20. Given the following partial interpretation function for &4, complete the trans-
lation for each of the following. (Perhaps these sentences reflect residual
frustration over a Mustang the author owned in graduate school).

U: {o|oisacar}
T!: {o]o € Uandois a Toyota}
F': {o]o € Uandois aFord}

I do not like brussels sprouts. But, again, it is not clear that I have actually said whether I like them or
not.
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b,

E': {o]o € U and o was built in the eighties}
J1: {o|o € Uand o is a piece of junk}

R': {o]o e Uand o is reliable}

. Some Ford is a piece of junk.

Some Ford is an unreliable piece of junk.

. Some Ford built in the eighties is a piece of junk.

Some Ford built in the eighties is an unreliable piece of junk.

. Any Ford is a piece of junk.

Any Ford is an unreliable piece of junk.

. Any Ford built in the eighties is a piece of junk.

Any Ford built in the eighties is an unreliable piece of junk.

. No reliable car is a piece of junk.

. No Toyota is an unreliable piece of junk.

*k. If a car is unreliable, then it is a piece of junk.

E5.21.

If some Toyota is unreliable, then every Ford is.
Only Toyotas are reliable.

Not all Toyotas and Fords are reliable.

. Any car, except for a Ford, is reliable.

Given the following partial interpretation function for &4, complete the trans-
lation for each of the following. Assume that Bob is married, and that each
married person has a unique “primary” spouse in case of more than one.

U: {o|ois a person who is married}

b: Bob

s': {(m,n) | nis the (primary) spouse of m}
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A': {o] o € Uand o is having an affair}
E': {o]o € Uand o is employed}

H': {o]o € Uand o is happy}

L?: {{m,n) | m,n € Uand mloves n}

M?: {{m,n) | mis married to n}

Bob’s spouse is happy.

*b. Someone is married to Bob.

#h,

1,

. Anyone who loves their spouse is happy.

Nobody who is happy and loves their spouse is having an affair.
Someone is happy just in case they are employed.

Someone is happy just in case someone is employed.

Some happy people have affairs, and some do not.

Anyone who loves and is loved by their spouse is happy, though some are not
employed.

Only someone who loves their spouse and is employed is happy.

. Anyone who is unemployed and whose spouse is having an affair is unhappy.

. People who are unemployed and people whose spouse is having an affair are

unhappy.

Anyone married to Bob is happy if Bob is not having an affair.

. Anyone married to Bob is happy only if Bob is employed and is not having

an affair.

. If Bob is having an affair, then everyone married to him is unhappy, and

nobody married to him loves him.

. Only unemployed people and unhappy people have affairs, but if someone

loves and is loved by their spouse, then they are happy unless they are unem-
ployed.
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E5.22.

5.3.3

Produce a good quantificational translation for each of the following. You
should produce a single interpretation function with application to all of the
sentences. Let U be the set of all animals.

. Not all animals make good pets.

Dogs and cats make good pets.

Some dogs are ferocious and make good pets, but no cat is both.

. No ferocious animal makes a good pet, unless it is a dog.

No ferocious animal makes a good pet, unless Lassie is both.
Some, but not all good pets are dogs.

Only dogs and cats make good pets.

Not all dogs and cats make good pets, but some do.

If Lassie does not make a good pet, then the only good pet is a cat that is
ferocious, or a dog that is not.

A dog or cat makes a good pet if and only if it is not ferocious.

Overlapping Quantifiers

The full power of our quantificational languages emerges only when we allow one

quantifier to appear in the scope of another.® So let us turn to some cases of this sort.
First, let U be the set of all people, and suppose the intended interpretation of L? is
{{m,n) | m,n € U, and m loves n}. Say we want to translate,

(1) Everyone loves everyone.

(2) Someone loves someone.

(3) Everyone loves someone.

(4) Everyone is loved by someone.

(5) Someone loves everyone.

8 Aristotle’s categorical logic is capable of handling simple A, E, I, and O sentences — consider
experience you may have had with “Venn diagrams.” But you will not be able to make his logic, or
such diagrams apply to the full range of cases that follow (see note 6)!
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(6) Someone is loved by everyone.

First, you should be clear how each of these differs from the others. In particular,
it is enough for (4) ‘everyone is loved by someone’ that for each person there is a
lover of them — perhaps their mother (or themselves); but for (6) ‘someone is loved
by everyone’ we need some one person, say Elvis, that everyone loves. Similarly, it
is enough for (3) ‘everyone loves someone’ that each person loves some person —
perhaps their mother (or themselves); but for (5) ‘someone loves everyone’ we need
some particularly loving individual, say Mother Theresa, who loves everyone.

The first two are straightforward. VxVyLxy is read, ‘for any x and any y, x
loves y; it is true just in case everyone loves everyone.

1 2 3
Id(x\m,ylm) [Lxy]

lae|my Yy Lxy] vy laGem,y|m [LXY]

(AT)
Id(x\n,y\m) [Lxy]

lg[VxVyLxy] laCx|m [YyLxy] laGxln, y|m [LxY]
Vx Yy

The branch at (1) is satisfied just in case all of the branches at (2) are satisfied.
And all of the branches at (2) are satisfied just in case all of the branches at (3) are
satisfied. But every combination of objects appears at the branch tips. So VxVyLxy
is satisfied and true just in case for any pair (m,n) € U2, (m, n) is in the interpretation
of L. Notice that the order of the quantifiers and variables makes no difference: for
a given interpretation |, VxVyLyx, VyVxLxy, and VyVxLyx are all satisfied and
true under the same condition — just when every (m, n) € U? is a member of I[L].

The case for the second sentence is similar. x3yLxy is read, ‘there is an x and
there is a y such that x loves y; it is true just in case some (m,n) € U? is a member
of I[L] — just in case someone loves someone. The tree is like (AT) above, but with
Juniformly substituted for V. Then the formula at (1) is satisfied iff a branch at (2) is
satisfied; iff a branch at (3) is satisfied; iff someone loves someone. Again the order
of the quantifiers does not matter.

The next cases are more interesting. Vx3yLxy is read, ‘for any x there is a y
such that x loves y’; it is true just in case everyone loves someone.
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1 2 3
la(x|m, y|m [LXY]

lagemy 3y Lxy] 3y laCx|m, ylny [LXY]
(AU)
Id(xln,ylm) [Lxy]

lg[Vx3IyLxy] lagxmy By Lxy] laxln,yIn) [£X)]
Vx Iy

The branch at (1) is satisfied just in case each of the branches at (2) is satisfied. And
a branch at (2) is satisfied just in case at least one of the corresponding branches at
(3) is satisfied. So Vx3dyLxy is satisfied just in case, no matter which o you pick,
there is some p such that such that o loves p — so that everyone loves someone. This
time, the order of the of the variables makes a difference: thus, Vx3yLyx translates
sentence (4). The picture is like the one above, with Lyx uniformly replacing Lxy.
This expression is satisfied just in case no matter which o you pick, there is some p
such that such that p loves 0 — so that everyone is loved by someone.

Finally, 3axVyLxy is read, ‘there is an x such that for any y, x loves y’; it is
satisfied and true just in case someone loves everyone.

1 2 3
Id(x\m,ylm) [Lxy]

Id(xlm) [VyLxy] Vy Id(x\m,y|n) [Lxy]
(AV)
Id(x\n,y\m) [Lxy]

lg[IxVyLxy] la(x|m [YyLxy] laGxln, vl [LxY]
Ix Vy

The branch at (1) is satisfied just in case some branch at (2) is satisfied. And a branch
at (2) is satisfied just in case each of the corresponding branches at (3) is satisfied.
So IxVyLxy is satisfied and true just in case there is some 0 € U such that, no
matter what p € U you pick, (o0, p) € I[L] — just when there is someone who loves
everyone. If we switch Lyx for Lxy, we get a tree for 3xV y Lyx; this formula is true
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just when someone is loved by everyone. Switching the order of the quantifiers and
variables makes no difference when quantifiers are the same. But it matters crucially
when quantifiers are different!

Let us see what happens when, as before, we broaden the interpretation function
so that U includes all physical objects.

Il U: {0 ois a physical object}
P': {o|o € Uand o is a person}

L?: {{m,n) | m,n € U, and m loves n}

Let us set out to translate the same sentences as before.

For ‘everyone loves everyone’, where we are talking about people, VXV yLxy
will not do. YxVyLxy requires that each member of U love all the other members
of U — but then we are requiring that my left sock love my computer, and so forth.
What we need is rather, VxVy[(Px A Py) — Lxy]. With the last branch tips
omitted, the tree is as follows.

1 2 3 4

ld(xlm, yim)

[(Px A Py) — Lxy]
—_— T

la(xIm) la(x|m. yIn)
[Vy((Px A Py) — Lxy)] v [(Px A Py)— Lxy]
y

laxim, yim [LxY]

(AW)

ld(xIn, v 1m)
[(Px A Py)— Lxy]
—_— T

lacxin,yim) [LxY]

la(xIn) ld(xIn,yIn)
4[VxVy((Px A Py) — Lxy)] [Vy((Px A Py) — Lxy)] [(Px A Py)— Lxy]
Vx Vy N

The formula at (1) is satisfied iff all the branches at (2) are satisfied; all the branches
at (2) are satisfied just in case all the branches at (3) are satisfied. And, for this to
be the case, there can be no pair at (4) where the top is satisfied and the bottom is
not. That is, there can be no o and p such that o and p are people, 0,p € I[P], but 0
does not love p, (0,p) & I[L]. The idea is very much as before: With the universal

|d(x\m,y\m)[Px A PY]
laceim. yim) [LXY]

laxim.yim [Px A Py]

|d(,\'\n,y|m)[Px A PJ’]

laxin.yim [Px A Py]

locxin,yim [LxY]
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quantifiers, we select the things we want to talk about in the antecedent, we make
sure that x and y pick out people, and then say what we want to say about the things
in the consequent.

The case for ‘someone loves someone’ also works on close analogy with what
has gone before. In this case, we do not use the conditional. If the quantifiers in the
above tree were existential, all we would need is one branch at (2) to be satisfied,
and one branch at (3) satisfied. And, for this, all we would need is one thing that is
not a person — so that the top branch for the conditional is N, and the conditional
is therefore S. On the analogy with what we have seen before, what we want is
something like, 3x3y[(Px A Py) A Lxy]. There are some people x and y such that
x loves y.

1 2 3 4

ld(xlm, yim)

[(Px A Py)A Lxy]
—— A

la(xm) la(xIm. y In)
[Fy((Px A Py) A Lxy)] v [(Px A Py) A Lxy]
¥y

(AX)

ldCxin, v 1m)

[(Px A Py)A Lxy]
—_—— A

lacxin) laCxln, v
I¢[3xJy((Px A Py) A Lxy)] [3y((Px A Py) A Lxy)] 3 [(Px APy)A Lxy]
dx y

la(xIn,yIn) [ny]

The formula at (1) is satisfied iff at least one branch at (2) is satisfied. At least one
branch at (2) is satisfied just in case at least one branch at (3) is satisfied. And for this
to be the case, we need some branch pair at (4) where both the top and the bottom
are satisfied — some o and p such that o and p are people, o, p € I[P], and o loves p,
(0.p) € I[L].

In these cases, the order of the quantifiers and variables does not matter. But order
matters when quantifiers are mixed. Thus, for ‘everyone loves someone’, Vx[Px —
dy(Py A Lxy)] is good — if any thing x is a person, then there is some y such that
y is a person and x loves y.

la(xim,yim [PX A Py]
lacxim.yim) [LXY]
lacxim.yim [Px A Py]
lacxlm, yim [LxY]
lacxin,yim [PX A Py]
laCelnyim [Lx Y]

laxin.yim [Px A Py]
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1 2 3 4

lacxim) [P x]

la(xim) la(x y[Py A Lxy]
[Px — 3y(Py A Lxy)] AL S
-

Tlacxim
[Fy(Py A Lxy)] 3 la(xim.yim [Py A Lxy]
y

(AY)

lacxim [P x]

ld(x(n) lacxin.yim [Py A Lxy]
4[Vx(Px — 3y(Py A Lxy))] [Px - 3y(Py A Lxy)] Sy mET Y A A
Vx -

Tlacxiny
[Fy(Py A Lxy)] 3y la(xin,yim [Py A Lxy]

The formula at (1) is satisfied just in case all the branches at (2) are satisfied. All the
branches at (2) are satisfied just in case no pair at (3) has the top satisfied and the
bottom not. If x is assigned to something that is not a person, the branch at (2) is
satisfied trivially. But where the assignment to x is some o that is a person, a bottom
branch at (3) is satisfied just in case at least one of the corresponding branches at
(4) is satisfied — just in case there is some p such that p is a person and o loves p.
Notice, again, that the universal quantifier is associated with a conditional, and the
existential with a conjunction. Similarly, we translate ‘everyone is loved by someone,
Vx[Px — 3y(Py A Lyx)]. The tree is as above, with Lxy uniformly replaced by
Lyx.

For ‘someone loves everyone, Ax[Px A Vy(Py — Lxy)] is good — there is an
x such that x is a person, and for any y, if y is a person, then x loves y.

1 2 3 4

|d(x|m) [Px]

ld(x|m) la [Py = Lxy]
[PxAVy(Py — Lxy)] (x|m.y|m)
A

Tlaceimy
[Vy(Py — Lxy)] v lacxim,yimy [Py = Lxy]
y

(AZ)

lacxim [P x]

la(x|n) lacxln,yim [Py = Lxy]

I3[Ax(Px AVy(Py — Lxy))] 3 [PxAVy(Py — Lxy)]
A

X

Tlacxiny
[Vy(Py — Lxy)] v lacxin,yim [Py = Lxy]
y

The formula at (1) is satisfied just in case some branch at (2) is satisfied. A branch at
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(2) is satisfied just in case the corresponding pair at (3) is satisfied. The top of such
a pair is satisfied when the assignment to x is some o0 € I[P]; the bottom is satisfied
just in case all of the corresponding branches at (4) are satisfied — just in case any p
is such that if it is a person, then o loves it. So there has to be an o that loves every
p. Similarly, you should be able to see that 3x[Px A Vy(Py — Lyx)] is good for
‘someone is loved by everyone’.

Again, it may have occurred to you already that there are other options for
these sentences. This time natural alternatives are not for quantifier switching, but
for quantifier placement. For ‘someone loves everyone’ we have given, Ix[Px A
Vy(Py — Lxy)] with the universal quantifier on the inside. However, 3xVy[Px A
(Py — Lxy)] would do as well. As a matter of strategy, it may be best to keep
quantifiers as close as possible to that which they modify. However, we can show
that, in this case, pushing the quantifier across that which it does not bind leaves the
truth condition unchanged. Let us make the point generally. Say @(v) is a formula
with variable v free, but & is one in which v is not free. We are interested in the
relation between (P A Vv @(v)) and Vv (P A Q(v)). Here are the trees.

1 2 3
Id(v\m) (]
Id(vlm)[JP A Q(v)] N
Id(v\m) [@(v)]
(BA) -
laco | []
la[Vv (P A Q(v))] v larny [P A Q(v)] N
v lacolm [@(0)]
and,
4 5 6
la[ ] la(wr|my [Q (V)]

(BB) lg[P A V@ (v)] A

la[Vv @ (v)] Vo la(r|n) [ (v)]

The key is this: Since & has no free instances of v, for any o € U, I4[] is satisfied
justin case lg(,y|o)[#] is satisfied; for if v is not free in J, the assignment to v makes
no difference to the evaluation of . In (BA), the formula at (1) is satisfied iff each of
the branches at (2) is satisfied; and each of the branches at (2) is satisfied iff each of
the branches at (3) is satisfied. In (BB) the formula at (4) is satisfied iff both branches
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at (5) are satisfied. The bottom requires that all the branches at (6) are satisfied. But
the branches at (6) are just like the bottom branches from (3) in (BA). And given the
equivalence between lg[J?] and lg(x|o)[&?], the top at (5) is satisfied iff each of the
tops at (3) is satisfied. So the one formula is satisfied iff the other is as well. Notice
that this only works because v is not free in &2. So you can move the quantifier past
the J# only if it does not bind a variable free in 5!

Parallel reasoning would work for any combination of V and 3, with A, v and —.
That is, supposing that v is not free in &, each of the following pairs is equivalent.

Yo(P AQ(Vv)) <— P AVvrQ(w)
(P AQW)) = PAFvAW)
(BC) Vo(PVvAw) < PVvVrd)
(P VAWV) <— PVvIvA)
Yo(P - Q) <— P —Vvl(v)
(P - Q) = &P — IvQ(v)

The comparison between Vy[Px A (Py — Lxy)] and [Px A Vy(Py — Lxy)]
is an instance of the first pair. In effect, then, we can “push” the quantifier into the
parentheses across a formula to which the quantifier does not apply, and “pull” it
out across a formula to which the quantifier does not apply — without changing the
conditions under which the formula is satisfied.

But we need to be more careful when the order of & and @ (v) is reversed. Some
cases work the way we expect. Consider Vv (Q(v) A &) and (Vv @Q(v) A P).

1 2 3

laojm) [@(v) A P] Al
Id(vlm)[?]

(BD) -
la(vn [@ (V)]
la[Vv (Q(v) A P)] Vo laqw ) [Q(v) A P]

la(vrny [P]

and,
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4 5 6
la(jm [@()]
(BE) Y0 Q@) | |lawm[@)]

a[Vr@Q(v) A P] N

la[5]

In this case, the reasoning is as before. In (BD), the formula at (1) is satisfied iff all the
branches at (2) are satisfied; and all the branches at (2) are satisfied iff all the branches
at (3) are satisfied. And in (BE), the formula at (4) is satisfied iff both branches at
(5) are satisfied. And the top at (5) is satisfied iff all the branches at (6) are satisfied.
But the branches at (6) are like the tops at (3). And given the equivalence between
la[P] and lg(x|0)[#7], the bottom at (5) is satisfied iff the bottoms at (3) are satisfied.
So, again, the formulas are satisfied under the same conditions. And similarly for
different combinations of the quantifiers V or 3 and the operators A or V. Thus our
table extends as follows.

Vor(@(v)AP) — NVvQ@w)AP)
(BF) I (@QU)AP) = (Fvdw)AP)

Vor(Qv)vP) < NvQ)VvP)

v (Qv)VvP) — GFHvdlw)VvP)
We can push a quantifier “into” the front part of a parenthesis or pull it out as above.

But the case is different when the main operator is —. Consider trees for Vv (@ (v)

— &) and, noting the quantifier shift, for (v Q(v) — P).

1 2 3
Id(vlm) [@(v)]
lg(o|m)[@(v) = P] |
la(v|m) [P]
(BG) -
Id(vln) [@(v)]
la[Vv (Q(v) — P)] law ) [Q(v) — £]
Vv —
Id(vln)[f?]

and
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4 5 6
la(w)m [@ ()]
(BH) la[FvQ(v)] . la(vr|m) [Q (V)]

lg[Av Q(v) = P] N

la[]

The formula at (4) is satisfied so long as at (5) the upper branch is N or bottom is S;
and the top is N iff no branch at (6) is S; thus the formula at (4) is satisfied so long
as none of the branches at (6) are S or the bottom at (5) is S; or, put the other way
around, the formula at (4) is N iff one of the branches at (6) is S and the bottom at
(5) is N. The formula at (1) is satisfied iff all the branches at (2) are satisfied; and all
the branches at (2) are satisfied iff there is no S/N pair at (3); so the formula at (1)
is N iff there is an S/N pair at (3). But, as before, the tops at (3) are the same as the
branches at (6). And given the match between lg[?] and ly(x|o)[#”], the bottoms at
(3) are the same as the bottom at (5). So there is an S/N pair at (3) iff some branch
at (6) is S and the bottom at (5) is N. So Vv (Q(v) — #) and (Fv&Q(v) — &) are
(not) satisfied under the same conditions. By similar reasoning, we are left with the
following equivalences to complete our table.

YVr(Qv) - P) = @vlw)—>P)

@) > P) = ©vQ)—>P)

When a universal goes into the antecedent of a conditional, it flips to an existential.
And when an existentitial quantifier goes in to the antecedent of a conditional, it flips
to a universal. And similarly in the other direction.

Here is an explanation for what is happening: A universal quantifier outside
parentheses requires that each inner conditional branch is satisfied; with tips for
the consequent & the same, this requires that either the consequent be S or every
antecedent tip be N. But once the quantifier is pushed in, the resultant conditional
A — P is satisfied only when the antecedent is N or the consequent is S; so the
original requirement that all the antecedent tips be N is matched by the requirement
that an existentential 4 be N. Similarly, an existential quantifier outside parentheses
requires that some inner conditional branch is satisfied; with tips for the consequent
& the same, this requires either that the consequent be S or some tip for the an-
tecedent be N. But once the quantifier is pushed in, the resultant conditional A4 — &
is satisfied when the antecedent is N or the consequent is S; and the original require-
ment that some antecedent tip be N corresponds to the condition that a universal A
be N. This case differs from others insofar as the inner conditional branches are S

(BI)



CHAPTER 5. TRANSLATION 196

when the antecedent tips are N. In the standard cases, the branch is S when the tip
remains S — and the quantifier goes in as one would expect. The place for caution
is when a quantifier comes from or goes into the antecedent of a conditional.’

Return to ‘everybody loves somebody’. We gave as a translation, Vx[Px —
dy(PyALxy)]. ButVx3y[Px — (PyALxy)] does as well. To see this, notice that
the immediate subformula, [Px — Jy(Py A Lxy)] is of the form [P — Fv @ (v)]
where & has no free instance of the quantified variable y. The quantifier is in the
consequent of the conditional, so [Px — Jy(Py A Lxy)] is equivalent to Iy[Px —
(Py A Lxy)]. So the larger formula Vx[Px — 3y(Py A Lxy)] is equivalent to
Vx3y[Px — (Py A Lxy)]. And similarly in other cases. Officially, there is no
reason to prefer one option over the other. Informally, however, there is perhaps less
room for confusion when we keep quantifiers relatively close to the expressions they
modify. One reason for this is that we continue to associate V with — and 3 with A.
On this basis, Vx[Px — Jy(Py A Lxy)] is to be preferred. If you have followed
this discussion, you are doing well — and should be in a good position to think about
the following exercises.

E5.23. Use trees to explain one of the equivalences in table (BC), and one of the
equivalences in (BF), for an operator other than A. Then use trees to explain
the second equivalence in (BI). Be sure to explain how your trees justify the
results.

E5.24. Explain why we have not listed quantifier placement equivalences matching
Yo (P < Q(v)) with (P <> Yvr@(v)). Hint: consider Vv (P < Q(v)) as
an abbreviation of Vv [(£ — @(v)) A ((v) — P)]; from trees, you can
see that this is equivalent to [Vv (P — Q(v)) A Vo (Q(v) — £)]. Now,
what is the consequence of quantifier placement difficulties for —? Would it
work if the quantifier did not flip?

E5.25. Given the following partial interpretation function for &4, complete the trans-
lation for each of the following. (The last generates a famous paradox — can
a barber shave himself?)

9Thus, for example, we should expect quantifier flipping when pushing into expressions Yv (£ |
Q(v)) or Vv (Q(v) | P) with a neither-nor operator true only when both sides are false. And this is
just so: The universal expression is satisfied only when all the inner branches are satisfied; and the inner
branches are satisfied just when all the tips are not. And this is like the condition from the existential
quantifier in 3v@Q | P or £ | Fv@. And similarly for existentially quantified expressions with this
operator.
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E5.26.

U: {o]|ois aperson}

b: Bob

B': {o]o e Uandois a barber}
M': {o]o e Uandoisaman}

S2: {{m,n) | m,n € U and m shaves n}

Bob shaves himself.

. Everyone shaves everyone.

. Someone shaves everyone.

Everyone is shaved by someone.

. Someone is shaved by everyone.

Not everyone shaves themselves.

. Any man is shaved by someone.

Some man shaves everyone.

. No man is shaved by all barbers.

Any man who shaves everyone is a barber.

If someone shaves all men, then they are a barber.

. If someone shaves everyone, then they shave themselves.

A barber shaves anyone who does not shave themselves.

. A barber shaves only people who do not shave themselves.

. A barber shaves all and only people who do not shave themselves.

Given an extended version of £g;and the standard interpretation N1 as below,
complete the translation for each of the following. Recall that < and = are
relation symbols, where S, x and + are function symbols. As we shall see
shortly, it is possible to define E and P in the primitive vocabulary. Also the
last sentence states the famous Goldbach conjecture, so far unproved!
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El:
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N

zero

{{m,n) | m,n € N, and n is the successor of m}
{{{m,n),0) | m,n,0 € N, and m plus n equals o}
{{{m,n),0) | m,n,0 € N, and m times n equals o}
{{m,n) | m,n € N, and m is less than n}

{o]o e N and o is even}

{o]|o € N and o is prime}

One plus one equals two.

. Three is greater than two.

. There is an even prime number.

Zero is less than or equal to every number.

There is a number less than or equal to every other.

For any prime, there is one greater than it.

198

Any odd (non-even) number is equal to the successor of some even number.

Some even number is not equal to the successor of any odd number.

A number Xx is odd if it is equal to two time some y plus one.

Any odd number is equal to the sum of an odd and an even.

. A number x is even iff it is equal to two times some y.

. Any even number not equal to zero is the sum of one odd with another.

The sum of one odd with another odd is even.

No odd number is greater than every prime.

. Any even number greater than two is equal to the sum of two primes.



CHAPTER 5. TRANSLATION 199

E5.27. Produce a good quantificational translation for each of the following. In this
case you should provide an interpretation function for the sentences. Let U be
the set of people, and, assuming that each has a unique best friend, implement
a best friend of function.

a. Bob’s best friend likes all New Yorkers.

b. Some New Yorker likes all Californians.

c. No Californian likes all New Yorkers.

d. Any Californian likes some New Yorker.

e. Californians who like themselves, like at least some people who do not.
f. New Yorkers who do not like themselves, do not like anybody.

g. Nobody likes someone who does not like them.

h. There is someone who dislikes every new Yorker, and is liked by every Cali-
fornian.

i. Anyone who likes themselves and dislikes every New Yorker, is liked by
every Californian.

j- Everybody who likes Bob’s best friend likes some New Yorker who does not
like Bob.

5.3.4 Equality

We complete our discussion of translation by turning to some important applications
for equality. Adopt an interpretation function with U the set of people and,

b: Bob
c: Bob
f1: {{m,n) | m,n € U, where n is the father of m}

H': {o]o e Uandois ahappy person}
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(Maybe Bob’s friends call him “Cronk.”) The simplest applications for = assert the
identity of individuals. Thus, for example, b = c is satisfied insofar as (l4[b], lg[c]) €
I[=]. Similarly, 3x (b = f!x) is satisfied just in case Bob is someone’s father. And,
on the standard interpretation of £, Ix[(x + x) = (x x x)] is satisfied insofar as,
say, (lgx[2)[x + x]. lacxj2)[x x x]) € I[=] — that s, (4, 4) € I[=]. If this last case is
not clear, think about it on a tree.

We get to an interesting class of cases when we turn to quantity expressions.
Thus, for example, we can easily say ‘at least one person is happy’, IxH x. But
notice that neither 3x H x A3y Hy nor Ax3y(H x A Hy) work for “at least two people
are happy’. For the first, it should be clear that each conjunct is satisfied, so that the
conjunction is satisfied, so long as there is at least one happy person. And similarly
for the second. To see this in a simple case, suppose Bob, Sue and Jim are the only
people in U. Then the existentials for 3x3y (H x A Hy) result in nine branches of the
following sort,

1 2

(BJ) Id(x|m,Y|n) [HX] 7X[m]

Id(xlm,yln)[I-Ix/\I_IY] A

Nacxem,yim [HY] iy

for some individuals m and n. Just one of these branches has to be satisfied in order
for the main sentence to be satisfied and true. Clearly none of the tips are satisfied
if none of Bob, Sue or Jim is happy; then the branches are N and Ix3y(Hx A Hy)
is N as well. But suppose just one of them, say Sue, is happy. Then on the branch
for d(x|sue,y|sue) Poth Hx and Hy are satisfied! Thus the conjunction is satisfied, and
the existential is satisfied as well. So 3x3y(H x A Hy) does not require that at least
two people are happy. The problem, again, is that the same person might satisfy both
conjuncts at once.

But this case points the way to a good translation for ‘at least two people are
happy’. We get the right result with, Ax3y[(Hx A Hy) A ~(x = y)]. Now, in our
simple example, the existentials result in nine branches as follows,

1 2 3

loCxim, yim [H x] xlml
lacxim.yim [HXx A Hy] A :

(BK) osimam ) -
) lacximyim [(Hx A Hy) A ~(x = y)] .

x[m]

lacxim, yim [~(x = ¥)] laCxim,yim [¥ = ¥] :

y [n]
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The sentence is satisfied and true if at least one branch is satisfied. Now in the
case where just Sue is happy, on the branch with d(x|sue,y|sue) bOth Hx and Hy are
satisfied as before. But this branch has x = y satisfied; so ~(x = y) is not satisfied,
and the branch as a whole fails. But suppose both Bob and Sue are happy. Then on
the branch with d(x|gop,y|sue) POth Hx and Hy are satisfied; but this time, x = y is
not satisfied; so ~(x = y) is satisfied, and the branch is satisfied, so that the whole
sentence, AxIy[(Hx A Hy) A ~(x = y)] is satisfied and true. That is, the sentence
is satisfied and true just when the happy people assigned to x and y are distinct —
just when there are at least two happy people. On this pattern, you should be able to
see how to say there are at least three happy people, and so forth.

Now suppose we want to say, ‘at most one person is happy’. We have, of course,
learned a couple of ways to say nobody is happy, Vx~H x and ~3xH x. But for
‘at most one’ we need something like, Vx[Hx — Vy(Hy — (x = y))]. For
this, in our simplified case, the universal quantifier yields three branches of the sort,
lax|m)[Hx — Yy(Hy — (x = y))]. The beginning of the branch is as follows,

1 2 3

locxim) [H x] [l

laximy [Hx = Yy (Hy — (x = y))] laCxlm. v By [HY = (x = »)]

(BL) —> -

laxim [VY (Hy — (x = y))] vy lacxim. yisue) [HY = (x = »)]

Id(x\m.y\.lim) [Hy - (x = y)]

The universal Vx[Hx — Vy(Hy — (x = y))] is satisfied and true if and only if all
the conditional branches at (1) are satisfied. And the branchs at (1) are satisfied so
long as there is no S/N pair at (2). This is of course so if nobody is happy so that the
top at (2) is never satisfied. But suppose m is a happy person, say, Sue and the top
at (2) is satisfied. The bottom comes out S so long as Sue is the only happy person,
so that any happy y is identical to her. In this case, again, we do not get an S/N
pair. But suppose Jim, say, is also happy; then the very bottom branch at (3) fails;
so the universal at (2) is N; so the conditional at (1) is N; and the entire sentence is
N. Suppose x is assigned to a happy person; in effect, Vy(Hy — (x = y)) limits
the range of happy things, telling us that anything happy is it. We get ‘at most two
people are happy’ with VxVy[(Hx A Hy) > Vz(Hz - (x = zVv y = z))] —if
some things are happy, then anything that is happy is one of them. And similarly in
other cases.
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To say ‘exactly one person is happy, it is enough to say at least one person is
happy, and at most one person is happy. Thus, using what we have already done,
AxHx A Vx[Hx — VYy(Hy — (x = y))] does the job. But we can use the
“limiting” strategy with the universal quantifier more efficiently. Thus, for example,
if we want to say, ‘Bob is the only happy person’ we might try Hb A Vy[Hy —
(b = y)] — Bob is happy, and every happy person is Bob. Similarly, for ‘exactly
one person is happy’, Ax[Hx AVy(Hy — (x = y))] is good. We say that there is a
happy person, and that all the happy people are identical to it. For ‘exactly two people
are happy’, IxIy[(Hx AHy)A~(x = y)AVz(Hz — [(x = z)V(y = z)])] does
the job — there are at least two happy people, and anything that is a happy person is
identical to one of them.

Phrases of the sort “the such-and-such” are definite descriptions. Perhaps it is nat-
ural to think “the such-and-such is so-and-so” fails when there is more than one such-
and-such. Similarly, phrases of the sort “the such-and-such is so-and-so” seem to fail
when nothing is such-and-such. Thus, for example, neither ‘The desk at CSUSB
has graffiti on it’ nor ‘the present king of France is bald’ seem to be true. The first
because the description fails to pick out just one object, and the second because the
description does not pick out any object. Of course, if a description does pick out
just one object, then the predicate must apply. So, for example, as I write, ‘“The
president of the USA is a woman’ is not true. There is exactly one object which
is the president of the USA, but it is not a woman. And ‘the president of the USA
is a man’ is true. In this case, exactly one object is picked out by the description,
and the predicate does apply. Thus, in “On Denoting,” Bertrand Russell famously
proposes that a statement of the sort ‘the J is @’ is true just in case there is exactly
one & and it is @. On Russell’s account, then, where J(x) and @(x) have variable
x free, and & (v) is like & (x) but with free instances of x replaced by a new vari-
able v, Ax[(P (x) A VU (P(v) = x = v)) A @(x)] is good — there is a P, it is
the only J, and it is @. Thus, for example, with the natural interpretation function,
Ax[(Px AVy(Py — x = y)) A Wx] translates ‘the president is a woman’. In a
course on philosophy of language, one might spend a great deal of time discussing
definite descriptions. But in ordinary cases we will simply assume Russell’s account
for translating expressions of the sort, ‘the & is @’.

Finally, notice that equality can play a role in exception clauses. This is partic-
ularly important when making general comparisons. Thus, for example, if we want
to say that zero is smaller than every other integer, with the standard interpretation
N1 of £33 Vx (@ < x) is a mistake. This formula is satisfied only if zero is less than
zero! What we want is rather, Vx[~(x = @) — (¥ < x)]. Similarly, if we want to
say that there is a person taller than every other, we would not use 3xV y7T xy where
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Txy when x is taller than y. This would require that the tallest person be taller than
herself! What we want is rather, IxVy[~(x = y) — Txy].

Observe that relations of this sort may play a role in definite descriptions. Thus it
seems natural to talk about the smallest integer, or the tallest person. We might there-
fore additionally assert uniqueness with something like, 3x[x is taller than every other
A Vz(zis taller than every other — x = z)].!”
add the second clause, insofar as uniqueness follows automatically in these cases
from the initial claim, IxVy[~(x = y) — Txy] together with the premise that
taller than (less than) is asymmetric, that VxVy(Txy — ~Tyx).'! By itself,
AxVy[~(x = y) — Txy] does not require uniqueness — it says only that there
is a tallest object. When a relation is asymmetric, however, there cannot be multiple
things with the relation to everything else. Thus, in these cases, for ‘The tallest per-
son is happy’ it will be sufficient conjoin ‘a tallest person is happy’ with asymmetry,
Ax[Vy(~(x =y) > Txy) N Hx] A\VxVy(Txy — ~Tyx). Taken together, these
imply all the elements of Russell’s account.

However, we will not usually

ES5.28. Given the following partial interpretation function for &4, complete the trans-
lation for each of the following.

U: {o]|ois aa snake in my yard}
a: Aaalph
G!: {o]o € Uand o is in the grass}
D': {o]o e Uand o is deadly}

B2: {{m,n) | m,n € Uand mis bigger than n}

a. There is at least one snake in the grass.

b. There are at least two snakes in the grass.
*c. There are at least three snakes in the grass.

d. There are no snakes in the grass.

e. There is at most one snake in the grass.

03x[Vy(~(x = y) = Txy) AVz(Vy(~(z = y) » Tzy) — x = z)].

"Tf m is taller than everything other than itself, n is taller than everything other than itself, but
m # n, then m is taller than n and n is taller than m. But this is impossible if the relation is asymmetric.
So only one object can be taller than all the others.
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E5.29.

There are at most two snakes in the grass.
There are at most three snakes in the grass.

There is exactly one snake in the grass.

. There are exactly two snakes in the grass.

There are exactly three snakes in the grass.

The snake in the grass is deadly.

. Aaalph is the biggest snake.

. Aaalph is bigger than any other snake in the grass.

The biggest snake in the grass is deadly.

. The smallest snake in the grass is deadly.

Given L3 and a function for the standard interpretation as below, complete
the translation for each of the following. Hint: Once you know how to say
a number is odd or even, answers to some exercises will mirror ones from
E5.26.

N
Zero

{{m,n) | m,n € N, and n is the successor of m}

X T s c

{{{m,n),0) | m,n,0 € N, and m plus n equals o}
{{(m.n
(

{{m,n) | m,n € N, and m is less than n}

,n),0) | m,n,0 € N, and m times n equals 0}

A

. Any number is equal to itself (identity is reflexive).

. If a number a is equal to a number b, then b is equal to a (identity is symmet-

ric).

. If a number « is equal to a number b and b is equal to ¢, then a is equal to ¢

(identity is transitive).

. No number is less than itself (less than is irreflexive).
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*e.

E5.30.

*c.

If a number a is less than a number b, then b is not less then a (less than is
asymmetric).

If a number a is less than a number b and b is less than ¢, then a is less than
c (less than is transitive).

There is no largest number.

*h. Four is even (a number such that two times something is equal to it).
. Three is odd (such that two times something plus one is equal to it).

*j. Any odd number is the sum of an odd and an even.

Any even number other than zero is the sum of one odd with another.
The sum of one odd with another odd is even.
There is no largest even number.

Three is prime (a number divided by no number other than one and itself —
though you will have to put this in terms of multipliers).

Every prime except two is odd.

For each of the following arguments: (i) Produce a good translation, includ-
ing interpretation function and translations for the premises and conclusion.
Then (ii) for each argument that is not quantificationally valid, produce an
interpretation (trees optional) to show that the argument is not quantification-
ally valid.

Only citizens can vote
Hannabh is a citizen

Hannah can vote

. All citizens can vote

If someone is a citizen, then their father is a citizen
Hannah is a citizen

Hannah’s father can vote

Bob is taller than every other man

Only Bob is taller than every other man
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d.

E5.31.

E5.32.

Bob is taller than every other man
The taller than relation is asymmetric

Only Bob is taller than every other man

Some happy animals are dogs
At most one happy dog is chasing a cat

Some happy dog is chasing a cat

For each of the arguments in E530 that you have not shown is invalid, produce
a derivation to show that it is valid in AD.

For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

. Quantifier switching

Quantifier placement

. Quantity expressions and definite descriptions



Chapter 6

Natural Deduction

Natural deductions systems are so-called because their rules formalize patterns of
reasoning that occur in relatively ordinary “natural” contexts. Thus, initially at least,
the rules of natural deduction systems are easier to motivate than the axioms and rules
of axiomatic systems. By itself, this is sufficient to give natural deduction a special
interest. As we shall see, natural deduction is also susceptible to proof strategies in
a way that (primitive) axiomatic systems are not. If you have had another course
in formal logic, you have probably been exposed to natural deduction. So, again, it
may seem important to bring what we have done into contact with what you have
encountered in other contexts. After some general remarks about natural deduction,
we turn to the sentential and quantificational components of our system ND, and
finally to an expanded system, ND+.

6.1 General

I begin this section with a few general remarks about derivation systems and deriva-
tion rules. We will then turn to some background notions for the particular rules of
our official natural derivation systems.'

6.1.1 Derivations as Games

In their essential nature, derivations are defined in terms of form. Both axiomatic and
natural derivations can be seen as a kind of game — with the aim of getting from a
starting point to a goal by rules. Taken as games, there is no immediate or obvious

IParts of this section are reminiscent of 3.1 and, especially if you skipped over that section, you
may want to look over it now as additional background.

207
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connection between derivations and semantic validity or truth. This point may have
been particularly vivid with respect to axiomatic systems. In the case of natural
derivations, the systems are driven by rules rather than axioms, and the rules may
“make sense” in a way that axioms do not. Still, we can introduce natural derivations
purely in their nature as games. Thus, for example, consider a system N1 with the
following rules.

9

N1 Rl #—->@Q,P R2 £ va@ R3 # AQ R4
Q Q P Pva

In this system, R1: given formulas of the form J — @ and &, one may move to @;
R2: given a formula of the form & Vv @, one may move to @; R3: given a formula
of the form & A @, one may move to &; and R4: given a formula J one may move
to & Vv @ for any @. For now, at least, the game is played as follows: One begins
with some starting formulas and a goal. The starting formulas are like “cards” in
your hand. One then applies the rules to obtain more formulas, to which the rules
may be applied again and again. You win if you eventually obtain the goal formula.
Each application of a rule is independent of the ones before — so all that matters for
a given move is whether formulas are of the requisite forms; it does not matter what
was & or what was @ in a previous application of the rules.

Let us consider some examples. At this stage, do not worry about strategy, about
why we do what we do, as much as about how the rules work and the way the game
is played. A game always begins with starting premises at the top, and goal on the
bottom.

1.|A—> (BAC) P(remise)
2.1 A P(remise)
(A)

Bv D (goal)

The formulas on lines (1) and (2) are of the form # — @ and &, where # maps to
A and @ to (B A C); so we are in a position to apply rule R1 to get the @.

1.|A—> (BAC) P(remise)

2.1 A P(remise)
3.|BAC 1,2R1
Bv D (goal)

The justification for our move — the way the rules apply — is listed on the right; in
this case, we use the formulas on lines (1) and (2) according to rule R1 to get B A C;
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so that is indicated by the notation. Now, B A C is of the form # A @. So we can
apply R3 to it in order to obtain the J, namely B.

.|lA— (BAC) P(remise)

2.1 A P(remise)
3.]BAC 1,2R1
4.| B 3R3

Bv D (goal)

Notice that one application of a rule is independent of another. It does not matter
what formula was J? or @ in a previous move, for evaluation of this one. Finally,
where & is B, B v D is of the form & v @. So we can apply R4 to get the final
result.

1.|A—> (BAC) P(remise)

2.1 A P(remise)
3.|BAC 1,2R1

4.| B 3R3
5.|BvD 4 R4 Win!

Notice that R4 leaves the @ unrestricted: Given some 4, we can move to P Vv @ for
any @. Since we reached the goal from the starting sentences, we win! In this simple
derivation system, any line of a successful derivation is a premise, or justified from
lines before by the rules.

Here are a couple more examples, this time of completed derivations.

I.|AAC P
2.|{(Av B)—> D P

(B) 3.14 1R3
4.|AVv B 3R4
5.|D 2,4R1
6.|DV(R—YS) 5 R4 Win!

A A C is of the form & A @. So we can apply R3 to obtain the J, in this case A.
Then where & is A, we use R4 toaddona Btoget AVB. (AvB) - Dand AV B
are of the form /> — @ and #; so we apply R1 to get the @, that is D. Finally,
where D is , D Vv (R — ) is of the form & Vv @; so we apply R4 to get the final
result. Notice again that the €@ may be any formula whatsoever.

Here is another example.
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1I.|(AANB)A D P

2./ (AnB) > C P

3./4A—(C—>(BAD) P

4.|ANB 1R3
©) 5.|C 24RI1

6.4 4R3

7./C = (B A D) 3,6R1

8.|BAD 75R1

9.|B 8 R3 Win!

You should be able to follow the steps. In this case, we use A A B on line (4) twice;
once as part of an application of R1 to get C, and again in an application of R3 to
get the A. Once you have a formula in your “hand” you can use it as many times and
whatever way the rules will allow. Also, the order in which we worked might have
been different. Thus, for example, we might have obtained A on line (5) and then
C after. You win if you get to the goal by the rules; how you get there is up to you.
Finally, it is tempting to think we could get B from, say, A A B on line (4). We will
able to do this in our official system. But the rules we have so far do not let us do so.
R3 lets us move just to the left conjunct of a formula of the form & A @.

When there is a way to get from the premises of some argument to its conclusion
by the rules of derivation system N, the premises prove the conclusion in system
N. In this case, where I' (Gamma) is the set of premises, and & the conclusion we
write I' I, P. If T’ 5, & the argument is valid in derivation system N. Notice
the distinction between this “single turnstile” - and the double turnstile F associated
with semantic validity. As usual, if @; ... &, are the members of I", we sometimes
write @1 ...@, 5, # inplace of I' |5, P. If " has no members then, listing all the
members of I' individually, we simply write |, #. In this case, & is a theorem of
derivation system N.

One can imagine setting up many different rule sets, and so many different games
of this kind. In the end, we want our game to serve a specific purpose. That is, we
want to use the game in the identification of valid arguments. In order for our games
to be an indicator of validity, we would like it to be the case that I' I, P iff I' & P,
that I" proves & iff T" entails . In Part 111 we will show that our official derivation
games have this property.

For now, we can at least see how this might be: Roughly, we impose the following
condition on rules: we require of our rules that the inputs always semantically entail
the outputs. Then if some premises are true, and we make a move to a formula, the
formula we move to must be true; and if the formulas in our “hand” are all true, and
we add some formula by another move, the formula we add must be true; and so
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forth for each formula we add until we get to the goal, which will have to be true as
well. So if the premises are true, the goal must be true as well. We will have much
more to say about this later!

For now, notice that our rules R1, R3 and R4 each meet the proposed requirement
on rules, but R2 does not.

RI R2 R3 R4
PA|P>Q P/ | PVveIQ | PrQIP | P IPVA
(D) TT T T T T T T T | T T
TF F T F T F F T | T T
FT T F T T T F F | F T
FF T F F F F F F | F F

R1, R3 and R4 have no row where the input(s) are T and the output is F. But for
R2, the second row has input T and output F. So R2 does not meet our condition.
This does not mean that one cannot construct a game with R2 as a part. Rather, the
point is that R2 will not help us accomplish what we want to accomplish with our
games. As we demonstrate in Part III, so long as rules meet the condition, a win in
the game always corresponds to an argument that is semantically valid. Thus, for
example, derivation (C), in which R2 does not appear, corresponds to the result that
(ANB)AD,(ANB)—-C,A— (C - (BAD))E B.

ABCD|(AANB)AD (AAB)>C A—(C—>(BAD) /B
TTTT| T T T T T T T T
TTTF| T F T T F F F T
TTFT| T T T F T T T T
TTFF| T F T F T T F T
TFTT| F F F T F F F F
TFTF| F F F T F F F F
TFFT| F F F T T T F F
(EY TFFF| F F F T T T F F
FTTT| F F F T T T T T
FTTF| F F F T T F F T
FTFT| F F F T TOT T T
FTFF| F F F T T T F T
FFTT| F F F T T F F F
FFTF| F F F T T F F F
FFFT| F F F T T T F F
FFFF| F F F T T T F F

There is no row where the premises are T and the conclusion is F. As the number of
rows goes up, we may decide that the games are dramatically easier to complete than
the tables. And derivations are particularly important in the quantificational case,
where we have not yet been able to demonstrate semantic validity at all.
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E6.1. Show that each of the following is valid in N1. Complete (a) - (d) using just
rules R1, R3 and R4. You will need an application of R2 for (e).

*a. (ANB)ANC H, A

b. ANB)AC,A— (BAC)K, B

c. AANB)— (BANA),AANBK, BV A
d R[RVSVT)—>Shk,SvT

e. AH, A—>C

*E6.2. (i) For each of the arguments in E6.1, use a truth table to decide if the argu-
ment is sententially valid. (ii) To what do you attribute the fact that a win in
N1 is not a sure indicator of semantic validity?

6.1.2 Auxiliary Assumptions

So far, our derivations have had the following form,

a. | A P(remise)

(F) b. :T)’ P(remise)

c.|g (goal)

We have some premise(s) at the top, and a conclusion at the bottom. The premises
are against a line which indicates the range or scope over which the premises apply.
In each case, the line extends from the premises to the conclusion, indicating that the
conclusion is derived from them. It is always our aim to derive the conclusion under
the scope of the premises alone. But our official derivation system will allow appeal
to certain auxiliary assumptions in addition to premises. Any such assumption comes
with a scope line of its own — indicating the range over which it applies. Thus, for
example, derivations might be structured as follows.
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a. | A P(remise)
a. | A P(remise)
b.| B P(remise)
b.| 8B P(remise) I
— c.||€ A(ssumption)
(G) c.||€ A(ssumption) (H) d D A(ssumption)
e.
d.
f.
e.|§ (goal)
g |9 (goal)

In each, there are premises # through 8B at the top and goal § at the bottom. As indi-
cated by the main leftmost scope line, the premises apply throughout the derivations,
and the goal is derived under them. In case (G), there is an additional assumption at
(c). As indicated by its scope line, that assumption applies from (c) - (d). In (H), there
are a pair of additional assumptions. As indicated by the associated scope lines, the
first applies over (c) - (f), and the second over (d) - (¢). We will say that an auxiliary
assumption, together with the formulas that fall under its scope, is a subderivation.
Thus (G) has a subderivation on from (c) - (d). (H) has a pair of subderivations, one
on (c) - (f), and another on (d) - (e). A derivation or subderivation may include vari-
ous other subderivations. Any subderivation begins with an auxiliary assumption. In
general we cife a subderivation by listing the line number on which it begins, then a
dash, and the line number on which its scope line ends.

In contexts without auxiliary assumptions, we have been able freely to appeal to
any formula already in our “hand.” Where there are auxiliary assumptions, however,
we may appeal only to accessible subderivations and formulas. A formula is acces-
sible at a given stage when it is obtained under assumptions all of which continue to
apply. In practice, what this means is that for justification of a formula at line num-
ber i we can appeal only to formulas which appear immediately against scope lines
extending as far as i. Thus, for example, with the scope structure as in (I) below, in
the justification of line (6),
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1 P 1 P
2 2.
3 3
4 A 4 A
5 5
6. = 6

D 5 A @) . A
8 8
9 9
10. A 10. A
11. 11.
12. 12.

we could appeal only to formulas at (1), (2) and (3), for these are the only ones
immediately against scope lines extending as far as (6). To see this, notice that scope
lines extending as far as (6), are ones cut by the arrow at (6). Formulas at (4) and (5)
are not against a line extending that far. Similarly, as indicated by the arrow in (J),
for the justification of (11), we could appeal only to formulas at (1), (2), and (10).
Formulas at other line numbers are not immediately against scope lines extending as
far as (11). The accessible formulas are ones derived under assumptions all of which
continue to apply.

It may be helpful to think of a completed subderivation as a sort of “box.” So
long as you are under the scope of an assumption, the box is open and you can “see”
the formulas under its scope. However, once you exit from an assumption, the box is
closed, and the formulas inside are no longer available.
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Thus, again, in (I') the formulas at (4) - (5) are locked away so that the only accessible
lines are (1) - (3). Similarly, at line (11) of (J') all of (3) - (9) is unavailable.

Our aim is always to obtain the goal against the leftmost scope line — under the
scope of the premises alone — and if the only formulas accessible for its justification
are also against the leftmost scope line, it may appear mysterious why we would
ever introduce auxiliary assumptions and subderivations at all. What is the point of
auxiliary assumptions, if formulas under their scope are inaccessible for justification
for the formula we want? The answer is that, though the formulas inside a box are
unavailable the box may still be useful. Certain of our rules will appeal to entire
subderivations (to the boxes), rather than to the formulas in them. A subderivation
is accessible at a given stage when it is obtained under assumptions all of which
continue to apply. In practice, what this means is that for a formula at line i, we can
appeal to a box (to a subderivation) only if it (its scope line) is against a line which
extends down to i.

Thus at line (6) of (I), we would not be able to appeal to the formulas on lines
(4) and (5) — they are inside the closed box. However, we would be able to appeal
to the box on lines (4) - (5), for it is against a scope line cut by the arrow. Similarly,
at line (11) of (J') we are not able to appeal to formulas on any of the lines (3) - (9),
for they are inside the closed boxes. Similarly, we cannot appeal to the boxes on (4)
- (5) or (7) - (8) for they are locked inside the larger box. However, we can appeal
to the larger subderivation on (3) - (9) insofar as it is against a line cut by the arrow.
Observe that one can appeal to a box only after it is closed — so, for example, at (11)
of (J') there is not (yet) a closed box at (10) - (11) and so no available subderivation
to which one may appeal.



CHAPTER 6. NATURAL DEDUCTION 216

Putting this together, at (12) we can appeal to the subderivations at (3) - (9) and
(10) - (11); the ones at (4) - (5) and (7) - (8) remain inaccessible. The justification
for line (12) might therefore appeal to the formulas on lines (1) and (2) or to the
subderivations on lines (3) - (9) and (10) - (11). Again line (12) does not have access
to the formulas inside the subderivations from lines (3) - (9) and (10) - 11). So the
subderivations are accessible even where the formulas inside them are not, and there
may be a point to the subderivations even where the formulas inside the subderivation
are inaccessible.

Definitions for Auxiliary Assumptions

SD An auxiliary assumption, together with the formulas that fall under its scope, is a
subderivation.

FA A formula is accessible at a given stage when it is obtained under assumptions all of
which continue to apply.

SA A subderivation is accessible at a given stage when it (as a whole) is obtained under
assumptions all of which continue to apply.

In practice, what this means is that for justification of a formula at line i we can appeal to
another formula only if it is immediately against a scope line extending as far as i.

And in practice, for justification of a formula at line 7, we can appeal to a subderivation
only if its whole scope line is itself immediately against a scope line extending as far as i.

All this will become more concrete as we turn now to the rules of our official
system ND. We can reinforce the point about accessibility of formulas by introduc-
ing the first, and simplest, rule of our official system. If a formula J° appears on
an accessible line a of a derivation, we may repeat it by the rule reiteration, with
justification a R.

a.| P
R
P aR

It should be obvious why reiteration satisfies our basic condition on rules. If & is
true, of course & is true. So this rule could never lead from a formula that is true,
to one that is not. Observe, though, that the line a must be accessible. If in (I) the
assumption at line (3) were a formula &7, then we could conclude & with justification
3 R at lines (5), (6), (8) or (9). We could not obtain & with the same justification at
(11) or (12) without violating the rule, because (3) is not accessible for justification
of (11) or (12). You should be clear about why this is so.
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*E6.3. Consider a derivation with the following structure.

1. P
2. A
3.
4. A
5. A
6
1.
8.

For each of the lines (3), (6), (7) and (8) which lines are accessible? which
subderivations (if any) are accessible? That is, complete the following table.

accessible lines | accessible subderivations

line 3

line 6

line 7

line 8

*E6.4. Suppose in a derivation with structure as in E6.3 we have obtained a formula
s on line (3). (i) On what lines would we be allowed to conclude +4 by 3
R? Suppose there is a formula B on line (4). (ii) On what lines would we be
allowed to conclude B by 4 R? Hint: this is just a question about accessibility,
asking where it is possible to use lines (3) and (4).

6.2 Sentential

Our system N1 set up the basic idea of derivations as games. We begin presentation
of our official natural deduction system ND with rules whose application is just to
sentential forms — to forms involving ~, and — (and so to A, Vv, and <>). Though
the only operators in the forms are sentential, the forms may apply to expressions
in either a sentential language like &£;, or a quantificational one like &£;. For the
most part, though, we simply focus on &£;. In a derivation, each formula is either a
premise, an auxiliary assumption, or is justified by the rules. As we will see, auxiliary
assumptions are always introduced in conjunction with an exit strategy. In addition to
reiteration, the sentential part of ND includes two rules for each of the five sentential
operators — for a total of eleven rules. For each of the operators, there is an ‘I’
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or introduction rule, and an ‘E’ or exploitation rule.” As we will see, this division
helps structure the way we approach derivations: To generate a formula with main
operator x, you will typically use the corresponding introduction rule. To make use
of a formula with main operator », you will typically employ the exploitation rule
for that operator.

6.2.1 — and A

Let us start with the I- and E-rules for — and A. We have already seen the exploita-
tion rule for —. It is R1 of system N 1. If formulas  — @ and & and appear on
accessible lines a and b of a derivation, we may conclude @ with justification a,b
—E.

—- Q@

o
AR

—E
Q ab —E

Intuitively, if it is true that if & then @, and it is true that &, then @ must be true as
well. And, on table (D) we saw that if both » — @ and P are true, then @ is true.
Notice that we do not somehow get the & from & — €. Rather, we exploit  — @
when, given that J also is true, we use & together with # — @ to conclude @.
So this rule requires two input “cards.” The #» — @ card sits idle without a & to
activate it. The order in which &> — @ and & appear does not matter so long as they
are both accessible. However, you should cite them in the standard order — line for
the conditional first, then the antecedent. As in the axiomatic system from chapter 3,
this rule is sometimes called modus ponens.

Here is an example. We show, L, L - (AAK),(AANK) - (L - P) K, P.

1.| L P
2.|L - (AAK) P
3.](AANK) > (L—> P P

© (AAK)— (L P)
4. |ANK 2,1 -E
5.|L—>P 34 —-E
6.| P 5,1 -E

L — (AAK) and L and are of the form » — @ and & where L isthe 2 and AAK is
@. So we use them to conclude A A K by —E on (4). Butthen (AAK) — (L — P)
and A A K are of the form  — @ and P, so we use them to conclude @, in this

21- and E-rules are often called introduction and elimination rules. This can lead to confusion as
E-rules do not necessarily eliminate anything. The above, which is becoming more common, is more
clear.



CHAPTER 6. NATURAL DEDUCTION 219

case, L — P, on line (5). Finally L — P and L are of the form > — @ and P,
and we use them to conclude P on (6). Notice that,

1.|(A—= B)AC P
(L) 2.14 P
3.|B 1,2 —-E Mistake!

misapplies the rule. (A — B) A C is not of the form $ — @ — the main operator
being A, so that the formula is of the form & A @. The rule —E applies just to
formulas with main operator —. If we want to use (4 — B) A C with A to conclude
B, we would first have to isolate A — B on a line of its own. We might have done
this in N'1. But there is no rule for this (yet) in ND!

—1 is our first rule that requires a subderivation. Once we understand this rule,
the rest are mere variations on a theme. —1I takes as its input an entire subderivation.
Given an accessible subderivation which begins with assumption & on line ¢ and
ends with @ against the assumption’s scope line at b, one may conclude » — @
with justification a-b —1.

a.| | P A(@,—D a.| | P A (g, =D
-1 vlle or bl @
P - Q a-b —I P —-Q a-b —I

Note that the auxiliary assumption comes with a stated exit strategy: In this case the
exit strategy includes the formula @ with which the subderivation is to end, and an
indication of the rule (— 1) by which exit is to be made. We might write out the entire
formula inside the parentheses as on the left. In practice, however, this is tedious,
and it is easier just to write the formula at the bottom of the scope line where we
will need it in the end. Thus in the parentheses on the right ‘g’ is a simple pointer to
the goal formula at the end of the scope line. Note that the pointer is empty unless
there is a formula to which it points, and the exit strategy therefore is not complete
unless the goal formula is stated. In this case, the strategy includes the pointer to
the goal formula, along with the indication of the rule (—1I) by which exit is to be
made. Again, at the time we make the assumption, we write the @ down as part of
the strategy for exiting the subderivation. But this does not mean the @ is justified!
The @ is rather introduced as a new goal. Notice also that the justification a-b —1
does not refer to the formulas on lines a and b. These are inaccessible. Rather, the
justification appeals to the subderivation which begins on line a and ends on line b —
where this subderivation is accessible even though the formulas in it are not. So there
is a difference between the comma and the hyphen, as they appear in justifications.
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For this rule, we assume the antecedent, reach the consequent, and conclude to
the conditional by —I. Intuitively, if an assumption & leads to @ then we know that
if P then @. On truth tables, if there is a sententially valid argument from some other
premises together with assumption & to conclusion @, then there is no row where
those other premises are true and the assumption J is true but @ is false — but this
is just to say that there is no row where the other premises are true and P — @ is
false. We will have much more to say about this in Part III.

For an example, suppose we are confronted with the following.

1.|A— B P

2.|B—>C P
M)

A—C

In general, we use an introduction rule to produce some formula — typically one
already given as a goal. —I generates > — @ given a subderivation that starts with
the & and ends with the @. Thus to reach A — C, we need a subderivation that
starts with A and ends with C. So we set up to reach A — C with the assumption A
and an exit strategy to produce A — C by — 1. For this we set the consequent C as
a subgoal.

1.|lA— B P
2.|B—>C P

3.1 |4 A (g, =D

C
A—>C

Again, we have not yet reached C or A — C. Rather, we have assumed A and set C
as a subgoal, with the strategy of terminating our subderivation by an application of
— 1. This much is stated in the exit strategy. As it happens, C is easy to get.

1.|A— B P
2.|B—>C P

3.1 | A A (g, =D
.| |B 1,3 —>E
5.1 |C 24 —E
A—C

Having reached C, and so completed the subderivation, we are in a position to exe-
cute our exit strategy and conclude A — C by —1.
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1.|A— B P
2.|B—>C P

3.1 |4 A (g, =D
4.1 | B 1,3 —-E
5.1 |C 24 —E
6.|A—C 3-5 =1

We appeal to the subderivation that starts with the assumption of the antecedent,
and reaches the consequent. Notice that the —I setup is driven, not by available
premises and assumptions, but by where we want to get. We will say something
more systematic about strategy once we have introduced all the rules. But here is
the fundamental idea: think goal directedly. We begin with A — C as a goal. Our
idea for producing it leads to C as a new goal. And the new goal is relatively easy to
obtain.

Here is another example, one that should illustrate the above point about strategy,
as well as the rule. Say we want to show 4 I, B — (C — A).

1.|A P
(N)
B — (C — A)

Forget about the premise! Since the goal is of the form & — @, we set up to get it
by —1I.

1.|A P

2./ |B A(g, —D
C—> A
B — (C - A)

We need a subderivation that starts with the antecedent, and ends with the consequent.
So we assume the antecedent, and set the consequent as a new goal. In this case, the
new goal C — A has main operator —, so we set up again to reach it by —1.

1.1 A P
2.1 |B A(g,—D
3. C A(g, —D)
A
C—> A
B — (C - 4)
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The pointer g in an exit strategy points to the goal formula at the bottom of its scope
line. Thus g for assumption B at (2) points to C — A at the bottom of its line,
and g for assumption C at (3) points to A at the bottom of its line. Again, for the
conditional, we assume the antecedent, and set the consequent as a new goal. And
this last goal is particularly easy to reach. It follows immediately by reiteration from
(1). Then it is a simple matter of executing the exit strategies with which our auxiliary
assumptions were introduced.

1.| A P

2.| | B A (g, =]
3. C A(g,—D
4. A 1R

5] |C—= A 3-4 -1
6.|B— (C — A 2-5 =1

The subderivation which begins on (3) and ends on (4) begins with the antecedent
and ends with the consequent of C — A. So we conclude C — A on (5) by 3-4 —1.
The subderivation which begins on (2) and ends at (5) begins with the antecedent and
ends with the consequent of B — (C — A). So we reach B — (C — A) on (6)
by 2-5 — 1. Notice again how our overall reasoning is driven by the goals, rather than
the premises and assumptions. It is sometimes difficult to motivate strategy when
derivations are short and relatively easy. But this sort of thinking will stand you in
good stead as problems get more difficult!

Given what we have done, the E- and I- rules for A are completely straightfor-
ward. If & A @ appears on some accessible line a of a derivation, then you may
move to the &, or to the @ with justification a AE.

a|PA@ a|PA@
AE
P aAE Q aAE

Either qualifies as an instance of the rule. The left-hand case was R3 from N1.
Intuitively, AE should be clear. If & and @ is true, then & is true. And if & and @ is
true, then @ is true. We saw a table for the left-hand case in (D). The other is similar.
The A introduction rule is equally straightforward. If &> and @ appear on accessible
lines a and b of a derivation, then you may move to &> A @ with justification a,b Al

(CRRS)

a.
Al b.

9

ANGQ a,b Al
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The order in which & and @ appear is irrelevant, though you should cite them in the
specified order, line for the left conjunct first, and then for the right. If & is true and
@ is true, then P and @ is true. Similarly, on a table, any line with both  and @
true has P A @ true.

Here is a simple example, demonstrating the associativity of conjunction.

1.|AAN(BAC) P

2.1 A 1 AE

3.|BAC 1 AE
O) 4.|B 3 AE

5.1C 3 AE

6.|AAB 2,4 A1

T.1(AANB)AC 6,5 Al

Notice that we could not get the B alone or the C alone without first isolating B A C
on (3). As before, our rules apply just to the main operator. In effect, we take apart the
premise with the E-rule, and put the conclusion together with the I-rule. Of course,
as with —I and —E, rules for other operators do not always let us get to the parts
and put them together in this simple and symmetric way.

Words to the wise:

e A common mistake made by beginning students is to assimilate other rules
to AE and Al — moving, say, from $ — @ alone to & or €, or from &
and @ to P — @. Do not forget what you have learned! Do not make this
mistake! The A rules are particularly easy. But each operator has its own
special character. Thus —E requires two “cards” to play. And —I takes a
subderivation as input.

e Another common mistake is to assume a formula J merely because it
would be nice to have access to . Do not make this mistake! An assump-
tion always comes with an exit strategy, and is useful only for application
of the exit rule. At this stage, then, the only reason to assume & is to
produce a formula of the sort > — @ by —1.

A final example brings together all of the rules so far (except R).
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1.|A—>C P
2./ |AAB A(g, —D
3.1 |14 2 AE

(P) 4.1 |C 1,3 -E
5.1 | B 2 AE
6. BAC 5,4 AL
7.1(AAB) = (BAC) 2-6 =1

We set up to obtain the overall goal by —I. This generates B A C as a subgoal.
We get B A C by getting the B and the C. Here is our guiding idea for strategy
(which may now seem obvious): As you focus on a goal, to generate a formula with
main operator x, consider producing it by xI. Thus, if the main operator of a goal or
subgoal is —, consider producing the formula by —I; if the main operator of a goal
is A, consider producing it by Al This much should be sufficient for you to approach
the following exercises. As you do the derivations, it is good simply to leave plenty
of space on the page for your derivation as you state goal formulas, and let there be
blank lines if room remains.’

E6.5. Complete the following derivations by filling in justifications for each line.
Hint: it may be convenient to xerox the problems, and fill in your answers
directly on the copy.

(AANB)—>C
I BAA

D=

B
A
ANB
C

AN

(R—>L)YA[(SVR)— (T < K)]
.iR—>L)—>(SvR)

N —

R— L
SV R
(SVR)—> (T <+ K)
T < K

o kW

3Typing on a computer, it is easy to push lines down if you need more room. It is not so easy with
pencil and paper, and worse with pen! If you decide to type, most word processors have a symbol font,
with the capability of assigning symbols to particular keys. Assigning keys is far more efficient than
finding characters over and over in menus.
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1.| B

10.

N =

% =

D

e

kW

.iA—)B)—>(B—>(L/\S))

A
:
A— B
B—(LAS)
LAS

S

L

SAL

AANB
C

A

ANC
C—>(ANC)
C

B
BAC

JCc = BAC)
10.

[C—>(AAC)AIC — (BAC)]

.iAAS)—)C

A

S

ANS
C
S —>C

A= (S —>C)

225

E6.6. The following are not legitimate ND derivations. In each case, explain why.

*a.

1

.iA/\B)/\(C—>B) P

A 1 AE

J(AAB)YA(C — A) P

C P

A 1,2 —-E
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E6.7.

b,

LI(AAB)A(C—>4) P

2./]C —> A 1 AE
3.1 A4 2 —-E

1.|A— B P

2. FAC A (g, =)

A 2 AE
4.| B 1,3 —>E

1.lA— B P

N

ANC A (g, —])

3.1 |4 2 AE
4.| | B 1,3 ->E
5.1 |C 2 AE
6. |[ANC 3,5 Al

226

Hint: For this problem, think carefully about the exit strategy and the scope

lines. Do we have the conclusion where we want it?

Provide derivations to show each of the following.

AANBH, BAA

AAB,B—>Ch, C

.ANA—->(AANB) H, B

AANB,B— (CAD)r, AAND

*e. A>(A—- B)H, A— B

A (AANB)—> (CAD)k, B—C

C—>AC—>(A—> Bk, C— (AAB)

*h. A-B,B—->Chk, (AAK)—=C
.A—>BhH,(AAC)— (BAC)

.DANE,(D—>F)AN(E—->G)H, FAG

O—-B,B—->S,S—LK,0—L
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*. A= B, (C - A) - (C - B)
m A—->B->C)H, B—>(4—-C)
n A—-B—->C),D—->Bk,A—(D—-C)

oo A—- Bk, A— (C - B)

6.2.2 ~andvV

Now let us consider the I- and E-rules for ~ and V. The two rules for ~ are quite
similar to one another. Each appeals to a single subderivation. For ~I, given an
accessible subderivation which begins with assumption J on line a, and ends with a
formula of the form @ A ~@ against its scope line on line b, one may conclude ~J
by a-b ~I1. For ~E, given an accessible subderivation which begins with assumption
~d on line a, and ends with a formula of the form @ A ~@ against its scope line on
line b, one may conclude & by a-b ~E.

a.| | P A (c, ~I) a.| |~P A (¢, ~E)
~I ~E
b.| |@A~Q b.| |@A~Q
~P a-b ~I P a-b ~E

~I introduces an expression with main operator tilde, adding tilde to the assumption
&P. ~E exploits the assumption ~&, with a result that takes the tilde off. For these
rules, the formula @ may be any formula, so long as ~@ is it with a tilde in front.
Because @ may be any formula, when we declare our exit strategy for the assump-
tion, we might have no particular goal formula in mind. So, where g always points
to a formula written at the bottom of a scope line, ¢ is not a pointer to any particular
formula. Rather, when we declare our exit strategy, we merely indicate our intent to
obtain some contradiction, and then to exit by ~I or ~E.

Intuitively, if an assumption leads to a result that is false, the assumption is
wrong. So if the assumption & leads to @ A ~@, then ~&; and if the assump-
tion ~& leads to @ A ~@, then . On tables, there can be no row where @ A ~@
is true; so if every row where some premises together with assumption & are true
would have to make both @ A ~@ true, then there can be no row where those other
premises are true and & is true — so any row where the other premises are true is
one where J is false, and ~J is therefore true. Similarly when the assumption is
~JP, any row where the other premises are true has to be one where ~& is false, so
that J is true. Again, we will have much more to say about this reasoning in Part III.
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Here are some examples of these rules. Notice that, again, we introduce sub-
derivations with the overall goal in mind.

1.|A— B P

2.|A— ~B P

3.1 |14 A (c, ~I)
Q 4.1 | B 1,3 —E

5.| |~B 2,3 —-E

6.| | BA~B 4,5 A1

7.|~A 3-6, ~1

We begin with the goal of obtaining ~A. The natural way to obtain this is by ~I.
So we set up a subderivation with that in mind. Since the goal is ~A, we begin with
A, and go for a contradiction. In this case, the contradiction is easy to obtain, by a
couple applications of —E and then Al

Here is another case that may be more interesting.

1| ~4 P
2.|B—4 P
3| |LAB Ale,~D
(R) 4.||B 3 AE
5.4 24 —E
6. [An~a  51Al
7.|~(LAB)  36~1

This time, the original goal is ~(L A B). It is of the form ~J, so we set up to
obtain it with a subderivation that begins with the &, that is, L A B. In this case, the
contradiction is A A ~A. Once we have the contradiction, we simply apply our exit
strategy.

A simplification. Let | (bottom) abbreviate an arbitrary contradiction — say Z A
~Z. Adopt arule LI as on the left below,

1.|@
a. | @ 2.|~0
b.|~0 N
11 S) 3| ~ZA~Z) A (¢ ~E)
1 ab LI 4. h‘z A~Q 1,2 Al
5.1 ZA~Z 3-4 ~E

Given @ and ~@ on accessible lines, we move directly to L by _LI. This is an exam-
ple of a derived rule. For, given @ and ~@, we can always derive Z A ~Z (that is,
1) as in (S) on the right. Given this, the ~I and ~E rules appear in the forms,
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a.| | P A (c, ~I) a.| |~P A (¢, ~E)
b b.||L
~P a-b ~I P a-b ~E

Since L is (abbreviates) a sentence of the form @ A~@, the subderivations for ~I and
~E are appropriately concluded with L. Observe that with L at the bottom the ~I
and ~E rules have a particular goal sentence, very much like —I. However, the @ and
~@ required to obtain L by _LI are the same as would be required for @ A ~@ on the
original form of the rules. For this reason, we declare our exit strategy with a ¢ rather
than g any time the goal is L. At one level, this simplification is a mere notational
convenience: having obtained @ and ~@, we move to L, instead of writing out
the complex conjunction @ A ~@. However, there are contexts where it will be
convenient to have a particular contradiction as goal. Thus this is the standard form
in which we use these rules.

Here is an example of the rules in this form, this time for ~E.

I.|~~4 P

2.1 |~4 A, ~E)
(T)

3.0 L 2,1 11

4.0 A 23~E

It is no surprise that we can derive A from ~~A! This is how to do it in ND. Again,
do not begin by thinking about the premise. The goal is 4, and we can get it with a
subderivation that starts with ~A4, by a ~E exit strategy. In this case the @ and ~Q
for LI are ~A and ~~A — that is ~A with a tilde in front of it. Though very often
(at least in the beginning) an atomic and its negation will do for your contradiction, @
and ~@ need not be simple. Observe that ~E is a strange and powerful rule: Though
an E-rule, effectively it can be used in pursuit of any goal whatsoever — to obtain
formula J by ~E, all one has to do is obtain a contradiction from the assumption of
& with a tilde in front. As in this last example (T), ~E is particularly useful when
the goal is an atomic formula, and thus without a main operator, so that there is no
straightforward way for regular introduction rules to apply. In this way, it plays the
role of a sort of “back door” introduction role.

The VI and and VE rules apply methods we have already seen. For VI, given an
accessible formula & on line a, one may move to either * v @ or to @ Vv & for any
formula @, with justification a V1.



CHAPTER 6. NATURAL DEDUCTION 230

a. | P a. | P

vI
PVva aVvl aQaQvey aVvl

The left-hand case was R4 from N 1. Also, we saw an intuitive version of this rule as

addition on p. 26. Table (D) exhibits the left-hand case. And the other side should

be clear as well: Any row of a table where & is true has both & v @ and @ Vv & true.
Here is a simple example.

l.| P P
2.|[(PvQ)—R P

U)
3.]PvQ 1vI
4.1R 2,3 ->E

Itis easy to get R once we have PV Q. And we build PV Q directly from the P. Note
that we could have done the derivation as well if (2) had been, say, (P V [K A (L <>
T)]) — R and we used VIto add [K A (L <> T)] to the P all at once.

The inputs to VE are a formula of the form & v @ and fwo subderivations. Given
an accessible formula of the form & Vv @ on line a, with an accessible subderivation
beginning with assumption & on line b and ending with conclusion € against its
scope line at ¢, and an accessible subderivation beginning with assumption € on line
d and ending with conclusion € against its scope line at e, one may conclude € with
justification a,b-c,d-e VE.

a|PVva
P A (g,aVE)
c.| |€
VE
d.| | @ A (g,avE)
e.| |€
€ a,b-c,d-e VE

Given a disjunction J V @, one subderivation begins with J, and the other with
@; both concluding with €. This time our exit strategy includes markers for the
new subgoals, along with a notation that we exit by appeal to the disjunction on line
a and VE. Intuitively, if we know it is one or the other, and either leads to some
conclusion, then the conclusion must be true. Here is an example a student gave
me near graduation time: She and her mother were shopping for a graduation dress.
They narrowed it down to dress A or dress B. Dress A was expensive, and if they
bought it, her mother would be mad. But dress B was ugly and if they bought it
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the student would complain and her mother would be mad. Conclusion: her mother
would be mad — and this without knowing which dress they were going to buy! On
a truth table, if rows where & is true have € true, and rows where @ is true have €
true, then any row with & v @ true must have € true as well.

Here are a couple of examples. The first is straightforward, and illustrates both
the VI and VE rules.

1.|AVB P
2.|A—>C P

3.1 |14 A (g, 1VE)
1 C 2,3 —->E
V) 5./ |BvC 4 vI
6.| | B A (g, 1VE)
A |BvC 6 VI
8.|BvC 1,3-5,6-7 VE

We have the disjunction A V B as premise, and original goal B v C. And we set up to
obtain the goal by \VE. For this, one subderivation starts with 4 and ends with B v C,
and the other starts with B and ends with B Vv C. As it happens, these subderivations
are easy to complete.

Very often, beginning students resist using VE — no doubt because it is relatively
messy. But this is a mistake — VE is your friend! In fact, with this rule, we have a
case where it pays to look at the premises for general strategy. Again, we will have
more to say later. But if you have a premise or accessible line of the form J v @,
you should go for your goal, whatever it is, by VE. Here is why: As you go for the
goal in the first subderivation, you have whatever premises were accessible before,
plus P; and as you go for the goal in the second subderivation, you have whatever
premises were accessible before plus €. So you can only be better off in your quest
to reach the goal. In many cases where a premise has main operator V, there is no
way to complete the derivation except by VE. The above example (V) is a case in
point.

Here is a relatively messy example, which should help you be sure you under-
stand the V rules. It illustrates the associativity of disjunction.
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9.

10.
11.
12.

.jl\/(BVC)

A

AV B
(AvB)vC

BvC
B

AV B
(AvB)vC

C

(AvB)vC
(AvB)vC

(AvB)vC

232

P
A (g, 1VE)

2 vI
3vI

A (g, IVE)
A (g, 5VE)
6 VI
7 VI
A (g.5VE)

9 vI
5,6-8,9-10 VE
1,2-4,5-11 VE

The premise has main operator V. So we set up to obtain the goal by VE. This
gives us subderivations starting with A and B v C, each with (A v B) v C as goal.
The first is easy to complete by a couple instances of \VI. But the assumption of the
second, B v C has main operator V. So we set up to obtain its goal by VE. This
gives us subderivations starting with B and C, each again having (4 v B) v C as
goal. Again, these are easy to complete by application of V1. The final result follows
by the planned applications of VE. If you have been able to follow this case, you are

doing well!

E6.8. Complete the following derivations by filling in justifications for each line.

a. 1.|~B
2./ (~AVvC)—> (BAC)

bl

~A

® Nk
>}

~AvC
BAC
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b. 1
2
3.
4,
5.
6.
7

c. 1
2.
3.
4.
5.
6.
7.
10.
11.
12.

d 1
2.
3.
4,
5.
6.
7.

8.
9.

10.

AR
| ~S V)

R—S

S
SvT
L

A~ = $)

.iRAS)V(KAL)

RAS

R

S

S AR
(SAR)V(LAK)

KAL

K

L

LAK
SAR)V(LAK)
(SAR)V(LAK)

.|AV B

A

A— B
B
(A— B)—> B

B

A— B

B

(A— B)—> B
(A—> B)—> B

233
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10.
11.
12.

~B

| ~A—>(AVB)
~A

AV B

A

A

B

S

234

E6.9. The following are not legitimate ND derivations. In each case, explain why.

a.

*c.

.|AVB P
B 1 VE
~A P
B— A P
B A (c, ~I)
A 2,3 —>E
~B 3-4 ~1
w P
R A (c, ~I)
~W A (c, ~I)
1 1,3 11
~R 2-4 ~1
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E6.10.

. A—->~BH,, B—>~A

1.|lAvB P
2.] |4 A (g, IVE)
3. t 2R
4.| | B A (g, IVE)
5. h 3R
6 12-3.4-5 VE
1.|AvB P
2.| |4 A (g, IVE)
3.0 14 2R
4.4 A (c, ~T)
5./ ||B A(g 1VE)

. t 4R
7.1 4 12-3,5-6 VE

Produce derivations to show each of the following.

~A by, ~(AA B)
Ak

ND

~~A

*c. ~A— B,~BH,, A
A— B, ~(AA~B)
~A—=B,B— Ak, A
AANBhEy, (R< S)VEB
*g. AV(ANB)H,, A
.S,(BVC)—>~Shky
.AVB,A—-B,B— Ak, AAB

.A—->B,(BvC)—>D,D - ~Ak, ~A

.AvVBk, BVvA

235
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m (AANB) > ~Ak, A—~B
n. Av~~BhkH, AV B

0. AVB,~Bhy, A

623 <«

We complete our presentation of rules for the sentential part of ND with the rules <>E
and <>1. Given that # <> @ abbreviates the same as (P — @) A (@ — P), it is not
surprising that rules for <> work like ones for arrow, but going two ways. For <>E,
if formulas # <> @ and & appear on accessible lines ¢ and b of a derivation, we
may conclude @ with justification a,b <>E; and similarly but in the other direction, if
formulas & <> @ and @ appear on accessible lines @ and b of a derivation, we may
conclude & with justification a,b <>E.

a|P < Q a|P < @
b. | P b. | Q
<E
Q ab <E P ab <E

&P < @ thus works like either # — @ or @ — . Intuitively given P if and only
if @, then if P is true, @ is true. And given & if and only if @, then if @ is true &
is true. On tables, if # <> @ is true, then & and @ have the same truth value. So if
P < @ is true and P is true, @ is true as well; and if <> @ is true and @ is true,
&P is true as well.

Given that # <> @ can be exploited like > — @ or @ — P, it is not surprising
that introducing & <> @ is like introducing both # — @ and @ — &P. The
input to <>1 is two subderivations. Given an accessible subderivation beginning with
assumption J” on line a and ending with conclusion @ against its scope line on b,
and an accessible subderivation beginning with assumption €@ on line ¢ and ending
with conclusion & against its scope line on d, one may conclude & <> @ with
justification, a-b,c-d <>1.

a.| | P A(g, <D
b.
<l c.| | @ A (g, <]
d P
P Q@ a-b,c-d <1
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Intuitively, if an assumption & leads to @ and the assumption @ leads to &, then we
know that if & then @, and if @ then J — which is to say that J if and only if @.
On truth tables, if there is a sententially valid argument from some other premises
together with assumption &, to conclusion @, then there is no row where those other
premises are true and assumption £ is true and @ is false; and if there is a sententially
valid argument from those other premises together with assumption € to conclusion
&, then there is no row where those other premises are true and the assumption @ is
true and P is false; so on rows where the other premises are true, # and @ do not
have different values, and the biconditional & < @ is true.

Here are a couple of examples. The first is straightforward, and exercises both
the <> and <>E rules. We show, 4 <> B, B <> C I5,, A < C.

1.|A< B P

2.|B < C P

3.1 |14 A (g, <]

| |B 1,3 <E

X) 50 1|C 24 <E

6. |C A (g, <]

7.1 | B 2,6 <E

8.1 14 1,7 <E

9.]A< C 3-5,6-8 <1

Our original goal is A <> C. So it is natural to set up subderivations to get it by <> 1.
Once we have done this, the subderivations are easily completed by applications of
<E.

Here is an interesting case that again exercises both rules. We show, 4 <> (B <«
C),Chk, A< B.
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ND Quick Reference (Sentential)

R (reiteration) ~I (negation intro) ~E (negation exploit)

a.| P a.| | P A,~I) a | |~P A (c,~E)
D
P aR b| |@A~a (L) b| [@r~a ()
~FP a-b ~I P a-b ~E

Al (conjunction intro)

a. | P
b. | @
P AR a,b Al

VI (disjunction intro)

a.| P
Pva avl
—1 (conditional intro)

al|P A(g,—D
b.| |@

P —-Q a-b —I

<1 (biconditional intro)

a.| | P A (g, <]
b.
[ Q@ A (g, <]
d P

P < Q a-b,c-d <1

AE (conjunction exploit)

a|PA@

P anE

VI (disjunction intro)

a. | P

Qv a Vvl

—E (conditional exploit)

a.|P —Q
b. | P

Q@ a,b —E

<E (biconditional exploit)

a|P < @
b. | P

Q a,b <E

AE (conjunction exploit)

a|PAQ@

Q a nE

VE (disjunction exploit)

a|Pva
b.| | P A (g,aVvE)
c.
d Q A (g,aVvE)
e (o

(ot a,b-c,d-e VE

<E (biconditional exploit)

a|P <@
b.|Q

P ab <E

LI (bottom intro)

a. | @
b. | ~Q

1 ab LI
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I.|A< (B<C) P
2.1C P
3.0 |4 A (g, <D
A B<C 1,3 <E
5.| | B 4,2 <E
6.| | B A(g, <D
(Y) 7.1 || B A(g, <D
8. C 2R
9. C A (g, <D
10. B 6 R
11.| | B« C 7-8,9-10 <1
12.1 | A 1,11 <E
13.|A < B 3-5,6-12 <1

We begin by setting up the subderivations to get A <> B by <>I. This first is easily
completed with a couple applications of <>E. To reach the goal for the second by
means of the premise (1) we need B <> C as our second “card.” So we set up to
reach that. As it happens, the extra subderivations at (7) - (8) and (9) - (10) are easy
to complete. Again, if you have followed so far, you are doing well. We will be in a
better position to create such derivations after our discussion of strategy.

So much for the rules for this sentential part of ND. Before we turn in the next
sections to strategy, let us note a couple of features of the rules that may so-far have
gone without notice. First, premises are not always necessary for ND derivations.
Thus, for example, I, A — A.

1.| |A A (g, —])
(Z2) 2.1 14 IR

3.]A— A 1-2 —»1

If there are no premises, do not panic! Begin in the usual way. In this case, the
original goal is A — A. So we set up to obtain it by —I. And the subderivation
is particularly simple. Notice that our derivation of A — A corresponds to the fact
from truth tables that £ A — A. And we need to be able to derive A — A from no
premises if there is to be the right sort of correspondence between derivations in ND
and semantic validity — if we are to have I' E P iff " I, P.

Second, observe again that every subderivation comes with an exit strategy. The
exit strategy says whether you intend to complete the subderivation with a particular
goal, or by obtaining a contradiction, and then how the subderivation is to be used
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once complete. There are just five rules which appeal to a subderivation: —I, ~I,
~E, VE, and <>1. You will complete the subderivation, and then use it by one of these
rules. So these are the only rules which may appear in an exit strategy. If you do not
understand this, then you need to go back and think about the rules until you do.

Finally, it is worth noting a strange sort of case, with application to rules that can
take more than one input of the same type. Consider a simple demonstration that
AR, AN A. We might proceed as in (AA) on the left,

1.|A4 P

1.1 A

(AA) AB

2.4 'R ( ) 3.]ANA
3.]ANA 1,2 Al

P

1,1 AI

We begin with A, reiterate so that A appears on different lines, and apply Al But we
might have proceeded as in (AB) on the right. The rule requires an accessible line
on which the left conjunct appears — which we have at (1), and an accessible line
on which the right conjunct appears which we also have on (1). So the rule takes
an input for the left conjunct and an input for the right — they just happen to be the
same thing. A similar point applies to rules VE and <>1 which take more than one
subderivation as input. Suppose we want to show A v 4 Al

1.|lAV A P

2. F A (g, 1VE) 1.|lAva P

3.0 14 2R 2.0 |4 A (g, IVE
(AC) (AD) (e VB

4.1 14 A (g, 1VE) 3.4 2R

s |14 AR 4.0 4 1,2-32-3 VE

6. 4 1,2-3,4-5 VE

In (AC), we begin in the usual way to get the main goal by VE. This leads to the
subderivations (2) - (3) and (4) - (5), the first moving from the left disjunct to the goal,
and the second from the right disjunct to the goal. But the left and right disjuncts are
the same! So we might have simplified as in (AD). VE still requires three inputs: First
an accessible disjunction, which we find on (1); second an accessible subderivation
which moves from the left disjunct to the goal, which we find on (2) - (3); third a
subderivation which moves from the right disjunct to the goal — but we have this
on (2) - (3). So the justification at (4) of (AD) appeals to the three relevant facts, by
appeal to the same subderivation twice. Similarly one could imagine a quick-and-
dirty demonstration that I, 4 < A.

41 am reminded of an irritating character in Groundhog Day who repeatedly asks, “Am I right or
am I right?” If he implies that the disjunction is true, it follows that he is right.



CHAPTER 6. NATURAL DEDUCTION

241

E6.11. Complete the following derivations by filling in justifications for each line.

a.

1.

bl

AN

N

® N kW

10.

A< (~A — A)
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*c.

10.
11.

~B

why.

I.|lA P

2.|B P
3.]A< B 1,2 <1
1.|A— B P

2.|B P

3.14 1,2 —E
1.|A< B P

2.1 A4 1 <E
1.|B P

2.1 |A A(g, <]
3.1 |B IR

4.1 | B A (g, <]
5.1 14 2R

6.| A< B 2-34-5 <1

242
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E6.13.

*a.

k.

l.|~A P

2.1 | B A (g, =D
3. ~A A (g, <]
4. B 2R

5.| | B 2R
6.|B— B 2-5 -1

7.1 | B A (g, <D
8.1 |~A IR
9.|~A< B 3-4,7-8 <1

Produce derivations to show each of the following.

(ANB) <> A, A— B

. A< (AVvB)H, B— A4

A< B, B« C,C < D,~AkK,~D

A< Bk, (A= B)A(B—A)

*e. A<> (BANC),BH, A< C

(A— B)A(B— A) b, (A< B)
A—> (B C)5p (AAB) < (ANC)

A< B,C< Dk, (AAC) < (BAD)

A< A

FHp (AAB) < (B AA)

~~A4 < A

ND

. p (A< B) = (B < A)

(AANB) <> (ANC)Hp A— (B« C)

~A—B,A—-~BhK,~A< B

. A, Bk, ~A < ~B
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6.2.4 Strategies for a Goal

It is natural to introduce derivation rules, as we have, with relatively simple cases.
And you may or may not have been able to see from the start in some cases how
derivations would go. But derivations are not always so simple, and (short of genius)
nobody can always see how they go. Perhaps this has already been an issue! So we
want to think about derivation strategies. As we shall see later, for the quantifica-
tional case at least, it is not possible to produce a mechanical algorithm adequate to
complete every completable derivation. However, as with chess or other games of
strategy, it is possible to say a good deal about how to approach problems effectively.
We have said quite a bit already. In this section, we pull together some of the themes,
and present the material more systematically.

For natural derivation systems, the overriding strategy is to work goal directedly.
What you do at any stage is directed primarily, not by what you have, but by where
you want to be. Suppose you are trying to show that I -, &. You are given & as
your goal. Perhaps it is tempting to begin by using E-rules to “see what you can get”
from the members of I'. There is nothing wrong with a bit of this in order to simplify
your premises (like arranging the cards in your hand into some manageable order),
but the main work of doing a derivation does not begin until you focus on the goal.
This is not to say that your premises play no role in strategic thinking. Rather, it is to
rule out doing things with them which are not purposefully directed at the end. In the
ordinary case, applying the strategies for your goal dictates some new goal; applying
strategies for this new goal dictates another; and so forth, until you come to a goal
that is easily achieved.

The following strategies for a goal are arranged in rough priority order:

SG If accessible lines contain explicit contradiction, use ~E to reach goal.
Given an accessible formula with main operator Vv, use VE to reach goal.
If goal is “in” accessible lines (set goals and) attempt to exploit it out.

To reach goal with main operator *, use *I (careful with V).

A

Try ~E (especially for atomics and sentences with v as main operator).

If a high priority strategy applies, use it. If one does not apply, simply “fall through”
to the next. The priority order is not necessarily a frequency order. The frequency
will likely be something like SG4, SG3, SGS, SG2, SG1. But high priority strategies
are such that you should adopt them if they are available — even though most often
you will fall through to ones that are more frequently used. I take up the strategies in
the priority order.
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SG1 If accessible lines contain explicit contradiction, use ~E to reach goal. For
goal B, with an explicit contradiction accessible, you can simply assume ~8B, use
your contradiction, and conclude 8.

a. | A
a. | A
b. | ~A
given b. | ~oA use c. %%73 A (c, ~E)
B (goal) d| | L a,b LI
B c-d ~E

That is it! No matter what your goal is, given an accessible contradiction, you can
reach that goal by ~E. Since this strategy always delivers, you should jump on it
whenever it is available. As an example, try to show, 4, ~4 b, (RAS) — T.
Your derivation need not involve —I. Hint: I mean it! This section will be far more
valuable if you work these examples, and so think through the steps. Here it is in two
stages.

1.|4 P 1.|4 P
2. ~A P 2.|~4 P
(AE) 3.||~[(RVS)—>T] A, ~E) 3. [~(RVS)—>T] A, ~E)
4. L 1,2 11
(RVS)—>T 5./(RvS)>T 3-4 ~E

As soon as we see the accessible contradiction, we assume the negation of our goal,
with a plan to exit by ~E. This is accomplished on the left. Then it is a simple matter
of applying the contradiction, and going to the conclusion by ~E.

For this strategy, it is not required that accessible lines “contain” a contradiction
only when it is directly available. However, the intent is that it should be no real
work to obtain it. Perhaps an application of AE or the like does the job. It should
be possible to obtain the contradiction immediately by some E-rule(s). If you can do
this, then your derivation is over: assuming the opposite, applying the rules, and then
~E reaches the goal. If there is no simple way to obtain a contradiction, fall through
to the next strategy.

SG2 Given an accessible formula with main operator V, use VE to reach goal. As
suggested above, you may prefer to avoid VE. But this is a mistake — VE is your
friend! Suppose you have some accessible lines including a disjunction #4 v 8 with
goal €. If you go for that very goal by VE, the result is a pair of subderivations with
goal € — where, in the one case, all those very same accessible lines and 4 are
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accessible, and in the other case, all those very same lines and 8B are accessible. So,
in each subderivation, you can only be better off in your attempt to reach €.

a|lAVB
A A (g,aVvE)
a.|AVSB c.| |€ (goal)
given use
C (goal) d| |8 A(g,avE)
e.| |€ (goal)
(o a,b-c,d-e VE

As an example, try to show, A — B, AV (A A B) k,, A A B. Try showing it
without \VE! Here is the derivation in stages.

1./lA— B P 1.|lA— B P
2.|AV(AAB) P 2.|AV(AAB) P
3.1 14 A (g,2VE) 3.1 |4 A (g,2VE)
|| B 1,3 —E
(AF) AANB 5./ |AAB 3,4 Al
AAB A (g,2VE) 6.| |AAB A (g,2VE)
AAB 7.1 |AAB 6R
AANB 8.|AAB 1,2-5,6-7 VE

When we start, there is no accessible contradiction. So we fall through to SG2. Since
a premise has main operator Vv, we set up to get the goal by VE. This leads to a pair of
simple subderivations. Once we do this, we treat the disjunction as effectively “used
up” so that SG2 does not apply to it again. Notice that there is almost nothing one
could do except set up this way — and that once you do, it is easy!

SG3 Ifgoalis “in” accessible lines (set goals and) attempt to exploit it out. In most
derivations, you will work toward goals which are successively closer to what can be
obtained directly from accessible lines. And you finally come to a goal which can be
obtained directly. If it can be obtained directly, do so! In some cases, however, you
will come to a stage where your goal exists in accessible lines, but can be obtained
only by means of some other result. In this case, you can set that other result as a
new goal. A typical case is as follows.
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a3 a|A—> B
given use
3 (goal) b. | A (goal)
& B ab —E

The B exists in the premises. You cannot get it without the #. So you set 4 as a
new goal and use it to get the B. It is impossible to represent all the cases where
this strategy applies. The idea is that the complete goal exists in accessible lines, and
can either be obtained directly by an E-rule, or by an E-rule with some new goal.
Observe that the strategy would not apply in case you have A — B and are going for
A. Then the goal exists as part of a premise all right. But there is no obvious result
such that obtaining it would give you a way to exploit A — B to get the A.

As an example, let us try to show (A — B)A (B — C), (L <+ §) — A,
(L < S) A H F,, C. Here is the derivation in four stages.

IL|(A>B)A(B—>C) P L.|(A> B A(B—>C) P
2.0 (L 85 >4 p 2.0 (Lo 85)—>4 p
3.0 o S)AH p 3.0(L o S)AH p
slB>c I AE slB>c 1 AE
(AG) 5|48 1 AE
A
B B 5._>E
c 4 _SE c 4. _>E

The original goal C exists in the premises, as the consequent of the right conjunct
of (1). It is easy to isolate the B — C, but this leaves us with the B as a new goal
to get the C. B also exists in the premises, as the consequent of the left conjunct of
(1). Again, it is easy to isolate A — B, but this leaves us with A as a new goal. We
are not in a position to fill in the entire justification for our new goals, but there is no
harm filling in what we can, to remind us where we are going. So far, so good.

.| (A= B)A(B—=C) P .| (A= B)A(B—C) P

2./ (L S)— 4 P 2./ (L S)— 4 P

3./ (L SYANH P 3./ (L SYANH P

4./|B—C 1 AE 4./|B—C 1 AE

5.|A— B 1 AE 5.|A— B 1 AE
L+ S 6.|L < S 3 AE
A 2,_—E 7.1 4 2,6 >E
B 5,-—E 8.|B 5,7 —E
C 4, - —E 9.|C 4,8 -E
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But A also exists in the premises, as the consequent of (2); to get it, we set L <> S as
a goal. But L <> S exists in the premises, and is easy to get by AE. So we complete
the derivation with the steps that motivated the subgoals in the first place. Observe
the way we move from one goal to the next, until finally there is a stage where SG3
applies in its simplest form, so that L. <> S is obtained directly.

SG4 To reach goal with main operator *, use xI (careful with V). This is the
most frequently used strategy, the one most likely to structure your derivation as a
whole. ~E to the side, the basic structure of I-rules and E-rules in ND gives you just
one way to generate a formula with main operator *, whatever that may be. In the
ordinary case, then, you can expect to obtain a formula with main operator = by the
corresponding I-rule. Thus, for a typical example,

a.| | A A (g, -0

given use
A — B (goal) bl |8 (goal)
A—> B a-b —1

Again, it is difficult to represent all the cases where this strategy might apply. It
makes sense to consider it for formulas with any main operator. Be cautious, how-
ever, for formulas with main operator V. There are cases where it is possible to prove
a disjunction, but not to prove it by VI — as one might have conclusive reason to
believe the butler or the maid did it, without conclusive reason to believe the butler
did it, or conclusive reason to believe the maid did it (perhaps the butler and maid
were the only ones with means and motive). You should consider the strategy for V.
But it does not always work.

As an example, let us show D , A — (B — (C — D)). Here is the
derivation in four stages.

L|p p I.|D P
2.| 4 Ag. D 2|4 Al =D
3. B A (g, =D
(AH)
C—>D
B —(C — D) B — (C — D) 3- -l
A—->(B—>(C—>D) 2-_-l A— (B— (C— D) 2-_—I

Initially, there is no contradiction or disjunction in the premises, and neither do we
see the goal. So we fall through to strategy SG4 and, since the main operator of the
goal is —, set up to get it by — 1. This gives us B — (C — D) as a new goal. Since
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this has main operator —, and it remains that other strategies do not apply, we fall
through to SG4, and set up to get it by —1. This gives us C — D as a new goal.

1.|D P 1.|D P
2.1 | A A (g, —D) 2.1 |4 A (g, =D
3. B A (g, —D) 3. B A (g, =D
4, C Ag,— 1) 4. C Ag,—> 1)
D 5. D 1R

C—-D 4- _ -1 6. C—>D 4-5 -1

B — (C — D) 3-_—I 7.1 | B— (C — D) 3-6 —>I

A— (B— (C = D)) 2-_—lI 8.|A— (B— (C — D)) 2-7 =1

As before, with C — D as the goal, there is no contradiction on accessible lines,
no accessible formula has main operator Vv, and the goal does not itself appear on
accessible lines. Since the main operator is —, we set up again to get it by — 1. This
gives us D as a new subgoal. But D does exist on an accessible line. Thus we are
faced with a particularly simple instance of strategy SG3. To complete the derivation,
we simply reiterate D from (1), and follow our exit strategies as planned.

SGS5 Try ~E (especially for atomics and sentences with Vv as main operator). The
previous strategy has no application to atomics, because they have no main operator,
and we have suggested that it is problematic for disjunctions. This last strategy ap-
plies particularly in those cases. So it is applicable in cases where other strategies
seem not to apply.

al|~A4 A, ~E)

given use

A (goal) bl |l

A a-b ~E

It is possible to obtain any formula by ~E, by assuming the negation of it and going
for a contradiction. So this strategy is generally applicable. And it cannot hurt: If you
could have reached the goal anyway, you can obtain the goal 4 under the assumption,
and then use if for a contradiction with the assumed ~« — which lets you exit the
assumption with the # you would have had anyway. And the assumption may help:
for, as with VE, in going for the contradiction you have whatever accessible lines you
had before, plus the new assumption. And, in many cases, the assumption puts you
in a position to make progress you would not have been able to make before.
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As a simple example of the strategy, try showing, ~4 — B, ~B k,, A. Here is
the derivation in two stages.

l.|~A— B P l.|~A— B P
2.|~B P 2.|~B P
(AT) 3. |~A A (c, ~E) 3. |~A A (c, ~E)
4.1 | B 1,3 >E
1 5.0 | L 42 11
A 3-_~E 6. A 3-5~E

Sometimes the occasion between this strategy and SG1 can seem obscure (and, in
the end, it may not be all that important to separate them). However, for the first,
accessible lines by themselves are sufficient for a contradiction. In this example,
from the premises we have ~ B, but cannot get the B and so do have a contradiction.
So sG1 does not apply. There is no formula with main operator V. Similarly, though
~A 1is in the antecedent of (1), there is no obvious way to exploit the premise to
isolate the A; so we do not see the goal in the relevant form in the premises. The
goal A has no operators, so it has no main operator and strategy SG4 does not apply.
So we fall through to strategy SGS5, and set up to get the goal by ~E. In this case, the
subderivation is particularly easy to complete. Perhaps the case is too easy. Still, in
contrast to SG1, the contradiction does not become available until after you make the
assumption. In the case of SG1, it is the prior availability of the contradiction that
drives your assumption.

Here is an extended example which combines a number of the strategies consid-
ered so far. We show that B v A |, ~A — B. You want especially to absorb the
mode of thinking about this case as a way to approach exercises.

1.|BvA P
(A)
~A— B
There is no contradiction in accessible premises; so strategy SG1 is inapplicable.
Strategy SG2 tells us to go for the goal by VE. Another option is to fall through to
SG4 and go for ~4A — B by —1I and then apply VE to get the B, but —I has lower
priority, and let us follow the official procedure.
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1.|BVv A

~A— B
~A— B

P
A (g, 1VE)

A(g, IVE)

1, -, - VE

251

Given an accessible line with main operator Vv,

use VE to reach goal.

Having set up for VE on line (1), we treat B Vv A as effectively “used up” and so out
of the picture. Concentrating, for the moment, on the first subderivation, there is no
contradiction on accessible lines; neither is there another accessible disjunction; and
the goal is not in the premises. So we fall through to sG4.

1.|BV A
2.1 | B

3. ~A
B

~A— B
~A— B

P
A (g, 1VE)

A (g, —])

3-_—l1

A(g, IVE)

I,-,-VE

To reach goal with main operator —, use —1.

In this case, the subderivation is easy to complete. The new goal, B exists as such
in the premises. So we are faced with a simple instance of SG3, and so can complete

the subderivation.

1.|BV A

2. | B

3. ~A

4, B

5 ~A— B

6 A
~A— B
~A— B

P
A (g, 1VE)
A (g, —])

2R
34 1

A (g, 1VE)

l,-,-VE

The first subderivation is completed by reiterat-
ing B from line (2), and following the exit strat-

egy.
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For the second main subderivation tick off in your head: there is no accessible con-
tradiction; neither is there another accessible formula with main operator Vv; and the
goal is not in the premises. So we fall through to strategy SG4.

1.|BvA P

2| |B A (g, 1VE)
3. ~A A(g,—D
4, h 2R

5| |~A— B 3-4 >1

To reach goal with main operator —, use —1.

6.1 | A A (g, 1VE)
7. ~A A(g, =D
B
~A— B 7-_—1
~A—> B 1, -, - VE

In this case, there is an accessible contradiction at (6) and (7). So SG1 applies, and
we are in a position to complete the derivation as follows.

1.|BVv A P
2.1 | B A (g, 1VE)
3. ~A A (g, =D
4. B 2R
5| |~A— B 3-4 —1
6.1 14 A (g, 1VE) If accessible lines contain explicit contradic-
[ tion, use ~E to reach goal.
7. ~A A(g, =D
8. ~B A (c, ~E)
9. 1 6,7 L1
10. B 8-9 ~E
11.| |~A— B 7-10 =1
12.|~A — B 1,2-5,6-11 VE

This derivation is fairly complicated! But we did not need to see how the whole thing
would go from the start. Indeed, it is hard to see how one could do so. Rather it was
enough to see, at each stage, what to do next. That is the beauty of our goal-oriented
approach.

A couple of final remarks before we turn to exercises: First, as we have said from
the start, assumptions are only introduced in conjunction with exit strategies. This
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almost requires goal-directed thinking. And it is important to see how pointless are
assumptions without an exit strategy! Results inside subderivations cannot be used
for a final conclusion except insofar as there is a way to exit the subderivation and
use it whole. So the point of the strategy is to ensure that the subderivation has a use
for getting where you want to go.

Second, in going for a contradiction, as with SG4 or SG5, the new goal is not a
definite formula — any contradiction is sufficient for the rule and for a derivation of
L. So the strategies for a goal do not directly apply. This motivates the “strategies
for a contradiction” of the next section. For now, I will say just this: If there is a
contradiction to be had, and you can reduce formulas on accessible lines to atomics
and negated atomics, the contradiction will appear at that level. So one way to go
for a contradiction is simply by applying E-rules to accessible lines, to generate what
atomics and negated atomics you can.

Proof for the following theorems are left as exercises. You should not start them
now, but wait for the assignment in E6.16. The first three may remind you of axioms
from chapter 3. The others foreshadow rules from the system ND+, which we will
see shortly.

T6.1. H,, P > (@ — P)

T6.2. Hyp (O = (P - Q) — (0 - P) = (0 - Q))

*T6.3. byp (@ - ~P) > ((~Q — P) = Q)

T6.4. A — B, ~B b, ~h

T65. A—> B, B —>C€hH, A>T

T6.6. AV B, ~h by, B

T6.7. AV B, ~B bk, A

T6.8. A < B, ~A, ~B
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T6.9. 4 < B, ~B b, ~h

T6.10. ypy (A A B) < (B A A)

“T6.11. by (AV B) < (B V A)

T6.12. I (A = B) < (~B — ~A)

T6.13. I [A = (B = €)] < [(AAB) - €]

T6.14. I, [AAN (B ATE)] < [(AAB) AT]

T6.15. by [AV (B VE)] < [(AV B) VE]

T6.16. by A < ~~h

T6.17. by A <> (A A A)

T6.18. by A <> (A V A)

E6.14. For each of the following, (i) which goal strategy applies? and (ii) what is
the next step? If the strategy calls for a new subgoal, show the subgoal; if it
calls for a subderivation, set up the subderivation. In each case, explain your
response. Hint: Each goal strategy applies once.

a. 1.|~AVB P
2.1 4 P
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*c.

E6.15.

*a.

b,

*C.

#d.

*e.

*f.

l.|~A < B P

B < ~A

1.|A< ~B P

2.|~A P
B

1.|AAB P

2.|~A P
KvJ

Produce derivations to show each of the following. No worked out answers
are provided. However, if you get stuck, you will find strategy hints in the
back.

A< (A—-B)K, A— B
(AVB)— (B< D),Bk,, BAD
~(ANC),~(ANC) < Bk, AVB
AN(CA~B),(AvD)—~EHk, ~E
A—-B,B—-ChH,A—-C

(AANB) > (CAD)R, [(AAB) - C]A[(AA B) — D]

*0. A->(B—-C),(AND)—->E,C—>Dhk, (AANB) - E
‘h. (A—->B)AB—->C),[((DVE)VH]—-> A ~(DVE)ANH K, C

. A= (BAC),~C kK, ~(AAD)

A—->(B—->C),D—->Bk,A—(D—C)

k. A> (B —->C)Hp ~C - ~(AAB)
.(AN~B) > ~AH, A— B

.~B < A,C— B, AANCH, ~K
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n. ~AH, A— B

*0. ~A <> ~Bhk, A< B

*p. (AVB)vVC, B ChH,CvA4
*q. Fyp A = (AV B)

. Hyp A= (B — A)

*s. Fyp (A <> B) > (A — B)

*t. lyp (AA~A) = (B A~B)

*u. yp (A= B) = [(C - A) — (C — B)]
*v. byp [(A — B) A~B] - ~A4
“W. by A = [B = (4 — B)]
X, Fyp ~4 = [(BAA) = C]

*y. Fyp (A — B) = [~B — ~(A A D)]

*E6.16. Produce derivations to demonstrate each of T6.1 - T6.18. This is a mix —
some repetitious, some challenging! But, when we need the results later, we
will be glad to have done them now. Hint: do not worry if one or two get a
bit longer than you are used to — they should!

6.2.5 Strategies for a Contradiction

In going for a contradiction, the @ and ~@ can be any sentence. So the strategies for
reaching a definite goal do not apply. This motivates strategies for a contradiction.
Again, the strategies are in rough priority order.

SC 1. Break accessible formulas down into atomics and negated atomics.
2. Given a disjunction in a subderivation for ~E or ~I, go for L by VE.

3. Set as goal the opposite of some negation (something that cannot itself be
broken down). Then apply strategies for a goal to reach it.

4. For some &L such that both  and ~& lead to contradiction: Assume
(~&), obtain the first contradiction, and conclude ~& (#); then obtain
the second contradiction — this is the one you want.
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Again, the priority order is not the frequency order. The frequency is likely to be
something like SC1, sC3, sc4, sc2. Also sometimes, but not always, SC3 and sc4
coincide: in deriving the opposite of some negation, you end up assuming a J such
that ? and ~& lead to contradiction.

SC1. Break accessible formulas down into atomics and negated atomics. As we
have already said, if there is a contradiction to be had, and you can break premises
into atomics and negated atomics, the contradiction will appear at that level. Thus,
for example,

1.|AAB P 1.|AAB P
2.|~B P 2.|~B P
3.1 |C A (c, ~I) 3.1 |C A (c, ~I)
(AK) 4 A 1 AE
5 B 1 AE
1 6 1L 5211
~C 2-_~I1 7.|~C 2-6 ~1

Our strategy for the goal, is SG4 with an application of ~I. Then the goal is to obtain
a contradiction. And our first thought is to break accessible lines down to atomics
and negated atomics. Perhaps this example is too simple. And you may wonder
about the point of getting A at (4) — there is no need for A at (4). But this merely
illustrates the point: if you can get to atomics and negated atomics (‘“randomly” as it
were) the contradiction will appear in the end.

As another example, try showing AAN(BA~C),~F — D,(AAD) - C &5, F.
Here is the completed derivation in two stages.

1.|AAN(BA~C) P I.|IAAN(BA~C) P
2.|~F —> D P 2.|~F —-> D P
3.|](AAD)—>C p 3.](AAD) > C P
4.| | ~F A (¢, ~E) 4.| | ~F A (¢, ~E)
5 D 24 —-E
(AL) 6.| A 1 AE
7.| |[AAD 6,5 AL
8.1 |C 3,7—E
9.| | BA~C 1 AE
10.| | ~C 9 AE
L 1] | L 8,10 LI
F 4-_~E 11.| F 4-10 ~E
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This time, our strategy for the goal, falls through to SG5. After that, again, our goal
is to obtain a contradiction — and our first thought is to break premises down to
atomics and negated atomics. The assumption ~F gets us D with (2). We can get
A from (1), and then C with the A and D together. Then ~C follows from (1) by a
couple applications of AE. You might proceed to get the atomics in a different order,
but the basic idea of any such derivation is likely to be the same.

SC2. Given a disjunction in a subderivation for ~E or ~I, go for 1 by VE. This
strategy applies only occasionally, though it is related to one that is common for the
quantificational case. In most cases, you will have applied VE by SG2 prior to setting
up for ~E or ~I. In some cases, however, a disjunction is “uncovered” only inside
a subderivation for a tilde rule. In any such case, SC2 has high priority for the same
reasons as SG2: You can only be better off in your attempt to reach a contradiction
inside the subderivations for VE than before. So the strategy says to set L as the goal
you need for ~E or ~I, and go for it by VE.

a| | ® A (¢, ~I)
b.| |AVSB
c A A (¢,bVE)

a | | P A (c, ~I) [

b AV B d L

given use
n e. B A (¢, cVE)
~P a- - ~I
f. 1
g | |L b,c-d,e-f VE
~P a-g ~I

Observe that, since the subderivations for VE have goal L, they have exit strategy ¢
rather than g. Here is another advantage of our standard use of L. Because L is a
particular sentence, it works as a goal sentence for this rule. We might obtain L by
one contradiction in the first subderivation, and by another in the second. But, once
we have obtained L in each, we are in a position to exit by VE in the usual way, and
so to apply ~I.

Here is an example. We show ~4A A ~B F,, ~(A Vv B). The derivation is in
four stages.
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1.|~AA~B P 1.|~AA~B P
2.| |AV B A (c, ~D) 2./ [AvB A (¢, ~1)
3. A A (c, 2VE)
(AM) +
A (¢, 2VE)
1
L 1 2,,—-VE
~(AV B) 2-_~1 ~(AV B) 2- _~I

In this case, our strategy for the goal is SG4. The disjunction appears only inside the
subderivation as the assumption for ~I. We might obtain ~A and ~B from (1) but
after that, there are no more atomics or negated atomics to be had. So we fall through
to SC2, with L as the goal for VE.

1.|~AA~B P 1.|~AA~B P
2.| |AVB A (c, ~I) 2.| |AVB A (c, ~I)
3. A A (c,2VE) 3. A A (c,2VE)
. ~A 1 AE 4. ~A 1 AE
5. 1 34 11 5. 1 34 11
6. B A (c,2VE) 6. B A (c,2VE)
. ~B 1 AE
1 8. 1 6,7 L1
1 2,3-5, - VE 9.1 | L 2,3-5,6-8 VE
~(AV B) 2-~I1 10. [ ~(A VvV B) 2-11 ~1

The first subderivation is easily completed from atomics and negated atomics. And
the second is completed the same way. Observe that it is only because of our assump-
tions for VE that we are able to get the contradictions at all.

SC3. Set as goal the opposite of some negation (something that cannot itself be
broken down). Then apply standard strategies for the goal. You will find yourself
using this strategy often, after SC1. In the ordinary case, if accessible formulas cannot
be broken into atomics and negated atomics, it is because complex forms are “sealed
oft” by main operator ~. The tilde blocks sSC1 or sC2. But you can turn this lemon
to lemonade: taking the complex ~@ as one half of a contradiction, set €@ as goal.
For some complex @,
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Q a. | ~@
a. | ~
A A(c, ~1
b |A Al ~D ©~D
given use
1 c| | @ (goal)
4 1 ca Ll
- ~ A

We are after a contradiction. Supposing that we cannot break ~@ into its parts, our
efforts to apply other strategies for a contradiction are frustrated. But SC3 offers an
alternative: Set @ itself as a new goal and use this with ~@ to reach L. Then strate-
gies for the new goal take over. If we reach the new goal, we have the contradiction
we need.

As an example, try showing B, ~(4 — B) |, ~A. Here is the derivation in
four stages.

1.|B P l.| B P
2.|~(A— B) P 2.|~(A— B) P
3.1 |4 A (c, ~) 3.1 |4 A (c, ~I)
(AN)
A— B (goal)
1 € -2 11
~A 3-_~1 ~A 3-_~I1

Our strategy for the goal is SG4; for main operator ~ we set up to get the goal by
~I. So we need a contradiction. In this case, there is nothing to be done by way of
obtaining atomics and negated atomics, and there is no disjunction in the scope of
the assumption for ~I. So we fall through to strategy SC3. ~(4A — B) on (2) has
main operator ~, so we set A — B as a new subgoal with the idea to use it for
contradiction.

1.|B P 1.|B P
2.|~(A— B) P 2.|~(A— B) P
3.1 |4 A (c, ~) 3.1 |4 A (c, ~I)
4. A A (g, =D 4. A A (g, =D
B (goal) 5 B 1R
A— B 4- _ —I1 6 A— B 4-5 —>1
1L =211 7.0 | L 6,2 L1
~A 3-_~1 8. |~A 3-7~1

Since A — B is a definite subgoal, we proceed with strategies for the goal in the
usual way. The main operator is — so we set up to get it by —1. The subderivation
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is particularly easy to complete. And we finish by executing the exit strategies as
planned.

SC4. For some P such that both P and ~P lead to contradiction: Assume P
(~&), obtain the first contradiction, and conclude ~& (J); then obtain the second

contradiction — this is the one you want.
a.| | A A (c, ~I)

b. P A (c, ~I)
a.| | A A (c, ~I)

given use c.

~A

~h a-d ~I

The essential point is that both 2 and ~J somehow lead to contradiction. Thus the
assumption of one leads by ~I or ~E to the other; and since both lead to contradic-
tion, you end up with the contradiction you need. This is often a powerful way of
making progress when none seems possible by other means.

Let us try to show A <> B, B < C, C <+ ~A k5, K. Here is the derivation in
four stages.

lLl4d< B P I.|A< B P
3.]C <& ~A P 3.]C & ~A P
4K A (e, ~E) 4.| |~k A (¢, ~E)
5. A A (¢, ~])
(AO)
1
~A 5-—~I1
n 1
K 4- _ ~E K 4- _ ~E

Our strategy for the goal falls all the way through to SG5. So we assume the negation
of the goal, and go for a contradiction. In this case, there are no atomics or negated
atomics to be had. There is no disjunction under the scope of the negation, and no
formula is itself a negation such that we could reiterate and build up to the opposite.
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But given formula A we can use <>E to reach ~A and so contradiction. And, simi-
larly, given ~A we can use <>E to reach 4 and so contradiction. So, following SC4,
we assume one of them to get the other.

1.|A< B P 1.|A< B P
2.|B<C P 2.|B<C P
3.]C & ~A P 3.]C < ~A P
4.1 | ~K A (c, ~E) 4.1 |~K A (c, ~E)
5. A (c, ~I) 5. A A (c, ~I)
6. B 1,5 <E 6. B 1,5 <E
7. C 2,6 <E 7. C 2,6 <E
8. ~A 3,7 <E 8 ~A 3,7<E
9. 1 5,8 11 9. L 5,8 L1
10.| | ~A 5-9 ~1 10.| | ~A 5-9 ~1
11.| | C 3,10 <E
12.| | B 2,11 <E
13 A 1,12 <E
1L 4.1 | L 13,10 LI
K 4- _~E 15.| K 4-14 ~E

The first contradiction appears easily at the level of atomics and negated atomics.
This gives us ~A. And with ~A, the second contradiction also comes easily, at the
level of atomics and negated atomics.

Though it can be useful, this strategy is often difficult to see. And there is no
obvious way to give a strategy for using the strategy! The best thing to say is that
you should look for it when the other strategies seem to fail.

Let us consider an extended example which combines some of the strategies. We
show that ~4 — B, BV A.

1.|~A— B P
(AP)
BvA

In this case, we do not see a contradiction in the premises; there is no formula with
main operator V in the premises; and the goal does not appear in the premises. So we
might try going for the goal by /I in application of SG4. This would require getting
a B or an A. It is reasonable to go this way, but it turns out to be a dead end. (You
should convince yourself that this is so.) Thus we fall through to SGS5.
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1.|~4A— B P

2| [ ~(BVA) Ale,~B) Especially considering our goal has main oper-

ator V, set up to get the goal by ~E.
L

BvA 2-_~E

To get a contradiction, our first thought is to go for atomics and negated atomics. But
there is nothing to be done. Similarly, there is no formula with main operator V. So
we fall through to SC3 and continue as follows.

l.l~A— B P

2| [~(BVA A (e, ~E) Given a negation that cannot be broken down,

set up to get the contradiction by building up to

BvA the opposite.
1 =2 11
Bv A 2-_~E

It might seem that we have made no progress, since our new goal is no different than
the original! But there is progress insofar as we have a premise not available before
(more on this in a moment). At this stage, we can get the goal by V1. Either side will
work, but it is easier to start with the A. So we set up for that.

1.|~4—B P
2./ |~(BVvA) A, ~E)

For a goal with main operator Vv, go for the goal

A by vI
BV A - VI

L =2 11

BvA 2-_~E

Now the goal is atomic. Again, there is no contradiction or formula with main oper-
ator V in the premises. The goal is not in the premises in any form we can hope to
exploit. And the goal has no main operator. So, again, we fall through to SG5.
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.|~A—> B

~(B Vv A)
~A

L
A
BV A
L
Bv A

P
A (c, ~E)

A (c, ~E)

3-_~E
- Vi
=211
2-_~E
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Especially for atomics, go for the goal by ~E

Again, our first thought is to get atomics and negated atomics. We can get B from
lines (1) and (3) by —E. But that is all. So we will not get a contradiction from atom-
ics and negated atomics alone. There is no formula with main operator V. However,
the possibility of getting a B suggests that we can build up to the opposite of line
(2). That is, we complete the subderivation as follows, and follow our exit strategies

to complete

1.
2.

et

10.

R S AN

the whole.

:A — B

| ~(BV A)
~A

B
BV A
1L

A
Bv A
1L
BV A

P
A (¢, ~E)
A (¢, ~E)

1,3 ->E
4 vI
52 11
3-6 ~E
7 VI
8,2 11
2-9 ~E

Get the contradiction by building up to the op-

posite of an existing negation.

A couple of comments: First, observe that we build up to the opposite of ~(B Vv A)
twice, coming at it from different directions. First we obtain the left side B and
use VI to obtain the whole, then the right side A and use VI to obtain the whole.
This is typical with negated disjunctions. Second, note that this derivation might be
reconceived as an instance of SC4. ~A gets us B, and so B Vv A, which contradicts
~(B Vv A). But A gets us B vV A which, again, contradicts ~(B Vv A). So both 4 and
~A lead to contradiction; so we assume one (~A), and get the first contradiction;
this gets us A, from which the second contradiction follows.

The general pattern of this derivation is typical for formulas with main operator v
in ND. For & v @ we may not be able to prove either & or @ from scratch — so that
the formula is not directly provable by VI. However, it may be indirectly provable.
If it is provable at all, it must be that the negation of one side forces the other. So it
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must be possible to get the & or the @ under the additional assumption that the other
is false. This makes possible an argument of the following form.

a| | ~(P V@) A (c,~E
b. ~P A(c, ~E)
c. Q

(AQ) || |Pva c VI
e. 1 d,a LI
f.||P b-e ~E
g | |PVva fvI
h.||L gall
i|Pva a-h ~E

The “work” in this routine is getting from the negation of one side of the disjunction
to the other. Thus if from the assumption ~J it is possible to derive @, all the rest
is automatic! We have just seen an extended example (AP) of this pattern. It may be
seen as an application of SC3 or SC4 (or both). Where a disjunction may be provable
but not provable by VI, it will work by this method! So in difficult cases when the
goal is a disjunction, it is wise to think about whether you can get one side from the
negation of the other. If you can, set up as above. (And reconsider this method, when
we get to a simplified version in the extended system ND+).

This example was fairly difficult! You may see some longer, but you will not
see many harder. The strategies are not a cookbook for performing all derivations —
doing derivations remains an art. But the strategies will give you a good start, and
take you a long way through the exercises that follow. The theorems immediately
below again foreshadow rules of ND+.

T6.19. by ~(A A B) © (~h V ~B)

T6.20. Fypy ~(A V B) <> (~oh A ~B)

T6.21. by, (~h = B) < (A V B)

T6.22. yy (A — B) < (~h Vv B)

T6.23. by [A A (BVE)] < [(AAB)V (A AC)]
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T6.24. ) [AV (B AE)] < [(AV B) A (AVE)

T6.25. by (A < B) < [(A — B) A (B — A)]

T6.26. by (4 < B) < [(A A B)V (~h A ~B)]

E6.17. Each of the following begins with a simple application of ~I or ~E for SG4
or SG5. Complete the derivations, and explain your use of strategies for a
contradiction. Hint: Each of the strategies for a contradiction is used at least
once.

*a. 1.|AAB P
2.|~(ArC) P
3. C A (c, ~I)

L
~C

b. I.|(~Bv~A4A)—>D P
2.|C A~D P

3. |~B A (¢, ~E)

c. 1.|AAB P
2. ~AV ~B A (c, ~I)

1
~(~AV ~B)

d 1.|A4<~4 P
2.1 |B A (c, ~I)

~B
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E6.18.

I.|~(4—>B) P
2.1 |~4 A (¢, ~E)
1
A
Produce derivations to show each of the following. No worked out answers

are provided. However, if you get stuck, you will find strategy hints in the
back.

A—-~BAC),B—-Chk,A—~B
Fp ~(A—A4)—> A

AV Bk, ~(~AA~B)
~(AANB),~(AAN~B) kK, ~A

Fp AV ~A

. by AV (A — B)

AV ~B,~AvV~BHk,, ~B

“h. A< (~BVC),B—>Chy, A

“i. A< Bhy, (C < A) < (C < B)

. A< ~(B < ~C),~(AV B) F,, C

*)k. [CV((AVB)IAC -E),A->D,D—~AkK,,CVB
*. ~(A— B),~(B—> C)H, ~D
.C—>~A,~(BAC)H, (AVB) > ~C

*n. ~(A < B)H, ~A< B

. A< B,Bo ~Ch,~(A<+C)

*n. AVB,~BVvC,~Cl, A

. (~AvC)vD,D—-~Bhk,(AAB)—>C

. AVD,~D < (EVC),(CAB)VI[CA(F =-C)]H,, A
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*g,

(AVB)V(CAD). (A< EYA(B— F),G < ~(EVF),C - Bk, ~G

(AVB)A~C,~C — (D A~A),B—> (AVE)h, EVF

*E6.19. Produce derivations to demonstrate each of T6.19 - T6.26.

E6.20. Produce derivations to show each of the following. These are particularly

E6.21.

challenging. If you can get them, you are doing very well! (In keeping with
the spirit of the challenge, no help is provided in the back of the book.)

A< B+ C)H, (A< B)«C
(AVB) > (AvC)H, AV (B—C)

. A—>(BVC)hy, (A— B)Vv (4 —C)

(A< B)«< (C< D), (A« C)—(B—D)

~(A < B),~(B < C),~(C < A) K/, ~K

For each of the following, produce a good translation including interpretation
function. Then use a derivation to show that the argument is valid in ND. The
first two are suggested from the history of philosophy; the last is our familiar
case from p. 2.

We have knowledge about numbers.

If Platonism is true, then numbers are not in spacetime.

Either numbers are in spacetime, or we do not interact with them.
We have knowledge about numbers only if we interact with them.

Platonism is not true.

There is evil

If god is good, there is no evil unless he has an excuse for allowing it.
If god is omnipotent, then he does not have an excuse for allowing evil.

God is not both good and omnipotent.

. If Bob goes to the fair, then so do Daniel and Edward. Albert goes to the fair

only if Bob or Carol go. If Daniel goes, then Edward goes only if Fred goes.
But not both Fred and Albert go. So Albert goes to the fair only if Carol goes
too.
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E6.22.

6.3

If I think dogs fly, then I am insane or they have really big ears. But if dogs
do not have really big ears, then I am not insane. So either I do not think dogs
fly, or they have really big ears.

. If the maid did it, then it was done with a revolver only if it was done in the

parlor. But if the butler is innocent, then the maid did it unless it was done
in the parlor. The maid did it only if it was done with a revolver, while the
butler is guilty if it did happen in the parlor. So the butler is guilty.

For each of the following concepts, explain in an essay of about two pages,
so that Hannah could understand. In your essay, you should (i) identify the
objects to which the concept applies, (ii) give and explain the definition, and
give and explicate examples of your own construction (iii) where the concept
applies, and (iv) where it does not. Your essay should exhibit an understand-
ing of methods from the text.

. Derivations as games, and the condition on rules.

. Accessibility, and auxiliary assumptions.

The rules VI and VE.
The strategies for a goal.

The strategies for a contradiction.

Quantificational

Our full system ND includes all the rules for the sentential part of ND, along with I-
and E-rules for V and 3 and for equality. After some quick introductory remarks, we
will take up the new rules, and say a bit about strategy.

First, we do not sacrifice any of the rules we have so far. Recall that our rules
apply to formulas of quantificational languages as well as to formulas of sentential
ones. Thus, for example, Fx — VxFx and Fx are of the form $ — @ and #. So
we might move from them to Vx Fx by —E as before. And similarly for other rules.
Here is a short example.

(AR)

1.|VxFx AdIxVy(Hx Vv Zy) P

3.| | VxFx 1 AE
4. | Kx - VxFx 2-3 >1
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The goal is of the form  — @; so we set up to get it in the usual way. And the
subderivation is particularly simple. Notice that formulas of the sort Vx(Kx — Fx)
and Kx are not of the form 2 — @ and &. The main operator of Vx(Kx — Fx)
is Vx, not —. So —E does not apply. That is why we need new rules for the
quantificational operators.

For our quantificational rules, we need a couple of notions already introduced in
chapter 3. Again, for any formula », variable x, and term #, say A7 is + with all
the free instances of x replaced by ¢. And % is free for x in A iff all the variables in
the replacing instances of # remain free after substitution in A% . Thus, for example,

(AS) (VxRxyV Px)j is VxRxyV Py

There are three instances of x in VxRxy Vv Px, but only the last is free; so y is
substituted only for that instance. Since the substituted y is free in the resultant
expression, y is free for x in VxRxy v Px. Similarly,

(AT)  [Vx(x = y)V Ryx] is Vx(x = flx)v Rf1xx

y
flx
Both instances of y in Vx(x = y) vV Ryx are free; so our substitution replaces both.
But the x in the first instance of f!x is bound upon substitution; so f!x is not free
for y in Vx(x = y) vV Ryx. Notice that if x is not free in +4, then replacing every
free instance of x in # with some term results in no change. So if x is not free in
A, then A} is A. Similarly, A% is just s itself. Further, any variable x is sure to
be free for itself in a formula A — if every free instance of variable x is “replaced”
with x, then the replacing instances are sure to be free! And constants are sure to be
free for a variable x in a formula #. Since a constant ¢ is a term without variables,
no variable in the replacing term is bound upon substitution for free instances of x.

With this said, we are ready to turn to our rules. We begin with the easier ones,
and work from there.

6.3.1 VE and 3l

VE and I are straightforward. For the former, for any variable x, given an accessible
formula VxJ on line a, if term ¢ is free for x in J, one may move to #} with
justification, a VE.

a. | Vx P
VE provided ¢ is free for x in &
aVvVE

)
SR
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VE removes a quantifier, and substitutes a term ¢ for resulting free instances of x,
so long as ¢ is free in the resulting formula. Observe that £ is always free if it is a
constant, or a variable that does not appear at all in . We sometimes say that vari-
able x is instantiated by term ¢. Thus, for example, Vx3yLxy is of the form Vx .,
where # is 3yLxy. So by VE we can move from Yx3yLxy to 3yLay, removing the
quantifier and substituting a for x. And similarly, since the complex terms f'a and
g2zb are free for x in 3yLxy, VE legitimates moving from YxVyLxy to 3yLflay
or AyLg?zby. What we cannot do is move from Yx3dyLxy to 3yLyy or AyLf1yy.
These violate the constraint insofar as a variable of the substituted term is bound by
a quantifier in the resulting formula.

Intuitively, the motivation for this rule is clear: If & is satisfied for every assign-
ment to variable x, then it is sure to be satisfied for the thing assigned to ¢, what-
ever that thing may be. Thus, for example, if everyone loves someone, Vx3yLxy,
it is sure to be the case that Al, and Al’s father love someone — that 3yLay and
3yLflay. But from everyone loves someone, it does not follow that anyone loves
themselves, that AyLyy, or that anyone is loved by their father AyL f!yy. Though
we know Al and Al’s father loves someone, we do not know who that someone might
be. We therefore require that the replacing term be independent of quantifiers in the
rest of the formula.

Here are some examples. Notice that we continue to apply bottom-up goal-
oriented thinking.

1.|VxVyHxy P

2.| Hef?ab — VzKz P
(AU) 3.|VyHcy 1 VE

4.| Hef?ab 3 VE

5.|VzKz 2,4 —-E

6.| Kb S5VE

Our original goal is Kb. We could get this by VE if we had YzKz. So we set that
as a subgoal. This leads to Hc¢f2ab as another subgoal. And we get this from (1)
by two applications of VE. The constant c is free for x in Yy H xy so we move from
VxVyHxyto VyHcy by VE. And the complex term f2ab is free for y in Hcy, so
we move from VyHcy to He f?ab by VE. And similarly, we get Kb from YzK z by
VE.

Here is another example, also illustrating strategic thinking.
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1. | VxBx P

2.|Vx(Cx - ~Bx) P

3. | ca A (¢, ~I)
(AV) 4.| |Ca - ~Ba 2 VE

5.| | ~Ba 4,3 -E

6.| | Ba 1 VE

7 1 6,5 11

8.|~Ca 3.7 ~1

Our original goal is ~Caj; so we set up to get it by ~I. And our contradiction appears
at the level of atomics and negated atomics. The constant «a is free for x in Cx —
~Bx. So we move from Vx(Cx — ~Bx) to Ca — ~Ba by VE. And similarly,
we move from VxBx to Ba by VE. Notice that we could use VE to instantiate the
universal quantifiers to any terms. We pick the constant a because it does us some
good in the context of our assumption Ca — itself driven by the goal, ~Ca. And
it is typical to “swoop” in with universal quantifiers to put variables on terms that
matter in a given context.

I is equally straightforward. For variable x, given an accessible formula &/}
on line a, where term ¢ is free for x in formula &, one may move to Ix &, with
justification, a L.

a. | PF
a1 provided % is free for x in P
Ix P a3l

The statement of this rule is somewhat in reverse from the way one expects it to
be: Supposing that ¢ is free for x in 5, when one removes the quantifier from the
result and replaces every free instance of x with ¢ one ends up with the start. A
consequence is that one starting formula might legitimately lead to different results
by 3I. Thus if & is any of Fxx, Fxa, or Fax, then &} is Faa. So 1l allows a
move from Faa to any of 3x Fxx, 3x Fax or 3x Fxa. In doing a derivation, there is
a sense in which we replace one or more instances of a in Faa with x, and add the
quantifier to get the result. But then notice that not every instance of the term need be
replaced. Officially the rule is stated the other way: Removing the quantifier from the
result, and replacing free instances of the variable, yields the initial formula. Be clear
about this in your mind. The requirement that ¢ be free for x in & prevents moving
from VyLyy or VyLf1yy to 3xVyLxy. The term from which we generalize must
be free in the sense that it has no bound variable!

Again, the motivation for this rule is clear. If J is satisfied for the individual
assigned to ¢, it is sure to be satisfied for some individual. Thus, for example, if Al or
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Al’s father love everyone, Y yLay or VyL f lay, itis sure to be the case that someone
loves everyone dxVyLxy. But from the premise that everyone loves themselves
VyLyy, or that everyone is loved by their father VyL f!yy it does not follow that
someone loves everyone. Again, the constraint on the rule requires that the term on
which we generalize be independent of quantifiers in the rest of the formula.

Here are a couple of examples. The first is relatively simple. The second illus-
trates the “duality” between VE and dI.

1.| Ha P
2.|3yHy — VxJx P
3.|3yHy 141

(AW) 4.\ VxJx 23 —E
5.1Ja 4 VE
6.|HanNJa 1,5 AL
7.\ Ix(Hx A Jx) 6 31

Ha AN Jais (Hx A Jx)k so we can get 3x(Hx A Jx) from Ha A Ja by 1. Ha
is already a premise, so we set Ja as a subgoal. Ja comes by VE from VxJx, and
to get this we set 3y Hy as another subgoal. And 3yHy follows directly by 3I from
Ha. Observe that, for now, the natural way to produce a formula with main operator
dis by dI. You should fold this into your strategic thinking.

For the second example recall, from translations, that ~Vx~J is equivalent to
dx P, and ~Ix~FP is equivalent to Vx&. Given this, it turns out that we can use the
universal rule with an effect something like 31, and the existential rule with an effect
like VE. The following pair of derivations illustrate this point.

1.| Pa P 1.| ~3Ax~Px P
2.| |Vx~Px A (c, ~I) 2.| | ~Pa A (c, ~E)
(AX) 3.| | ~Pa 2 VE (AY) 3. [Ix~Px 241
1 1,3 11 4.1 | L 3,1 11
5.|~Vx~Px 2-4 ~1 5.1 Pa 2-4 ~E

By dI we could move from Pa to 3xPx in one step. In (AX) we use the universal
rule to move from the same premise to the equivalent ~Vx~Px. Indeed, IxPx
abbreviates this very expression. Similarly, by VE we could move from VxPx to
Pa in one step. In (AY), we move to the same result by the existential rule from
the equivalent ~3x~Px. Thus there is a sense in which, in the presence of rules
for negation, the work done by one of these quantifier rules is very similar to, or can
substitute for, the work done by the other.
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E6.23. Complete the following derivations by filling in justifications for each line.
Then for each application of VE or 3I, show that the “free for” constraint
is met. Hint: it may be convenient to xerox the problems, and fill in your

answers directly on the copy.

1.
2.
3.

4.
5.

*b. 1.

Vx(Ax — Bxf1x)
ijx

Afle

Afle — Bfleflflc
Bflcflflc

Gaa

2.|3yGay

AR

won o

® NS n e

I

o v W

| xIyGxy

| Vx(Rx A Jx)

Rk AN Jk
Rk
Jk
Jk A Rk

Iy(Jy ARy)

Ax(Rx A Gx) —> VyFy
VzGz
Ra

Ga

Ra A Ga
dx(Rx A Gx)
VyFy
Fg2ax

| ~3zFglz

VxFx
Fglk
IzFglz
1

| ~VxFx

E6.24. The following are not legitimate ND derivations. In each case, explain why.
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b,

E6.25.

b,

I |VxFx < Gx P

2.| Fj < Gj 1 VE

1. jxﬂnyy P
2.13yGyy 1 VE

1. jy(Fay—>Gy) P

2.| Fay — Gf1b 1 VE
1. ijfzxyy P
2.13xVyGxy 141

1.| Gj P

2.|3xGflx 131

Provide derivations to show each of the following.

. VxFx by, FanFb

VxVyFxy b, Fab A Fba

. Vx(Gflx — VyAyx), Gf b b, Aflch
. VxVy(Hxy — Dyx),~Dab =, ~Hba
v [YXVYFxy AVX(Fxx — A)] — A

Fa, Ga &, 3x(Fx A Gx)

. Gaflzk, IxIyGxy

Fp (FaVv Fb) — IxFx

. Gaa kK, IxJy(Kxx — Gxy)
. VxFx,Gab, 3y(Fy A Gy)
*k. Vx(Fx — Gx),3yGy — Ka b, Fa — 3xKx
. VxVyHxy bk, 3y3xHyx

. Vx(~Bx — Kx),~Kf'x k, Bf'x

. VxVy(Fxy - ~Fyx) b, 3z~Fzz

. Yx(Fx — Gx), Fa ,, Ix(~Gx — Hx)

275
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6.3.2 VIand3dE

In parallel with VE and dI, rules for VI and JE are a linked pair. V1 is as follows: For
variables v and x, given an accessible formula &) at line a, where v is free for x in
&, v is not free in any undischarged assumption, and v is not free in Vx, one may
move to VxJ with justification a V1.

a. | PX

VI v provided (i) v is free for x in &, (ii) v is not free in any undis-
VP 2 VI charged auxiliary assumption, and (iii) v is not free in Vx5
The form of this rule is like a constrained 31 when # is a variable: from £} we

move to the quantified expression Vx . The underlying difference is in the special
constraints. First, the combination of (i) and (iii) require that v and x appear free in
just the same places. If v is free for x in J, then v is free in ) everywhere x is
free in J; if v is not free in Vx ., then v is free in &) only where x is free in 5.
So you get back-and-forth between & and ) by replacing every free x with v or
every free v with x. This two-way requirement is not present for 3I.

In addition, v cannot be free in an auxiliary assumption still in effect when VI is
applied. Recall that a formula is true when it is satisfied on any variable assignment.
As it turns out (and we shall see in detail in Part II), the truth of a formula with a free
variable therefore implies the truth of its universal quantification. But this is not so
under the scope of an assumption in which the variable is free. Under the scope of
an assumption with a free variable, we effectively constrain the range of assignments
under consideration to ones where the assumption is satisfied. Thus under any such
assumption, the move to a universal quantification is not justified. For the universal
quantification to be justified, the formula must be satisfied for any assignment to v,
and when v is free in an undischarged assumption we do not have that guarantee.
Only when assignments to v are arbitrary, when reasoning with respect to v might
apply to any individual, is the move from &) to Vx & justified. Again, observe that
no such constraint is required for 31, which depends on satisfaction for just a single
individual, so that any assignment and term will do.

Once you get your mind around them, these constraints are not difficult. Some-
how, though, managing them is a common source of frustration for beginning stu-
dents. However, there is a simple way to be sure that the constraints are met. Sup-
pose you have been following the strategies, along the lines from before, and come
to a goal of the sort, Vx . It is natural to expect to get this by VI from &;. You
will be sure to satisfy the constraints, if you set £ as a subgoal, where v does not
appear elsewhere in the derivation. If v does not otherwise appear in the derivation,
(1) there cannot be any v quantifier in &, so v is sure to be free for x in J. If v does
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not otherwise appear in the derivation, (ii) v cannot appear in any assumption, and
so be free in an undischarged assumption. And if v does not otherwise appear in the
derivation, (iii) it cannot appear at all in Vx4, and so cannot be free in Vx . It is not
always necessary to use a new variable in order to satisfy the constraints, and some-
times it is possible to simplify derivations by clever variable selection. However, we
shall make it our standard procedure to do so.

Here are some examples. The first is very simple, but illustrates the basic idea
underlying the rule.

1.|Vx(Hx A Mx) P .| Vx(Hx A Mx) P
(AZ) 2.|Hj AMj 1VE
Hj 3.|Hj 2 AE
VyHy - VI 4.|VyHy 3VI

The goal is VyHy. So, picking a variable new to the derivation, we set up to get this

by VI from Hj. This goal is easy to obtain from the premise by VE and AE. If every

x is such that both Hx and M x, it is not surprising that every y is such that Hy.

The general content from the quantifier is converted to the form with free variables,

manipulated by ordinary rules, and converted back to quantified form. This is typical.
Another example has free variables in an auxiliary assumption.

1.|Vx(Ex — Sx) P 1.|Vx(Ex — Sx) P
2.|Vz(Sz - Kz) P 2. jZ(SZ — Kz) P
3.0 | Ej A(g,—D
4.1 |Ej > Sj 1 VE
(B4) 5.0 1s) 43 SE
6.| |Sj— Kj 2VE
7.0 | Kj 6,5 —>E
Ej > Kj 8.|Ej - Kj 3.7 1
Vx(Ex > Kx) VI 9.|Vx(Ex — Kx)  8VI

Given the goal Vx(Ex — KXx), we immediately set up to get it by VI from Ej —
Kj. At that stage, j does not appear elsewhere in the derivation, and we can there-
fore be sure that the constraints will be met when it comes time to apply VI. The
derivation is completed by the usual strategies. Observe that j appears in an auxil-
iary assumption at (3). This is no problem insofar as the assumption is discharged
by the time VI is applied. We would not, however, be able to conclude, say, VxS x
or VxKx inside the subderivation, since at that stage, the variable j is free in the
undischarged assumption. But, of course, given the strategies, there should be no
temptation whatsoever to do so! For when we set up for VI, we set up to do it in a
way that is sure to satisfy the constraints.
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A last example introduces multiple quantifiers and, again, emphasizes the im-
portance of following the strategies. Insofar as the conclusion merely exchanges
variables with the premise, it is no surprise that there is a way for it to be done.

1| Vx(Gx — VyFyx) P 1. jx(Gx—)VyFyx) P
2.1 |Gj A(g, —D
(BB) Fkj
VxFxj _ VI
Gj —> VxFxj Gj - VxFxj 2- -1
Vy(Gy — VxFxy)  -VI Vy(Gy — VxFxy)  _VI

First, we set up to get Vy(Gy — VxFxy) from Gj — VxFxj. The variable j
does not appear in the derivation, so we expect that the constraints on VI will be
satisfied. But our new goal is a conditional, so we set up to go for it by —I in the
usual way. This leads to Vx Fxj as a goal, and we set up to get it from Fkj, where
k does not otherwise appear in the derivation. Observe that we have at this stage
an undischarged assumption in which j appears. However, our plan is to generalize
on k. Since k is new at this stage, we are fine. Of course, this assumes that we are
following the strategies so that our new variable automatically avoids variables free
in assumptions under which this instance of VI falls. This goal is easily obtained and
the derivation completed as follows.

l.|Vx(Gx — VyFyx) P

2.1 |Gj A (g, —D
3.1 |Gj — VyFyj 1 VE

4.1 |YyFyj 32 —>E
5.| | Fkj 4 VE

6.| | VxFxj 5 VI
7.|Gj — VxFxj 2-6 -1
8.|Vy(Gy — VxFxy) 7 VI

When we apply VI the first time, we replace each instance of k with x and add the x
quantifier. When we apply VI the second time, we replace each instance of j with y
and add the y quantifier. This is just how we planned for the rules to work.

JE appeals to both a formula and a subderivation. For variables v and x, given
an accessible formula 3x at a, and an accessible subderivation beginning with %
at b and ending with @ against its scope line at ¢ — where v is free for x in &, v is
free in no undischarged assumption, v is not free in Ix# or in @, one may move to
@, with justification a,b-¢ JE.
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a. | IxP
b.| | PF A (g, adE) provided (i) v is free for x in &, (i) v is not free in
dE any undischarged auxiliary assumption, and (iii) v is
c.| 1@ not free in Ix P or in @
Q a,b-c dE

Notice that the assumption comes with an exit strategy as usual. We can think of this
rule on analogy with VE. A universally quantified expression is something like a big
conjunction: if Vx &, then this element of U is & and that element of U is & and
.... And an existentially quantified expression is something like a big disjunction: if
Jx P, then this element of U is P or that element of U is & or .... What we need to
show is that no matter which thing happens to be the one that is J, we get the result
that @. Given this, we are in a position to conclude that @. As for the case of VI,
then, the constraints guarantee that our reasoning applies to any individual.

Again, if you are following the strategies, a simple way to guarantee that the con-
straints are met is to use a variable new to the derivation for the assumption. Suppose
you are going for goal @. In parallel with v, when presented with an accessible
formula with main operator 3, it is wise to go for the entire goal by JE.

a. | IxP a. | P

b.| | PX  A(g, aE)
(BC)

c.| | @ (goal)

Q (goal) Q a,b-c 3E
If v does not otherwise appear in the derivation, then (i) there is no v quantifier in J°
and v is sure to be free for x in . If v does not otherwise appear in the derivation
(i1) v does not appear in any other assumption and so is not free in any undischarged
auxiliary assumption. And if v does not otherwise appear in the derivation (iii) v
does not appear in either 3xP or in @ and so is not free in AxP or in @. Thus we
adopt the same simple expedient to guarantee that the constraints are met. Of course,
this presupposes we are following the strategies enough so that other assumptions are
in place when we make the assumption for JE, and that we are clear about the exit
strategy, so that we know what @ will be! The variable is new relative to this much
setup.
Here are some examples. The first is particularly simple, and should seem intu-

itively right. Notice again, that given an accessible formula with main operator 3, we
go directly for the goal by JE.
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1.|3Ix(Fx AGx) P 1.|3Ix(Fx AGx) P
2.1 | Fj ANGj A (g, 19E) 2.1 | Fj ANGj A (g, 19E)
(BD) 3.0 | Fj 2AE
IxFx 4. |IxFx 34l
AxFx 1,-3E 5.]3xFx 1,2-4 3E

Given an accessible formula with main operator 3, we go for the goal by JE. This
gives us a subderivation with the same goal, and our assumption with the new vari-
able. As it turns out, this goal is easy to obtain, with instances of AE and 31. We
could not do VI to introduce Vx F x under the scope of the assumption with j free.
But 3l is not so constrained. So we complete the derivation as above. If some x is
such that both Fx and G x then of course some x is such that F'x. Again, we are able
to take the quantifier off, manipulate the expressions with free variables, and put the
quantifier back on.

Observe that the following is a mistake. It violates the third constraint that v
the variable to which we instantiate the existential, is not free in @ the formula that
results from 3JE.

l.[3Ix(Fx A Gx) P
2.| | Fj ANGj A (g, 19E)
(BE) 3. | Fj 2AE
4. | Fj 1,2-33E  Mistake!
5.|3IxFx 4 31

If you are following the strategies, there should be no temptation to do this. In the
above example (BD), we go for the goal 3x F'x by JE. At that stage, the variable of
the assumption j is new to the derivation and so does not appear in the goal. So all
is well. This case (BE) does not introduce a variable that is new relative to the goal
of the subderivation, and so runs into trouble.

Very often, a goal from E is existentially quantified — for introducing an exis-
tential quantifier is one way of eliminating the variable from the assumption so that
it is not free in the goal. In fact, we do not have to think much about this, insofar as
we explicitly introduce the assumption by a variable not in the goal. However, it is
not always the case that the goal for JE is existentially quantified. Here is a simple
case of that sort.
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1.|IxFx P 1. |IxFx P
2.|Vz(AyFy — Gz2) P 2.|Vz(AyFy — Gz) P
3.0 | Fj A (g, 19E) 3.| | Fj A (g, 19E)
(BF) 4.| |IyFy — Gk 2 VE
5.| |3yFy 341
6.| | Gk 4,5 —>E
VxGx 7.1 |VxGx 6 VI
VxGx 1,-3E 8. |VxGx 1,3-73E

Again, given an existential premise, we set up to reach the goal by JE, where the
variable in the assumption is new. In this case, the goal is universally quantified, and
illustrates the point that any formula may be the goal for JE. In this case, we reach
the goal in the usual way. To reach YxGx set Gk as goal; at this stage, k is new to the
derivation, and so not free in any undischarged assumption. So there is no problem
about V1. Then it is a simple matter of exploiting accessible lines for the result.

Here is an example with multiple quantifiers. It is another case which makes
sense insofar as the premise and conclusion merely exchange variables.

1.|3x(Fx A3yGxy) P L | 3x(Fx A3yGuxy) p
2.| | Fj~n3yGjy A (g 13E) 2.| |Fj~3yGjy A (g, 13E)
i 3.1 |3vGjy 2 AE
(BG) 4. Gjk A (g, 33E)

dy(Fy A IxGyx)
Ay(Fy AJxGyx) 3y(Fy A3xGyx) 3,4-_3E
Ay(Fy A3xGyx) 1,2--3E 3y(Fy A 3xGyx) 1,2-_3E

The premise is an existential, so we go for the goal by JE. This gives us the first
subderivation, with the same goal, and new variable j substituted for x. But just
a bit of simplification gives us another existential on line (3). Thus, following the
standard strategies, we set up to go for the goal again by JE. At this stage, j is no
longer new, so we set up another subderivation with new variable k substituted for y.
Now the derivation is reasonably straightforward.
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1.|Ix(Fx AdyGxy) P

2.| | Fj A3yGjy A (g, 13E)
3.1 |IyGjy 2 AE

4. Gjk A (g, 33E)
5. IxGjx 431

6. Fj 2 AE

7. Fj A3xGjx 6,5 Nl

8. dy(Fy A 3xGyx) 7341

9.1 |Fy(Fy AdxGyx) 3,4-8 dE
10. | Iy (Fy A IxGyx) 1,2-9 3E

3l applies in the scope of the subderivations. And we put F'j and 3xGjx together so
that the outer quantifier goes on properly, with y in the right slots.

Finally, observe that VI and I also constitute a dual to one another. The deriva-
tions to show this are relatively difficult. But to not worry about that. It is enough
to understand the steps. For the parallel to VI, suppose the constraints are met for a
derivation of VxPx from Pj. And for the parallel to E, suppose it is possible to
derive Q by JE from 3x P x; so from application of that rule, in a subderivation, we
can get Q from Pj.

1. | ~Vx~Px P
2.1 | ~0 A (¢, ~E)
1.| Pj P |
— 3. Pj A(c, ~)
2.| |Ix~Px A (c,~I)
3. ~Pj A (¢, 23E)
(BH) (BI) 4. 0 (somehow)
4, 1 1,3 11 5. 1 42 11
5.0 |L 2,3-43E 6. |~Pj 3.5 ~1
6. | ~Ix~Px 2-5~1 7.| |Vx~Px 6 VI
8.1 |1 7,1 L1
9.10 2-8 ~E

Where Pj is a premise, it would be possible to derive Vx P x in one step by VI. But
in (BH) from the same start, we derive the equivalent ~3x~ P x by the existential
rule. Since conditions for the universal rule apply, j is not free in an undischarged
assumption, is free for x in ~Px and is not free in Ix~ P x. In this case, it matters
that 1 abbreviates Z A ~Z and so includes no instance of j. So the constraints are
satisfied. Similarly, if it is possible to derive Q by JE from Jx P x, we would set up
a subderivation starting with P, derive Q and use 3E to exit with the Q. In (BI) we
begin with the equivalent ~Vx~ Px and, supposing it is possible in a subderivation
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to derive Q from Pj, use the universal rule to derive . Since conditions for the
existential rule apply, j is free for x in ~Px and not free in Vx~Px. Observe
also that the assumption Pj is discharged by the time VI is applied, and that the
constraint on JE requires that j is not free in Q or other undischarged assumptions.
Thus, again, there is a sense in which in the presence of rules for negation, the work
done by one of these quantifier rules is very similar to, or can substitute for, the work
done by the other.

E6.26. Complete the following derivations by filling in justifications for each line.
Then for each application of VI or 3E show that the constraints are met by
running through each of the three requirements. Hint: it may be convenient
to xerox the problems, and fill in your answers directly on the copy.

.| Vx(Hx — Rx)
.|VyHy

N =

Hj — Rj
Hj

Rj

VzRz

AN

*b. 1.|Vy(Fy — Gy)
AzFz

wo»

Fj

Fj — Gj

Gj

IxGx
AxGx

N o os

C. 1.|3IxVyVzHxy:z

N

VyVzHjyz
VzHjfkz
Hjf'kflk
AxHxfkflk
VyaxHxflyfly
A VyaxHxflyfly

N ow e w
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E6.27.

*a.

© NG

.| VyVx(Fx — By)

IxFx
Fj
Vx(Fx — Bk)
Fj — Bk
Bk
Bk

.|IxFx — Bk
.| Vy(@xFx — By)

. jx(Fx — VyGy)

Fj —>VyGy

Fj

VyGy

Gk
Fj — Gk
Vy(Fj — Gy)
AxVy(Fx — Gy)

.| IxVy(Fx — Gy)

284

The following are not legitimate ND derivations. In each case, explain why.

.| Gjy = Fjy P
| Vz(Gzy — Fjy) 1 VI

.|IxVyByx P

FyByy A (g, 13E)

Baa 2 VE
Baa 1,2-3 JE
.| 3xByx P

Byy A (g, 13E)
dyByy 24l

.| 3yByy 1,2-3 3E
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d. 1.|Vx3yLxy P
2.13yLjy 1 VE
3.| | Ljk A(g,23E)
4. | VxLxk 3 VI
5. |FyVxLxy 441
6.|dyVxLxy 2,3-53E

€. L. |Vx(Hx — Gx) P

2. |3dxHx P

3.| | Hj A (g, 23E)
4.1 |Hj - Gj 1VE

5.1 | Gj 43 —-E

6.| Gj 2,3-53E
7.1VxGx 6 VI

E6.28. Provide derivations to show each of the following.

a. VxKxx bk, VzKzz

b. IxKxx b, IzKzz
*c. Vx~Kx, Vx(~Kx — ~Sx) H,,, Vx(Hx Vv ~SXx)

d. b, YxHf'x > VxHf'g'x

e. VxVy(Gy — Fx) b, Vx(VyGy — Fx)
*t. AyByyy b, 3xIyIzBxyz

g Vx[(Hx A~Kx) — Ix],3y(Hy A Gy),Vx(Gx A ~Kx) 5, 3y(Iy A Gy)
h. Vx(Ax — Bx) K, 3zAz — 3zBz

i. Ix~(Cx V ~Rx) I, Ix~Cx

j.- Ix(Nx Vv Lxx), Vx~Nx k5, IyLyy

k. VxVy(Fx — Gy) K, Vx(Fx - YyGy)

l. Vx(Fx - VyGy) k,, YxVy(Fx — Gy)

m. Ix(Mx A~Kx),Ay(~0y A Wy) |, IxIy(~Kx A ~O0y)
n. Vx(Fx - 3yGxy) b, VXx[Fx — 3y(Gxy v ~Hxy)]

o. Vx3yRxy, VxVy(Rxy — Ryx) b5, YxIy(Rxy A Ryx)



CHAPTER 6. NATURAL DEDUCTION 286

6.3.3 Strategy

Our strategies remain very much as before. They are modified only to accommodate
the parallels between A and V, and between Vv and 3. I restate the strategies in their
expanded form, and give some examples of each. As before, we begin with strategies
for reaching a determinate goal.

SG 1. If accessible lines contain explicit contradiction, use ~E to reach goal.

2. Given an accessible formula with main operator 3 or Vv, use JE or VE to
reach goal (watch “screened” variables).

3. If goal is “in” accessible lines (set goals and) attempt to exploit it out.
4. To reach goal with main operator *, use %I (careful with Vv and 3).

5. Try ~E (especially for atomics and formulas with Vv or 3 as main opera-
tor).

And we have strategies for reaching a contradiction.

SC 1. Break accessible formulas down into atomics and negated atomics.

2. Given an existential or disjunction in a subderivation for ~E or ~I, go for
1 by JE or VE (watch “screened” variables).

3. Set as goal the opposite of some negation (something that cannot itself be
broken down). Then apply strategies for a goal to reach it.

4. For some & such that both # and ~& lead to contradiction: Assume 5
(~&P), obtain the first contradiction, and conclude ~& (); then obtain
the second contradiction — this is the one you want.

As before, these are listed in priority order, though the frequency order may be dif-
ferent. If a high priority strategy does not apply, simply fall through to one that
does. In each case, you may want to refer back to the corresponding discussion in
the sentential case for further discussion and examples.

SG1. If accessible lines contain explicit contradiction, use ~E to reach goal. The
strategy is unchanged from before. If premises contain an explicit contradiction, we
can assume the negation of our goal, bring the contradiction under the assumption,
and conclude to the original goal. Since this always works, we want to jump on it
whenever it is available. The only thing to add for the quantificational case is that
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accessible lines might “contain” a contradiction that is just a short step away buried
in quantified expressions. Thus, for example,

Ll VxFx P 1.|VxFx P
2.|V¥y~Fy P 2.|Vy~Fy P
3.| | ~Gz A (g, ~E)
(BJ) 4. | Fx 1 VE
5.0 | ~Fx 2 VE
6.]|L 45 11
Gz 7.| Gz 3-6 ~E

Though VxFx and Vy~ Fy are not themselves an explicit contradiction, they lead
by VE directly to expressions that are. Given the analogy between A and V, it is as
if we had F A G and ~F A G in the premises. In the sentential case, we would not
hesitate to go for the goal by ~E. And similarly here.

SG2. Given an accessible formula with main operator 3 or V, use AE or VE to
reach goal (watch “screened” variables). What is new for this strategy is the existen-
tial quantifier. Motivation is the same as before: With goal @, and an accessible line
with main operator 3, go for the goal by JE. Then you have all the same accessible
formulas as before, with the addition of the assumption. So you will (typically) be
better off in your attempt to reach @. We have already emphasized this strategy in
introducing the rules. Here is an example.

1.|3IxFx P 1.|IxFx P
2.|3yGy P 2.13yGy P
3.|3zFz - VyFy P 3.|3zFz - VyFy P
4.| | Fj A (g, 19E) 4.| | Fj A (g, 19E)
5. Gk A (g, 23E) 5. Gk A (g, 23E)
(BK) 6. | |3zF: 431
7. VyFy 3,6 >E
8. Fk 7VE
9. Fk A Gk 8,5 Al
Ax(Fx AGx) 10. Ax(Fx A Gx) 94l
Ax(Fx A Gx) 2,5-_3E 11.| | Ix(Fx A GXx) 2,5-10 3E
Ax(Fx A Gx) 1,4-_3E 12. | Ix(Fx A Gx) 1,4-11 3E

The premise at (3) has main operator — and so is not existentially quantified. But
the first two premises have main operator 3. So we set up to reach the goal with two
applications of JE. It does not matter which we do first, as either way, we end up
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with the same accessible formulas to reach the goal at the innermost subderivation.
Once we have the subderivations set up, the rest is straightforward.

Given what we have said, it might appear mysterious how one could be anything
but better off going directly for a goal by JE or VE. But consider the derivations
below.

1.|Vx3dyFxy P 1.|Vx3dyFxy P
2. |VxVy(Fxy — Gxy) P 2.|VxVy(Fxy — Gxy) P
3.|3yFjy 1 VE 3.|3yFjy 1VE
4.1 | Fjk A(g,33E) 4.1 | Fjk A(g,33E)
(BL) 5 Vy(Fjy — Gjy) 2 VE (BM) 5 Vy(Fjy — Gjy) 2 VE
6.| | Fjk —> Gjk 5VE 6.| | Fjk —> Gjk 5VE
7.1 | Gjk 6,4 —>E 7.1 | Gjk 6,4 —-E
8.1 |3yGjy 731 8.1 |3yGjy 731
9.| |Vx3yGxy !Mistake! 9.13yGjy 3,4-8 3E
10. | Vx3yGxy 3,49 3E 10. | Vx3yGxy 9 VI

In derivation (BL), we isolate the existential on line (3) and go for the goal, Vx3yGxy
by JE. But something is in fact lost when we set up for the subderivation — the vari-
able j, that was not in any undischarged assumption and therefore available for VI,
gets “screened off” by the assumption and so lost for universal generalization. So
at step (9), we are blocked from using (8) and VI to reach the goal. The problem is
solved in (BM) by letting variable j pass into the subderivation and back out, where
it is available again for V1. This requires passing over our second strategy for a goal
for at least a step, to set up a new goal 3y Gy, to which we apply the second strategy
in the usual way. Observe that the restriction on JE blocks a goal in which k is free,
but there is no problem about j. This simple case illustrates the sort of context where
caution is required in application of SG2.

SG3. Ifgoalis “in” accessible lines (set goals and) attempt to exploit it out. This
is the same strategy as before. The only thing to add is that we should consider the
instances of a universally quantified expression as already “in” the expression (as if
it were a big conjunction). Thus, for example,

1.|Ga — VxFx P

Ga - VxFx P

2.1VxGx P 2.|VxGx P
(BN) 3.| Ga 2VE
VxFx 4. | VxFx 1,3 ->E
Fa - VE 5.| Fa 4VE
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The original goal Fa is “in” the consequent of (1), VxFx. So we set VxFx as a
subgoal. This leads to Ga as another subgoal, and we find this “in” the premise at
(2). Very often, the difficult part of a derivation is deciding how to exploit quantifiers
to reach a goal. In this case, the choice was trivial. But it is not always so easy.

SG4. To reach goal with main operator x, use %1 (careful with v and 3). As before,
this is your “bread-and-butter” strategy. You will come to it over and over. Of new
applications, the most automatic is for V. For a simple case,

1.| VxGx p 1.|VxGx P
2.|VyFy P 2.|VyFy P
(BO) 3.1Gj 1 VE
4.| Fj 2 VE
FjAGj 5.|Fj AGj 4,3 Al
Vz(Fz AGz) - VI 6.|Vz(Fz AG2z) 5VI

Given a goal with main operator V, we immediately set up to get it by VI. This
leads to F'j A Gj with the new variable j as a subgoal. After that, completing the
derivation is easy. Observe that this strategy does not always work for formulas with
main operator V and 3.

SGS. Try ~E (especially for atomics and formulas with Vv or 3 as main operator).
Recall that atomics now include more than just sentence letters. Thus, for example,
this rule might have special application for goals of the sort Fab or Gz. And, just
as one might have good reason to accept that 5 or @, without having good reason to
accept that &, or that €, so one might have reason to accept that 3x P without having
to accept that any particular individual is #* — as one might be quite confident that
someone did it, without evidence sufficient to convict any particular individual. Thus
there are contexts where it is possible to derive 3xJ but not possible to reach it
directly by 3I. SG5 has special application in those contexts. Thus, consider the
following example.
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1. | ~VxAx P
1. | ~VxAx P —
| 2.| |~3x~Ax  Af(c,~E)
2| [~3x~ax A, ~E) —
B 3. ~Aj A(c, ~E)
(BP) 4. Ix~Ax 331
5. 1 4,1 11
6.| |Aj 3-5~E
1 7. VxAx 6 VI
Ix~Ax 2-_~E 8. |L 7,2 11
9.|dx~Ax 2-8 ~E

Our initial goal is 3x~Ax. There is no contradiction in the premises; there is no
disjunction or existential in the premises; we do not see the goal in the premises; and
attempts to reach the goal by JI are doomed to fail. So we fall through to SGS5, and
set up to reach the goal by ~E. As it happens, the contradiction is not easy to get!
We can think of the derivation as involving applications of either SC3 or SC4. We
take up this sort of case below. For now, the important point is just the setup on the
left.

Where strategies for a goal apply in the context of some determinate goal, strate-
gies for a contradiction apply when the goal is just some contradiction — and any
contradiction will do. Again, there is nothing fundamentally changed from the sen-
tential case, though we can illustrate some special quantificational applications.

SC1. Break accessible formulas down into atomics and negated atomics. This
works just as before. The only point to emphasize for the quantificational case is
one we made for SG1 above, that relevant atomics may be “contained” in quanti-
fied expressions. So going for atomics and negated atomics may include “shaking”
quantified expressions to see what falls out. Here is a simple example.

l.|~Fa P l.|~Fa P
2.1 |Yx(Fx AGx) A (c, ~I) 2.1 |Yx(Fx AGx) A (c, ~I)
BQ) 3.1 | Fa A Ga 2 VE
4.| | Fa 3 AE
L 5014 4,1 11
~VYx(Fx A Gx) 2-_~1 6. | ~Vx(Fx AGx) 2-5~I1

Our strategy for the goal is SG4. For an expression with main operator ~, we go for
the goal by ~I. We already have ~ Fa toward a contradiction at the level of atomics
and negated atomics. And Fa comes from the universally quantified expression by
VE.
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SC2. Given an existential or disjunction in a subderivation for ~E or ~I, go for L
by 3E or VE (watch “screened” variables). Where applications of this strategy were
infrequent in the sentential case, they will be much more common now. Motivation
is unchanged from SG2: In your attempt to reach a contradiction, you have all the
same accessible formulas as before, with the addition of the assumption. So you will
(typically) be better off in your attempt to reach a contradiction. Here is an example.

1.|Vx~Ax P L|Vx~Ax P
2.| |3xAx  A(c,~D 2.] |3xAx  A(e,~D
3.0 | |4) A (¢, 23E)
(BR)
1
L 1 23-_3E
~xdx 2o~ ~3xAx 2-_~d

We set up to reach the main goal by ~I. This gives us an existentially quantified
expression at (2), where the goal is a contradiction. SC2 tells us to go for L by
JE. Observe that, because the goal is _L, the exit strategy is ¢ rather than g. But by
application of SC1, this subderivation is easy.

l.| Vx~Ax P

2. |IxAx A (c, ~I)
3. Aj A (c,23E)
4. ~Aj 1VE

5. 1 3411

6.| | L 2,3-53E
7. | ~AxAx 2-6 ~1

With 4j on line (3) and ~A4; “contained” on line (1), the derivation is easy. But as
occurs with the parallel goal-directed strategy, the the contradiction would not even
have been possible without the assumption A; for JE.

As can occur with applications of SG2, it is wise to be careful about applications
of this strategy when assumptions for 3E or VE “screen off” variables that would oth-
erwise be available for VI. Here is a version of the example from before to illustrate
the point.
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1.| ~Vx3yGxy
2.|VxVy(Fxy — Gxy)
3. | Vx3dyFxy
4. |3AyFjy
5. Fjk
(BS) 6. Yy(Fjy — Gjy)
7. Fjk — Gjk
8. Gjk
9. dyGjy
10. Vx3yGxy
11. L
2.0 | L
13.| ~Vx3dyFxy

P
P

A (c ~)

3VE
A (c, 4 3E)

2 VE

6 VE

7,5 —>E

8 3l
!Mistake!
10,1 LI
4,5-11 JdE
3-12 ~1

(BT)

| ~Vx3IyGxy
| VxVy(Fxy — Gxy)

Vx3dyFxy

yFjy
Fjk
Vy(Fjy — Gjy)
Fjk — Gjk
Gjk
IyGjy

IyGjy

Vx3dyGxy

1

| ~Vx3dyFxy

292

P
P

A(c ~D)

3VE
A (g,4dE)

2 VE

6 VE
7,5 —>E
84l
4,5-9 3E
10 VI
11,1 LI
3-12 ~1

In derivation (BS), we isolate the existential on line (4) and set up to go for contradic-
tion by JE. But something is in fact lost when we set up for the subderivation — the
variable j, that was not in any undischarged assumption and therefore available for
VI, gets “screened off” by the assumption and so lost for universal generalization. So
at step (10), we are blocked from using (9) and VI to reach the goal. Again, the prob-
lem is solved in (BT) by letting variable j pass into the subderivation and back out,
where it is available for V1. We do this by letting the goal for 3E be not L but rather
the formula which results in L, and obtaining | once we get that formula out. This
simple case illustrates the sort of context where caution is required in application of
SC2.

SC3. Set as goal the opposite of some negation (something that cannot itself be
broken down); then apply strategies for a goal to reach it. In principle, this strategy
is unchanged from before, though of course there are new applications for quantified
expressions. (BT) above includes a case of this. Here is another quick example.

1.| ~3xAx P 1.| ~3xAx P
2. | AJ A (c, ~I) 2. | AJ A (c, ~I)
BU) 3.| | 3xAx 231
1 4.1 | L 3,1 11
~Aj 2-_~1 5.|~Aj 2-4 ~1
Vx~Ax - VI 6.|Vx~Ax 5VI

Our strategy for the goal is SG4. We plan on reaching Vx~Ax by VI. So we set
~Aj as a subgoal. Again the strategy for the goal is SG4, and we set up to get ~Aj
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by ~I. Other than the assumption itself, there are no atomics and negated atomics to
be had. There is no existential or disjunction in the scope of the subderivation. But
the premise is a negated expression. So we set 3x Ax as a goal. But this is easy as it
comes in one step by .

SC4. For some P such that both P and ~P lead to contradiction: Assume P
(~&), obtain the first contradiction, and conclude ~P (P); then obtain the second
contradiction — this is the one you want. As in the sentential case, this strategy
often coincides with SC3 — in building up to the opposite of something that cannot
be broken down, one assumes a # such that both # and ~J result in contradic-
tion. Corresponding to the pattern with Vv, this often happens when some accessible
expression is a negated existential. Here is a challenging example.

1.|Vx(~Ax — KXx) P 1. | Vx(~Ax — KXx) P
2. | ~¥yKy P 2. :VyKy P
3 | ~3wAw A (¢, ~E) 3. :EIwAw A (c, ~E)
4.l | ]4j A (c, ~D)
5. JwAw 4 41
(BV) 6. ||L 53 11
7.| | ~Aj 4-6 ~1
8.| | ~4j — Kj 1 VE
9.| | Kj 8,7 >E
10.| | VyKy 9 VI
L 1] | L 10,2 11
wAw 3-—-~E 12. | JwAw 3-11 ~E

Once we decide that we cannot get the goal directly be I, the strategy for a goal
falls through to SG5. And, as it turns out, both Aj and ~Aj lead to contradiction.
So we assume one and get the contradiction; this gives us the other which leads to
contradiction as well. The decision to assume Aj may seem obscure! But it is a
common pattern: Given ~3xJ, assume an instance, &, for some variable v, or
at least something that will yield $. Then JI gives you 3x, and so the first
contradiction. So you conclude ~&; — and this outside the scope of the assumption,
where VI and the like might apply for v. In effect, you come with an an instance
“underneath” the negated existential, where the result is a negation of the instance,
which has some chance to give you what you want. For another example of this
pattern, see (BP) above.

Notice that such cases can also be understood as driven by applications of SC3.
In (BV), we set the opposite of the formula on (2) as goal. This leads to Kj and
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then ~Aj as subgoals. To reach ~Aj, we assume Aj, and get this by building to the
opposite of ~JwAw. And similarly in (BP).

Again, these strategies are not a cookbook for performing all derivations — doing
derivations remains an art. But the strategies will give you a good start, and take you
a long way through the exercises that follow, including derivation of the theorems
immediately below.

T6.27. H,, VxP — P}  where term £ is free for variable x in formula 5

*T6.28. # - @+, # — Vx@ where variable x is not free in formula

T6.29. H,, ~VxP < Ix~FP  for any variable x and formula S

T6.30. by ~IxP < ¥Yx~F  for any variable x and formula &

E6.29. For each of the following, (i) which strategies for a goal apply? and (ii) show
the next two steps. If the strategies call for a new subgoal, show the subgoal;
if they call for a subderivation, set up the subderivation. In each case, explain
your response. Hint: each of the strategies for a goal is used at least once.

*a. 1.|3xTy(Fxy A Gyx) P

dx3dyFyx

b. 1.|Vy[(Hy A Fy) = Gy] P
2.|VzFz A ~VxKxb P
Vx(Hx — Gx)

C. 1.|Vx[Fx — Vy(Gy — Rxy)] P
2.|Vx(Hx — Gx)
3.| FaAnHb P

2~

Rab
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.| Raa

3z3ySyz

J~vx(Fxva4) P

dx~Fx

.| VxVy(Rxy — ~Ryx) P

P

295

E6.30. Each of the following sets up an application of ~I or ~E for SG4 or SGS5.

*a.

1.

2.

3.

~3Ix(Fx A GXx)
Fj

Gj

1
NG]
Fj - ~Gj
Vx(Fx - ~Gx)

| Vx(Fx - Vy~Fy)

dxFx

1L
~3AxFx

.| Vx(Fx - VyRxy)
.| ~Rab

Fa

~Fa

P
A(g.—D

A (¢, ~T)

Complete the derivations, and explain your use of strategies for a contradic-
tion. Hint: Each of the strategies for a contradiction is used at least once.
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E6.31.

#k.

#1,

l.| ~VxFx P

2.1 | ~3x(~Fx Vv A) A (c,~E)

1
Ax(~Fx v A) 2-_~E
1. | | 3x(Ax < ~Ax) A (c, ~I)

L
~3x(Ax < ~Ax) 1-_ ~1

Produce derivations to show each of the following. Though no full answers
are provided, strategy hints are available for the first problems. If you get the
last few on your own, you are doing very well!

Vx(~Bx — ~Wx),IxWx I, IxBx

*b. VxVyVzGxyz b, VxVyVz(Hxyz — Gzyx)

Vx[Ax — Vy(~Dxy < Bf' f1y)], Vx(Ax A ~Bx) b, VxDf1xf1x

*d. Vx(Hx — YyRxyb), VxVz(Razx — Sxzz) b, Ha — IxSxcc

~Vx(Fx A Abx) <> ~VxKx, Vy[Fx~(Fx A Abx) A Ryy] byp ~VxKx
Ax(Jxa A Cbh),Ix(Sx A Hxx), Vx[(Cb A Sx) - ~Ax] b, Iz(~Az A Hzz)

VxVy(Dxy — Cxy), Vx3dyDxy, VxVy(Cyx — Dxy) k,, 3xIy(Cxy A Cyx)

*h. VxVy[(Ry v Dx) - ~Ky], Vx3y(Ax — ~Ky), Ix(Ax V Rx) b5, Ix~Kx

Vy(My — Ay), Ix3y[(Bx A Mx) A (Ry A Syx)],IxAx — VyVz(Syz — Ay)
Fp 3X(Rx A Ax)

. VxVy[(Hby AN Hxb) — Hxy],Vz(Bz — Hbz),Ax(Bx A Hxb)

Fp 3z[Bz AVY(By — Hzy)]

Vx((Fx A~Kx) — 3y[(Fy A Hyx) A ~KY])),
Vx[(Fx AVy[(Fy A Hyx) - Ky]) > Kx] > Ma &, Ma

VxVy[(Gx A Gy) > (Hxy — Hyx)], VxVyVz([(Gx A Gy) AGz] —
[(Hxy A Hyz) > Hxz]) b, Yw((Gw A3z(Gz A Hwz)] - Hww)

. VxVy[(Ax A By) — Cuxy], 3y[Ey AYw(Hw — Cyw)], VxVyVz[(Cxy A

Cyz) — Cxz], Vw(Ew — Bw) k5, VzVw[(Az A Hw) — Czw]
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*n. Vx3yVz(Axyz v Bzyx), ~AxAy3IzBzyx b, VxIyVzAxyz
*0. A — IxFx k5, 3Ix(A — Fx)
. VxFx - Ak, Ix(Fx — A)

qg- Vx(Fx — Gx),VxVy(Rxy — Syx), VxVy(Sxy — Syx)
B YX[Fy(Fx A Rxy) — 3y(Gx A Sxy)]

r. AyVxRxy,Vx(Fx — 3ySyx), VxVy(Rxy — ~Sxy) b, Ix~Fx
s. xVy[(FxvGy) — Vz(Hxy - Hyz)], 3zVx~Hxz b5, 3yVx(Fy — ~Hyx)
t. VxVy[3zHyz — Hxyl bk, 3x3yHxy — VxVyHxy

u. Ix(Fx AVy[(Gy A Hy) — ~Sxy]), VxVy([(Fx A Gy) A Jy] — ~Sxy),
VxVy([(Fx AGy) A Rxy] = Sxy), Ix(Gx A (Jx VvV Hx))
Fp 3x3y((Fx A Gy) A ~Rxy)

V. byp IXVY(Fx — Fy)

w. by IXEyFy — Fx)

X. IxVy[Az(Fzy — IwFyw) — Fxy]hH, 3IxFxx
Y. bp VXY Vz[AwT xyw — JwTxzw)

z. by YXAy(Fx Vv Gy) — FyVx(Fx Vv Gy)

*E6.32. Produce derivations to demonstrate each of T6.27 - T6.30, explaining for
each application how quantifier restrictions are met. Hint: You might try
working test versions where & and @ are atomics Px and Qx; then you can
think about the general case.

6.34 =Iand=E

We complete the system ND with I- and E- rules for equality. Strictly, = is not an
operator at all; it is a two-place relation symbol. However, because its interpretation
is standardized across all interpretations, it is possible to introduce rules for its be-
havior. The =I rule is particularly simple. At any stage in a derivation, for any term
1, one may write down ¢ = ¢ with justification =I.
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Strictly, without any inputs, this is an axiom of the sort we encountered in chapter 3.
It is a formula which may be asserted at any stage in a derivation. Its motivation
should be clear. Since for any m in the universe U, (m, m) is in the interpretation of
=, t = 1 is sure to be satisfied, no matter what the assignment to ¢ might be. Thus,
in&y,a =a,x =x,and f?az = fZ?az are formulas that might be justified by =I.

=E is more interesting and, in practice, more useful. Say an arbitrary term is free
in a formula iff every variable in it is free. Automatically, then, any term without
variables is free in any formula. And say #%/; is # where some, but not necessarily
all, free instances of term ¢ may be replaced by term s. Then, given an accessible
formula & on line a and the atomic formula # = s or s = ¢ on accessible line b,
one may move to #*/;, where s is free for all the replaced instances of ¢ in &, with
justification a,b =E.

a. :7) a ﬂ)
b _ ’ provided that term s is free
L= b.|s=1
=E for all the replaced instances of
Py a,b=E Pt /s ab =E term ¢ in formula $

If the assignment to some terms is the same, this rule lets us replace free instances of
the one term by the other in any formula. Again, the motivation should be clear. On
trees, the only thing that matters about a term is the thing to which it refers. So if J
with term # is satisfied, and the assignment to # is the same as the assignment to 4,
then J with s in place of # should be satisfied as well. When a term is not free, it is
not the assignment to the term that is doing the work, but rather the way it is bound.
So we restrict ourselves to contexts where it is just the assignment that matters!

Because we need not replace all free instances of one term with the other, this
rule has some special applications that are worth noticing. Consider the formulas
Raba and a = b. The following lists all the formulas that could be derived from
them in one step by =E.

1.| Raba P
2.la=b P
3.| Rbba 1,2=E
(BW) 4.| Rabb 1,2=E
5.| Rbbb 1,2=E
6.| Raaa 1,2=E
T.la=a 2,2 =E
8.1b=b 2,2 =E

(3) and (4) replace one instance of a with b. (5) replaces both instances of a with
b. (6) replaces the instance of » with a. We could reach, say, Raab, but this would
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ND Quick Reference (Quantificational)

VE (universal exploit) 3l (existential intro)
a. | VxP a. | PX provided # is free for x in P
Pr aVE Ix P a3l
VI (universal intro) JE (existential exploit)
provided (i) v is free for x in
a | Py a | IxpP PR . .
&, (ii) v is not free in any
b.| | PF A (g,adE) . ..
undischarged auxiliary assump-
Vx a Vvl . . .
tion, and (iii) v is not free in
c.| | @ Vx& /in IxP orin @
Q@ a,b-c dE
=I (equality intro) =E (equality exploit)
al P P provided that term s is free
{ =1 -1 blz=s 5= for all the replaced instances of
term ¢ in formula &
P Py ab=E

require another step — which we could take from any of (